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Abstract

In this paper, a split-step 6 (SST) method is introduced and used to solve the non-
linear neutral stochastic differential delay equations with Poisson jumps (NSDDEwPJ).
The mean square asymptotic stability of the SST method for nonlinear neutral stochastic
differential equations with Poisson jumps is studied. It is proved that under the one-sided
Lipschitz condition and the linear growth condition, the SST method with 8 € (0,2 — v/2)
is asymptotically mean square stable for all positive step sizes, and the SST method with
0e(2— V2, 1) is asymptotically mean square stable for some step sizes. It is also proved in
this paper that the SST method possesses a bounded absorbing set which is independent
of initial data, and the mean square dissipativity of this method is also proved.

Mathematics subject classification: 65N06, 65B99.
Key words: Neutral stochastic delay differential equations, Split-step 8 method, Stability,
Poisson jumps.

1. Introduction

Stochastic functional differential equations (SFDEs) play important roles in science and
engineering applications, especially for systems whose evolutions in time are influenced by ran-
dom forces as well as their history information. When the time delays in SFDEs are constants,
they turn into stochastic delay differential equations (SDDEs). Both the theory and numer-
ical methods for SDDEs have been well developed in the recent decades, see[1-8]. Recently
many dynamical systems not only depend on the present and the past states but also involve
derivatives with delays, they are described as the neutral stochastic delay differential equations
(NSDDEs). Compared to the stochastic functional differential equations and the stochastic
delay differential equations, the study of the neutral stochastic delay differential equations has
just started. In 1981, Kolmanovskii and Myshkis [8] took the environmental disturbances into
account, introduced the NSDDEs and gave their applications in chemical engineering and aeroe-
lasticity. The analytical solutions of NSDDEs are hardly to obtain, many authors have to study
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the numerical methods for NSDDEs, Wu and Mao [9] studied the convergence of the Euler-
Maruyama method for neutral stochastic functional differential equations under the one-side
Lipschitz conditions and the linear growth conditions. In 2009, Zhou and Wu [10] studied the
convergence of the Euler-Maruyama method for NSDDEs with Markov switching under the
one-side Lipschitz conditions and the linear growth conditions. The convergence of § method
and the mean square asymptotic stability of the semi-implicit Euler method for NSDDEs were
studied in [11-14]. The convergence and mean square stability of split-step # method and split-
step backward Euler method for stochastic differential equations, stochastic delay differential
equations and stochastic delay integro-differential equations were studied in [15-19]. The dissi-
pativity and mean square stability of numerical methods for neutral stochastic delay differential
equations were studied by Huang [20-22] and Zong et al. [23].

In addition, stochastic delay differential equations with Poisson jumps have become very
popular in modeling the phenomena arising in the fields such as economics, physics, biology,
medicine, and so on. Very recently, stochastic delay equations with Poisson jumps have at-
tracted the interest of many researchers, see, e.g.,[24-28]. To the best of our knowledge, so far
no work has been reported in the literature about NSDDEwPJ and this paper will close this
gap.

The aim of this paper is to study the mean square stability and dissipativity of the split-step
6 method with some conditions and the step constrained for NSDDEwPJ.

The paper is organized as follows: in section 2, some stability definitions about the analytic
solutions for NSDDEwPJ are introduced, some notations and preliminaries are also presented
in this section. In section 3, the split-step # method is introduced and used to solve the
NSDDEwPJ, the asymptotic stability of the split-step # method is proved. In section 4, the
long time behavior of numerical solution is studied and the mean-square dissipativity result of
the method is illustrated. In Section 5, some numerical experiments are given to confirm the
theoretical results.

2. Mean-square asymptotic stability of analytic solution

Let |.| denotes both the Euclidean norm in R¢ and the trace (or Frobenius) norm in R%*!
(denoted by|A| = /trace(AT A), if A is a vector or matrix, its transpose is denoted by AT. Let
{Q, F, (F;)i>0, P} define a complete probability space with a filtration{F}},-, which is increas-
ing and right continuous, and F, contain all P-null sets. Let w(t) = (w1 (t), wz(t), - ,w;(t))T
denote standard I-dimensional Brownian motion on the probability space, and w;(t)is the i-
element of the I-dimention vector w(t). In this paper we talk about the d-dimensional NSDDEs

with Poisson jumps with the following form:

d(y(t) = ¥(y(t — 7)) =f & y(t),y(t — 7))dt + g(t, y(t),y(t — 7))dw(t)
+ h(t,y(t),y(t — 7))d(N (), t=0, (2.1)
y(t) = ¢(t)7 te [77_7 0]
where W : R — RY f: Ry xR*xR*— R? g: Ry x R*xR%+— R™ and h: R, x R*x R

R? are the Borel measurable functions, 7 is a positive constant delay, and ¢(t) is an Fy -
measurable, C[—7,0]; R?) -valued random variable which satisfies

sup_ E[" (t)e(t)] < oo, (2.2)

—7<t<0
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with the notation E denoting the mathematical expectation with respect to P .
The following conditions (al) and (a2) are standard for the existence and uniqueness of the
solution for (2.1):

(a1) (The local Lipschitz condition). There exists constants Kj and L > 0, such that the
following inequality holds,

|f(t,:c1,y1) - f(t,l’g,yg)|2 \ |g(t,m1,y1) - g(tam27y2)|2 \ |h(t,1’1,y1) - h(taZQay2)|2
<Kp(lz1 =22 + |y — y2l?), (2.3)

for all |x1] V |z2| V |y1| V ly2| < L and t € Ry, where z;,y; € R%, i =1, 2, and aV b
represents max {a, b}, a A b represents min {a, b} .

(a2) (The linear growth condition). There exists a constant K¢g > 0, such that the following
inequality holds,

[ftzy)? Vgt a, )PV Itz )P V() * < Ke(+ |2 +|y*)  (24)
for all (t,z,y) € Ry x R4 x R4,

As an especial case in Maos monograph [6, Theorem 3.1], we can easily know that under
hypothesis (a;) and (ag), the system (2.1) has a global unique continuous solution on ¢t > —7,
which is denoted by y(t) .

Now we recall some stability concepts for the solution of (2.1).

Definition 2.1. The trivial solution of (2.1) with initial data (2.2) is said to be pth moment
asymptotically stable, if there exists a constant dg > 0, under the condition that ||¢(t)|| < do,
such that,

lim Efly(t)[?] = 0, (2.5)

t—o00

where p € Z+. When p = 2 it is usually said to be asymptotically mean-square stable.

Lemma 2.1. ([6]) Assume that there exist a symmetric, positive definite d x d matriz Q and
positive constants pi1, 2, and X € (0,1) such that for all (t,z,y) € Ry x R4 x R% and |¥(y)| <

Alyl,

(z— U(y) QU (L, z,y) + sh(t,z,y)] + %tmce{yT(t, z,y)Qg(t, z,y)]
< —ma" Qr + pay Qy. (2.6)

holds. If conditions

1 M2
O< A< < —— 2.7
A<y m> g (2.7)

hold, then the trivial solution of (2.1) is asymptotically mean square stable.
In general, we require A # 0. When A = 0, (2.1) becomes a stochastic delay differential equation.

Many stability results have been studied in the literature.
By the lemma 2.1, the following result can easily be obtained.
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Theorem 2.1. .Suppose |V(y)| < A|y| holds, and assume that there are constant £ and positive
constants A1, Ao, K, such that for all x,y € R?, the following inequality hold,

{(x - \I/(y))Q [f(t,x,y) + Kh(ta T, y)] < _)‘IITQx + )‘2yTan (2 8)
[ft 2, y)? Vgt z,y)? v [tz ) < K(|2[* + [yf?).
If conditions
1 1 20 + K
- K+ — 2.
0<A<g, M>g TV (2.9)

hold, then the trivial solution of (2.1) is asymptotically mean square stable.

Proof. Cousider (2.8) and the inequality (2.6), we get the following inequality:

(2= W(y) QU (t,2,y) + Kh(t,z,y)] + %trace[gT(t, ,y)Qg(t, 2, y)]
< N Qr 4 Moy Q4 SK (T Qu + 4 Qy)
<= (v = K" Qu + (o + 3 K)uay™Qy.
Let 1 = (A1 — 1K) and pg = (A2 + $K). If conditions (2.9) hold, then we get that

H2
> .
M= o2
Using Lemma 2.1, we can easily prove that the trivial solution of (2.1) is asymptotically mean
square stable. O

3. The stability of the split-step # method

The split-step # method is proved to be able to keep the mean square asymptotic stability
of the exact solution under the sufficient conditions of the asymptotic stability of the exact
solution, so in this paper we use the split-step 8 method to solve the NSDDEwPJ.

Apply the split-step § method into problem (2.1) gives the following form:

Yn+1 - \IanJrlfm =Yn — \Ilynfm + oAtf(tn + oAt; Yna Yn)a
Yn+1 — \IlynJrlfm =Yn — YYn_m + Atf(tn + 9At, Y, + Yn) (31)

where the stepsize At = -, m is an integer, then Y,, = Y, _,m. w; is an approximation to
y(t;), for t; = iAt, i = 1,2,---, Y = yp = ¢p(kAt) for k = —m,—m +1,---,0. § € [0,1] is
a fixed parameter, and Awy = w((k + 1)At) — w(kAt) is the Brownian increment, AN; :=
N(j 4+ 1)At) — N(jAt) is d -dimensional Poisson process with intensity .

When 6 = 0 the split-step # method is simplified into the split-step forward Euler method
and 0 = 1 the split-step 8 method is simplified into the split-step backward Euler method.
They were discussed for stochastic differential equations in [16-19]. In order to consider the
stability property of the scheme (3.1) we should give some convergence and stability concepts
for numerical methods firstly.
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Definition 3.1. A numerical method is said to be asymptotically mean square convergent if for
any ingtial data ¢(t), the numerical solution y, produced by the method satisfies

lim E|y(tn) - yn|2 =0

n—oo

where y(tn) s the exact solution at t = ty,.

Remark 3.1. For the asymptotically mean square convergence of split-step 6 method for
stochastic delay differential equation with Poisson jump and neutral stochastic delay differ-
ential equation with Poisson jump, it had been studied and proved in [27, 28].

Definition 3.2. For a given stepsize At, a numerical method is said to be asymptotically mean
square stable if for any initial data ¢(t), there exist a symmetric, positive definite d X d matriz
Q, such that the numerical solution y, produced by the method, satisfies

T B[yt Qya] = 0.

Theorem 3.1. Assume system (2.1) satisfies (2.6) with [—u1+pe+|k|(1+2|k]) (K3 + K4) < 0].
If we further assume that there exist constants K1, Ko, K3 and Ky, such that

(2, 9)Qf (t, x,y) < K127 Qx + Kay™ Qy, (3.2)

hE(t, x,y)Qh(t, z,y) < K3zTQx + KiyTQy, (3.3)

then for 6 € [2 — V2, 1), there exist a constant Aty depending on 0, such that the SST method
(3.1) is asymptotically mean square stable for At € (0,Atg); For 0 < 6 < 2 —+/2 the SST
method (3.1) is asymptotically mean square stable for all step size.

Proof. From (3.1) it follows that

(yn+1 - ‘Ilyn+1—m)TQ(yn+1 - ‘I’yn+1—m) (3-4)
:(yn - \Ilyn,m)TQ(yn - \I/yn,m) + At2fT(tm Yo, Yn)Qf(tm Yo, Yn)

+ Awr g  (tn, Vi, Y2)Qq(tn, Yo, Yo ) Awy, + AN WY (1, Vi, Yo )QR(t, Yo, Yo ) AN,

+ Q(yn - ‘I’Qn—m)TAth(tm Yo, Yn) + 2(yn - ‘I’Qn—m)TQQ(tm Yo, Yn)Awn

4+ 2(Yn — VYn_m) " Qh(tn, Yo, Yo ) AN, 4+ 24t fX (1, Vi, Y )Qg(tn, Yo, Vo) Aw,

+ 20t f Y (t, Yo, Yo )Qh(tn, Yo, Yo ) AN, + Awr gT (£, Y2, V2 ) Qh(t, Yo, Y2 ) AN,

(3.5)
Since w(t) = (w1 (t),wa(t), - ,wi(t))" is a standard | -dimensional Brownian motion and
AN; := N((j + 1)At) — N(jAt) is Poisson distribution with the parameter is A , we have

J
that

E(Aw;) =0, E[(Aw;)?] = At, E(AN;) = sAt, E[(AN;)?] = kAt(1 + kAt),
E[AwY gT (t, 4+ 0AL, Y, V) Qg(tn 4+ 0AL Y, Y, Awy)

=AtE[traceg” (t, + AL, Y, Y,)Qq(t, + 0AL, Y, Y,)], (3.6)
E[ANTRY (t, + 0At,Y,, Y,)Qh(t, + AL, Y, Y,)AN,]

=(kAL)(1 + KADE[RT (t, + 0AL, Y, Y,)Qh(t, + 0AL, Y, V)] (3.7)
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Let X,, =Y, —VY,_,, and =, =yn — YYn_m,n =0,1,--- . Substituting the designation into
(3.6) and then taking expectation on both sides, yield
B[z 11Q2n 1]
<E[zp Qun] + ALPE[f " (tn, Yn, Yn)Qf (tn, Yn, Yn)] + AtE[traceg” (tn, Yn, Yn)Qg(tn, Yn, Y]
+ AL + KADE[RT (tn, Yo, Yn)Qh(tn, Yo, V2] 4 2AtE[2E Q f (tn, Yn, V)]
+ 26AtE[z Qh(tn, Yo, Yn)] + 2ALALE[f (tn, Yo, Y ) T QR(tn, Yi, V2]
<Elzp Qun] + APE[f T (tn, Yn, Yn)Qf (tn, Yn, Yn)] + AtE[traceg™ (tn, Yn, Yn)Qg(tn, Yn, Yn)]
+ AL + KADE[RT (tn, Yo, Vi) Qh(tn, Y, V)] 4+ 2ALE[(Xy, — OALS (tn + 06, Y, Y )) T Qf (tn, Yn, V)]
+ 26ALE[(Xy — OALS (tn + 05, Y, Y ) T Qh(tn, Yo, Yi)] 4+ 2AtKALE[f (tn, Yo, Vi)  QR(tn, Yo, Yn)]
<Elr Qun] + (1 = 20)ACE[f (tn, Yo, Yn)Qf (tn, Yu, Ya)] + AtE[traceg” (tn, Yo, Yn)Qg(tn, Yo, Ya)]
+ AL + KADE[RT (tn, Yo, Y2)Qh(tn, Yo, Y] 4 2AtE[(Xo Qf (tn, Yo, Yi)]
+ 26ALE[X ) Qh(tn, Yo, Yn)] + 2(1 — O) ALALE[f " (tn, Yi, Yn)QR(tn, Yn, Yn)]
<E[z, Qua] + [(0 — 2)* = 2JALE[f" (tn, Y, Ya) QS (tn, Yo, Ya)]
+ AtE[traceg” (tn, Yn, Yn)Qg(tn, Yn, V)] + 6AL(1 4 26 AERT (tn, Yo, Vi) Qh(tn, Yn, Y]
+ 2AtE[X ) Qf (tn, Y, Yn)] + 2RALE[ X, QR(tn, Y, Y2)].

which combined with (2.6), gives
T T T > T v
Elz,41Q@n 1] <Elz, Qun] + 2AE(— Y, QYy + p2Yn QYy)
+[(6 = 2)2 = 2ALE[f (L, + OAL, Yy, Vi )QF (tn + OAL, Vi, V)]
+ K| AL(L + 2|k|ADE(K3Y.TQY, + K4V, QY,).

In the case of that 0 < 6 < 2 — /2, using Atf(t, + 0At,Y,,Y,) (X, — x,), and

_1
0

2 — (0 —2)% — (—p1 + p2 + |&|(1+ 2|6|At) (K3 + Ky))At6?

T < T
2X T Qx, < 2 (0 _2) Xrox,
(3.8)
2 (0 —2) T
+ Ianna
2= (0 —2)2 — (—p1 + pio + |5 (1 + 25| At) (K3 + K4))AL62
then we have
E[xEHanH]
(2 = (0 = 2)*) (=1 + pa + |K](1 4 2|x|At) (K3 + Kq))At ) T
< (1 E n 3.9
= ( 0= 22 = (—p + 12 + || (L + 2|w| A1) (K5 + K1) At6? [ Qun] (3.9)
(15](1+ 2|5 A K — 20u0) AEE[Y,T QY] + (|5](1 + 2/w| A K, + 2u2) AEE[Y,, " QY]
Let
A {1 L (2= (02 (ot g+ |11+ 2RI (K + Ka)At
2— (0 —2)2 — (—p1 + po + |6|(1 + 2|k|At) (K5 + K4))At62’
<|H|(1+2|H|At)K4+2/L2)’" } (3.10)
2p1 — |k|(1 4+ 2|k|At) K3
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We can deduce that 0 < k < 1. By induction, the following results is obtained from (3.9)
E[“¢Z+1an+1]

n
<K"'E[ag Quo) + (|K](1 + 2|k|At) K5 — 2n) At Y k" IE[Y; QY]
=0 (3.11)

+ (|6l(1+ 2[8| A K4 + 2p2) At > K" IE[Y; QY.

§=0
Follow (3.1) it gives the following inequality
n .
> k"IE[Y; QY]]
§=0
n—m+1
—m+1 Ty, - —iervT AV,
<mkn™ _mngl?)é_lE[Yj QY] + k™ z; K" E[YQY;). (3.12)
=
Therefore,
E[z, 1 Q%n1] (3.13)
<E" Y EBlxd Qo] 4+ T(|k|(1 + 2|k|At) Ky + 2u0) k™™ max IE[YjTQYj])
—m<je—

n
+ (|6](1 + 2|5 At K3 — 2p1 + (6] (1 4 2|k|At) Ky + 2p2)k~™) Atz K" IEY QY.

j=0
It can be deduced from (3.12) and (3.13) that
K11+ 20kl AD) K — 2411 + (611 + 2| A Ky + 2p2)k™™ <0,
so, we can have the following inequality

E[%TLHQInH]
<K (Blag Quo] +7(| £l(1+ 2/K| A Ky + 2u2)k ™™ max B[ QY]]).
s

On the other hand, we know that

lyn1ll = 1Ynt1 = YYns1—m + Yynr1-mll < Tns1ll + (1YYt 1-mll,

then we get
E[y;JrlenJrl] < 2E[$E+1Q=’Un+1] + 2)\2E[yg+1meyn+1fm]- (3.14)
Define

0 = KBl Quo] + 7(IK(1+ 28 AN K, + 2k ™ max  E[Y;TQY).
—m<y
The following inequality can be deduced from (3.14)

E[Y41QYn11] < T2t (2A%) bl 7mn<1?7<<71E[YjTQYj]-

Therefore,
lim E(yEQyn) =0,
n— o0
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which implies that the method is asymptotically mean square stable.
For the case that 6 € [2 — /2, 1), with the hypothesis (3.2), (3.3), and (3.8), we can obtain
the following inequality

E[=’£E+1an+1]
<E[z; Qzn] + ([(0 — 2)? — 2]AtKy — 2p1 + || (1 + 2|6|At)K3) StE[Y, QY]

+ ([0 — 2)> = 2JALK, — 25 + |k|(1 + 2|k|At) Ky) ALE[Y,, QY]
A combination of (3.1), (3.2) and (3.3) gives
' Qx,] < LiY,FQY, + LQYnTQYn7
where Ly = (1+ 0At)(1 4+ 0AtKy), Ly = (1 + 0At)0AtK,. Let

o 2( = p2) — |K[(K3 4+ Ky)
A“’mm{ (60— 2)2 —2(K, + Ka) ’1}

Then for any fixed At € (0, Atp), we have
(6 —2)% —2]ALK | —2u1 + || (14 2|r| At) K3+ [(0 — 2)? — 2] At Ky + 20 + |1| (1 + 2| k| At) Ky < 0.

Consequently, there exists a small positive number & such that

L1+ Lo

([(0 —2)* = 2)(K1 4 K2) + 2|62 (K3 + K4))At — 2(ug — p1) + |6|(K3 4+ K4) + A © <0
Therefore,
E[z 41 Q%n 1] (3.15)

L
<(1 - B[zt Qun] + ([(9 —9)2 — 9JALK, — 2py + ||(1 + 2|n|At) K + Sre)ALE
L _ _
+ (100 = 2% = 218K — 2415 + || (1 + 20| At) Ko + o) AE[Y, QY.

Let

(6 — 2)% — 2] AtKy — 20 + |w|(1 + 2|K|At) Ky + L2e \ ™
([0 — 2)? — 2JAtK; — 2p1 + || (1 + 2|K|At) K5 + i)

k = max 15,(

Then 0 < k < 1. Similarly to the derivation of the first part, the following inequality can be
proved from (3.15) that
E[z) 1 QTpi1] < (E[xOTQaco] +Lk™™  max E[Y-TQ}/j]),
" -m<j<-1 7
where L = 7([(6 — 2)? — 2] ALKy + 2y + |5|(1 + 2|x|At) K4 + L22). We can easily prove that
when At € (0, Atp), the method is asymptotically mean square stable. The proof of theorem is
completed. O

Remark 3.2. For system (2.1) with ¥ = 0, it becomes a stochastic delay differential equation
with Poisson jump, the mean square stability of the theta method has been studied in [25]
and [26].
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4. Mean square dissipativity

The numerical solutions long time dynamic behavior will be studied in this section. Before
it, we make the following hypothesis: assume that there exist a symmetric, positive definite
d x d matrix Q and positive constants p , po 7y such that for all (¢, z,y) € Ry x R? x R?, the
following inequality exists

1
(@ = U(y) QU (t 2, y) + £h(t,z,y)] + Stracelg” (t,2,y)Qg(t, z,y)] (4.1)
<y =zt Qu + pay ' Qy.
Now we state and prove some conclusions.

Definition 4.1. Assume that system (2.1) satisfies the conditions of Theorem 3.1. The nu-
merical method is said to be dissipative if, when the method is applied to problem (2.1) with
constraint T = mh, there exists a constant C' such that, for any initial values, there exists an
ng, depends only on initial values ¢(t), such that

B[y, Qun] <C, n > no. (4.2)

Theorem 4.1. Assume that system (2.1) satisfies the conditions of Theorem 3.1, there exists
a constant C such that for any initial values, there exists an ng depending only on the initial
values ¢(t), when n > ng, the numerical solution y, generated by the SST method (3.1) with
0 € [2—+/2,1), such that

Ely,, Qyn] < C.
Proof. Consider (3.8) and (4.1), the following inequality can be obtained
E[$3+1Q$n+1]

<E[zT Q] + 2Aty + 2AtE(— 11 Y.L QY + p2Y, QY,)
+ (6 —2)* = 2JALPE[f" (tn + 0AL, Y, V) Qf (tn + 0AL, Yy, V)]
+ K] AL(L + 28| ADE(KGY,T QY + KaY, ' QY,). (4.3)

We can get the following inequality the same as the derivation of (3.13),
E[$3+1Q$n+1]

<k" T ((E[2g Quo] + 7(|k|(1 + 2|K| AL + 2u2))k ™™ _mex E[Y;"QYj]))

+ (111 + 206l A K5 — 20 + (5](1+ 20r| A K + 2u2)k ™ ) At

n—m-+1 ] n ]
S Y RTIEY QY] 4 280y Y K (4.4)
=0 §=0

where 0 < k < 1 is the same as defined in (3.10). Since

K1+ 20| AO K — 2401 + (8I(1+ 21| AN K + 2p10) < 0,
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we have the following inequality

E[=’£3+1Q=’Un+1]

n
<k (Elaf Qo] + 7(KI(1L+ 2RIAD K + 2p)b™"_ max BIYQY) + 2807 .
—m<j<—1 P

Let

2At
e1 = K" (Bl Quo] + 7(|K|(1 + 2r|AO Ky + 2u)k ™ max E[Y'QY)) + .
max ~

Then the following inequality can be deduced from (3.14)

Elyp1QYn+1]
S2E[xg+1an+1] + 2)‘2E[yg+17mQyn+l—m] (4'5)

<2e1 + 2)\2E[y;1:+17mQyn+1—m] <C,

where C' = % + ¢, € is the arbitrary small constant. The proof of the theorem is completed.
O

Theorem 4.1 means that the discrete system possesses a bounded absorbing set in the sense of
mean square. The numerical solution trajectory from any initial date will enter the set in a
finite time and thereafter remain inside. It is called mean-square dissipativity.

Remark 4.1. For the NSDDESs, the mean square asymptotic stability and dissipativity results
of numerical method had been studied in [14] and [22].

5. The numerical experiment

In this section, we will give a numerical experiment to illustrate the stability result ob-
tained in Section 2. Consider the following nonlinear scalar neutral stochastic delay differential
equation with Poisson jump

1, . .
d(y(t) — 3 sin(y(t — 1)) = (=8y(t) +sin(y(t — 1)))dt + (—y(t) + Zsin(y(t — 1)))dW(?)
—y()d(N(t)), t=0, (5.1)
y(t)=t+1, te[-1,0].
It is easy to verify that nonlinear neutral stochastic delay differential equation (5.1) satisfies
the conditions of Theorem 3.1. The corresponding parameters are chosen as

1
)\:Za pr =5 p2=3, Ki=64, Ky=1, K3z=1, Ky4=0.

For 0 € [2 —/2,1), we take § = g as an example. Then
: 2(p1 — po) — |K|(K3 4 Ky) }
Aty = .1
oo { (60— 2)2 — 2J(K, + Ka) + 2] (K5 + Ka)
= min {0.65, 1} = 0.65.

(5.2)

The initial condition is given by y(t) =t+1,t € [-1,0], where we take 7 = 1. In the following
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tests, we show the influence of stepsize At and the parameter # on M-S stability of the SST
method, the data used in all figures are obtained by the mean square of data by 200 trajectories,
that is Ey2 ~ ﬁ ?00 [y,(f)]Q, Ey, ~ ﬁ %OO [y,(f)], where yg) denotes the numerical solution
of y,, in the i th trajectory. Taking stepsizes A = 0.1, A = 0.6 and A = 0.8, we obtain the
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Fig. 5.1. Mean square stability of SST method with § = 0.6 and At =0.1
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Fig. 5.2. Mean square stability of SST method with § = 0.6 and At = 0.6
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Fig. 5.3. Unstable test for SST method with § = 0.6 and At = 0.8
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Fig. 5.4. Mean square stability of SST method with § = 0.1 and At =0.1
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Fig. 5.5. Mean square stability of SST method with § = 0.1 and At = 0.6
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Fig. 5.6. Unstable test for SST method with § = 0.1 and At = 0.8

numerical solutions of (5.1). The numerical solutions are displayed in Figs 5.1-5.6 respectively.
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