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Abstract

This paper applies exponentially fitted trapezoidal scheme to a stochastic oscillator.
The scheme is convergent with mean-square order 1 and symplectic. Its numerical solution
oscillates and the second moment increases linearly with time. The numerical example
verifies the analysis of the scheme.
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1. Introduction

Stochastic oscillators are important mathematical models to evaluate the advantages and
disadvantages of numerical schemes ([1-4]). Many papers discuss the linear stochastic oscillator
i(t) + u(t) = AW (t), equivalently,

du(t) = v(t)dt,
dv(t) = —u(t)dt + MW (1), (1.1)
u(0) =1, wv(0) =0,

where A is given and W (t) is Brownian motion.

Proposition 1.1. ([3,4]) The Hamiltonian stochastic system (1.1) preserves the symplectic 2-
form du(t) A du(t). Its solution can be expressed as

u(t) = cos(t) + )\/O sin(t — s)dW (s), (1.2a)

v(t) = —sin(t) + )\/O cos(t — s)dW (s). (1.2b)
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u(t) oscillates with infinitely many simple zeros. Moreover, it satisfies that
E(u(t)® +v(t)?) =1+ A\t

The proposition above tells us the solution phase flow of (1.1) is symplectic, its second
moment grows linearly with time and its solution oscillates. Many papers discuss the symplectic
and multi-symplectic schemes ([5-10]). The references show that numerical preservation of
symplectic structure is as important as high accuracy for numerical solutions to Hamiltonian
systems. Symplectic schemes can simulate stably the main qualitative property of solutions of
Hamiltonian systems for long time.

Recently, exponentially fitted schemes are popular to solve ODE systems with oscillating so-
lutions ([11-14]). They can be derived by generalizing the Runge-Kutta methods and choosing
the coefficients in order to integrate exactly all functions in a selected linear space and mini-
mize the local error of the numerical solution. [11] proposes exponentially fitted Runge-Kutta
methods with s stages and introduces how to estimate the parameter. An explicit exponentially
fitted Runge-Kutta method with an optimal parameter is presented in [12]. Exponentially fitted
Runge-Kutta-Nystréom method is constructed for second order ODE systems with oscillating
solutions [13]. [14] studies two kinds of exponentially fitted Runge-Kutta methods with fixed
points and with frequency-dependent points. For Hamiltonian systems, exponentially fitted
schemes with structure preservation properties are proposed in [15, 16, 17, 18]. [17] proposes a
fourth-order symplectic exponentially fitted scheme with modified Gauss method. [18] considers
linear and quadratic discrete invariants of exponentially fitted Runge-Kutta methods.

In [4], the predictor-corrector methods are applied to the stochastic oscillator system (1.1).
This work inspires us some idea. How does exponentially fitted scheme behave for the stochastic
oscillator system (1.1)? Whether is the numerical solution symplectic and oscillatory? Whether
does the numerical second moment grow linearly with time? In this paper we try to study and
answer the question.

2. Exponentially Fitted Trapezoidal Scheme

Two stage exponentially fitted Runge-Kutta scheme with symmetric nodes applied to de-
terministic first-order system y’ = f(z,y) yields that

y1 = YoYo + h(bi f(zo + c1h, Y1) + baf (2o + c2h, Y2)),
Y1 = myo + h(ai f(xo + c1h, Y1) + ar2f(xo + c2h, Y2)), (2.1)
Y2 = y2yo + h(az1 f(xo + c1h, Y1) + asa f (20 + c2h, Y2)).

Here ¢; = 1/2 —d,co = 1/2 + d. To make the scheme exact for the linear fitting trigonometric
space generated by {1, exp(+iwz)} and symplectic [18], we get exponentially fitted trapezoidal
scheme with d = 1/2,’}/0 =7 = 72 = 1,a11 = Q12 = 0,a21 = Q929 = bl = b2 = %,
equivalently,

1 — cos(wh)
w sin(wh)

yr=vo+ (£@o.y0) + Flary))- (2:2)
Taylor expansion yields that the local truncation error is () + w?y’)h?/12. Therefore, the
scheme is convergent with order 2. If w is chosen such that 3®) + w2y’ = 0, then the scheme
will be convergent with order 3 [12]. Under the segmentation with equidistant points, we apply
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exponentially fitted trapezoidal (abbreviated to EFT) scheme to (1.1) and get the following
formula

1 — cos(wh)
pr— D 2.
U1 = Uk wsin(wh) (Vk 1 + k), (2:32)
1 — cos(wh) 1 — cos(wh)
=vp — ———~ 20— AW 2.3b
Ukt1 = Uk wsin(wh) (uhr ) + whsin(wh) o (2.3b)

where h is temporal step-size and w is undetermined. And the numerical values of wu(tx) and
v(ty) are denoted by wuy and vy, respectively.

Theorem 2.1. To the linear stochastic system (1.1), the EFT scheme (2.3) is convergent with
root mean-square order 1.

Proof. To the linear stochastic system (1.1), Euler-Maruyama scheme is convergent with
root mean-square order 1 and its formula is

Uk+1 = Uk + hoy, (2.4&)
Vk+1 = U — hug + AAW. (24b)

Now we let 4y = ug, 0 = vk, and consider the local truncation error of the two schemes (2.3)
and (2.4). From the EFT scheme (2.3), we get that

== a4 200 + —22_aw, (2.5a)
Ukl = T3 @Juk + 2008 + Ay AW, 5a
Vg1 = #[(1 —a®)vy — 2au] + AAW (2.5b)
S > k i a) S :

where a = 1= Thep with (2.4), we obtain the following errors

w sin(wh)
1—a? 2a 2a° )\
Y = — -1 —— —h — A 2.
Uk41 — Uk41 <1+a2 >Uk+ <1+a2 )”Uk+ 1+ a) Wi, (2.6a)
1—a? 2a 2a
— Ty = [ —— —1 —{———h AM———-" — 1)AW,. 2.6b
Vg1 — Tk1 (1+a2 )Uk (1+a2 )Uk+ (h(1+a2) JAW (2.6b)

Denote Xy, = (ug,vx)?, X = (tg, vx)T. From (2.6), we can derive
1-a2 \? 2 ?
- 1 + _ca h
1+a? 1+a?

4a* 2 ?
Rt a)e ((1 T 1) ] - (28)

|B(Xpes1 = Xpg)]* = [B(ui) + E(v7)], (2.7)

E(|Xk41 — Xng1?) = [E(Xpg1 — Xig1)|? + Nh

Taylor expansion yields that

h 2 1—a? —2a? h? 1 2
R == i +(3-5) ) rom. @)

1= __r
1+ a2 1+ a2 2

2 4 12

2a 1 w? , 5 2a 1 w?\ , 4
1+a2h<1+ﬁ)h o), m1<z+ﬁ)h LOhY). (2.10)
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From (2.7)-(2.10), we obtain that

|E(Xpi1 — Xe1)]? = [E(u?) + E(v?)] (h—4 + h—ﬁ(w2 —3)(w?+9) + O(hs)) (2.11)
k+1 k+1 = k k 4 144 ) .
3 5
B(Xi1 — XiraP) = [B(Xier — Kesn)? 4+ X204 X0 (02 = 8)(? +9) + O(hT)
= )\2%3 + %[E(ui) + E(v})] + O(h®). (2.12)

Then, (2.11) and (2.12) tell us that E(| X1 — Xr1|?) = O(h?). So the EFT scheme (2.3) is
convergent with root mean-square order 1. O

3. Numerical Analysis of the EFT Scheme

First we consider whether the EFT scheme can preserve the discrete symplectic 2-form [2]
of the system (1.1). From (2.5), by direct computation of duy A dvy, we can derive that

1

m[(l — a®)duy, + 2advg] A [(1 — a®)dvy, — 2aduy).

dug41 N dvggy =
Since dug A dup, = dvg A dvg, = 0,dug A dvg, = —dvg A duyg, the equality above implies that
dugy1 N dvgg1 = dug, A dvg. So the EFT scheme is symplectic.

Second we consider whether the numerical solution uj of the EFT scheme to the system
(1.1) can oscillate infinitely many times. From (2.5), we can get that

up = ! (1 — a®)ug_1 + 2avk_1] + ﬂAW (3.1)
LA k—1 Ut ey R :
1 2a\
= 1 —a?)vp_1 — 2aup—1] + 5 AWj_1. 3.2
Uk 1+a2[( a”)vg—1 — 2aug 1]+h(1+a2) k-1 (3.2)
The formula (3.1) yields that
1+a? 1—a? a\
1= - = —AWg_. .
V1 5 Uk P Wi—1 (3.3)
Therefore, with (3.1) and (3.3), we obtain that
1—a? 1+a? a\
Uk 5 Uk 5o Uk—1 + - AWy (3.4)
Thus, with (3.4) and (2.5), we derive that
1—a? 2a%\
— bus — un_ hb=2_— " =——"—JA AWj_1]. .
Uk41 U — Uk—1 + Sk, 1+ a2 Sk n(l —|—a2)[ Wi + AW (3.5)

With the notations Yy, = (ugy1,ux)?, 5k = (sx,0)T and

A<ll) 01), (3.6)



Exponentially Fitted Trapezoidal Scheme for a Stochastic Oscillator 805

we can derive that
Yi = AYy 15, = A"y + AF 15 + AR 25, 4+ 4 A5 + 5 (3.7)
For any positive integer n, denote
A = ( an O ) .
¢, dp

From (3.7), we can get that

1
U1 = bk + aguy + ag—151 + -+ + a1Sp—1 + s = by, + iakb + ok, (3.8)
2a2ai\ b
x = mAWO + Zak—jsj, (3.9)
J=1

where ap = 1.  From (3.6), the eigenvalues p of (3.6) satisfy that p> — bp + 1 = 0. With
the expression of b, the eigenvalues are conjugate complex numbers, and they have unit mod-
ulus. Suppose that the eigenvalues of A are p; = €, py = e~ *?. According to the equation
for the eigenvalues of (3.6), According to [4], we get that the corresponding eigenvectors are

(pla 1)T7 (p27 1)T and
A" — P11 P2 p? 0 P11 P2
11 0 pn 11

1 (/ﬁ“/ﬁ“ py — pt )

-1

n—1 n—1

P1 — P2 Pr — p3 P2 —P1
Therefore

1 1 b

b - b= k__ k Z k1 k41

k+2ak o — {Pz P1+2(P1 Pz )

! i k9+b in(k+1)0 (3.10)
= —— |—sin —sin . .

sin 6 ° 2 °

From (3.10), by, + $axb is bounded. For ¢y, from (3.5), we can derive that

k

2a%ai)\ 202\
O = T a2y A0+ 2 G gy - (AW + AW ]
=1
2a%ap\ U942 k242

= ————AW, ———a; AW ————a; 1 AW,
r a0 2 e oA 2 g A

k
= 1AW, (3.11)
j=1
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where
B 2a2)\
Ho = (1 + a2)h7

262\
M= T ah (aj +aj-1)

2a2\ 1 1 - ) .
G T —— (p]fr —" (] —x%))

2a,2A 1 y . .
= m(sm(] +1)6 + Smﬂg)

4a ) 0 . <
= — sin

1
L v 2)6, j=1,... .k 3.12
Tt a)hsme 27+ > » I=hes (3.12)

2

Therefore ¢y, ~ N (0, h Z?:o ,uf) From (2.9) and (3.12), p; is bounded. Clearly, lim; o, sin(j+
£)6 # 0. Then lim;_,o 41; # 0. Thus

k

lim h 2 = 0.

el ZOMJ >
]:

According to the Law of the Iterated Logarithm ([3,4]), for sufficiently large k and arbitrary
€ (0, 1), ¢ will infinitely often oscillate beyond the bound

k k
(1—e)y[2h)_ p2Inln <hzu§)
j=0 j=0

almost surely. From (3.8) and (3.10), we can see that uj behaves similarly.
Third, we consider whether the discrete second moment E(u? + v) of the EFT scheme to
the system (1.1) can grow linearly with time. From the EFT scheme (2.5), we derive that

4a?)\?
1+ a2

4a\

m(vk — aUk)AWk. (313)

Up gy + Viyy = uj +Uf + AW +

Therefore, we get that

4a?

B(ujyy +vit1) = E(uj +vg) + Ath-

(3.14)

Taylor expansion (2.9) yields that

4a? w?—3
EXDIA

h% + O(hY),

2
-3
B(u s +0f1) = B +0}) + Nh |1+ Z——1? + O(n*) .

With initial condition of system (1.1), this indicate that

w?—3

Eu? +v3) =1+ Xt + Ntph? + O(tph?). (3.15)
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Theorem 3.1. To the system (1.1), the EFT scheme is symplectic. Its numerical solution uy
oscillates infinitely many times. Moreover its discrete second moment E(ui +v3) grows linearly
with time approxzimately.

Note that from Eq. (3.13) for the deterministic system (1.1) with A = 0, the numerical solutions
satisfy that u% + v7 = 1. This means that the phase trajectory of the numerical solutions is a
circle with radius 1.

4. Numerical Result

Now we apply above EFT scheme to solve the stochastic oscillator system (1.1) and test the
behavior of the scheme. According to theorem 1, the choice of w does not affect the convergence
order of EFT scheme in the stochastic case. According to the derivation of exponentially fitted
trapezoidal scheme in [18], EFT scheme is exact with w = 1 for deterministic system (1.1) with
A = 0. For A # 0, the stochastic case is complicated and we choose different w in the experiment.

In the deterministic case with A = 0, we apply EFT scheme with w = 1, h = 0.1. In Figure
4.1, we depict the phase trajectory of the numerical solutions for ¢ € (0, 1000]. In Figure 4.2,
we depict the corresponding numerical errors

|ug — u(ty)|, which increase with time due to the computer rounding error.

In the stochastic case with A # 0, we simulate the theoretical solutions (1.2) with step size
2714 To implement the EFT scheme, we first apply w = 1, A = 0.1 and different step sizes h.
Figure 4.3 displays the convergence order of EFT scheme at 7' = 1. The errors are obtained by
the sample average of mean square error of 500 numerical solutions and theoretical solutions.
Denote the exact and numerical solution under the kth W (¢) sample by u*(#,) and u%. Then
the errors are defined by

500

n = \| 75 D (k) — )2

k=1

a

s 0

05\ J

_1 L L L

-1 -0.5 0 0.5 1
u

k

Fig. 4.1. Phase trajectory of numerical solutions with EFT scheme.
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Fig. 4.2. Errors of the numerical solutions with EF'T scheme.
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Fig. 4.3. Order test of EFT scheme with w =1,A=0.1,7 = 1.
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Fig. 4.4. Oscillation of theoretical solutions and numerical solutions with EFT scheme.

In Figure 4.3, the errors versus decreasing step sizes are depicted in log-log scale. The reference
line has slope 1. It confirms that the EFT scheme is convergent with root mean-square orderl.
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Fig. 4.5. Oscillation of the numerical solutions with EFT scheme.

We choose w = 0.75, A = 0.1, h = 0.1 next. In Figure 4.4, we plot time evolution trajectory
of u(t) for one sample of numerical solution and theoretical solution under the same W (t)
sample for ¢t € (0, 100]. We can see that the numerical solutions simulate approximately the
oscillation of theoretical solutions. In Figure 4.5, we plot time evolution trajectory of u(t) for
one sample of numerical solution for ¢ € (0, 5000]. It confirms that the simulation of oscillation
with long time is stable.

We choose w = 0.9,\ = 0.2,h = 0.1 below. In Figure 4.6, we depict time evolution
trajectory of u(t) for the sample average of 10* numerical solutions for ¢+ € (0, 5000]. The
reference line with slope 1 denotes the second moment of theoretical solutions. The figure shows
that the numerical second moment E(u}) + E(v}) grows linearly with time approximately.

At last, we compare EFT scheme with the midpoint rule in [3]

h h
Up+1 = Unp + §(Un+1 + Un)a Un4+1 = Un — §(Un+1 + Un) + )\AWna

250
200f
—EFT
- - -ref. line
& 150
>
7
N_X
=
w100t
50t

O 1 1 1 1
0 1000 2000 3000 4000 5000
t

Fig. 4.6. Approximate preservation of the linear growth property with EFT scheme.
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Fig. 4.7. Errors of the numerical solutions for the midpoint rule (left) and predictor-corrector method
(right) with A =0,h = 0.1.
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Fig. 4.8. Order test for the midpoint rule (left), predictor-corrector method (right) with A = 0.1,h =

0.1,T = 1.
10 10" 10"
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w’ ) ' . ' )
.4 7’ ’ i ‘ 4. 7
10 ) )
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Fig. 4.9. Order test for the midpoint rule (left), EFT scheme (middle) and predictor-corrector method
(right) with w = 1, A = 20,h = 0.1,T = 1.
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0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

tk tk
’

Fig. 4.10. Oscillation of the numerical solutions for the midpoint rule (left) and predictor-corrector
method (right) with A = 0.1, h =0.1.

800 " " " :

600

0 . . . . -800 . . . , -1500 . . . .
0 1000 2000 3000 4000 5000 01000 2000 3000 4000 5000 01000 2000 3000 4000 5000

t 3 t

k k

Fig. 4.11. Oscillation of the numerical solutions for the midpoint rule (left), EFT scheme (middle) and
predictor-corrector method (right) with w = 0.75, A = 20, h = 0.1.

and the predictor-corrector method with k = 2 in [4]

h? h? Ah

h? h?  ht h?
i1 = —h(1——Jup+ (1——+— o, 1— — |AW,.
Un+1 h( 4)u +< 2+4>v +)\< 4)

The data used for the midpoint rule and predictor-corrector method are the same as for EFT

scheme.

From Figures 4.2 and 4.7, we find that in the deterministic case, the EFT scheme has smaller
errors than the midpoint rule and predictor-corrector method. While in the stochastic case,
the numerical errors for these three schemes have the same order of the magnitude (see Figures
4.3, 4.8 and 4.9). From Figures 4.5, 4.10 and 4.11, the three schemes preserve the behavior
of oscillation with long time for numerical solutions approximately. From Figures 4.6, 4.12
and 4.13, the three schemes preserve the linear growth property with the numerical solutions
approximately.
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Fig. 4.12. Approximate preservation of the linear growth property with the numerical solutions for the
midpoint rule (left) and predictor-corrector method (right) with A = 0.2, h = 0.1.
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Fig. 4.13. Approximate preservation of the linear growth property with the numerical solutions for the
midpoint rule (left), EFT scheme (middle) and predictor-corrector method (right) with w = 0.9, A =
20,h =0.1.

5. Conclusion

Exponentially fitted trapezoidal scheme (4) is applied to linear stochastic oscillator system
(1) and generates symplectic EFT scheme (5). In deterministic case, the EFT scheme is exact
with w = 1. In the stochastic case, the EFT scheme is convergent with root mean-square order
1 with arbitrary w. The behavior of oscillation with long time for the numerical solutions is
preserved. EFT scheme preserves the linear growth property of the solutions approximately.

It may be worthwhile to generalize the exponential fitted schemes to stochastic differential
equations with oscillating solutions. The generalization of the symplectic exponential fitted
schemes to stochastic Hamiltonian systems with oscillating solutions may be also valuable.
Further discussion and research about the generalization will be needed.
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