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Abstract. Upon using the denotative theorem of anti-Hermitian generalized Hamiltonian
matrices, we solve effectively the least-squares problem min [|[AX — B|| over anti-Hermitian
generalized Hamiltonian matrices. We derive some necessary and sufficient conditions for
solvability of the problem and an expression for general solution of the matrix equation
AX = B. In addition, we also obtain the expression for the solution of a relevant optimal
approximate problem.
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1 Introduction

A typical least-squares problem is: Given a set S of matrices and given matrices X and B, find
all matrices A € S for which ||AX — B| = anu; IGX — B
€

We get different least-squares problems according to different sets S. The least-squares prob-
lems and relevant constrained matrix equation problems have been widely used in particle physics
and geology!!, inverse problems of vibration theory®3!| inverse Sturm-Liouville problem!¥, con-
trol theory and multidimensional approximation[®9l. In recent years a series of good results have
been made for this problem2=4!. For example, J. G. Sun considered the problem for the case of
real symmetric matrices in [10]. K. G. Woodgate studied the problem for the case of symmetric
positive semidefinite matrices in [3]. D. X. Xie studied the problem for the case of anti-symmetric
matrices, nonnegative definite matrices (may be nonsymmetric), as well as bisymmetric matrices
in [11-13]. In this paper, we discuss the problem for a set S which is defined in the following
way.
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Definition 1.1. Assume that J € R"*" is a given orthogonal anti-symmetric matrix. A € C"™*"
is said to be an anti-Hermitian generalized Hamiltonian matrix if

AT = A and JAJ = A"

where AT stands for the conjugate transformation of matrix A. The set of all n-by-n anti-
Hermitian generalized Hamiltonian matrices is denoted by AHHC™*" i.e.,

AHHC™ " = {A € C"*"|AH = —A and JAJ = A"}

It is clear that the set AHHC™*™ is a linear subspace of C™*" and depends on matrix J.
Throughout the paper, we always assume that the matrix J is fixed. In addition, by the properties
of the matrix J, we have J? = —I,,. Consequently, n must be an even integer.

In this paper, we study the following two problems.

Problem | Given X, B € C"*™, find a matrix A € AHHC"*" such that
min f(A) = min ||[AX — B|.
Problem Il  Given A* € C™*", find a matrix Ac Sx,p such that

|A* — A = min [A" - A],
VAESx, B

where Sx p is the set of solutions of Problem I and || A|| stands for the Frobenius norm of matrix
A.

In this paper, we derive an expression of the solution for Problems I and II. We prove the nec-
essary and sufficient conditions of the solvability for the matrix equation AX = B in AHHC™*™,

Let us introduce some notations that will be used in this paper. Let HC”X"(AHCnxn) be the
set of all n x n Hermitian matrices (anti-Hermitian matrices). The notation UC™*™ stands for
the set of all n xn unitary matrices. We denote the Moore-Penrose generalized inverse of a matrix
A by At the identity matrix of order n by I,,. For A, B € C™™ we use < A, B >= tr(B7 A)
to define the inner product of matrices A and B. The induced matrix norm is the so called

Frobenius norm, i.e., )
A = /< A, A > = [tr(A7 A)]=.

It is clear that C™*" is a complete inner product space. For A, B € C™*" A x B stands for the
Hadamard product of A and B.

This paper is organized as follows. In Section 2, we discuss the properties of the AHHC™*".
In Section 3, we derive the expression of the general solution for Problem I, and then establish
the necessary and sufficient conditions of the solvability for AX = B in AHHC™*". In Section 4,
we prove the existence and uniqueness of the solution and derive the expression of the solution
for Problem II.

2 Characterization of anti-Hermitian generalized Hamil-
tonian matrices

In this section, we prove the denotative theorem of anti-Hermitian generalized Hamiltonian
matrices. Let

Plzé(IJrz‘J), PQ:%(Iﬂ‘J). (1)
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where ¢ = v/—1. It is not difficult to prove that P, and P, are orthogonal projection matrices.
Moreover, we have P + P, = I and PP = 0. Hence, there exist unit column-orthogonal
matrices Q1 € C™** and Qo € C™*¥(n = 2k) such that

P =Q:Q, P =Q.QF, (2)

where Q7 Qs = 0. Let Q = (Q1,Q2). By properties of P, and P, it is easy to prove that Q is
an n-by-n unitary matrix.

Theorem 2.1. A matriz A belongs to AHHC™ ™ if and only if it is of the form
B Ei 0 .
A= 5 )e ®)
for some Ey, By € AHCF*F,
Proof. First we note that for A € AHHC"*", it holds that

PLAP, + PyAP, = —[(I+iJ)A(I+iJ)+ (I —iJ)A(I —iJ)]

i

1
= -[2A-2JAJ]=--4A=A.
4[ ] 4

Then it follows from (2) that

A

Q1T AQ1QY + Q205 AQ2QY

_ QY AQ, 0 H
= Q( 0 Q?AQQ)Q

Ei 0

where By = QT AQ, and Ey = QY AQ,. Since A € AHC™ ", we have Ey, B, € AHCK*K,
Conversely, the matrix A of the form (3) clearly belongs to AHC™*". Furthermore, it follows
from J = —i(Pl - PQ) = —Z(QlQ{{ - Qgle) that

1>

JQ:iQ(OI’“ i) and QHJ:i(gk i)QH.

Consequently,

which completes the proof. W
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3 General Solution of Problem 1

In this section, we derive the expression for the general solution for Problem I, and then establish

necessary and sufficient conditions about the solvability of the matrix equation AX = B in
AHHC™*™ |

The following Lemma comes from [11].

Lemma 3.1. Let X € C"*™ B € C"*™. Suppose that the singular value decomposition of
matriz X is as follows.
x=v(> Y)yn
o 0 0
where U = (U1,Uz) € UC™ ", V = (W, Vo) € UC™ ™, ¥ = diag(o1,--- ,0,), 0j > 0,j =
17"'a7" Let¢:(¢ij)a¢ij: ]-S%JST Then

o2+ 0]2- ’
o (1) the problem  min ||AX — B| has a solution. Moreover, the solution can be ex-
AEAHCnXn

pressed as

H — HpH _y -1y HpH

(4)

e (2) the matriz equation AX = B has a solution in AHC™ " if and only if
B=BX'X and X"B=-BPX. (5)
In addition, the solution can be expressed as

H -1 _y—1yHpH
A=U < gggglg_l > Vé BT, > U, Ge AHCm—x(n=r), (6)
2 1

Theorem 3.1. Let X,B € C"*™ and

Qfx = X QB = By . where Xi,By € C**™ n=2k. (7)
X5 By
Suppose that the singular value decomposition of matrices X1 and Xo are as follows, respectively,

(2 0\ u 3 T 0\ vu
X1U<0 O)V, X2M<O O)N,

where U = (Uy,Us) € UCK, V = (Vi,Va) € UC™ ™ M = (My, M) € UCK<*, N
(N1,Ng) e UC™* ™, ¥ = diag(o1,--- ,0v), 05 > 0,5 = 1,---,r, I' = diag(d1,---,0s), J;
0,j=1,---,s, rank(Xy) = r, and rank(X2) = s. Let ¢ = (¢i;), ¥ = (¢i;) with

>

1 o 1 .
Ao SRS Vi =g Ishis

Pis = 02 +03

Then the solution of Problem I can be expressed as

a=o( g e ©)
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where

B U o« (UFBVE —xVBIU)) -2~ 'VHBHU,
! UFB, V%1 G1

) U, G e agCcKk—xk=r) " (g)

¢« (MHB,N\T —TNEBYM,) —I—'NHBH M,

By =M < M BN, T G2

) MY, Gy e AHCF=3)x(k=s),
(10)

Proof. For any A € AHHC"*", by Theorem 2.1, there exist E, By € AHC*** such that
_ E; 0 H

It follows from (11) that

2
JAX - B 'p(ﬁ?li)QHXB

105 &) (%)-(5)

= |B1 X1 — Bi|? + || E2 X2 — Bol”.

2

Hence, the problem min |[AX — B|| is equivalent to the following problems
AEAHHCH X"
min HE1X1 _BIH (12)
E,1€AHCkxk
and
min HE2X2 - B2H (13)
E;c AHCk*F

By Lemma 3.1, the solutions E; and Es of the problems (12) and (13) are given by (9), (10).
Substituting (9) and (10) into (11), we get the desired result. W

By Lemma 3.1 and Theorem 3.1, the following result can be established.

Theorem 3.2. Let X,B € C"*™ be the same as those in Theorem 3.1. Then the matrix
equations AX = B has a solution in AHHC"™"™ if and only if

XPB,=-BIX, and B, = B;X;"X;,i=1,2. (14)

Moreover, the solution can be expressed as
_ E, 0 "
a=o( g e (15

where . . R
_ UrBiviy— =X Vi" By Uz H (k—r) x (k—7)
El_U( VB Vst e UM, Gy e AHC ,
MHEB,N,T=* —D-'NHBI M,

Bz = M( M BN T~ G

) MY, Gy e AHCWF9)x(k=s),
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4 The expression of the solution for problem II

In this section, we prove the existence and uniqueness of the solution and derive an expression
of the solution for Problem II.

Theorem 4.1. Given A* € C™"*™. Then the problem II has a unique solution A. Moreover, we

have .
2 E1 0 H
A= N 16
o( g )en (16)
where
) ¢ (UEBVY — SVHBHU,) -»-'WvHBHU, u
Er=U 1 Ut
! Uf Bivin—! 5 (@U2)" (A" = A1 U
) ¥ (M ByN,T — TNEBY M) —I-'NH B M, u
Ey=M 1 M.
’ M{!ByNiT ! 5 (@2 M) (A" — A)Q5 My

Proof. It is not difficult to prove from (8) that the solution set Sx p of the Problem I is a closed
convex set. So, we get from [15] that for A* € C™*", it has a unique optimal approximation.
For A* € C™*™ let

T H g+ A Ay Ag
A-erawes (g 3 ). "
where
A = QTA*Q1, Ap = Q{TA*Qa, Ay = QY A*Q1, Ay = QY A*Qs.
For any A € Sx, g, by (8) and (17), we have
E 0 ?
e = a2 )er
’ (18)

Ay A\ (B2 0
Ao Ax 0 Ep

[Ar2]|? + | A21]]? + [[A1r — E1l? + || As2 — Eo®.

Since
[A11 = By |)? = |UTALU - UM BU |2
B UFALWU, UFALU, ¢* (UEBWY - xVHEBHU)) -2~ 'VHBHEU,
- H( U AUy UST AU, ) - ( U’ Biis! G )
= U 40U = ¢+ (U BIIE = SV BIO)|P + U A1 Us + 571V B Uy |12
+HUFAL U, — U BoViS Y2 + | UF AL U, — Gy
= | UFALU, — ¢+ (UEBIVE = SVEBHREU) || + | UEALU, + 2~ 'WHEBHEU, |2

_ 1 — —H
+HU3 AUy — U ByVAS P + |\§U2H(A11 + AU

2

1 — —H
+H§U2H(A11 — AUz - G1|%. (19)

Similarly, we have

[Az2 — Ea||* = [|M{T Aga My — 4 % (M{T BoN\T — TN{ BY M) ||+
| M Ago Mo + T INHBH M, ||2 + | MI Ago My — MI By N T 1|2+ (20)
— —H — —H
I3 M3" (Azz + Agg) Mo + |5 M5" (A2 — Agy) M2 — G,
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Hence, the equalities (18), (19) and (20) imply that the problem An}gin [|A* — A|| is equivalent
€5x,B

to the following problems

and

1 1[7H _ —H
min H 2 (All AII)DQ - G1 || (21)
G1eAHCKk—)x (k=) " 2
i _1 Aoy — A , 2
min || M2 ( 22 22)M2 G2|| . (22)
Goe AHC(k—8) X (k—s) 2

It is obvious that the solutions of problems (21) and (22) are given by

and

1 — —H 1 * *

Gy = §U2H(A11 — AUz = §U2HQ{{(A - A H)Q1U2 (23)
1 _ — 1

G = §M2H(A22 - Afz)M2 = §M2HQ§(A* — A"QxU, (24)

respectively. Substituting (23) and (24) to (9) and (10), respectively, we then obtain the solution
(16) of Problem II. The proof is completed. W
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