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Abstract. We present a proof of the discrete maximum principle (DMP) for the
1D Poisson equation —u"'=f equipped with mixed Dirichlet-Neumann boundary
conditions. The problem is discretized using finite elements of arbitrary lengths
and polynomial degrees (hp-FEM). We show that the DMP holds on all meshes
with no limitations to the sizes and polynomial degrees of the elements.
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1 Introduction

It is well known that the finite element solutions to elliptic and parabolic PDEs some-
times exhibit behavior which is incompatible with the corresponding maximum prin-
ciples and, consequently, incompatible with the underlying physics. Most frequently
this happens when a finite element mesh contains large dihedral angles, but also in
other situations. Discrete maximum principles (DMP) provide additional restrictions
on finite element meshes under which the maximum principles are preserved on the
discrete level.

Up to our knowledge the first DMP were introduced in the 1960s [16]. In the 1970s
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DMP were used to prove the convergence of finite differences and lowest-order fi-
nite element methods (see, e.g., [3,4]). Nowadays the DMP play an important role in
computational PDEs by guaranteeing that approximation of physically nonnegative
quantities such as the density, temperature, concentration, or electric charge remains
nonnegative. Due to the difficulty of the topic, current research in the area of DMP al-
most exclusively deals with lowest-order elements (see, e.g., [2,7-10,17,18,20]). How-
ever, in the last decades, significant progress has been made in the development of
the hp-FEM (finite element methods with variable size and polynomial degree of el-
ements) and their applications to challenging large-scale problems in computational
science and engineering (see, e.g., [1,11,12,15]). These methods are substantially more
efficient compared to standard lowest-order schemes, and an increasing demand for
them implies a need for the corresponding generalizations of the DMP.

However, the generalization of the DMP to higher-order approximations is quite
demanding and there only are a few known results in this direction. We mention paper
[21] concerning the high-order collocation method and a negative result [6] showing
that a nonstandard version of DMP is not valid for quadratic and higher-order FEM
in 2D.

It was shown in [14] that the DMP cannot be extended from the lowest-order FEM
to hp-FEM in a straightforward manner, and a weak DMP was introduced. Recently,
a maximum principle for one-dimensional Poisson equation equipped with Dirichlet
boundary conditions and discretized by hp-FEM was presented in [19]. The result
was proved under a mild sufficient condition stating that the length of the longest
element in the mesh must be less than 90% of the length of the entire domain. In
this paper we investigate the case of mixed Neumann-Dirichlet boundary conditions.
using different analytical methods. Interestingly, it turns out that in this case, the DMP
holds true with no restrictions.

In general, the analysis of the DMP for mixed boundary conditions follows the
same steps as the analysis for the Dirichlet conditions presented in [19]. Nevertheless,
the stiffness matrices in both cases differ. Fortunately, even in the case of the mixed
boundary conditions there exists an explicit formula for entries of the inverse stiffness
matrix, see Lemma 4.1. Naturally, this formula differs from the case of the pure Dirich-
let conditions. Consequently, the corresponding discrete Green’s functions differ and,
hence, we had to develop a new proof of its nonnegativity in the case of the mixed
boundary conditions, see Section 5. Interestingly, the same quantity H,(p), where p
stands for the polynomial degree, plays the crucial role in both cases. However, this
role differs. While in the case of Dirichlet conditions the DMP is satisfied if the relative
length of all elements is at most H, (p), in the case of mixed conditions it suffices for
the validity of DMP to have H}, (p)>0.

Furthermore, the nature of the maximum principle for the Dirichlet and for the
mixed boundary conditions differs. In both cases the maximum principle is equivalent
to the conservation of nonnegativity, see Definitions 2.1-2.3. However, in the case of
Dirichlet conditions this equivalence is trivial and in the case of the mixed conditions
the maximum principle implies the conservation of nonnegativity in a nontrivial way.
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2 The model problem and its discretization

We solve the one dimensional Poisson equation with mixed Dirichlet-Neumann bound-
ary conditions,

—u" =¥, in O,
(@)=0, ' (B)=2g(B)

Here, O=(«, B)CR is an interval.
The corresponding weak formulation reads: Find u€V such that

a(u,0) = (f,v) +g(B)o(B),  VoeV, 1)

where V={ve H!(Q); v(a)=0}, fEL?(Q) is a right-hand side, ¢(B)€R, (-, -) stands for
an L2(Q)) inner product, and a(u,v)=(u',v").

In a standard way we create a partition a=xp<x;<...<xp=f of the domain ()
consisting of M elements K;=[x;_1, x;], i=1,2,..., M. Every element K; is assigned an
arbitrary polynomial degree p;>1. The corresponding finite element space V;,CV of
piecewise-polynomial and continuous functions has the form

=

Vip = {Uhp evV; Uhp|1<l- € PP(K;), i = 112/-”/M}~

Here P?i(K;) stands for the space of polynomials of degree at most p; on the element
K;. The space V}, has the dimension N = Y M, pi. There exists a unique finite element
solution up,, €V}, satisfying

a(upp, Opp) = (f, vhp) + g(B)v(B), Vo, € Vip. (2.2)
Definition 2.1. Problem (2.2) satisfies the discrete maximum principle (DMP) if

f<O0aeinQand g(g) <0, = mﬁax Upp = nggx Upp,

where Q) is the boundary of the domain Q).

Definition 2.2. Problem (2.2) satisfies the discrete minimum principle if

f>0aeinQand g(B) >0, = mﬁinuhp = rg(i)nuhp.

Definition 2.3. Problem (2.2) conserves nonnegativity if
f>0aeinQandg(B) >0, = uy, >0inQ.

Clearly, the discrete maximum and minimum principles are equivalent for prob-
lem (2.2). We will use this equivalence and the following lemma to prove the DMP
via conservation of nonnegativity.
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Lemma 2.1. If problem (2.2) conserves nonnegativity then it satisfies the discrete minimum
principle.

Proof. Since uy,>0 in Q) and uy,, («)=0, we conclude rg(i)n uhp:OZIr%n Upp- O

Remark 2.1. For the sake of simplicity, we formulated problem (2.2) with a homoge-
neous Dirichlet boundary condition u(a)=0. However, all results of this study hold
for a nonhomogeneous condition of the form u(«x)=u,. Indeed, the Dirichlet lift is
constant in this case and every solution iy, to problem (2.2) with nonhomogeneous
condition u(a)=u, can be decomposed to

ﬁhp = Uy + uhp/
where u,, vanishes at the endpoint «.

Remark 2.2. The Neumann boundary condition at the point 3 can be replaced by the
more general Robin’s boundary condition

u'(B) +yu(B) = g(B), with v >0

The presented analysis can be generalized to this case as well."

3 Discrete Green’s function

The discrete Green’s function (DGF) is defined in analogy to the standard Green’s
function:

Definition 3.1. For an arbitrary z€Q), the unique solution Gy, ,€Vy,, to the problem

a<vhp/ th,z) = Onp (2), Vopy € Vi, (3.1)
is called the discrete Green’s function (DGF) corresponding to the point z.

In the following, we will use the notation
Gip(%,2) = Gpp(x), for (x,2) € O,

where =0 x Q. A combination of (2.2) and (3.1) yields the so-called Kirchhoff-
Helmholtz representation

uip(2) = [ Gipl(x,2)f(x) dx +(B)Giy(B,2),  Wze D (32)

The following lemma shows that the DGF can easily be expressed using any basis
of Vj,p, cf. [5]. We use the Kronecker symbol

1 fori=xk,
5ik_{ 0 fori #k.

fWe thank Sergey Korotov from the Helsinki University of Technology for pointing this out.
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Lemma 3.1. Let {¢1,92,...,¢n} be a basis of V. If the stiffness matrix Aji=a(@;, ¢;),
1<i, j<N is nonsingular, then

N N
Gup(x,2) =) Z ]k Lor(x) 9(2). (3.3)

:1 =1
1 . . . . . N 1 .
Here, Aﬁc are the entries of the inverse stiffness matrix, i.e., ];1 Ai]-A];( =0y, 1 <ik <N.

Proof. Substitute
N
Gip(x,2) = Zci(z)q),-(x), (3.4)

into (3.1) with vj,,=g;. It follows that

; ci(z) aloj, ¢i) = @j(2).

The coefficients c;(z) are expressed as ck(z)zzjl\il q)j(z)Ajjcl in terms of the inverse
matrix, and they are substituted back into (3.4). This finishes the proof. ]

Theorem 3.1. Problem (2.2) conserves nonnegativity if and only if the corresponding discrete
Green’s function Gy, (x,2)=Gyy.(x) defined by (3.1) is nonnegative in .

Proof. By (3.3), the discrete Green’s function Gy, (x,z) is continuous up to the
boundary of Q). The rest follows immediately from (3.2). O

This theorem is a useful tool for the analysis of discrete maximum principles. In
the rest of this paper we will show that the discrete Green’s function corresponding to
the problem (2.2) is nonnegative.

4 DGEF for the model problem

4.1 Lowest-order case

In this section we will construct the DGF for problem (2.2). We begin with the case
p1=p2=...=pm=1. Let us define h;=x; — x; 1. By BL={¢1, ¢2, ..., ¢m} we denote the
standard lowest-order basis consisting of the piecewise-linear “hat functions” such
that ¢;(x;)=6;j, 1 < i,j < M. In this case the stiffness matrix ALeRM*M is tridiagonal,

1/hi +1/hiyq, fori=j <M,

ijs

1/hpm, fori=j=M,

Af} =< —1/hiyq, fori=j—1,
—1/h;i_4, fori=j+1,
0, otherwise,

fori,j=1,2,..., M.
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Lemma 4.1. The inverse matrix (AL)~1 € RM*M has the form

X1 —a X1—«a X1—«a ... X1 —

X1 —«& Xp—& Xp—& ... X — (&
(AL)”: X1 —& Xp—& X3—& ... X3—U« ,

X1 —& Xp—& Xz3—«& ... Xpm— &

ie. (AL)i;l:xi — a for 1<i<j<Mand (AL)i;l:xj — o for 1<j<i<M.

Proof. We want to show that z;;=4;;, where

M M
zij = kZ(AL):klA;%]- = kE(AL)izla(cp]-, 1),
=1 =1

foralli, j=1,2,..., M. We fix i and j, and consider the bilinear forms

Xi /S
ay(u,v) :/ u'v'dx and ay(u,v) :/ u'v’ dx.
14

Xi
We use the explicit formulae for (AL)Z.7<1 to get
i—1

M
zZij = ”(‘Pfr Y (o — “)<Pk> + (xi — a)a(epj, ¢i) + (xi — 0‘)11<¢j/ Y. ¢

k=1 k=i+1

N—

Now, we split the term a(¢;, ¢;)=a1(¢j, ¢:) + a2(¢j, ¢;) to obtain
zij = a1 (¢j, x — ) + (x; — a)az(¢;, 1) = a1 (¢, x — &) = Jy,

where the last equality follows from a straightforward simple computation. O

Figure 1: The lowest-order part Gﬁp(x,z)

of the discrete Green's function Gy, (x,z)
for the Poisson equation with homogeneous
mixed boundary conditions in Q=(—1,1)
on a mesh with three elements [—1, —3/4],
[~3/4,0], and [0,1].
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Using Lemma 4.1 and identity (3.3), we can write the DGF in the form

M
Grp(x,2) = ;(xi — a)pi(x)pi(z)
. M-1 M
+ Y ) (xi— @) [@i(x)9j(2) + ¢(x)pi(2)]. (4.1)

i=1 j=i+1

In particular, we see immediately that
G,L,‘p(x,z) >0, VY(xz)e€ a’. (4.2)

The situation is illustrated in Fig. 1.

4.2 Higher-order case

In this paragraph we return to the original setting with arbitrary polynomial degrees
pi=>1. In order to facilitate the construction of higher-order basis functions of the space
Vips let us introduce the Lobatto shape functions Iy, 1,12, ... on a reference interval
K=[-1,1], see, e.g., [12,15] and (7.1) in Appendix.

The lowest-order Lobatto shape functions [y and I; have the form Ip(¢)=(1—-¢)/2,
11(&)=(1+ &)/2, £€K. The higher-order shape functions I, 13, ... are defined as an-
tiderivatives to the Legendre polynomials. Therefore, they satisfy

1
/_1 L&) (8)dE = Gpm, kym=2,3,....
Every Lobatto shape function [y, k=2,3, . .., is a polynomial of degree k and it vanishes
at £1. Thus it can be expressed as

2(8) = (&M (&) (¢), k=0,1,2,...,

where «j is a polynomial of degree k. For reference, a first few kernels xj are listed in
Appendix.

The basis B={¢1, ¢z, ...,¢n} of V}, can be written as B=B" U B, where B" was
defined above and B? is the higher-order part of the basis comprising functions ¢y,
$M+1, - - -, ¢n. These are defined in a standard way as follows:

Consider the standard affine transformations of the reference element K to an ele-
ment Ki=[x;_1,x;],i=1,2,..., M,

(xi — xi-1)¢ + (xi + xi-1)

XK; (g) = ) . (4-3)

On an element K; of the polynomial degree p;, there are p; — 1 higher-order basis
functions. These vanish outside of K; and in K; they are defined as the Lobatto shape
functions I, 13, . . ., I, composed with the inverse map XE} (x).
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Lemma 4.2. We have the following orthogonality relations:
a(pt,¢®) =0,  vol € B, v¢P € BB,
a(¢®,pP) =0, VP e BP, vy € B, 9P £ ¢°.
Proof. The proof is straightforward, based on the L2-orthogonality of the Legendre

polynomials. ]
By Lemma 4.2, both the stiffness matrix A and its inverse have the following block
structure: L ( L) .
(A0 1 ( (AY)” 0
- (48) (),
with 2 2 2 2 2 2
D:dlag(E,...,E, E’.."Fz"",@,."’@). (4:.4:)
(p1—1) times  (p2—1) times (pm—1) times
By (3.3), the DGF can be written as
Gnp(x,z) = G}I;p(x,z) + Gﬁp(x,z), (4.5)
where Gﬁp(x,z) corresponds to (4.1) and
B = 1 0>
Gpy(x,2) = k;ﬂ D ¢j(x)¢j(z),  V(x,z) € Q" (4.6)

Unfortunately, Gfp (x,z) defined by (4.6) is not nonnegative in the entire Q’in general.
For instance, in the example shown in Fig. 2, there are small regions near the points
(1,0) and (0, 1), where the function G;’fp(x, z) is negative.

Notice that any partition of Q) produces a rectangular grid on 62, and that Gfp (x,z)
can be nonzero within the diagonal squares of this grid only. In other words,

c k2 (4.7)

Figure 2: The higher-order part Gfp (x,2)
of the discrete Green's function Gy, (x, )
for the Poisson equation with homoge-
neous mixed boundary conditions in () =
(=1,1), on a mesh with three elements
[—1,—3/4], [-3/4,0], and [0,1] of the
polynomial degrees p1=1, py=2, p3=3.
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Lemma 4.3. The discrete Green's function Gy,, defined by (4.5) is nonnegative in (Y \UM KZ.

Proof. Considering (4.7) together with (4.2) leads to the conclusion. O

5 The DGF on K?

As justified by Lemma 4.3, we only need to continue with the study of the discrete
Green’s function Gy, (x,z) in the union of the diagonal squares UM, K?. Without loss
of generality, let us restrict ourselves to only one square K?, 1<i<M. Let p=p; be the
polynomial degree assigned to K;. Notice that only a few terms in (4.1) and (4.6) are
nonzero in K. Hence, by (4.1), (4.4), and (4.6) we obtain

Gip (x,2) o= (xi — @)i(X)¢i(2) + (xi-1 — @) i1 (x)pi-1(2)
+(xi-1 — &) [¢i(x)pi-1(2z) + Pi—1(x)i(2)]
—|—%th x,z)]K[z, (5.1)

for (x,z)€K?, 1<i<M. It is convenient to introduce the notation K;=[x;_1, xl] [L R].
We transform the function Gy, from K? to the reference square K?=[—1,1]? using
the linear transformation (4.3) with x=xx, (&) and z=xx, (1),

th(x/ Z) }K%: th(gr 77)
= (R~ ) (@) (r) + (L~ 2)Io(&)lol)
HL =) @) + @K (D] + 5 TG, 62

for (&,17)€K?. Here [y(&) and ; () are the above-defined lowest-order shape functions
on K and

14 p—2
@ﬁ®w=;M®MWZMMMM®ngm@MW (53)

is the higher-order part.
Let us modify formula (5.2) in the following way: Divide (5.2) by R — L>0 and
use the identities
R—a L—u 1
R—-L R-L +

and

lo(&)lo() + h()h () +1(h(y) +h(@)h(y) =1, V() € K2

We obtain
th (é/ 77)
R—-L

L— 14
=R _D£ +1(8)h(n) + EGE;;B(‘:/W)- (5.4)
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Table 1: The quantity H;‘e](p) for p=1,2,3,...,20.

p Hylp) | p Hylp) | p Hylp) | p Hylp)
1 1 6 1 11 0953759 | 16 0.968695
2 1 7 0935127 | 12 0.969485 | 17 0.967874
3 9/10 | 8 0987060 | 13 0.959646 | 18 0.969629
4 1 9  0.945933 | 14 0.968378 | 19 0.970855
5 0919731 | 10 0973952 | 15 0.964221 | 20 0.970814

Using (5.3), this formula can be reshaped into

— p—2
G?{’(_C'L” ) T @n [+ Sh(@)) )y @xm)].  65)

Clearly, (L —a)/(R — L)>0and 1 (&)l;(7)>0in K2. It remains to verify nonnegativity
of the expression in the square brackets. For this reason we define

~(p) =1, forp=1,

rel

; Lo S

rel(p) =145 min Io(&)l(r) Y w(E)mi(y), forp>2.
(Em)ekr? k=0

Hence, if H,(p)>0 then th(é, 17)>0in K2 by (5.5). Transforming (¢, 7) back to (x,z)

by (4.3), we obtain nonnegativity of th(x,z) in KZ.Z, cf. (5.2), for all i=1,2,..., M.

Thus, in view of Lemma 4.3 we showed that the discrete Green’s function th (x,2)>0

in ﬁz, provided H*, (p;)>0 for all i=1,2,..., M.

rel

1o

=l ! L OXOXOXOXOXOXOXOX0*q
° o QXOXOXOxOxOxOxoxOxOxoxoxO 0x0X%0
0xOx
x0xOxO0x
0.98 - . o ;
x 0©0°
x %o 0
o 0
r o |
0.97 06 0.0
0.96 R ]

x
0.95 4
x

H ()

0.94 - -

0.931- 1

0.92 x -

091~ 4

09 * 4

P S S I N U [N S I S Y Y N S IS N S

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 8 90 95 100
P

Figure 3: The values H},(p) for p = 1,2,...,104. Circles indicate the values for p odd and crosses for p

even. The upper dotted line is a graph of 1+ %ln(l —1/x) and the bottom line is a shift of this graph by
—0.01.

In [19] it was verified that H,(p)>0 for 1<p<100. More precisely, the value of

H’,(p) can be found analytically for 2<p<4. For 5<p<100, it needs to be computed

rel
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numerically. As it is seen from Table 1 and Fig. 3, the smallest value of H*,(p) is
for p=3 and it equals to 9/10. Thus, the crucial quantity H?,(p) was checked to be
nonnegative for 1<p<100. This, consequently, shows nonnegativity of the discrete

. =2 1 . . I
Green’s function in ()™ and validity of the discrete maximum principle.

6 Main result

Let us summarize the conclusions of the previous analysis:

Theorem 6.1. Let a=x0<x1<...<xp=p be a partition of the domain Q=(w, ) and let
pi>1 be a polynomial degree assigned to the element Ki=[x;_1,x;],i=1,2,..., M. If

H:el(pl) Z 0 for ﬂll l - 1/ 2/ LR /M/ (6.1)
then problem (2.2) satisfies the discrete maximum principle

Proof. Let K; be an element. By (5.2), (5.5), and (6.1) it holds
th(x,Z)‘Kiz = th(gl 77) >0

for all (x,z) €K? with Cz)(lzil (x)and 17:)(12_1 (z). Thus, Gp(x,z)>0in UM, K?. Lemma4.3

implies that Gy, (x,z)>0 also in o \ UM, K?. Theorem 3.1 and Lemma 2.1 finish the
proof. O

The crucial condition (6.1) was verified analytically for p<4, therefore Theorem 6.1
proves the discrete maximum principle for problem (2.2) for all meshes and arbitrary
polynomial degrees not exceeding 4. However, numerical calculations of Hy, (p) show
that the condition (6.1) is satisfied for 5<p<100 as well. Moreover, the steadily grow-
ing trend in H, for p>50 observed in Fig. 3 motivates the following conjecture:

Conjecture 1. The problem (2.2) satisfies the discrete maximum principle for arbitrary par-
tition of the domain Q= («, B) and for arbitrary distribution of polynomial degrees.

7 Conclusions and further generalizations

We proved the DMP for the 1D Poisson problem solved by the sophisticated hp-
version of the FEM. The next natural step is to generalize this result for more general
problems in two (or more) dimensions.

Since the key ingredients (Lemma 3.1 and Theorem 3.1) are valid for arbitrary el-
liptic operator in arbitrary dimension, the presented approach can be, in principle,
extended to prove the DMP even in more general settings. However, the conditions
for the mesh and polynomial degrees which would guarantee the DMP are then more
difficult to find.
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More general operators, for example the diffusion-reaction operator, bring diffi-
culties such as (i) the non-existence of a simple formula for the inverse of the stiffness
matrix, cf. Lemma 4.1, and (ii) non-orthogonality of the bubble functions to the ver-
tex ones, cf. Lemma 4.2. These difficulties can be treated for instance in the following
way. In case (i) we have to find suitable lower bounds for the entries of the inverse
stiffness matrix. This can be done by analysing simplified meshes with a few elements
and showing that their refinement leads to an increase of nodal values of the discrete
Green’s function. Difficulty (ii) is not fundamental and it can be treated by orthogo-
nalization of the vertex functions with respect to bubbles (the concept of the discrete
minimum energy extensions).

With no doubts, the significance of the hp-FEM lies in 2D and 3D problems. When
extending the DMP results to higher-order methods in higher spatial dimensions, one
has to overcome not only the two difficulties mentioned above but also (iii) the pres-
ence of the edge (and face) basis functions. These basis functions make the process of
orthogonalization of the vertex functions to the other basis functions non-local which
makes the analysis more demanding but treatable.

The search for suitable conditions for more general and higher dimensional prob-
lems is a challenging task of high practical significance. Generalizations of the pre-
sented results are desirable because conditions guaranteeing the physical admissibil-
ity of hp-FEM approximations are valuable from the practical point of view, and they
are demanded from the engineering community.

Appendix

The Lobatto shape functions are defined by

1 ¢
zm(g):\/zmz 1/1Pm1(x)dx, m=2,3,..., (7.1)

Pu(x) = d™/dx™(x*> —1)"/(2™m!),

where

stands for the mth-degree Legendre polynomial. The kernels are defined by

K1(6) = Ik2(8)/ (b(9)h(8)), k=0,1,2,...,

where

() =1-28)/2,h(8) =(1+8)/2,5 € [-11].

These kernels can be generated by the recurrence

k+4
V2k+7

k+1
V2k+3

Kera(€) = V2 + 56k () - (@), k=012,....
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Interesting observation is that these kernels are scaled derivatives of Legendre poly-
nomials

k
Kk(é):_( 8(2 +3) PIQH(C), k=0,1,2,....

k+2)(k+1)

Hence, they form a system of orthogonal polynomials with weight 1 — &2 = 4lo(&)11(&).
For reference, we list several kernel functions x (see, e.g., Section 3.1 in [15] or Sec-
tion 1.2 in [13]):

KO(@) = _\/6/ K1(§> = —\/EE,
R(g) =~ VIA(SE - 1),

w5(8) = — VAR - 3)E,

}a() = — VDI - 142 4 1),
1

x5(8) = —§@(33g4 — 3082 4 5)¢,
K6(&) = —61—4\/%(42956 — 495¢* 4 135¢% — 5),
k7(8) = —61—4@(71556 —1001¢&* + 38582 — 35)¢,

1
K8(§) = — 15 V/38(2431¢° — 4004° + 20028 — 3082 + 7).
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