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Abstract. The generalised perturbation (n, N —n)-fold Darboux transformation is used
to derive new higher-order rogue wave and rational soliton solutions of the discrete
complex mKdV equations. The structure of such waves and details of their evolution
are investigated via numerical simulations, showing that the strong interaction yields
weak oscillation and stability whereas the weak interaction is associated with strong
oscillation and instability. A small noise has a weak influence on the wave propagation
for the strong interaction, but substantially changes the wave behaviour in the weak
interaction case.
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1. Introduction

Nonlinear partial differential equations (NPDEs) frequently arise in scientific fields such
as fluid dynamics, plasma physics or optics [31-36, 39], and their discrete analogues in
areas such as population dynamics, plasma physics, real ionic fluids, and the evolution
of slowly varying envelopes of electric fields [1, 2,4, 5, 16-18, 20-23, 27,29, 30]. Physi-
cists and mathematicians have found rogue wave solutions of NPDEs in nonlinear optics,
plasma physics, Bose-Einstein condensates, and financial markets [10,11,13,19,47,48].
For continuous NPDEs, the rogue wave solutions have been constructed using the Darboux
transformation and its generalisations [10,11,13,15]. Discrete rogue wave solutions of the
single-component Ablowitz-Ladik and discrete Hirota equations [6-9], the focusing and
defocusing Ablowitz-Ladik equations [26] and a discrete nonlocal nonlinear Schrédinger
equation [46] have also been considered. Nevertheless, the discrete rogue wave solutions
of discrete integrable NPDEs remain little studied.
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Let us consider the discrete complex mKdV equation
Unt = (1 + |un|2)(un+1_un—1)> 1.1)

where u,, = u,(t) = u(n,t) is the complex field of discrete and time variables n and t
respectively, u, , denotes the derivative du,/dt, and lu,)? := u,u; where the asterisk de-
notes complex conjugation. Eq. (1.1) has been discussed in Ref. [8], and may be viewed as
a discrete version of the continuous complex mKdV equation

. 1 9
iu, + Euxxx + 3lul“u, =0

with many applications — e.g. in electrodynamics, electromagnetics, density stratification,
elastic media and traffic flow [25,49,50].

LetE: f(n,t) = f(n+1,t)and E™' : f(n,t) = f(n—1,t), n € Z,t € R be the shift
operators, where sometimes the variable t is repressed so f(n, t) is abbreviated as f(n).
According to Refs. [3,40], the Lax pairs associated with Eq. (1.1) are

A2 Au
E(anUn(Pnz( —ut 1n )‘Pn: (1.2)
n
A1 U,
—— +u,ut A, + =L
2 n*“n—1 n
(pn,t = Vn(pn = 2 22 u* AZ 1 A Pn > (13)
n
—Au:‘l_l — 7 —? + m + u:‘lun_l

where the eigenvalue parameter A does not depend on n and ¢, ¢, := (¢1 5, cpz’n)T is the
vector eigenfunction and T denotes the transposition. It is easily seen that the compatibility
condition ¢, , = ¢, , for Egs. (1.2) and (1.3) yields Eq. (1.1). The approach adopted in
Ref. [8] to obtain the two lowest-order rogue wave solutions of the discrete Hirota equation
can also be used to produce low-order rogue wave solutions of Eq. (1.1).

In Section 2, a discrete integrable hierarchy associated with Eq. (1.1) is presented and
new discrete integrable NPDEs are obtained. Section 3 deals with the modulation instability
of the general plane-wave states of Eq. (1.1). Section 4 is devoted to a discrete version
of the generalised perturbation (n, N — n)-fold Darboux transformation of Eq. (1.1), used
to study integrable continuous NPDEs [41,42,44,45] and the discrete coupled Ablowitz-
Ladik equation [43]. These ideas are applied to Eq. (1.1) in Section 5, and a higher-order
discrete rogue wave solution that differs from the rogue wave solutions of discrete coupled
Ablowitz-Ladik equations in Ref. [43] is obtained. Moreover, we also derive higher-order
discrete rational soliton solutions. To the best of the author’s knowledge, such solutions
for discrete NPDEs have not been reported in literature before. Concluding remarks are in
Section 6.

2. Discrete Integrable Hierarchy

Let us now consider the discrete matrix spectral problem

A% A, )

Ep, =U,(u,A)¢,, Uy(u,A) = ( Av, B (2.1)
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where A is a spectral parameter such that A, =0, 8 is an arbitrary constant, ¢, = (tpl,n,cpz,n)T
is an eigenfunction vector, and u = (u,,v,)" is the potential function. To obtain the hier-
archy of Eq. (1.1) associated with the spectral problem (2.1), it is convenient to use the Tu

scheme [14,24,28]. Let
A B
=" “r .

The discrete stationary zero-curvature equation
(ET)U,—U,I1 =0
is equivalent to the system of equations
A*(An1 —A) + AvBoy — Au,C, =0,
Aty(Apsr +A,) —A°B, + By =0,
A*Coi1— BCr— Auy(Ansq +A,) =0,
AU, Crig —Apsy +A,— Av,B, =0. (2.2)
Substituting A, = 3,7 AVA™, B, = 3% BY A2, ¢, = 3% A7+ into Egs. (2.2)
leads to the initial conditions Bflo) =0,C r(l(fl = 0 and the recursion relations
AD A 4y BY). —y,cW =0, jxo0,
up(AY) +40) — U0 _ggY) —o, j>o0,

n+1 n+l
i1 . ; . .
cUt g —y,(aA¥ +aMy =0, j=o0,
. 1 . 5 > .
0= gD~ AP 0, 0. 2

Setting A(no) = —1/2, the recursion relations (2.3) uniquely determine A(,{),BS ), C,(lj )( j=1).
For example,

1) _ 1 _ 1) _

Bfl ) = —Uu,, CnJr1 = —p, A(n ) = UpUn_1 >
2) _ 2 _

Bgl )= un(un+1vn + un'Un—l) - ﬂun-i-l > Cn+1 - 'Un(un+1'Un + unvn—l) - ﬁ Un—1,
2) _ 2,2

AEI ) =—uv, - unvn—l(un+1vn +tUpq vn—Z) + ﬁ(un+1vn—1 + unvn—Z) >

3 2 2
Bgl ) = ﬂ(un(un+2 Un+1 + un+1'Un) - ﬂun+2) + un( - un+1vn - un+1'Un(un'Un+1 + unvn—l)

2,2
+ﬂ(un+2vn+un+1vn—1)_un Vp1— unvn—l(un+1vn + Up vn—Z) + ﬁ(un+1vn—1 + unvn—z)),

3 2 2
CI(H-)]. = [3 (vn—l(unvn—l +tUpq vn—Z) - [3 vn—Z) + Un( - un+1 U, —Unpt1 'Un(un Uptp + unvn—l)

2,2
+[3 (un+2 Un +un+1 vn—l) - un Vp1— unvn—l(un+1 Un+un—1 vn—2)+ﬂ (un+1 Un—1 +unvn—2))-

If Fl(m) is defined by

40 5 p0) :
ZAHJ AZm—Z] Z Bn] AZm—2]+1
F]Fm) = Azmrl — n]120 0 . ]:Om 0 ) 5 m= 0 )
Cn] AZm—2)+1 _ An] AZm—Z]
=0 j=0

J
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then the relations (2.3) imply

0 AB(m+1)
(er‘™yy, —u, rm =( n .
S R CRRE Y

Let us introduce the matrix

and set Vn(m) = Fl(m) + Ag’"), m > 0 such that

n+1

Ay, A — A clmtD 0

ww@buf%&%m=(
n+1 n+1

0 ABU™ — Au, A )

Let us also assume that the eigenfunctions ¢, of Eq. (2.1) satisfy the equations
Pne, = Vo, m=0. (2.4)

The compatibility conditions of Egs. (2.1) and (2.4) have the form Eyp, , = E(y,), and
are equivalent to
Uy =(EV™MU, —U V™, m>o0,

which yields the positive discrete integrable hierarchy

Uy, = B —u, A

n+1
Une, = 0, AT — D (2.5)

In order to derive the negative discrete integrable hierarchy associated with Eq. (2.1), let
us consider the spectral problems

(pn,tm = Fz(m)(pn s mz 0 >

(m) _| Jj=0 Jj=0 aglm) 0
o= m g ; < () "L o o)
Z Cn] A—2m+2]—1 _Z an] A—2m+2)
j=0 j=0

The discrete zero-curvature equations U, , =(E Fz(m))Un — Unl“z(m) give the hierarchy

_ 3 (m+1) (m)
Up,e, = by U@y 175

Ve =MD 4y alm) (2.6)
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with the corresponding first recursive relations

0 1
dV=-1/2, b =cP=0, bi=u/p, P=uv/B, a¥=0vu1/B,

agz) = _('Usun—l + Up_1Up—2Vp¥Un—1 + UplUp—1UpUny1 — ﬂ(un—l Un+1 + Up—2 'Un))/ﬂ45
2

b£1_31 = _(ui'un+1 + UpUp_1Up — ﬁun—l)/ﬁ3 5 CEIZ) = _('Ur?un—l + UnUnt1Un — ﬂ vn+1)//3’3 >
3 2 2 2

b = (0P —up(a) +a)/B, e = (i — wlagy +aP))/B

A more general discrete integrable hierarchy associated with Eq. (2.1) can be obtained as

follows. Let u; and u, be constants and let Pr(lm) = ulvn(m) + uZFZ(m). Let us consider the
spectral problem

(pn,thPr(lm)(pn: mZO
The discrete zero-curvature equations U, , = (EPZ(m))Un — Uan(m) produce the hierarchy

Upe = M1(B(m) - unA(nm)) + Mz(b(mH) —upat™

n+1 n+1 n“n+17/°
1
Ut = Ul(”nAE:ﬂ — C,ET; N+ uz(cflm“) + vnag’")) . 2.7)

If u; =0, uy =1, then (2.7) becomes the system (2.5) and if u; =1, u, = 0 one has the
system (2.6). On letting u; =1 and u, = —1, if m = 1 the first nontrivial result is then

un,t1 = _un+1(unvn - 1) + un—l(unvn - 1)//32 5
Un,t; = vn—l(unvn - 1) - vn+1(unvn - 1)//3’2 > (28)

and the time part of the Lax pairs for (2.8) is

e z( 22/2=1/(22%) =ty Aty + 1 /(BA) )

Atp1+ 0,/ (BA) —22/2+ 1/(2A2) — vytty_1/ B> (2.9)

If 6 =1 and v,, u, satisfy the symmetry reduction condition v, = ou,, then the equations
of the system (2.8) are compatible such that the discrete mKdV equation with 0 = —1 is
(cf. the Volterra lattice equation in Ref. [40])

Upt = 1- O-ui)(un-i-l _un—l) .
On the other hand, choosing 8 = 1 and o = —1 yields the discrete complex mKdV equation
Un,e; = (1- O-lun|2)(un+1 —Up1),

which is actually Eq. (1.1) with the Lax pairs (1.2) and (1.3).
Changing the symmetry reduction conditions produces other equations. For example,
taking f =1 and v, = ou(—n, t) yields a new nonlocal discrete mKdV equation — viz.

Up, = (1 — ou,u(—n, t))(un+1 —Up_q).
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Further, if 8 = 1 and v, = ou*(—n, t) one obtains a new nonlocal discrete complex mKdV
equation
un,tl = (1 - GunU*(_n, t))(“n-ﬁ-l - un—l) .
For m = 2 and f3 = 1, the second equations in this hierarchy have the form
Upne, = (1— unvn)[vn(ui_l - uiﬂ) + Un(Un—1Vn41 — Vn—1Unt1)
+ un+2(1 —Uptq 'Un+1) - un—z(l —Up—q 'Un—l)] >
Un,tz = (1 - unvn)[un(vs_l - 'U,%_H) + Un(vn—lun+1 —Up—1 Un+1)
t Unr2(1 = Ups1 V1) = Upa(1 — 101, (2.10)

with the corresponding time part of the associated Lax pairs

e =( Vit Vo )
n Vor Vo )0

where

Vi1 =(1/2)A% = 0,1 A% = 1 Vg (1 = 4 0) = U (1 — ty_q 0 7)
+ urzl vf_l —1/AN +uy_q v, /A2,
Vig = = (Un Upllpgy +UoUn_1 = Ung1) A+ Aty + g /27
+ (g — U5y Uy — Uy Uy 5V 1)/ 2,
Va1 = = (=Upp + 07 _qUn + Up_1 Upplln_1)A + 2201 + v,/ 2°
+ (Vn41 — Un Uy Ung1 — U,%un—l)ﬁL )
Vop =—(1/2)A% + 0,1 A% + 1/ (221 — g 0,/ A% — g 01 (1 — 10,)
— Uy p0,(1 —up_qv,—1) + ui_l 113 .
For the symmetry reduction condition v, = ou,, system (2.10) yields a new higher-order
discrete mKdV equation with o = —1:
Upnp, = (1— auﬁ)[oun(ui_l — uiﬂ) + Upyo(1— ouiﬂ) —U, (11— Gufl_l)] s

which will be called the higher-order Volterra lattice equation.
For the symmetry reduction condition v, = ou}, the system (2.10) produces another
new higher-order discrete complex mKdV equation with o0 = —1 — viz.

2 2 2
U, =(1 = olun M owh i ) =12, 1) + ouy(up 1y, — U Upy)
2 2
+ un+2(1 - O-|un+1| )_ un—z(l - O-lun—1| )] .

The symmetry reduction condition v, = ou(—n,t) with f = 1 then yields a new higher-
order reverse discrete nonlocal complex mKdV equation

Upt, =(1 —ou,u(—n, t))[au(—n, t)(urzl_1 — urzl+1)+aun(un_1u(—n —1,t) —upqu(—n+1, t))

+ un+2(1 —oupu(—n—1, t)) — un_z(l —oup_qu(—n+1, t))] .
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Further, the conditions f = 1 and v, = ou*(—n,t) lead to new complex higher-order
reverse discrete nonlocal discrete complex mKdV equation

Upy, =(1 —ou,u*(—n, t))[ou*(—n, t)(ufl_1 — uflﬂ)
+ oun(un_lu*(—n —1,t) —upqu'(—n+1, t))

+ un+2(1 —oupu(—n—1, t)) - un_Z(l —ou,_u(—n+1, t))] .

3. Modulational Instability of the Plane-Wave States

i 2 . .
Let celex+2sin(@)(1+c3)t]) e 3 plane wave with a real amplitude ¢ and real wave number
a. For the perturbation

u, = [C + an]ei[ax+25in(a)(1+c2)t]) ,

substitution into Eq. (1.1) yields the linearised equation

Qn,¢ +2isin(a)Q, — Qui1 c? cos(a) — 2ic2Q’f1 sin(a) — Q41 cos(a) —iQ,,_; sin(a)

—iQ 41 sin(a) —iQ,4 1 ¢? sin(a) + Q1 cos(a) —ic*Q,,_; sin(a) + c*Q,_; cos(a) =0 .
(3.1)

For simplicity, let the wave number a be /2. Representing each term Q, in the form
Q,=Q1,+iQ2, allows us to separate the real and imaginary parts of Eq. (3.1), and write
the system of real equations

Q1 —2c¢®Q2, +¢*Q2, 1 +Q2, 1+ Q2,11 +c*Q2,,1 —2Q2, =0,

Q2,;—c*Ql, 1 —c*Ql,41 —2c¢*Q1, +2Q1,—Q1, ; —Q1,,; =0. (3.2)
The solutions of Egs. (3.1) and (3.2) are sought in the form
an — Fegt+ikn , an — Gegt+ikn , (33)

where F, G are real constant amplitudes of the perturbation eigenmode, g denotes the mod-
ulational instability gain, and k the arbitrary real wave number of a small perturbation.
Substituting Eq. (3.3) into Eq. (3.2) yields the dispersion relation for the perturbation —
viz. the condition for the existence of nontrivial solutions F and G:

g 2cos(k) + 2 cos(k)c? —2¢% —2
=0,
—2cos(k)c? —2cos(k) —2¢% + 2 g
or
g2 =41+ cz)(l — cos(k))( cos(k)c? + cos(k) —1 + cz) . 3.4)

The modulational instability thus occurs if the right-hand side of (3.4) is positive — i.e. if
cos(k) > (1 —c?)(1 + c?). Fig. 1 shows the gain g(k) for ¢ = 2,3 and 5 at three power
levels. Furthermore, at the point cos(k) = 1/(1 + c?) the function g2 attains its maximum
grznax = 4c*, so that the plane-wave states are subject to modulational instability and rogue
waves can be solutions of Eq. (1.1).
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Figure 1: The gain spectra of modulation instability for various plane-wave amplitudes obtained from
Eq. (2.9) and reflected in the positive growth rate g(k). Different lines correspond to different plane-wave
amplitudes: solid for ¢ =2, dashed for ¢ = 3 and dot-dashed for ¢ = 5.

4. Generalised Perturbation (n, N — n)-Fold Darboux Transformation

Let us construct a generalised perturbation (n, N — n)-fold Darboux transformation for
Eq. (1.1) based on Egs. (1.2) and (1.3) via the gauge transformation

@n=Ton, (4.1
with @, satisfying Egs. (1.2)-(1.3) and U,, and V,, replaced by U, and V, such that
@n-ﬂ-l = ﬁn(ﬁn ) (ﬁn,t = Vn@n )

where U, = T,;1U, T, ! and V, = (T, + T,V;,)T, " are of the same form as U, and V,, but
the terms u,, are everywhere replaced by u,,. In order to guarantee the consistency of the
Darboux transformation for Eq. (1.1), let us consider the transformation matrix

N-1 . N-1 . .
A2N 4 Z aglzl)AZ] Z b£12]+1)7(.2]+1
j=0 j=0
T, := N1 N1 , (4.2)
- pN—2j-1)* 3 2j+1 7 4. D q(2N—-2j-2)% ) 2j+2
j=0 j=0

where N is a non-negative integer, and a(ZJ ) and bng 1) (0 < j < N —1) are the solutions
of the systems of linear algebraic equations T(A;)¢r(Ax) =0 (k=1,2,---,N). The trans-
formations (4.1)-(4.2) and U, = T,,,U, T, allow us to establish an important relation
between the initial u, and new &I solutions and to show the form invariance of U,,V, and
U,,V,. This relation along with the procedure (4.1) is called the N-fold Darboux trans-
formation of Eq. (1.1). The construction is similar to the corresponding constructions in
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Refs. [12,37,38,40] but in order to make the paper self-contained, we note some results
here.

Theorem 4.1. Let ;(A;) = (¢;,%;) (i =1,2,---,N) be N distinct column vector solutions of
the corresponding spectral problem (1.2) and (1.3) for the spectral parameters Ay, Ay, -+, Ay
and the initial solution u, of Eq. (1.1). Then the N-fold Darboux transformation of Eq. (1.1)
is given by

=" +u,d?,, (4.3)
with al® = Aa® /Ay, bW = AbW /Ay,

2(N—1 _ _ _

ANV 228D gy N T 22Ny Ay

2(N—1 — _ _

0Ny 2Ny gy AN Ty ATy, L Ay

2(N—1 — _ _
ANV a2V Doy AN Ty A2V By Ayt

-

NPt AT ANy gy —ABgr L AN g

U A AP e P93 - g

e s L R

whereas Aaflo) and Abfll) are obtained from the determinant Ay by, respectively, replacing the
N-th and 2N-th columns with the column (—A3N ¢, —=A3N ¢o,- -+, —=A2N Py, —p%, =3, -+,
=it

Thus the N-fold Darboux transformation (4.3) maps the solution u, of Eq. (1.1) into a
new solution #,,. This transformation can be used to determine the multi-soliton solutions
(or multi-breather solutions) of Eq. (1.1) when u, = 0 is the initial solution, although
this is not the main goal here. Rather, let us modify the N-fold Darboux transformation
in order to express the higher-order rogue wave and rational soliton solutions in terms
of the determinants of Eq. (1.1). This can be done for N-fold Darboux transformations
with N distinct eigenvalues, but the number n of the eigenvalues A must be changed. If
1 < n < N, then the generalised perturbation (n, N — n)-fold Darboux transformation of
Eq. (1.1) is described by the following theorem.

Theorem 4.2. Let ¢;(;) = (¢;(A), ¥;:(A,)T (i = 1,2,---,n) be column vector solutions
of the Lax pairs (1.2) and (1.3) for the spectral parameters A; (i = 1,2,---,n) and the same
initial solution uy of Eq. (1.1). The generalised perturbation (n, N — n)-fold Darboux trans-
formation of Eq. (1.1) given by

a=b)

w1 T uoa(o) 4.4)

n+1°
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with a©@ = Aa@ /A, b = ABD /ALY, ALY = det([AD .- AT,
AD = (AW s1ycoy and AL, 1< j < 2(m;+1), 1 <5 <N, i=1,2,-++,n defined by

AD =
1S
(I} L
2 C§N—2ski2N_ZS_k¢§] ! k), f1<j<m;+1,1<s<N,
k=0
j—1 )
2 C‘]l(N—23+1A'i4N_25+1_k11b1('1_1_k): f1<j<m+1,N+1<s<2,
k=0
{ K IV
2 CSN—zs)\l*(ZHk)wi] " ifm+2<j<2(m;+1),1<s<N,
k=0
oy (—N—1—k)
L7 kZ Chy ey A BTG Y , ifmi+2<j<2(m;+1),N+1<s<2N,
=0

where Aago) and Abgl) are obtained from the determinant Afv(n) by replacing the N-th and
(2N)-th column with the column vector (b --. p(M)T  p(D) = (bgl))z(miﬂ)xl and

= IN—k 4 (j—1—k)
b(l) _ _kz:o CéNli - ¢ij for 1< j< m;+1,
;= =

—ng_N_l)* for m;+2<j<2(m;+1).

Remark 4.1. Note that n in the notation "(n, N — n)-fold" denotes the number of distinct
eigenvalues or the order of the vector eigenfunction ¢,, and N —n the sum of the orders of
the highest derivative of the Darboux matrix T in (4.2). Ifn =N and m; =0, 1 <i < N, this
transformation reduces to the N-fold Darboux transformation in Theorem 4.1. Indeed, the
N-fold Darboux transformation is a special case of the generalised perturbation (n, N —n)-
fold Darboux transformation. If n = 1 and m; = N — 1, the corresponding transformation
reduces to the generalised perturbation (1, N —1)-fold Darboux transformation, used in the
next section to obtain higher-order rogue wave and rational soliton solutions of Eq. (1.1). If
n# 1 orn# N, one can obtain other Darboux transformations, but they are not discussed
here.

5. Higher-Order Rogue Wave and Rational Soliton Solutions

We employ the generalised perturbation (1, N—1)-fold Darboux transformation to study
rogue wave and rational soliton solutions of Eq. (1.1) using the initial plane-wave solution
Uy = cei(“"+(2+2cz)5i“(“)t), where ¢ and a are real-valued constants and i = +/—1. If a # 0,
the solutions of Eqgs. (1.2) and (1.3) are very complicated, so let us consider two cases:
— viz. a nonzero plane-wave background where a = ©/2 and a non-vanishing constant
background where a = 0 related to a discrete rogue wave and a discrete rational soliton,
respectively.
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5.1. Dynamical behaviour of higher-order rogue wave solutions for nonzero
plane-wave background

Let a = m/2. On substituting the plane-wave solution u, = ce!("/2n+2+2¢)0) jntq
Egs. (1.2)- (1.3) one obtains the solution

1
P =t PO g2 s —aee
P24 —2iA2—4i)A2c _16—1((11/2)n+(2+262)f)
2Ac
where
i+ A%+ VAT —2iA2—4iA2c2 -1
T= g

2

N
O(e) = VA*—2iA2 — 4iA2c2 — 1 ) (by + dgi)e™,

k=1
_2iA% 4+ 2iA%c? — (i — AP VA —2iA2 — 4id2c2 — 1
p - 22‘2 5
C, is an arbitrary constant, ¢ is a small parameter and by, d; (k =1,2,---,N) are free real

parameters.

Let us represent A as A = A; + &2, A; = \/i(2c2 +1+24/c2(1+c2)) and expand ¢ in
Taylor series around ¢ = 0. To simplify the calculations, let us also set ¢ = 3/4 so that
A1 = V2 +iv/2, hence

() = 0O + W2 + @t 4 b ... (5.1)

©) ( ¢ ) C (3 retsic
(p = = . ) 5
¢(0) —Cl%(%)ne_i(%ﬂ%t)ﬁ

the components ¢, (i = 1,2) of the coefficients 1, () of the series (5.1) are given
in Appendix A and C; = 1.

Egs. (4.1), (4.4) and (5.1) can now be used in order to derive new solutions of Eq. (1.1).
For N = 1 the seed solution &;(n,t) = —ce'((*/ 2n+(2+2¢)t) produces wave propagation
defined by the nontrivial solutions (4.4) of Eq. (1.1) from different values of the parameter
N for the nonzero plane-wave background, with the corresponding wave structures for
N = 2,3, 4 illustrated in Figs. 2-8.

where

Case I. If N = 2, then according to Theorem 4.2 there is the first-order rogue wave
solution of Eq. (1.1)

Ty(x, 0) = b, +upa®, (5.2)
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with b = AB/AS, a¥ = Aad@/A¢ and

A=
2
A26© »© A3 Ap©
A2pM 4229 © pm A3 4 3224p(©) AP 4@
2*21/1(0)* A*4,¢(O)* _A*(p(o)* _A*3¢(O)* ’

A*qu(l)* + 22’*1’[)(0)* A*4¢(1)* + 4A*S¢(O)* _A*qb(l)* _ ¢(O)* —A*S(ﬁ(l)* _ 3}{*2(1)(0)*

AaV =
A2p© —24¢©@ A3 Ap©
)LZ¢(1) + 27L¢(0) —k4¢(1) —423¢(0) )ﬁw(l) + 3AZ¢(0) )“p(l) + w(o)
k*zw(o)* —#J(O)* _;L*d,(o)* —7L*3¢(°)*
A*le(l)* + zl*w(o)* _w(l)* _){*d)(l)* _ ¢(0)* _)4*3(]5(1)* _ 3x*2¢(0)*
1) _
A =
A24© $© A3 —A4p©@
A2 4 229© s A3 322 4D 4234
A*Zw(o)* A*4,¢(0)* _A*d)(o)* _w(o)*
)L*Z,lp(l)* + zl*w(o)* A*4w(l)* + 4A*S¢(O)* _A*d)(l)* _ ¢(O)* _,lp(l)*

Using symbolic computation, the expression for (5.2) can be simplified to provide the
solution

- 3 1600 + 3600it (/2 Ime(25/8)¢

ty(n, t) = 4 (_1 * 576(n—1/3)2 +2025t2 + 256) e/, (5-3)
which has no singular points. To investigate the behaviour of this rogue wave solution,
let us assume that n € (—o0,+00) is a continuous variable. Fig. 2 displays the pro-
file of rogue wave solution (5.3) around the point (n,t) = (—4/3,0), with |ty(n,t)] —
|t o0 (1, t)| = 3/4 (background) as n, t — oo. The function |uy(n, t)| has maximum value
[ty max(n,t)| = 63/16 at the point (n,t) = (—4/3,0) 50 [ty max(n, t)| = 5.25(Uy oo (1, t)].
Moreover, there is the conservation law

+oo 9
(n,t)>—=|dn=0.
Lo (1m0, 0~ 22 )

To study the dynamical behaviour of the first rogue wave solution (5.3), let us consider the
intensity of tiy(n,t) —i.e.

9 (384n+1280— 576n% —2025t%)? 4+ 3600%t>
16 [576(n—1/3)2 +2025t2 + 256]2

[ia(n, 0" = , (5.4)
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Figure 2: (al) The first-order rogue wave solution (5.3), which has a peak and two depression points.
(b1) The motion of the peak and hollow centres described by Egs. (5.5)-(5.6). (c1) The evolution of
the absolute value of the field at the peak point (n =1/3). (d1) The evolution of the hollow points

(n=1/3%(1/24)v/1344 + 60752).

which has three critical points (ny,t;) = (1/3,0), (ny3,t23) = ((1 + v/21)/3,0). The
critical point (n,, t;) is the maximum point where the maximum amplitude is 63/16. The
other critical points (n 3, t; 3) are minimum (depression) points, such that the minimum
amplitude is zero.

For the intensity (5.4), the trajectory of the peak centres depends on the behaviour of
its spatial coordinate Ty = Ty(t). It follows from Eq. (5.4) that

T_l
h_3,

and for the centres of the depression points the spatial coordinates T,.. are
T, —E:I:iv 1344+ 6075t2 (5.6)
¢ 3724 ' '

This allows us to determine the rogue wave width T; defined as the spatial distance between

the two depression points,
1
T; = —+ 1344+ 6075t2.
1712

Let a, B be real numbers. If the transformationsn =n+a+1/3, t =t + f are applied to
the rogue wave solution (5.3), then one obtains the rogue wave solution

a,z _ E [ 1600 + 3600l(t +ﬂ) i 1i|ei(%(n+a_%)+27ls(t+ﬁ)) )
4 [576(n+ a)?+2025(t + )% + 256

(5.5)

(5.7)

The rogue wave U, = ii,(n, t) depends on a and f3, hence the position of the corresponding
peak can be controlled by changing these parameters. Fig. 3 shows the rogue waves with
different parameters a, 3. The amplitude ¢ of the plane-wave background can be used to
control the first-order rogue wave solution (5.2), and here for example the parameter ¢
modulates its shape, centre, and amplitude.

o Ifc=5/12,i.e. if A = (3v2+3+/2i)/4, the solution u,(n, t) peaks around the point
(4/5,0), and the background value ¢ = 5/12 is the limit of |uy(n,t)| as n,t tend to
oo. The maximum value of |u,(n,t)| is 665/432 attained at the point (4/5,0), and
the minimum is zero achieved at ((4 + +/133)/5,0).
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Figure 3: The first-order rogue wave solution i,(n,t) of Eq. (5.7) for various parameters a and f. (a)
a =0, B =0: the peak centre is located at (n,t) = (0,0). (b) a =—4, f =—4: the peak centre is
located at (n,t) =(4,4). (c) a =4, p =—4: the peak centre is located at(n,t) = (—4,4). (d) a=4,
B =4: the peak centre is located at (n,t) = (—4,—4). (e) a =—4, # =4: the peak centre is located
at (n,t) =(4,—4).

o If c =4/3,ie. if A = (3v/2+3+/2i)/2, the solution u,(n, t) peaks around the point
(1/8,0), and the background value ¢ = 4/3 is the limit of |uy(n,t)| as n,t tend to
00. The maximum value of |uy(n, t)| is 364/27 attained at the point (1/8,0), and
the minimum is zero achieved at ((1 £ +/91)/8,0).

e Ifc =12/5,i.e. if A = (5v2+5+2i)/2, the solution u,(n, t) peaks around the point
(1/24,0), and the background value ¢ = 12/5 is the limit of |uy(n,t)| as n,t tend
to oo. The maximum value of |u,(n, t)| is 7812/125 attained at the point (1/24,0),
and the minimum is zero achieved at ((1 + v/651)/24,0).

Thus the increase of the spectral parameter |A| is related to the increase of ¢, and the
amplitude of the first-order rogue wave also grows. The centre and the peak of the first-
order rogue wave move to the right along the line t = 0.

The results of the numerical simulations for the propagation of the discrete first-order
rogue wave (5.3) are presented in Fig. 4, showing both the exact solution and that per-
turbed by a 2% noise. During the time t € (—2,2), the time evolution profile of the rogue
wave (5.3) with no noise is almost the same as of the exact rogue wave. However, the noise
added to the initial solution leads to a weak oscillation at a later time.

Case II. According to Theorem 4.2, for N = 3 the second-order rogue wave solution is

~ 1 0
uz(n,t) = bEhL)l + u0a£l+)1. (5.8)
The analytic expression of this third-order solution is very cumbersome, and so not given
it here. However, the second-order rogue wave solution profile is displayed in Fig. 5. The
parameters b; and d; in (5.8) can be used to split the second-order rogue wave into three
first-order rogue waves, with centre points forming a triangle as shown in Fig. 5, graphs
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Figure 4. The first-order rogue wave solution (5.3). (a) Exact solution. (b) Time evolution of the exact
solution (5.3). (c) Time evolution of the exact solution (5.3) perturbed by a 2% noise.
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[u [ul 'l lu| |
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Figure 5: The second-order rogue wave solution Eq. (5.8). (al)-(a2): Strong interaction with higher
amplitude b; = d; = 0; (b1)-(b2): Weak interaction with lower amplitude b; = 100, d; = 0. (c1)-(c2):
Weak interaction with lower amplitude b, =0, d; = 100.

(b1)-(b2) and (c1)-(c2). It is notable that the sides of this triangle grow with increasing
|b;| and |d,|. Moreover, the parameter d; can also control the rotation of the rogue wave
profile. Similar to the first-order rogue wave, the transformations n =n+a, t =t + f3
applied to Eq. (5.8) provide a controllable second-order rogue wave solution.

Numerical simulations again allow us to study the behaviour of the second-order rogue
wave solution (5.8). Let us consider the strong and weak interaction cases presented in
Fig. 5 graphs (a) and (b), respectively. For the strong interaction, the profile of the second-
order rogue wave solution (5.8) with no noise remains almost the same as the exact solution
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Figure 6: The second-order rogue wave solution (5.8). Exact solutions with (al) b,, =d,, =0 and (a2)
b, =100, d, =0, (bl)-(b2) Time evolution using exact solution (5.8) as initial conditions, and (c1)-(c2)
time evolution using exact solution (5.8) perturbed by a 2% noise as initial conditions.

(5.8) during the time period (—2,2). However, even a small noise causes oscillations at a
later time — cf. Fig. 6 (c1). It can be seen that strong interaction exhibits a better propaga-
tion stability. For the weak interaction case, the rogue wave solution (5.8) with b; =100,
d; = 0, the results are different. The second-order rogue wave solution (5.8) with no noise
produces strong oscillations after t = 0 — cf. Fig. 6 (b2). In the weak interaction case, when
a small (2%) noise is added the wave propagation has strong oscillations after t = —1 —
cf. Fig. 6 (c2). Thus Fig. 6 (c1) and (c2) show that small noise has a weak (strong) effect
in the strong (weak) interaction case. This can be due to energy focused close to the origin
of the (n, t)-space in the strong interaction case, whereas in the weak interaction case it is
spread around three points — cf. Fig. 6, graphs (al) and (a2).

Case III. According to Theorem 4.2, if N = 4 there is the third-order rogue wave solution

Uy(n,t) = b511+)1 + uoagl. (5.9)

The analytical expression of the third-order solution (5.9) with parameters C;, by, b, d;
and d, is also cumbersome and not presented here. However, applying the transformation
n=n+a,t=t+f to (5.9), one can again obtain a controllable third-order rogue wave
solution with notable properties as follows.

e For b; =100, b, =d; 5 = 0, the weak interaction of the third-order rogue wave splits
in six first-order rogue waves, creating a triangular structure.

e For by, = 103, by = d;, = 0, the weak interaction of the third-order rogue wave
also splits into six first-order rogue waves, creating a pentagonal structure with a
first-order rogue wave located almost in the centre of the pentagon.
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Figure 7: The third-order rogue wave solution Eq. (5.9). (al)-(a2): Strong interaction b, =d, = b, =
dy =0. (bl)-(b2): Weak interaction b; =100, d; = b, =d, =0. (c1)-(c2): Weak interaction b, = 1000,
b, =d; =d, =0. (d1)-(d2): Weak interaction b; =—14, b, =230, d; =d, =0.

e If only two of the parameters b;, b,, d;, d, are zero, then the third-order rogue wave
solution (5.9) loses its symmetric structure.

Numerical simulations again illustrate the dynamical behaviour of the third-order rogue
wave solution (5.9) in a strong and two weak interaction cases. For a short time it is
notable that the wave propagation of the third-order rogue wave solution (5.9) with no
noise is almost identical to the corresponding exact third-order rogue wave solution in each
case. However, for the weak interaction the third-order rogue wave (5.9) with no noise is
subject to strong oscillations after t = 5 — cf. Fig. 8 (b3). If a small noise is added to the
initial solutions, then for the strong interaction the wave propagation of the third-order
rogue wave solution (5.9) is subject to weak oscillations — cf. Fig. 8 (c1), whereas wave
propagations with weak interaction is subject to strong oscillations — cf. Fig. 8 (c2) and
(c3).

5.2. Dynamical behaviour of higher-order rational soliton solutions on
non-vanishing constant background

A constant solution uy = ¢ of Eq. (1.1) on a non-vanishing constant background is now
discussed. Recalling that such a solution appears when a = 0, one may substitute uy = ¢
into Egs. (1.2) and (1.3) to obtain

1

p()=Crr"eP O e Aomrr A |
2Ac
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(al)
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Figure 8: The third-order rogue wave solution (5.9). Left: Exact solution. Middle: Time evolution
without noise. Right: Time evolution with a 2% noise. (al)-(cl): b; =d; = b, = d, = 0; (a2)-(c2):
b, =100, d, = b, =d, = 0; (a3)-(c3): b, =1000, b, =d, =d, =0.

where

o 1+ 2%+ vV1—222+ A% — 4222
- 2
222¢2 + (1 + A)V1 =222 + 14 —422¢2
p= YP ,

J

N
O(e) = VA4 —2iA2 —4iA2c2—1 » (by +dyi)e™
k=1

with C; an arbitrary constant, by, d;, (k =1,2,---,N) real free parameters, and ¢ a small
parameter. Let us represent the spectral parameter in the form A = A; + &2 where A; =
—c + v/c2+1, and expand the vector function ¢ into two Taylor series around ¢ = 0. To
simplify the computation, let us set ¢ = 3/4 so A; = 1/2 such that

()= 0@ + W2 + @2 4 o2 4. (5.10)
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Figure 9: The first-order rational soliton solution i,(n, t) given by Eq. (5.13).

where

(0) 5\ &t
= ¢V V[ G(§)er (5.11)
o=(m ) ) |
and C; =1 in the resulting computations.
New solutions of Eq. (1.1) can now be found from the Egs. (4.1), (4.4), (5.10) and
(5.11). Figs. 9-14 show the propagation of the nontrivial solution (4.4) of Eq. (1.1) for
N =2,3,4.

Case I. According to Theorem 4.2, for N = 2 the first-order rational soliton solution is

€Y

W 4 1pa? (5.12)

Up(x,t)=b nil>

with b() = ABW/AS, ago) = AaW/A¢, and the expressions AS, Aa®, AbW are defined
in the description of (5.2). Symbolic computations may be used to rewrite Eq. (5.12) as

N 3 1600
,t =—|1—- , 5.13
tn, )= 7 [ (24n+ 750+ 32)2 + 256] (5.13)

which does not have any singular points.

Let us again assume that n € (—oo, 00) is a continuous variable. Fig. 9 shows the
rational soliton solution (5.13). The peak of this soliton is located along the line 24n +
75t + 32 = 0, and its numerically obtained maximal amplitude is 3.9375. The parameter

¢ can control the first-order rational soliton solution (5.12), and some solution properties
related to c are as follows.

e If |c| increases, then the spectral parameter |A| increases and the amplitude of the
first-order rational soliton grows.
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Figure 10: The first-order rational soliton solution (5.13). (a) Exact solution. (b) Evolution of
the solution (5.13). (c) Evolution of the solution (5.13) perturbed by a 2% noise.

(al) (bl)

Figure 11: The second-order rational soliton solution Eq. (5.14). (al)-(a2): Strong interaction with
higher amplitude, b; = d; = 0. (bl)-(b2): Weak interaction with lower amplitude, b; = 100, d, = 0.
(c1)-(c2): Weak interaction with lower amplitude, b; =0, d; = 100.

e If |c| — 0 or |c| = oo the first-order rational soliton transforms into a time or space
soliton, respectively.

One may again use numerical simulations to explore dynamical behaviour of discrete first-
order rational soliton solutions. Fig. 10 shows the exact first-order rational soliton solution
(5.13) of Eq. (1.1) and its evolution under various conditions. Thus in the absence of noise
the rational soliton is not changing much during the time t € (—3,2), but if a small noise
is added the wave has weak oscillations at the time t = 2.

Case II. According to Theorem 4.2, for N = 3 there is the second-order rational soliton
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Figure 12: The second-order rational soliton solution (5.14). Exact solution: (al) For by, =d;, =0.
(a2) For b, =100, d, =0. (a3) For b, =0, d; =100. (b1)-(b2): Evolution of exact solution. (c1)-(c2):
Evolution of exact solution perturbed by a 2% noise.

solution
1

W+ 4a? (5.14)

ts(n,t)=">b il -
Although the analytic expression of this solution is not given here, its profile is displayed in
Fig. 11. Similar to previous discussion, the parameters b; and d; can be used to represent
the second-order rational soliton as three first-order rational solitons — cf. Fig. 11 (b1),(b2)
and (c1), (c2). In particular, these parameters influence the shape and profile of the rational
soliton.

Let us now consider the behaviour of the second-order rational soliton solution ti5(n, t)
for strong and weak interactions. Similar to the second-order rogue wave, the strong in-
teraction leads to a weak oscillation and better stability of the soliton solution, while the
weak interaction produces a strong oscillation and instability — cf. Fig. 12.

Case III. According to Theorem 4.2, for N = 4 there is the third-order rational soliton

solution
1

i1 T uoa(o) (5.15)

fy(n,t)=b ©

We again do not give the analytic expression of this solution, but find that the choice of
parameters Cy, by, by, d;, d, influence the structure of the third-order rational soliton
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(al) (bl)

Figure 13: The third-order rational soliton solution Eq. (5.15). (al)-(a2): Strong interaction, b; =d; =
b, =d, = 0. (bl)-(b2): Weak interaction, b; = 100, d; = b, = d, = 0. (cl)-(c2): Weak interaction,
b, =1000, b; =d, = d, = 0.

solution as follows.

o If b = by = d; = d2 = 0, the third-order rational soliton solutions preserve their
shape and speed — cf. Fig. 13 (al) and (a2).

e If by =100 and b, = d; = d, = 0, the weak interaction of the third-order rational
soliton splits into three parallel solitons — cf. Fig. 13 (b1) and (b2).

e Ifb,=10%and b; = d; , = 0, the weak interaction of the third-order rational soliton
splits into three parallelled solitons, which constitute a parallel structure — cf. Fig. 13,
(c1)-(c2).

Numerical simulations again illustrate the dynamical behaviour of the third-order ratio-
nal soliton solution (5.15), which turns out to be similar to the second order solutions —
cf. Fig. 14(cl). This is probably also due to the energy for the strong interaction being
focused around the origin of (n, t), whereas for the weak interaction it is located around
three lines.

6. Conclusions

An integrable lattice hierarchy associated with Eq. (1.1) has been constructed, and a
novel constructive method to determine the generalised perturbation (n, N — n)-fold Dar-
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Figure 14: The third-order rational soliton solution(5.15). Left: Exact solution. Middle: Time evolution
with no noise. Right: Time evolution with a small 2% noise.(al)-(cl): b, =d, = b, =d, =0; (a2)-(c2):
b, =100, d, = b, =d, =0; (a3)-(c3): b, =1000, b, =d; =d, =0.

boux transformation (4.1) and (4.3) of Eq. (1.1) has been presented. This provides a de-
scription of higher-order rogue wave and rational soliton solutions in a unified way using
specific determinants. The modulational instability of the possible generation mechanism
for the rogue wave was considered. The propagation and interaction characteristics of
rogue wave and rational soliton solutions and details of their evolution were investigated
using numerical simulations for various sets of parameters. A strong interaction yields a
weak oscillation and stability, but a weak interaction produces a strong oscillation and in-
stability. These results provide new insight into rogue wave and rational soliton solutions
described by Eq. (1.1), relevant to various physical phenomena.
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Appendix A

¢ = —L-C,(3i)e i V2(6752—675i t>+320in—320n—192n> +192in®—720nt —720int),

YO = L (Siyre i t+2m(—2025¢2 + 1600 + 1600i + 576n> — 960n — 960in + 576in> —
2025it2 —2160nt + 2160int + 3600t — 3600it),

D= 515555 C;(Si) e i (1713600i t2—122880in> +432000i t>n—131072in>—2304000i t v/2d, +
1228800in+v/2d; + 102400in + 259200i t2n? + 2304000it v/2b; — 151875it* + 1228800in+/2b; —
12288in*—1228800nv/2d;+1228800nv2b;+967680nt—324000nt>-2304000tv/2d,—2304000tv2b,+
460800tn? +92160tn>),

mn

Y@ = ‘méwcl(%i)”e_i(%f+7)(—1620000it3 V2+5299200i t v/2+27648000id, t+36864in* v2—
7300800i v'2t% +455625it* /2 +122880i v/2n> —14745600inb, —777600i v/ 2t*n? —36864+/2n* —
1296000+/2t2n — 2903040t n+/2 — 276480+/2tn® + 972000v/2nt> — 184320n+/2 +221184nv/2 +
1296000i v/2t*n+972000i v/2nt> — 455625t *+/2 +7300800+/2t> —221184in? v/2 + 184320inv2—
2903040itn+/2 + 7776004/ 2t?n? — 122880+/2n° + 24576000i b, — 24576000d; — 1620000+ 2t> —
204800i v/2 + 14745600nd; — 276480iv/2tn> + 204800+/2 + 27648000t b, + 5299200t v/2).
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