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THE APPLICATION OF INTEGRAL EQUATIONS TO THE
NUMERICAL SOLUTION OF NONLINEAR SINGULAR
PERTURBATION PROBLEMS*

Wang Guo-ying
(Nanjing University, Nanjing, China)

Abstract

The nonlinear singular perturbation problem is solved numerically on non-
equidistant meshes which are dense in the boundary layers. The method presented
is based on the numerical solution of integral equations [1]. The fourth order uni-
form accuracy of the scheme is proved. A numerical experiment demonstrates the

effectiveness of the method.
.

1. A Continuous Problem

We consider the following singularly perturbed boundary value problem:

21!'-
=iy, zel=[,1, u0)=u1)=0, (1

where ¢ is a small positive parameter. We assume that
feC*IxR), g(z) < fulz,u) < G(z), (z,u)€elxR,
min{5g(z) — 2G(z) : x € I} > 0, 0 < r* < g(z), |¢'(z)| £ L,
G'(z)| < L, z € 1. (2)

6_2

According to (2], we can prove
Lemma 1. Suppose that condition (2) is satisfied. There exists a unigue solution
u € C8(I) to problem (1), and the following representation holds: u(z) = uo(z)+Vo(z)+

Vi(z), where Vp{z) = M exp (—*}E), Vi{z) = M exp ( 7(1 -;:c))’ and |u((f)(a:)| < M,

i=0,1,---,6, € I (Throughout the paper M denotes any constant independent of €).
The proof of the following lemma is based on the monotonicity of (1), and can be
found in [3,4].
Lemma 2. Let (2) be satisfied. Then, for the solution u € C®(I) to problem (1)
there holds, fort =0,1,---,6,

_ 1
M(l‘*f—ieXP(TE)), VEZE 5

W<y » 0l .
M(l-l—s_"exp("y _ )), 553:51.

* Received April 29, 1992.
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2. An Equivalent Integral Equation Problem

Introduce the non-equidistant mesh I = {z;}, 0 = 2o < @1 < ... < z, = 1,
hi =x; —z;—1,t1=1,2,...,n. In the subinterval [z;_1, z;+1], we consider
d*u du(z;—1)
g = fz,u), u(zia)=4, —F =B

Integrating once, we have

ey =e*B+ Flt,ult))dt;

Li—1

hence

& t
e2u(z) = e2A+ 2Bz — zi—1) + dt/ f(s,u(s))ds
Ti—-1 Li—1

=e?A+e*B(z —zi1) + ’ (z — t)f(2,u(t))dt.

Ti—1

Now if we require that u(z;_1) = u;_1, u(xiy1) = usy1, we have v, = ul(zi_1) = 4,
1 [%+ ;
Uitr1 = u(33£+1) = A+ B(:Ei,.g_l s :Ei,—l) -+ 6_2_/ (:E’f,.{.l i t)f(t,u(t))dt. SDIVIHg for A
. Bi—1
and B, we find that u(z) satisfies the integral equation

S ety | fe-drleallia
Tit+1l — Ti3—1 i1

T [ s - 78, u(t))at,

Litl — L4—1 Sz

e2u(z) = e®ui_1 + e2(x — 1)

which can be rewritten in the form

Tit1 — T £ — Ty Titl
LR Er L SRR TR e T W / K(z, ) f (¢, u(t))dt, (3)
Litl — Ti—-1 Litl — Li~-1 X1 |
where
Tit1 — L

(t— ﬂfi—l)x_ A e Ti—1 St &,
K(:E, t) - ‘l--;]. —t;],

(z — zi-1) e : FE L T
Li4l — T3—1

The kernel is then Green’s function for the problem, in the notation of classical me-

chanics.

3. Discretization

Letting z = x; in (3), we obtain an exact three-point difference scheme:

Titl — T Ti — X~ Fi
Plad 4 0 =B s VP BT e Y f K (z, )£ (t, u(t))dt.
Titl — Ti-1 Ti41 — Li-1 Ti—1

We denote
Tit1

Nu(z;) = e?[Ai1ulwi—1 )+ Aiule:) + A u(zip1 )]+ K (zi,t) f(t,u(t))dt =0, (4)

Ti—1
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—hit1 —h;
where A,_q1 = v A =1, Api = : 5
e hi + hipq b hi + hit1 (5)
@
Let If = UK (zi, 1) f(t,u(t))dt, and P> be the quadric algebra interpolation of
Ti—1
f(t,u(t)),
(t —z;)(t — xig1) (t — zi—1)(t — Ti41)
Bt) = j 1 = ;
2( ) ($£-1 = 331‘)(1?::—1 B $i+1)f . (27;7 = 17:‘-1)(1-'1' == -T='+1)f

. (L — 2 }(f —2;)
(i1 — Ti—1)(Tig1 — @

where f; = f(z;,u(z;)), s =i— 1,1,i + 1.
In If, approximating f(t,u(2)) by Pa(t), we get Qf, the approximation of I f:

Qf = fi—1 /ziH K(z;,t) (t — z)(L — Tit1) At

i1 (mi—l & 'T"i)(mi-—l — mt'-l—l)

)f*i-f-l}

£Lg —_— e e AR
+fi w K(.Ti,t) (t mi—l)(t 'Tt-i-l) dt

p Zi1 (T ~ Tim1) (25 — Tiv1)

Tit+1 t— ;4 T — 2
+ fira K(ﬂ:i,t) . ( _:Bi 1)( _ :I‘:f ' dit
Ty (-Tt+1 mt—l)(mt+l -'171)

=B, 1fi-1+ Bifi + Biy1fit1,

where
Tid1 . i s
Bi—l = / N K(.’ri,t) (t mt)(t mt_l_l) dt
Zi 1 (Tic1 — T (@i—1 — Ti41)
b ~ e i o : t - ;
- Litl rj (t . :I,'i_]_) (t .’I?;)( :I.'.,__*_]_) dt
ziy Titl — Ti—1 (zi-1 — zi){Zi—1 — Tit1)
T+l pp — 41 (t e :E'i)(t == $i+1)
| +f i — 1 dt
2 Liyl — Ii-l( Rl )(:l?i—l o $£)($=‘-—1 = -Ti+1)
4 3 4 (6)
- Piv1 hi | hihi 1 hit
hi(hi + hiy1) \12 6 12 (h; + hiy1)?
_ hiv1(hf — hZ 1 + hihiy1)
12(h,- -+ hi+1) .
Similarly, B; = i(h? 4+ h% | + 3hihit), Bipl = hi(hi; — b + hihit1)
Y, 24 — 12 i 1+1 i+1 /)y £41 — 12(’1; + hi+1) .

Thus, in mesh I, we get the difference scheme of problem (1):

Npu; = €2(A;_quimy + Agu; + Aiviuirr + Bicy fic1 + Bifi + Biy1 fir1 = 0,
i=ib.. . n-1, D

Npug =ug =0, Npu, =0.
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In order to get the uniform fourth order difference scheme for problem (1), we take

Zo= M) Ty = i T=0,1; 00 0 B= l, n=2m,m€E N.
n
et
w(t) w— t € [0, ],
1
A() = W (tr)(f —t) +w(ty),  t € [t -2-] for some k € {1,2,...,m —1}, (8)
1
1_}‘(1—t)! t € [E:l]:
f. . s 1, 1
where ¢ = {x + /&, a = §[q(§ — t) + /Etg] 7. It is easy to see A(E) = 5

We have A : T — I, A€ C(I), A € CY1, L], A € C®[0, 1], A € C®[ty, L].

Because of symmetry, we consider only A(t) in [0,3]. When t € [tg, 1], A(t) is a
linear function, so an equidistant mesh is developed, i.e. h; = z; — z;_1 = W' (tx)h = k,
and A:’-—l — A-i_|_1 — --%, A,ﬁ = 1, Bi—-l = B::.;.l = ﬁﬁz, B = %52 When ¢ € [O,tk], we

Bh: h. s Fis i
can prove that B; > '12‘+1, iv1 2 By, h‘;;+1 < Bji; < h"ll;'l, B;_1 2> h'?:;"l :

Lemma 3. Ifz; = A(t;), ti =th, i =0,1,...,m, h=2%, n=2m, A1, A, Aips
are gwen by (5), Bi_1, B;, Biy1 are given by (6), then

: hih;

() Aii + Ai + Aig1 =0, Bioy + Bi+ By = =,

.. Shihiy1 hihiti hilita
B' } 'I: } s < I' < P

(ii) B; > 12h h, By > B; ., ¥ < Bt < T

s hibi

(iii) B;_1 > T

Proof. (i) 1t is easy to verify the results directly. (ii) Since A'(¢) > 0, h;41 > h; > 0,

1 ;
so Biy1 — B = Ty e (ki y — h}) > 0. Thus, B;y1 > B;_1. It is not hard to
see that
1 hihiy1 [ hZ + h? 5
Bi= B2 4 B3 b i) = 20 f 28~ SHL 48| S ok
12( T + 1-+]. + +1) 12 - h;h«;.}.l 3 el lzhth’i-f'l?
Bl hi(hi s — hf 4+ hihi1)  hihigr -1 hi
- 12(h; + hit1) 12 |7 higa(hi + higa)
hihivy | 1 1 . hihipa 1] hihit1
- 1 > 1——-| = ;
12 | hin (1+ ht-+1)_ 12 2 12
hi h;
hihiy1 [ h hih
d B. oo T i+1 1 3 < iitg+41 .
I T T T hm)] ol T
: 12(hi + hiy1) 12 hi(hi + hiy1) |
It is easy to see that B;.1 > it is equivalent to 1 h?"'l > -1, 1.e
N . h.,(h,, -+ hi-i-l) g !
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: 2 : : i T,

(hﬂ_l) 2hi+1 2 <0, i.e. h’+1§1+x/§=ﬁ2. Let.s=;3 ,ﬁ=\/l+\/_f-=*
h; h; h; i ¢}

1.653, s &~ 0.395. Let P =t + s/e¢ — — > 0. If h is sufficiently small, then P > .

4
Let us now consider the case? < k+1. Wehave t;_y < P,t;41 =t;_1+2h < P+2h =

2h 1 ;
tk+sﬁ-?+2h=tk+3\/’s——2h(;—1) < ty + +/€ = g. In this case, t;—) < t,

'y 'is. . 2 _f. e 4
A(tiv1) < w'(tiy1) _ (q t:—l) _ (q t1+1+2h) _ (1 : 2h ) i -
A(ti-1) — W/(ti-1) g — tit1 g — tit1 e g — tiya _p
g—tit1 = q—ti-1—2h > q—P-2h = tk+\/§—tk—5\/5+*;-2h = (1*3)\/5'1'—3“(1—3) 2t
20-m 28 < o] - (1) - () -
g 8l ga N 8 (2h/s)(1 — 8) T—s 1 — 2 .

hivi  A(&g)h  AN(tin)
Thus, = <

h; N &) — AM(ti1)
f ! ! s : ity 2
M(&ir1), N(ti—1) < X(&). This implies that e 32 =1+ 3.

1
In the case i > k + 1, i.e. ;-1 > &, ; = A(f;) is an equidistant mesh. The result
»

, where:#; <. .Eppd £ Gl Bt % & < ti, Af(ti+1) =

holds obviously.

Theorem 1. Let condition (2) hold and let the discrete problem (7) be given
on the mesh (8) with sufficiently large n. Then problem (7) has a unique solution
Vi = [ug,u1,...,u4,)7, which is a point of attraction of SOR-Newton and Newton-
SOR method for the relazation parameter in (0,1]. Moreover, for any V!, V2 € R*H,
the following stability inequality holds: |Vl — V2||oo < 0 | NLV)E — Ny Vi2||oo, where o
18 a positive constant, independent of €.

Proof. The Frechet derivative N2 (V) of Ny, for arbitrary V = [Vo, V4, -, Vo]l is a
tridiagonal matrix

1 0 O ;
ai bl C1 O
Mfgs] o e

Oan b,
| 0 0 1.

where a; = €2A;_1 + Bi_1fu(zi—1,Vi—1), b; = €24A; + Bifu(zi, Vi), ¢i = €2Ai11 +
Bivi Ful i1 Visa )

. | hihii1
Let o = min o1, 0 = [bi| ~[ai| ~|ei|. Note that By > =

two cases: B;_1 < 0and B;_1 > 0.

I. B;_.1<0,a; <0, b; >0,

i) ¢ <0, 0; = |bs|—|a;]—|ci| = bitai+e = (A1 + Ai+Aigr)+Bio1 ful2io1, Vie1)
+B; fu(zi, Vi) + Biv1 fulzitr, Visr) > Big(z;) + Bivag(ziv1) + Bi1G(zi—1) = (Bi +
Biy1)9(xi) + Bita1(g9(ziv1) — 9(z:)) + Bi—1G(2i) + Bi—1(G(zi-1) — G(i))-

According to Lemma 3, for the coefficients A;, B; (j = ¢ — 1,4,¢ + 1) we have

hih; h:h; h:h;
Aii+Ai+Aiy1=0,B;_1+B; + B;y1 = ,;“, Bi_1 > 12“, ‘2:’1 < Biy1 <

. We now consider
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h. .
‘i‘;“. We also have hiy1 > by > 0, |¢'(z)] < L, |@'(2)| < L, 5(z) — 2G(z) >
2 2
b > 0. So oy = (1 Bi-l) 9(331') + [B£+1§f(9£+1)hi+1 Ba Bi—lG(‘ri) T
hih:'+§ hihitq -
Bg_lG’(Qi_ﬂhi] , Where, z; < 9;#.*_1 < iy i < 0 < 25 Thus, T =
hihiy hihiya

79(@:) = G(z:) — |g' (i1 1) hiva — |G (6:)|hs > 5g(z:) — 2G(;) — 2Lhyyy > 6 — 2Lk,
i) & 20, 00 = bi+a;—¢; = e2(A;_; + A; + Aiy1) + Bio1fu(®i-1,Viy) +
Bifu(®i, Vi) — Bit1fulziv1, Vig1) 2 Big(e;) + Bi_1G(zi_1) — Bi+1G(zit1) = Big(x;) +
(Bi-1 = Biy1)G(z:) + Bia[G(wi1) — Glx:)] + Bita[G(x:) — G(ziy1)] = Biglz;) +
(Bi—-l i B—,;+1)G($i) g Bi..llG’(ﬁ,;)’h,' = Bi+1|Gf(9i+1)|hi+1, where Tial < 91' < &,
Xi < 91‘4.1 < Ti41.
120
Thus h zg 2 5g(:t:i') = 2G(Z‘i) e IG’(gg)Ih.g v 'G’(Hi—kl)lh-i-l-l E O — 2Lhi+1'
iit1
1. B, >0
1)a; 0,6 <0,0;=b+a;+¢; = e?(Ai—1 + A; + A:ﬁ+}1b) + Bi_ 1 fulzio1, Vie1) +
it
Bi fu(®:, Vi) — Biy1fu(%it1,Viz1) > (Biz1 + Bi + Biyy)r? > ;H r > 0.
Similarly, we#can prove that

” 2 6 Lh;q o 2 6 Lh;q
i<0:'>0- i 2 = . i:_>01'<_:0- § 2 = .
i)a; <0,¢; > = S o B 5 iii) @ c; e o e 2
2 i

hiliszgqg ~ T 8 3
Summarizing all the cases above, we have

2 2 9 6 Lh£+1 £
hihi+1g=2mm{r’g_ 3 ; Y= 12, unyth
AI
For sufficiently large n, when t; < t;, we take n > - 5(“’) . Then hiyq = A(tiy1) —
; ‘(8 b
(&) = X(O)h, 0 € (4, tip ), h =1 b __ 8 I8 AU o B e

(7] = 4LN(tk), 6 8 &6 12N (tg) — 12°

. fhihir1 o hihigy . :
4 ::> p— oA a — i',. A
cri_mm{ e >4 6}>0,z L2 io., M. 50 o llélilélnﬂ' >0
1
In the case #; < t; < 23 A(t) is a linear function. {z;} is an equidistant mesh.
, - B2 5h? h? 1

" e, 'r — . rerem— . R A — e — . — e — ’ rrm— - — R SR Y h ] ;
h‘l b4/ (tk)h h' B'I_]. 24'} B'I- 12 1 B'l-""]. | 24'} A‘I""l Ai-"l"]. 2? At 1

According to case I, it is easy to see thait

NI
= > r } 4 [ TrTT— 6—- 0
T i o R {7 FPBET ¥

From the results above, we have

i 1
ING(V) oo < = Q
Now by Hadamard’s theorem [5], (7) has a unique solution Vi = [wo, iy o
un]’. The matrix N2A(V},) is a strictly diagonally dominant matrix and the convergence
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of Newton-SOR and SOR-Newton iterative methods for the relaxation parameter in

(0, 1] follows by the well known theorem from [3].
Since NpVi! — Ny V2 = N (VI(V,! — Vi2), from (9) it follows that

IVt — Vi2||oo < 07| NRV — NuVilloo-

Thus, we have proven the theorem.

4. Error Analysis

Let us consider the consistency error
rn = Npup — NpVi = Npup

where Vi, = [ug,u1,...,un]’ is the solution of problem (7), and up = [uzo), u(z1), ..
u(z,)]T € R™! is the restriction of solution u(z) to problem (1) on the mesh /. The
components of the vector 7, are ro =r, =0, and for: =1,2,...,n~ 1,

Ty = Nhu(m) - Nh’u.,*,= Nhu(:x:,;) = Ez(Ai_lu(:n,;_.l) T Aiu(mz‘) - Ai+1u(ﬂ3i+1))
+ By f(mi—1,u(zizy)) + Bif(mi, w(z:)) + Big1 f(Tiv1, w{@ig1)) = e?(Ai-1u(zi-1)
+ Aiu(mi) + Aiqu(zizr)) + EB(B,'_lu"(:Ei) + Bi_|.1u"(:l:,'+1)). (1[})

By using the Taylor expansion we have

alze) = ule) — vadh + %u"(a:,-)hz - -——u’"(:ri)h?’ @)kt
1 s 5 6)
= 5—'&( M)k + 6,u( (& A3,
1 1 1
u(ziy1) = u{z:) + v (:r:,_)h,+1 + U"(ﬂiz)haﬂ '|' m(-’-'ft)hwl + Tk u(®) (m,)hﬁl
1
t ' (2)hdy; + 5 Y (6)(§=)h=+1:
w’(zi_q) = u"(z;) — v (xi)hs + Eu(d‘) (z:)he — %u(s) (z:)hi + 4! ul® (£3)hs,
1
W (@i41) = 0(80) + u"(@)his + 2u® @Al + 3u® @ + e EhEn

Let a, denote the coefficient of v(5)(z;) in (10), s =0,1,2,3,4,5, and let ag denote
the sum of the terms of u(ﬁ)(ff), 1=1,2,3,4. We get

ag = Ai-1 + A; + Aip1 =0,
hihiy1 hihivl

= —h;Ai— Ry 1A4;01 = == {,
tE] 1T i1 A4i41 T T
1 1 : —hzh 1 h h
e Zh% A ¢ £ ThAT ol By g+ By 3 Brpr = i it i+1
Oy = Sl Ai-1 T 5 f1Aiy1 + Bia + Bit1 20 + higa) + 2 T hisd)

I hihiy1 0
2
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-1 1
az = —3-,“71?!11—1 + éTh?+1Ai+l hiB; 1+ hiy1Biy1 =0,
1 1 1 1
o= ghidioi+ ShiyAvy + ShEBioy + Chiy Biyi =0,
—1 1 1 1
Oy = H‘thl_] oy Ehii‘lAi_l_l T E-!ht Bl—l + gj' f+1Bt+1 — 0,
1 1
ag = 'V (E)hi A1 + g{ﬂ{ﬁ)(ff)thA«H + uOEMB 1 + TuO (1 By
—hih; O (E3YVhERip1 (B2 — b2, + hih;
61(}1 + h'-l-'l- ) 12 x 47(.’1; -~ hi-l-l)
u(ﬁ)(f4)h h1+1(hz+1 = h? + hihiy)
12 x 41(h; + hit1) }
where 'Ef < (mi—-la :B'H-l)a 7=1,2,3,4.
Thus, we obtain
r: = Ezaﬁ.
According to Lemma 2,
e M1+ &~ exp(—y 2], 0<z<;
[u(z)| < , fl - ) 1 i
M1 + &7 exp(— )], 5 Sz <1,
If t € [0,2], exp(—vA(t)/e) = exp(—~ cona ) = exp(ya ’mq) < M exp( M )t
(g —t)e q - g~ 1
thus, [u®) (&) < M[1 + e~ % M exp( ; )4 =1,2.8.4
g
Note that
h aeq
hi= X)) — Aoy} = Xty + Och)h = o < h,
E A = et R TP S Gt
h QEQ
Rirt = Ativ1) — Mt:) = N(t; + O:h)h = — 59 < h,
+1 (1+1) ( ) (t+ 2 )h‘ (q—-t ___92h)2 - (Q'*t'+1)2
h
0{91,92-{1, t;_1<tk<p—tk+3\/g—2?'<q 3h, (3—0395),
q—ti+1_q—t;_1—2h_1 2h > 1 2h_1} 1 < 3 |
q—ti-1 g — i1 g — i1 3h 3" g—tiy1 T g—ti
&
Thus, |r;| = [Nau(z:) — Naw| < Me? ( v ""fq )2) RS[1 + 6 M exp(~M/(q —
= 341

tiz1))] <M52( o )ﬁhs[l + &0 M exp(~M/(g — ti-1))] < Meh®(q — t;_,)~1?
et (g —ti1)? 3 b

exp(—M/(qg—t;—1)) < MhS® (M, a constant independent of ¢ and h, may take different

values).

1
In the case of ¢t € [, 5], the mesh is equidistant and is far from the boundary

. . t
layers. Note that z > A(t) = w(ts) = a/Ety, exp(—*}'—::-_) < 7% expf 'yi;;) < M.

Analogously, it is easy to prove |r;] < MhS. Thus we get
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Theorem 2. Let condition (2) hold. On the mesh (8), we have, for:=1,2,...,n,
7;] = |Npu(z;) — Npus| < MA®, where u(z;) are the same as in Theorem 1, and M 1s
independent of h and €.

Summarizing the results above, we have the main result of this paper.
Theorem 3. Let condition (2) be satisfied, then |jup — Villco < Mh?, where up, =

[w(zo), (1), - .., u(z,)]T € R**! is the restriction of solution u(x) of problem (1) on
mesh (8), Vi, = [ug, u1,...,un}’ is the solution of problem (7), and M is independent
of h and .

Proof. By using Theorem 2 we have | Nyu(x;) — Nau;| < MA®, where M is indepen-
dent of h and €. By using Theorem 1 we have ||ur,—Villoo < 07| Nhur—NiVa| oo, Where
o is a positive constant independent of € and o~! = O(h™2). So, |lur — Valleo < MA?,
where M is independent of & and &. Thus, we have proven the theorem.

5. A Numerical Example

Consider the following example:
2 | et fw— w142 =0,
u(0) = u(1) =0,

ol T 1
whose solution is u{z) = exp(l +) i ?Xp() o e
€Xpl—3

In the table we give the error E = |lup — V4||e. Different values of € and h are
taken.

£ 2-2 2—4 2—3 2-16
8 5.27690 | 5.46145(-2) | 5.48783(-2) | 5.48565(-2)
16 4.11203(-2) | 9.29340(-3) | 9.27858(-3) | 9.29014(-3)
32 3.42830(-4) | 2.71855(-3) | 2.71941(-3) | 2.71940(-3)
64 2.24534(-5) | 1.38178(-4) | 1.38218(-4) | 1.38202(-4)
128 1.20380(-6) | 9.00482(-6) | 9.01035(-6) | 9.01040(-6)
256 0.21414(-8) | 5.48899(-7) | 5.48889(-7) | 5.48890(-7)
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