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Abstract

In this paper, three n-rectangle nonconforming elements are proposed with n > 3. They
are the extensions of well-known Morley element, Adini element and Bogner-Fox-Schmit
element in two spatial dimensions to any higher dimensions respectively. These elements
are all proved to be convergent for a model biharmonic equation in n dimensions.
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1. Introduction

Motivated by both theoretical and practical interests, we will consider n-rectangle (n > 2)
nonconforming finite elements for n-dimensional fourth order partial equations in this paper.
In the two dimensional case, there are well-known nonconforming elements, such as the Morley
element, the Zienkiewicz element and the Adini element, etc (see [1-4]). In a recent paper [10],
we have discussed the motivation to construct nonconforming finite elements in three dimensions
and proposed some tetrahedral nonconforming finite elements for 3-dimensional fourth order
partial equations. As for the Morley element, we have extended it to any higher simplex case
in another paper [11].

In this paper, we extend the Morley element, the Adini element and the Bogner-Fox-Schmit
element to any higher dimensions, and obtain the following three types of n-rectangle noncon-
forming finite elements:

1. The n-rectangle Morley element, whose degrees of freedom are the value of the normal
derivative at the centric point of each (n — 1)-dimensional face and the function value at
each vertex.
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2. The n-dimensional Adini element, whose degrees of freedom are the values of function
and all first order derivatives at each vertex.

3. The n-dimensional BFS element, whose degrees of freedom are the values of function, all
first order derivatives and all second order mixed derivatives at each vertex.

We will use the following standard notation. ) denotes a general bounded polyhedral
domain in R™ (n > 2), 99 the boundary of 2, and v = (v1,v2,-++ ,v,) " the unit outer normal
to 0. For a nonnegative integer s, H*(Q), H5(Q), || - ||s,o and |- |s,o denote the usual Sobolev
spaces, its corresponding norm and semi-norm respectively, and (-, -) denotes the inner product
of L?(Q).

Given a multi-index a = (a1, -+ ,ap), set |af = 3" | a; and 2* = 20 -+ 28", Vo € R™.
For a subset B C R™ and a nonnegative integer r, let P.(B) and Q,(B) be the spaces of
polynomials on B defined by

P.(B) = span{a®| [a| <7}, Qu(B) = span{a® | a; < r}.

The paper is organized as follows. The rest of this section gives some notation. Section 2
gives a detailed description of the n-rectangle Morley element, the n-dimensional Adini element
and the BFS element. Section 3 and Section 4 show the convergence of these elements.

2. The n-Rectangle Elements

In this section, we will give our extensions of the Morley element, the Adini element and
the Bogner-Fox-Schmit element to higher dimensions. For a finite element, it can be described
by a triple (T, Py, ®7) with T the geometric shape, Pr the shape function space and ®7 the
vector of degrees of freedom.

Given ag = (ap1, ag2, - ,aon)T € R™ and positive numbers hq,- - - ,h,, an n-rectangle T is
given by

T={z|z;=a0+h&, -1<& <1, 1<i<n}

Let &€ = (&, ,§n)T, and let a;, 1 <i < 2", be the vertices of T. The vertices are written by
a; = (ao1 + &irha, a2 + &izha, -+ L aon + Emhn) T, 1< <27,

and the barycenters of the (n — 1)-dimensional faces of T" are written as

T
bag—1 = (a01, <o, 00,k—1, 00k T hk7a0,k+1, cee L Qon)
1<k<n.

.
boar = (@o1, "+ ,@0,k—1,Q0k — Pk, Q0 k+1," " »Q0n)

Let F; (1 < i < 2n) denote the (n — 1)-dimensional face with b; as its barycenter. Define

n

. 1 )

pi= oo H(l +&i&), 1<i<2™
j=1

It is known that p;, 1 < ¢ < 2" forms a basis of Q1(T"). For a mesh size h, let 75 be a

triangulation of {2 consisting of n-rectangles described above.
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n=2
Fig. 2.1. Degrees of freedom of the n-rectangle Morley element.

2.1. The n-rectangle Morley element
Define
PM(T) = QI(T) + span {x%a I%, e 7x3w Ii)a Iga T 7xi}'

It can be verified that Py(T) C Py (T)
given by (see Fig. 1).

e T is an n-rectangle described above.
o Pr=Py(T).
e For v € CY(T), the vector ®7(v) of degrees of freedom is

Br(0) = (o), o(az), golbn), o, 5o (o))

Corresponding to @7, we define

pi = #(2 [T +656) - &g (& - 1))7 lsis2%,
j=1 =1

h
Q2k—-1 = Zk(ék +1)%(&, — 1), 1<k<n

h
QQk:_Zk(gk‘i‘l)(fk_l)Q; 1<k<n.

Let 6;; be the Kronecker delta. We can verify that

pilaj) =6y,  1<id,j<2"

a .

) =0, 1<j<2m 1<i<on
¢i(aj) =0, 1<j<2" 1<4i<2n,
0q;

o (bJ) = (Sij, 1 S i,j S 2n.
That is, p; (1 < ¢ < 2") and ¢; (1 < j < 2n) are basis functions.
Pr-unisolvent.

The corresponding interpolation operator Ilp is given by

2" 2n
ov
v = Zpﬂ)(ai) + Z %’%(bi)v Vv e CH(T),
i=1 i=1

. For the n-rectangle Morley element, (T, Pr,®r) is

(2.2)

Consequently, @ is
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For the n-rectangle Morley element, we can define the corresponding finite element spaces
V3, and Vg as follows: V3, consists of all functions vy, such that for any T € Ty, 1) vp|r € Py (T),
2) vy, is continuous at all vertices of T and 3) the normal derivative of vy, is continuous at the
barycenters of all (n — 1)-dimensional faces of T'; V}, consists of all functions v, € V}, such that
for any T € T},, vy, vanishes at the vertices of T belonging to 02 and the normal derivative of
vy, vanishes at the barycenters of all (n — 1)-dimensional faces of T' on 9.

Lemma 2.1. Let V}, and Vi be the finite element spaces of the n-rectangle Morley element.
Then

/V(’U|T):/ Vo), Yo e Vi, (2.4)
F F

where T and T' € Ty, share a common (n — 1)-dimensional face F. If an (n — 1)-dimensional
face F of T € Ty, is on 0X), then

/ V(’UlT) =0, VYov & Vyo. (25)
F
Proof. Let v € Vj,. Define w € L%() by
277/
wlp = Zﬁiv(ai), VT € Th.
i=1

Then w € HY(Q). For T € T, and 1 < k < n, by (2.1) we have

5 0, 7 =2k—1,2k,

Pi .
= Op; 1<i<2™ 2.6
/Fj oxy, / P , otherwise, (26)

F;j 6$k
5 II 2hm. =i je{2k—1,2k},
qi 1<m<n .
= otk 1 <i<2n. 2.7
v, 89% #k S1x 2N ( )
0, otherwise,

Using (2.6) and (2.7), we obtain that for 1 <k <nand 1 < j < 2n,

ov
a—(bj)2”*1 II #m. d=2k-12k
8’U|T Lk 157;%n
= m (2.8)
F; Iy ow
—, otherwise.
F; Oxy,

By (2.8), the definition of V}, and the fact that w € H'(Q), we obtain (2.4).
Using similar argument, we can obtain (2.5). This completes the proof of the lemma.

2.2. The n-dimensional Adini element

Define
Pa(T) = Q1(T) +span{z?z® [ 1<i<n, a; <1, 1 < j<n}.

Obviously, P5(T) C P4(T). For the n-dimensional Adini element, (T, Pr,®r) is defined as
follows (see Fig. 2).
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Fig. 2.2. Degrees of freedom of the n-dimensional Adini element.

e T is an n-rectangle described above.
o Pr=Py(T).
e For v € CY(T), the vector ®r(v) is given by
.
Br(v) = (v(al),V’u(al)T,v(ag),Vv(ag)T, S ,u(aQ,L),w(agn)T) .

Forie {1,2,---,2"} and j € {1,2,--- ,n}, we define

poi = orr (24 D (e — €) [[0+6u,
k=1 k=1

hi&i; n
Dji = ini (& -1) H(l + &inr)-

k=1

(2.9)

It can be verified that p;;, 0 < j < n, 1 <4 < 27, are the basis functions with respect to
the degrees of freedom. Consequently, ®r is Pr-unisolvent. The corresponding interpolation
operator Il is written by

2n n 2"
o =Y poiv(ai) + Y Y pjig—(a:), YveCHT). (2.10)
i=1 j=11i=1

For the n-dimensional Adini element, we can define the finite element spaces V}, and Vg as
follows: Vi, = { vy € L2(Q) | vp|r € Pa(T), VT € Tp, v, and Voy, are continuous at all vertices
of elements in 73}, Vo = {vn € Vi, | v, and Vuy, vanish at the vertices along 9€2}.

Given v € V3, and an (n — 1)-dimensional face F' of T' € 7p,, the restriction v|p of v on F'
is a polynomial of (n — 1) variables in the shape function space P4 (F'). Then v|g is uniquely
determined by the values of v and Vv at 277! vertices of F. That is, v is continuous through
F. Thus, v € HY(Q). If v € Vo and F C 99 in addition then v|r = 0, and this leads to
v € H ().

Although Vj, € HY(Q) and Vi, C HE(9), the n-dimensional Adini element is still a noncon-
forming element for the fourth order problem.

2.3. The n-dimensional BFS element

Define

ST:{:E?VT;"' ,ﬂfi}+{£ﬂ$£ﬂ?|1§z<]§n},
Pp(T) = Q1(T) +span{ pz® | Vp € St, a; <1, 1 <i<n}.
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A % L .

n=2 n=3

Fig. 2.3. Degrees of freedom of the n-dimensional BFS element.

We can verify that P3(T") C Pp(T). For the n-dimensional Bogner-Fox-Schmit (BFS) element,
(T, Pr, @) is defined as follows (see Fig. 3).

e T is an n-rectangle described above.
e Pr = Pp(T).

e For v € C%(T), all components of vector ®r(v) are:

8%v

v(a;), Vo(a;), m
J

(a;), 1<j<k<n,1<i<2™

Lemma 2.2. For the n-dimensional BFS element, @ is Pr-unisolvent.

Proof. Since the dimension of Pr and the number of degrees of freedom are all

(M +n+ 1) 2",

2
it is enough to show that if p € Pg(T) and ®7(p) = 0 then p = 0. We show the conclusion by
induction.

The 2-dimensional BFS element is just the Bogner-Fox-Schmit element in two dimensions.
The conclusion is true when n = 2 (see [2]). Assume that the conclusion is true for n = k, k > 2.

Now let n = k + 1. Write p = p(&1,&2,- -+ ,&,). On the k-dimensional faces Fy of & = 1,

p is a polynomial of &, -+ ,&, in k-dimensional shape function space Pg(F4). Since
9p :
p(:t]-vf%"' agn)a 8€ (:t]- 527"' agn)a 2§.7 Sna
&%p
:l:]-a " ySn )y 2§k<l§n7
afjafl( @ )

are all zero at each vertex of Fyi, p(£1,&,---,&,) = 0 for all &, ---,&, € [—1,1] by the
inductive assumption. This leads that £ — 1 is a factor of p. Repeating the same argument for
& to &,, we obtain that (€2 —1)--- (€2 — 1) is a factor of p. Consequently, p = 0.

For the n-dimensional BFS element, we can define the finite element spaces Vj, and Vg as

follows: Vi, = {v, € L2(Q) |vn|r € Pg(T), VT € Tp, vn, Vo, and 570w &C vp, 1 <j <k <n,

are continuous at all vertices of elements in 73}, Vio = {vn € Vi| vn, Vo, and mvh,
1 < j <k <n, vanish at the vertices along 9Q}.

Given v € V3, and an (n — 1)-dimensional face F of T' € Ty, the restriction v|p of v on F
is a polynomial of (n — 1) variables in the shape function space Pg(F'). Then it is uniquely
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determined by the values of v. Vv and all second order mixed derivatives at all vertices of F.
That is, v is continuous through F. Consequently, v € HY(Q). If v € Vjp and F C 95 in
addition then v|r = 0, and this leads to v € H}(Q).

Although the 2-dimensional BFS element is a conforming element for the fourth order prob-
lem, one can verify that the general n-dimensional BSF element is not a C! element when
n > 2.

3. Approximation Property

For nonconforming elements, the basic mathematical theory has been established (see [2,3,5-
9]). We will use it to give the convergence analysis of our elements. In this section, we will
consider the approximation properties.

For each element T' € 7y, let hr be the diameter of the smallest ball containing T and pp be
the diameter of the largest ball contained in T'. Let {73} be a family of triangulations described
in previous section with h — 0. We assume that {77} satisfied that hy < h < npr, VT € T,
for a positive constant n independent of h.

We introduce the following mesh-dependent norm || - ||, and semi-norm | - |y, 5:
1/2 1/2
ol = (D2 I0l2z) s s = (3 Iolr)
TETh TeTh

for a function v with v|p € H™(T), VT € Tp,.

For convenience, following [12], the symbols <, 2 and < will be used in this paper:
X1 £2Y: and X5 2 Y5 mean that X; < ¢1Y7 and ca X5 > Y5 for some positive constants ¢; and
co that are independent of mesh size h. That X3 = Y3 means that X3 < Y3 and X3 2 Y3.

Theorem 3.1. Let IIp be the interpolation operator of the n-rectangle Morley element, the
n-dimensional Adini element or the n-dimensional BFS element. If n < 4 then for any T € Ty,

[0 = Mgvlmz <A olor, 0<m <, Voe H(T), (3.1)
where v = 3 for the n-rectangle Morley element, r = 4 for the other two elements.

Theorem 3.1 can be obtained directly from the interpolation theory (see [2]). Although
Theorem 3.1 is enough for practical situations, we would like to consider a result for all n > 2.

Theorem 3.2. Let V}, and Vi be the finite element spaces of the n-rectangle Morley element,
the n-dimensional Adini element or the n-dimensional BFS element. Then

T

inf K™ o —oplmn S R lrq, Yve H(Q), (3.2)
v €EVY
m=0
lélé R™v — vplmn S B olrq, Vo€ H™(Q)NHZQ), (3.3)
Vh hO m=0

where v = 3 for the n-rectangle Morley element, r = 4 for the other two elements.

Proof. First, we consider the n-rectangle Morley element and inequality (3.3). For v €
H3(Q) N HE(Q), let wy, € L*(Q) such that for any T € Ty, wy|r € Py (T) and

/qth/qv, Vg € Py (T).
T T
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By the interpolation theory, we have
[v = whlmp S AP ™30, 0<m<3. (3.4)

Given a set B C R", let T;,(B) = {T € 7, |[BNT # 0 } and Nj,(B) be the number of the
elements in 7;,(B). For w € L?(Q) and T € Ty, let w’ denote the restriction of w on 7.
Now we define vy, € Vjq as follows: for any T € 7y,

e if the vertex a; (1 <i < 2") of T is in €2, then

we) = 5 X i @),

YT e (a)

o if F; (1 <i<2n)ofT is also a face of another element T € 73, then

vy, owl ow]l”
Ov 2 i) = ( ov (bi) + ov (bl))’

where v is the unit outer normal to F; respect to T'.
Obviously, vy, is well-defined. We will show
v = Vnlmn SBT3, 0<m<3. (3.5)

Let T € 7;,. By a standard scaling argument, we obtain that

P27 S B2 <Z|p ar)? + hQZ\

Set ¢, = wy, — vp. Obviously, ¢1' € Py (T). If the vertex a; of T is in {2 then by the definition
of vy,

) , 0<m <3, Vpe Py(T). (3.6)

1 /
(;5T a;) = (wT a; wl (a; )
H) =Ty 2 (vh) -l @)
€Tn(as)
For T' € Ty(a;) there exist Th,- -+ , Ty € Tp,(a;) such that Ty =T, Ty = T" and Fj =T;NTj1
is a common (n — 1)-dimensional face of T; and T4 and a; € Fj, 1 < j < J. By the inverse
inequality, we have

‘wh (a;) — wh (a;)

I g

J—1 2 J—1 2
T; T; — T:
<Y Jun (@) — 0 (@) ot Y -
j=1 =1 i
J—1
2 2
_ T; T
,Shlng (’U—th k—l—‘v—w,ﬁ“ ~).
0,F. 0,F.

i=1 Y

By the interpolation theory, we obtain

2
"6 hﬁ_n Z |U|§,Tj :

Jj=1

i (a:) = wf ()
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Since N (T) is bounded, it follows that

|0 (@) P S RO Y o3 (3.7)

T'eTn(T)

If the vertex a; of T' is on 9 then there exists T € 7y, (a;) with an (n — 1)-dimensional face
F of T' belonging to 92 and a; € F. By the definitions of wy, and vy,

|6 (a)] = i (@) — wi (@) +wy (a5)] < |wf (a;) = w]] (a5)] + [w]] (as).
By the inverse inequality and the interpolation theory, we have
wi (@) £ Rl 1§ e 2 e = w1 e £ ST 0

By a similar analysis for |w] (a;) — w] (a;)|, we conclude that (3.7) is also true in this case.
If the face F; of T is also a face of another element 7”7 € 77, then

3¢£ (bl) 2 _ l‘a(wg — w}{ )(bz) 2 < pl-n 8(10;; — wz; )}2
v 4 v v 0,F;
< hl—n 6(11}}7; — U) ‘2 + hl—n 6(’() — w}{ )‘2
~ Ov 0,F; ov 0.F;

By the interpolation theory, we have

TAANE -n

a—,,h(bi) < ht > i (3.8)

T/ €T (T)
If the face F; of T is on 052, then
00 (bs) g Oy, (bs) i <A Dy ‘2 =hnt"" 0wy —v) ‘2 :
ov ov ov lo,F; ov 0,F;
Thus (3.8) is also true by the interpolation theory.
Combining (3.6), (3.7) and (3.8), we have
R*™ n 2, S RO Z |of3,7-
T'eTi(T)
Summing the above inequality over all T' € 73, we obtain that
VD DD DI L £ 2
TeT, T'eTh(T)
Consequently,
W™ |l < BOJVI3 q- (3.9)

Inequality (3.5) follows from (3.9) and (3.4).
We have proved (3.3) for the n-rectangle Morley element. Using a similar argument, we can
prove (3.3) for the other two elements as well as (3.2).
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4. Convergence Analysis

In this section, we will give the convergence analysis of the elements given in Section 2 for
the boundary value problem of fourth order partial differential equations.
For f € L?(2), we consider the following problem:

A%y = f, in Q,

ou (4.1)
ulog = 5‘89 ’

where v = (v1,v9,+-+ ,v,) " is the unit outer normal to dQ and A is the standard Laplacian
operator.
Define

v H*(Q). 4.2

a(v,w) / Z 63016% 83@18% v,w € HA(Q) (4.2)

The weak form of problem (4.1) is: find u € HZ(2) such that
a(w,v) = (f,v), Vo€ H3(9). (4.3)

For v,w € L*(Q) that v|r,w|r € H*(T), VT € Tj,, we define

Corresponding to the n-rectangle Morley element, the n-dimensional Adini element or the n-
dimensional BFS element, the finite element method for problem (4.3) is: find uj, € Vi such
that

ah(uh, ’Uh) = (f, ’Uh), Yo € Vi (45)

Using Lemma 2.1 and the argument used in [5] for the Morley element, we can show the
following lemma.

Lemma 4.1. Let Vo be the finite element space of the n-rectangle Morley element. Then for
v € H3(Q) N HZ(Q) with A%v € L?(Q),

|ah(v,vh) — (A2U,Uh)| ,.S h(|1)|379 -+ h||A21)||079)|1)h|27h, V’Uh S Vh0~ (46)

Lemma 4.2. Let Vyg be the finite element space of the n-dimensional Adini element or the
n-dimensional BFS element. Then for v € H3({2)

lan (v, v) — (A0, 03)| S hlvlzalvnlan,  Yon € Vio. (4.7)

Proof. First, we consider the n-dimensional Adini element. Given T' € T, let IIL be the
n-linear interpolation operator on 7', that is,

o = Zﬁiv(ai), Vv € C(T),

and let II} be the one corresponding to 7;,. Let PP : L*(T) — Py(T) be the orthogonal
projection.



418 M. WANG, Z.C. SHI AND J.C. XU

Let vy, € Vio and ¢ € HY(Q). For i € {1,2, -+ ,n}, we have that I} 2% € H}(Q). Using
Green’s formula gives

02 'Uh 0¢ Ovp,
Z / 811 8:@)

TETh
a’l)h 8vh a’uh
7T€ZT /Td)axz . Z /aT ha )V
. 8’Uh B 8’Uh / 6Uh 1 % .
TEZT; /8T 1 Oz T; T — 1 Ox; ) Vi
8’Uh 8’Uh 0 0Uh a’U}l
_T;/ (0~ Ppo) (G — 0 5 ) T%;h/TP%%_m(a_m_H’lla_m)'

Using the Schwarz inequality and the interpolation theory, we have

a’l)h a’uh
DO O e S
fem Jor i
a'Uh a'Uh
< > o= Ppoloar| 5 ~ 11,
o Ox; llo,oT
< Y hghrlvnlar £ Blglialvnlan.
TeT,

For T € T3, we define
Gi(T) =span{ (& — )& [1<j <n; s =0, oy < 1,§ # 1},

Ip
= i(T).
| =0 weam

and we have

By the definition of P4 (T),
a’U}l 8’Uh
— 1
dr; "0z
Because the left hand side above vanishes at the vertices of T,
8’Uh 6Uh
— 11}
ox; how,
Consequently, we obtain that for any ¢ € HY(Q)) and any vy, € Vjo,

d%vp, 0¢ Ovy,
‘ Z / azzg;] 8:2 31}])‘ < hlglialvnlzn (4.8)

€ Q1(T) + Gi(T).

is true when 1 <1i =3 < n.
Now let 4,5 € {1,2,--- ,n} and ¢ # j. On each (n — 1)-dimensional face of T' € T3, v;v; = 0.
It follows that a%ivh is the tangent derivative along the faces on which v; is not zero. Since
vp € HE(Q), it is follows that
Z / a@ Vh, 6¢ 8’1)}1') _ Z ¢
;0% 811 Ox; 8:E]

TETh TETh
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That is, (4.8) holds for all 4,j € {1,2,--- ,n}.
By (4.8) and the following equality,

an(v,vn) — (A%v,vp) Z Z / 8 vh aai;u ZZ};)

1=1T€Ty,

%v O3y, B3v vy,
i Z Z / O0x;0x; 0x;0x; * 0x20x; 6—30])

1<i#j<nTET,

88 Pv 0
- Y s (Gt

1<i#j<nTET,

we obtain the conclusion of the lemma for the n-dimensional Adini element.
Now we consider the n-dimensional BFS element. Let 1 < i < n, and let FZ-i be the
(n — 1)-dimensional faces of T' with & = 1. Let G;(T) be defined by

Gi(T) =span{(& —1)(& - )¢ 1<j<k<m, jk#i; a; =0, ay < 1,1 #i}.

It can be verified that for any vy € Vo, %vh can be divided into two parts:

.= (5 - (52,

where for any T' € 73,

0 _
€ Pa(F{), Qz‘(az;;)HGGi(T)-

QZ(E)vh) .

€L

Using Green’s formula gives

6 Uh 6(;5 a’U}l
Z / 811 8:@) Z 811

TETh TETh
3 1o}
- T;' or ¢QZ h VZ Z or ¢QZ w?
o a’l)h B (%h
T;h(/ z;s@z( ) / 00 (52 D)) [ (5

From the definition of G;(T), we know that Q; ( =) 2 s just the Adini interpolation function

of %’: with respect to variable 1, -+ ,2;—1,%it1, -+ , Ty, and we obtain that
a’U} 6vh
S ([ walg) - [ ealgr)) =0 (1.10)
TET, i i

Since QZ(%’Z) is independent of &; on each element T" € 73, we have

2 oG = 3 [ 0= o5

TETs ‘

Using the Schwarz inequality and the interpolation theory, we obtain

_ /0
\T;h . 0Q: (G v

S hlvlielvnl2,p- (4.11)
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It follows from (4.10) and (4.11) that (4.8) is true for 1 < i =j < n.

Similarly, we can show that (4.8) is true for all 4,5 € {1,2,--- ,n}. Then the conclusion of
the lemma holds for the n-dimensional BFS element.

By a similar argument used in [11], we can obtain the following lemma.

Lemma 4.3. Let Vio be the finite element space of the n-rectangle Morley element, the n-
dimensional Adini element or the n-dimensional BFS element. Then

lonl2,n < llvnll2,n S Jvnl2n,  Yon € Vie. (4.12)

Now let u and wp, be the solutions of problems (4.3) and (4.5) respectively. Combining
Theorem 3.2, Lemmas 4.1-4.3 and the well-known Strang Lemma, we finally obtain the following
convergence results.

Theorem 4.1. Let Vi be the finite element space of the n-rectangle Morley element. Then

lu —unll2n < R(lulz.a + hllfllo) (4.13)

when u € H3(Q).

Theorem 4.2. Let Vo be the finite element space of the n-dimensional Adini element or the
n-dimensional BF'S element. Then

llu —upll2.n S h(h|ulaa + |ulsq) (4.14)

when u € HY(Q).
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