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Abstract

We study a numerical method for solving a system of Volterra-renewal integral equa-
tions with space fluxes, that represents the Chapman-Kolmogorov equation for a class of
piecewise deterministic stochastic processes. The solution of this equation is related to
the time dependent distribution function of the stochastic process and it is a non-negative
and non-decreasing function of the space. Based on the Bernstein polynomials, we build
up and prove a non-negative and non-decreasing numerical method to solve that equation,
with quadratic convergence order in space.
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1. Introduction

In this paper we analyze a numerical method for solving the following system of Volterra-
renewal integral equations with space fluxes [6]

S t
wlent) = fie.t) + 3y [ byl (ay ot ), (1.1)
s
where filz,t) = Z qijﬁj(gj(x,t, 0))k;(t), (1.2)

for i =1,...5 ¢t >0 and z € Q C R. This system of equations is part of a special form of
the Chapman-Kolmogorov equation for a very wide cathegory of stochastic processes named
Piecewise Deterministic Processes (PDPs) [13,14].

Briefly, a PDP is generated from the random switching in time of deterministic motions,
taken randomly from a discrete set of given functions. It can be considered as an extension of
the “point processes” used in queue theory and renewal processes [27]. From the theoretical
side, PDPs are known by experts working in probability calculus and operation research (e.g.
see [7,11,16]). Within the general category of the PDPs, those characterized by a motion
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switching randomly between deterministic states driven by a semi-Markov process S(t), are
significative. An initial work was made in [22] for Markov processes. A semi-Markov process
is a discrete state and continuous time stochastic jump process where the influence of the past
is erased at the epochs of jumps. These kind of stochastic processes have potentally a huge
amount of applications, we quote Stochastic Hybrid Systems [10,30] and systems driven by
dichotomous noise [26]. Further applications and details of the definition of these PDPs can be
found in [5,6], here we give some basic definitions in order to provide a little explanation of the
meaning of the terms in Eq. (1.1).

The semi-Markov process is defined as: a discrete Markov process with .S states, a stochastic
transition matrix ¢ := {¢;;}, with 0 < ¢;; < 1,2?21 gi; = 1, jointly to a set of probability
density functions k;(t) > 0, [ki(t)dt = 1, describing the statistics of switching time events.
The semi-Markov process S(¢) drives the ordinary differential equation

AX () /dt = Ay (X)), (13)

where the function A;, is one from a set of { Ay, ..., Ag} given functions. The resulting motion of
the state function X (¢) is a random sample path composed of pieces of deterministic trajectories,
each of them within two switching events of the semi-Markov process.

The meaningful information of a stochastic process is provided by the marginal probability
distribution functions. In this case it is defined as

Fi(z,y,t) :=P(X(t) Sx,y<Y§y+dy,i:8(t)),

i.e. the probability that at the time ¢ the process X (¢) is in the dynamical state i, for the
sojourn time y, and its value is not greater than z. Usually, a probability distribution function
is computed by applying Monte Carlo methods directly to the stochastic equation model, like
(1.3). This choice is motivated by the easy implementation of the method on computers, but it
suffers of a notorious slow convergence rate that scales as the inverse of the square root of the
number of samples, although it is robust with respect to the dimension of the spatial domain.
Whenever the governing equation of the distribution function is known, it is possible to solve this
one by deterministic methods [5,12], and, if needed, Monte Carlo methods for the validation
of theoretical findings (see e.g. [1,2,29]). Thus, we search for the probability distribution
function by solving the related Chapman-Kolmogorov equation. In the case of PDP described
by equation (1.3), the Chapman-Kolmogorov assumes the form of a system of hyperbolic partial
differential equations with nonlocal boundary condition [5], or equivalently [6] as the system of
Volterra-renewal equation (1.1)-(1.2). Eq. (1.2) is the initial condition of the problem, where
F(x) represent the distribution functions for the inital data of (1.3). The distribution functions
Fi(z,y,t) have the fundamental properties to be monotonically increasing in « and positive in y
for all ¢t > 0. In order to calculate them, we first solve (1.1)-(1.2), then apply the transformation

E(xayat) :ui(gi(zatatfy)atfy) e_foy)\i(T)dTa 0<y<t7 (14)

where \;(t) = k;i(t)/ [ ki(t)dr and the functions g;(z,t,n) represent the inverse fluxes of
the solutions of the ODE (1.3). Moreover, if we are interested in the probability distribution
without the dependence on the length of the sojourn time y in the state, we integrate it as
follows

fi(ac,t):/oﬂ(x,y,t)dy. (1.5)
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The problem formed by Egs. (1.1), (1.2), (1.4) and (1.5) is the subject of our investigation.

Kernels of the type such as in the integral of (1.1), derive from renewal processes, a well
investigated subject in the field of stochastic processes. In fact, Eq. (1.1) takes the form of
a renewal equation when the dependence on x and on the flux function g are neglected. The
literature on renewal type equations is wide and extensive [15,17], and includes investigations
both from an analytical and numerical point of view. Significant is the case of Lebesgue-Stieltjes
integral [31], since the probability measure may have both discrete and continuous components.

The function g;(x,¢,n) in (1.1) returns the value of the position of the process at the time
7 when the coordinate x at time ¢ > 7 is given for the j—th discrete state of the system. Here
we consider g;(x,t,n) monotone in x [33].

The first numerical approach to Eq. (1.1) is reported in [3] where we prove a basic theorem
for existence and uniqueness of the solution and propose and analyse a numerical method based
on quadrature in time, and interpolation in space. In [4], we investigate the asymptotic behavior
of the solution and correspondingly the asymptotic stability of the numerical method.

Here, we want to provide a different discretization scheme which, by using Bernstein poly-
nomials for approximation in space and exploiting their positivity and monotonicity properties,
is able to preserve, in the numerical solution, the monotonicity and positivity of the continuous
one. We note that, with the exception of the degree 1 case, which coincides with the first degree
Bernstein polynomial, Lagrangian interpolation used in [3] and [4] does not possess analogous
properties and hence does not allow an analysis like the one carried out in this paper. The use
of Bernstein polynomials in the numerical solution of Volterra integral equations is documented
in literature, see for example [21,28,32]. However, in our case, the very special form of Eq. (1.1)
and the application of Bernstein approximation to the spatial variable of the Volterra equation
with flux, makes our analysis new.

The paper is organized as follows: Section 2 is devoted to the study of the analytical
solution of a single Volterra-renewal equation (1.1). In Section 3 the discretization scheme with
Bernstein polynomials is built. Its monotone preserving properties and quadratic convergence
are proved. Furthermore, it is proved that these properties hold also after the application of
the transformations (1.4) and (1.5). In Section 4 numerical experiments are reported for the
validation of our theoretical findings. Finally, Section 5 concludes the paper with some remarks.

2. Analytical Results

Here and in the following sections we restrict our analysis to the scalar equation (S = 1),

u(z,t) = f(x,t) —|—/O E(t —n)u(g(z,t,n),n)dn, t>0. (2.1)

In this case, for the flow solution g*(Xy) of an ordinary differential equation, a monotonic
property holds as follows. Let g% and g} be two solutions of dX/dt = A(X) in the interval [tg, ¢]
to the initial value problem X (o) = Xp. Supposing that gi° < g% and that A(X) is (weakly)
increasing or decreasing in X, then (i) g4 < g5 in [to, t] and (ii) the difference g5 —g! is increasing
or decreasing, respectively. The generalization of these properties to the multi-dimensional case
has been proved in the Miiller-Kamke theorem [33,34]. As mentioned in Section 1, we define
the function g(z,t,n) as representative of the inverse flux solution of the single ODE of Eq.
(1.3), i.e.
g(@,t,n)|a=x == g~ "(X).
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We start to recall the following theorem (see [3]), which states the conditions for the exis-
tence, uniqueness and regularity properties of the solution of (2.1) for any interval I C R™.

Theorem 2.1. Suppose that the functions g(x,t,n) € CTPUQx I xI), k(t) € CI(I), f(z,t) €
CT™9(Q x I), then the integral equation (2.1) has an unique solution u(x,t) € CT4(Q x I), with
q = min(7, q).

From now on, we assume that the following hypotheses on the functions involved in (2.1),
for the existence and boundedness of the solution, are satisfied (see [3,4] and the bibliography
therein):

hl) f(x,t) € C(Q x RT)LYQ x RT);
h2)f f(z,t)|dt < a < +o0, Va €
h3) k(t) € C(RY) L' (R"), k(t) >0, [;F k(t)dt = 1;
h4) g(z,t,m) € C(Q x RT x RY) and g(z,t,1) € Q, for z € Q,t > n > 0;
h5) [7t k(t)dt = p > 0;
h6) f(xz,t) >0for z € Q, t > 0;
h7) f(z+y,t) — f(z,t) >0forz € Qy >0,z +y € Q;
h8) g(x +y,t,n) —g(z,t,n) >0, forz € Q,y > 0,2 +y € Q.
These hypotheses are consistent with the model described in Section 1.

Theorem 2.2 (Non-negativity) Assume that hl) — h6) hold then the solution u(x,t) of Eq.
(2.1) is non-negative for all x € Q and t > 0.

Proof. As proved in [3], the solution wu(z,t) is continuous, so it is bounded. Further-
more, lim; o max,ecq [u(z,t)| < oo, as proved in [4]. Set @(t) = mingequ(z,t), and f(t) =
mingeq f(x,t): it is well defined because f is continuous in the bounded set 2. Then from Eq.
(2.1), since k is non-negative, we get:

Mawzﬂw+ﬂk@fmmmm (2.2)
for all z € Q, t > 0. Therefore,
MﬂZﬂﬂ+Akﬁ—MMMM- (2.3)

So, since f > 0 for h6), we can write

Mﬂzﬂﬂ+£r@fmﬂmm (2.4)

([8, pg. 80, Theorem 2.1.16]), where 7(t) is the resolvent for k(¢). Finally, by taking into account
that k > 0 implies r non-negative, we obtain @(t) > 0, for all ¢ > 0 and hence

u(z,t) >a(t) >0, VeeQ, t>0.

This completes the proof of the lemma. (|
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Theorem 2.3 (Monotonicity) Assume that hl) — h5) and h7) — h8) hold, then the solution
u(z,t) of Eq. (2.1) is non-decreasing in space, i.e. u(z +y,t) —u(z,t) >0, fory > 0.

Proof. Let consider the following functions: E(x,y,t) := f(z+y,t)— f(z,t), G(z,y,t,n) =
glx+y,t,n) — gz, t,n), Ulz,y,t) := ulx +y,t) — u(z,t), all of them defined on the domain
(x,y) e Ax{y>0},z+yeQ, t>0,n>0t—n>0. According to the hypothesis the
following properties hold:

)
2¢) E(z,0,t) =0, for z € Q
3b) G(z,y,t,n) + g(z,t,n) € Qfor (z,9) € Ax{y >0}, z+y e
4b) G(z,y,t,n) >0 for (z,y) € A x {y >0}, t,n >0
4c) G(x,0,t,n) =0 for z € Q.

We replace x with z + y in Eq. (2.1) and subtract it side by side, so

U(z,y,t) = E(z,y,t / k(t —n)[u(g(x +y,t,n),n) — u(g(z,t,n),n)ldn, (2.5)

and by using 3b), we get

¢
Uz, y,t) = E(x,y,t) +/ k@t —mU(g(x,t,n), G(z,y,t,n),n)dn. (2.6)
0
For any fixed positive value of y, we define the set Q, := {z : x+y € Q} C Q, and the functions:
— 3 > = 1 >
E(y.t) = min E(z,y,1) 20, Uly,t) = min U(z,y,1) >0

that exists for y > 0, because it is the difference of regular functions u(zx,t). Further, g(z,t,n7)+
G(z,y,t,m) € Q, for x +y € , so that

t
Ue.y )= E(w.0) + [ Kt = n)U(Gla.v.t.). )i (27)
0
Where, since G > 0 for 4b), it belongs to the definition domain of U(y,t). Let

- y> - y>

E(t) = min E(y,t) >0, U(t) = minU(y,t) > 0.
Then

U(z,y,t) > E(t) /kt— YU (n (2.8)

We have already mentioned in Theorem 2.2 that the resolvent r(¢) for the kernel k(¢) is non
negative, furthermore £E>0 for h7), so we conclude that

This completes the proof of the theorem. O
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3. Bernstein Discretization Analysis

In this section we propose a discretization of Eq. (2.1) based on Bernstein approximation in
space, with the aim to obtain a numerical solution which preserves the structural characteristics
of the continuous one.

Consider a spatial mesh for 2, i.e. Qp := (2o, 21,...,2) of size h and a time discretization
to,t1,... with constant stepsize 7. Let
l _ 3.—m m 1 m—i
Byi(x) =h i (. — @) (z141 — ) (3.1)

denote the i—th Bernstein polynomial of degree m in the interval [z, z;41]. Further, for each
interval [z, z141], we introduce a finer mesh at the points z;; = x; +4h/m, i =0,...,m, note
that 7, = 2141,0. In the following we shall use the short notation z; = ;9. The m-th degree
Bernstein polynomial for a function f(z), defined on [z, z;11], is given by

m

> BL(@)f (). (3.2)

i=0

For the theory about Bernstein polynomials we refer, for example, to [20,25]. Here we mainly
use non-negativity, monotonicity and the partition of unity properties. So, for all m, [ > 0 and
x € [z, x141],

3

m
Bfm(x) >0, ZB'fn,i(I)fl (fﬂl,i) > ZBL@,i(x)h(xl,i)
i=0 i=0
when fi1(z) > fo(x) and > i~ Bl (z) = 1.

To discretize (2.1), we write down the equation on the mesh points (s, t,), s =0,..., M,
k=1,...,m and n > 0, then we integrate along time by the classical ng-step DQ (Direct
Quadrature) method with convolution weights w,_; (see, e.g., [9]) and approximate u(g(xsk, tn,
tj,)), 0 < j < n, by Bernstein polynomials as in (3.2). This yields,

n m
Uskn = fokn +T D Dnjkn-j ¥ Brig(@shstn, 1) wigy  n=no,no+1,..., (3.3)
=0 i=0

where 7 is the constant time stepsize. Here, k,,—; = k(t, — ¢;) and, for each n > ny,

o= Wy, for 0 < 7 < ng,
" Wp—j, for ng <j < n,

where wy,; are the starting weights. For s = 0,...,M, k = 1,...,m and n > ng, fsx,n =
f(zsk,tn), and the starting values usk,0 = f(Zsk,0), Usk,1, - - - ; Usk,ng—1 are given. Furthermore,
[ is chosen such that g(xsk,tn,t;) € [z, 2141], and usg , represents an approximation to the
exact solution u of (2.1) at point (xsk,tn), i.€. Uskn = w(Tsk,tn). From now on we make the
following assumptions on the starting values, V5 =0,...,no — 1,:

o ug;j >0, Vs=0,...,M, k=1,...,m,and
® Ugy1,j —Usk,j >0, Vs=0,...,.M, k=0,...,m—1,

and on the weights, Vn > ng, 0 < j <n:
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° (Dnj > 0,
® sup,, ; Wny; < Z < oo.

Now we define the Bernstein piecewise interpolation operator as follows:

B(f()2) =) Bu@h(x)fe:) e (3-4)

1=0 i=0
where I;(x) is the indicator function on the interval [x;,2;41). Given a function f(x), then
B(f;x) ~ f(x) and f(x;) = B(f;x;), so x; are continuity points for [ =0, ..., M. Furthermore,
if f(z) is non-decreasing then B(f;z) is also non-decreasing and the partition of unit property
reads as B(1;z) = 1.
By using (3.4), the discrete Volterra equation recasts to

Uskn = fobn +T Y Dnjknj B(uj(-); 9)skn.;- (3.5)
3=0
Here uj(x) is the step function defined as w;(x) = >, , wi jxui(x), where x;; is the indicator
function on the interval (2;—1, x1;]. In (3.5), B(u;(+); g)syk,ny]-:B(uj(J; 9(xsk, tn,t;)) is the short
notation for the evaluated Bernstein operator on the mesh, that includes the transformation of
the coordinates induced by the flux g.
The boundedness of the solution of Eq. (3.3) for all n = 0,1, ..., is provided by Theorem
12 in [4] under hypotheses h1) — h5) and

h9) k(t) and max | f(z,t)] asymptotically decreasing in time.
TE

The following theorem represents the discrete equivalent of Theorem 2.2 in Section 2 about the
positivity of the solution.

Theorem 3.1 (Discrete non-negativity) Assume that hl) — h6) and h9) hold, then the
solution uy ., of Eq. (3.3) (i.e. (3.5)) is non-negative for alll =0,...,M and n > 0.

Proof. The solution w;,, of Eq. (3.5) is bounded and lim,,_, o max;—o,. . |tin| < 00, as
proved in [4]. Set 4; = min, y U,k ;, and fn = min, g frk,n. Then from Eq. (3.5), since f, k and
Bfm- are non-negative, we get:

n
Usk,n > f_'n + Tzwnjknfjajlg(l;g)sk,n,jy
j=0

forall s=0,...,M, k=1,...,m. Therefore, for the partition of unity property,
B n
Un Z fn + Tzwnjknfjﬂj

§=0

So we can write .
Uy = fn + Zrn—jfj
j=0

([18, Cor. 1.6.1, pg.15]), where r; is the discrete resolvent for k(t). Finally, by taking into
account that k£ > 0 implies r non-negative, we obtain u, > 0, for all n > ng and hence

Usk,n 2> Up >0, Vs=0,....M, k=1,...,m, n>ny.

This completes the proof of this theorem. O
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Theorem 3.2 (Discrete monotonicity) Assume that h1)—h5) and h7)—h9) hold. Then the
solution ugk,n of Eq. (3.3) (i.e. Eq. (3.5)) is non-decreasing in space, i.€. Uskt1,n — Uskn > 0,
foralls=0,...,.M, k=0,...,m

Proof. We distinguish two cases.

When ko = 0 the discrete equation (3.5) is explicit, hence by using the monotonic property
of the operator B and the monotony of the forcing term fs; , we get that the values ugs , are
monotonic with respect to k and s for all n > 0.

When kg > 0, the equation is implicit to the unknown ugs . If we suppose that all ugs ;, 7 <
n are monotone, then Z?:_OI On—jkn—1B(u;, g)ksn,; 1S monotone because sum of monotone
operators with positive weights. Hence the system of equation for usx,, has monotone known
vector, and since also TwokoB(uy, Tsk) is monotone, then the solution is monotone. O

Theorem 3.3 (Convergence order of the numerical method) Assume that h1)—h5) hold.
Furthermore, let k, f and g be continuous functions that are 7 > 2 times continuously differen-
tiable with respect to x on ) and § times continuously differentiable with respect tot on I C RT.
Let ¢ < min(q, 7) be the order of the DQ method and m the degree of the Bernstein polynomials
used in (3.3). Then, the global error e, = maxs i, |u(Tsk, tn) — Usk,n| of Eq. (3.3) satisfies

max ep = C179 + Coh? + 7C30(h, T), (3.6)

forh - 0,7 = 0 and N7 =T, Mh = b— a. C1, Cy and C5 are positive constants, with

Cy xm™, and
no— 1

d(h,7) = max Z [u(Tsk, tj) — sk,
7=0

contains the starting errors.

Proof. From (2.1) and (3.3) we have
U(xsk;t ) Usk,n = T ga +7-an —jhn— J (&)

forany n=0,...,Nand s=0,...,M, k=1,...,m. Here, { = g(@sk,tn,t;) € [, z141], and

To(€,7) = / k(b = m)u(g(@ar, tas ), )dy — 7 Bk ju(.ty), (3.7)
0 iz
O (€) = u(€,ty) = D Brna(uiij. (3.8)
=0

From Theorem 2.1 u is ¢ = min(7, g) times continuously differentiable with respect to ¢ and 7
times with respect to x, since ¢ < min(g,7), the consistency of DQ methods (see for example
[19]) gives

[T (&, 7)] < erl, & 1)erxl, (3.9)

with ¢ independent on ¢,,, tj, 2. Furthermore,

m

9m(§)zu(fatg‘)*ZBl i(Qulzi,t; +ZB w(wyi, t5) — wi ) (3.10)

i=0
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Consider [20, p.21, Th.1.6.2], taking into account that £ belongs to the interval [z, x;41] of
length h, let £ = 21+ Zh, s € [0,m], x;; = 21 + %h, 1=0,1,...,m and define

m

Bmi(z) = ( ; ) 211 —2)™ (3.11)
for z € [0, 1], as the Bernstein polynomials related to the interval [0,1]. One can easily check
that .

Byoi(€) = Brmi (—) , o&[0,m]. (3.12)

m
For the properties of Bernstein polynomials (see [25]), (3.12) holds and Y " Bmi(z) = 1,
V z € [0, 1], then

u(§,t;) — iBim(f)u(xmtj)
=0
_ é (u (:gl n %h,tj) Y (xl + %h,tj)) B (%)‘
(o ) e ) (3)]

where s; belongs to the interval with endpoints ¢ and i. The last equality in the previous
expression has been obtained by using the mean value theorem for u(z;+Zh, t]-)fu(:clJr%h, i),
since 7 > 2 and thus %(z,t) is differentiable in 2 with respect to x. From there, by adding
and subtracting the same quantity we get

3 (7 )t (o o) oo )
<[5 () e ) e ()
S (2 ) (2 (o ) = 2 o ) ) (%)‘. 519
The first term in the sum is 0. As a matter of fact,

> mm (7)) =7 D (7)) = 7 i (7) = 7

1=0

For the second term in (3.13), we use once again the mean value theorem, this time for
% (xl + %h,tj) — % (Il + 2 h, tj) , to obtain finally

<§: o_L 2h2[76 4(i><h2£
T&=\m om ™\m/) =" 4m’
8%u

where U is a bound for W(z,t)‘ in Qx I and 7 is the maximum for 1" ) (£ — #)2 Brmi (Z)

as a function of o/m. Since @,; and k; are positive and h3) holds, then

u(€,t;) = > Bhi(€u(zi, t;)
=0

n
rZ@njkj <1-—p(r),
=0
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where (1) is the quadrature error satisfying ¢(7) — 0 as 7 — 0. So, we obtain

h2U -
en < er+ T (1= () + Y @njknjej,
j=0

where, once again, we have used the fact that >~ B! .(z) = 1. Then, the discrete Gronwall
lemma ([8], p. 81)) leads to

- erd + %(1 —@(T)h?* +7ZKS(h,T) _zxrT

n T=rwoko 14
n = 1 — Twoko e (3.14)
with K = maxo<;<7 k(t). So, (3.6) comes true with
U
Cie— o oo mme0) e 2Kz
1 — 7wokg 1 — Twokg 1 — Twoko
This completes the proof of the theorem. O

Remark 3.1. From the error estimate (3.14) it is clear that, if the starting values are computed
with sufficiently high accuracy, the maximum order attainable for the method (3.3) is 2. We
note that, the first degree interpolating polynomial used in [1] coincides with the case m = 1
here, therefore the convergence order of the numerical method is stated in Theorem 2.2 in
[1]. Here, we have extended the investigation to polynomials of degree m > 1 and we have
shown that, while (3.14) gives optimal convergence rates in the time steps, the contribution of
the spatial part in the error converges if the polynomial degree is increased, with fixed spatial
stepsize. In practice, the degree m of Bernstein polynomials in (3.14) has a not negligible
influence on the error in terms of magnitude of the error constant Cs. In conclusion, high order
Bernstein polynomials produce smaller errors and, at the same time, preserve the positivity
and monotonicity properties in the numerical approximation. This effect will be shown later in
the experiments.

Finally, we conclude the numerical analysis by proving that the Bernstein polynomial dis-
cretization is able to preserve the monotonicity and the positivity of Eq. (1.4) for the trans-
formation of the solution of the Volterra equation back to the probability distribution of the
original problem

tj N e
F(Zok,tnyt;) = u(€, ty — tj)e Jo” AMds,

where § = g(zsk, tn, tn — t;) € [21, T141]. Set b(t) = fot A(s)ds (A(t) > 0, so b(t) is positive and
increasing),
Fsknj = e_b(tj)B(un—j(')§€)7 (315)

is the approximation of F(xsk, tn, ;) by Bernstein polynomials. The error of this approximation
is given by
F(Tskytnytj) — Fopng = e 210,,(€),

where 6,,(&) is defined in (3.10) and, in the hypotheses of Theorem 3.3,
|9m(€)| <Ol + D2h2 + 7—035(}177_)7
for all 0 < j <n < N, with T'= N7, 7 — 0, h — 0, with Dy = Cy + 2. Thus also

|F(Isk, tn,tj) — Fsknjl < Ci1?+ D2h2 + TCg(S(h,T).
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Furthermore, since B is a monotone operator with respect to the components of u,,, then F' is
monotone.

Let F(xsk,tn fo (2 sk, M, tn)dn, we approximate the integral by the quadrature formula
used in (3.3) and the F samples F(zg,t;,tn), by Fskn; defined in (3.15)

n
]:sk,n =T § Wn—stknj-
j=0

Then
F(Zskatn) - ‘/_'.sk,n

tn n n
:/ Flag,m ta)dn — 73 :wn,jF(:Esk,tj,tn)JrTE :wn,j(F(xsk,tj,tn) ~ Funs),
0 X N
7=0

|F(zsk, tn) — Fskon| < CT?+ (C179 + Doh? 4 7C36(h, T) Zw]

For n — oo, 7, h = 0, N7 =T, we have
|]:(xskatn) - ]:sk,nl S Dqu + D2h2 + TD?)(S(haT)a

with Dy, Dy and D3 positive constants. Thus, the convergence order of the discretization is
preserved.

4. Numerical Tests

4.1. Convergence test

In this paragraph we perform a test to show the convergence order of the numerical method
with trapezoidal quadrature formula and second degree Bernstein polynomials.
For this reason we choose the following setting for the single Eq. (2.1): k(t) = e7¢,
g(z,t,n) = x+22(e"t-1), f(z,t) = e ?[(z—1)(22% + e (—1 —x—tx® + (t—2)2%)) +2* sinh(t)],
in the domain Q = [0, 1], for n < t € [0, 7], then the solution is

u(z,t) =1 — 2%,

We solve this problem up to time 7' = 1, by using the Bernstein polynomials of second degree
as described in Eq. (3.3). We report the error of the calculated solution with respect to the
true solution versus computation with variable time and space mesh sizes, that confirms the
theoretical finding of the second order convergence.

N | M | maxsg |[u(@sk, T) — sk, N|

31| 20 2.00-107*
61 | 40 4.84.107°
121 | 80 1.19-107°
241 | 160 2.95.10°9

481 | 320 7.36-1077
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4.2. The statistics of a filtered telegraph signal.

Although the analysis described in the previous sections is confined to the scalar equation
(2.1), a generalization to systems is possible. Here we perform a test for a complete model of
real application with S = 2. We study the statistics of a filtered random telegraph signal with
the McFadden setting [23]. The two dynamical states are described by the ODEs

X(t)=—wuX+W;,  X(tg) = Xo, i=1,2. (4.1)
The forward flux solutions, denoted with ®;, are
q)i(t; Zo, to) = (l‘o — Wz/'}’z) 67W(t7t0) + Wz/’)’l

and the inverse are

O Hto;m,t) = (x — Wi/y;) e 00 4 W, /.
Weset Wi =W, Wo = =W and 1,2 = v, from that it is easy to recognize the invariant domain
of the process is Q := [-W/v,+W/4]. In fact, from the forward map we see that X (t) € Q2

if the initial data is into the same domain Xy € 2. Since the codomain must be equal to the
domain, from the inverse maps we define

gi(x,t,n) = min(W/~y, max(—W/~, <I>i_1(77;ac,t))).

The driving semi-Markov process is set with the stochastic matrix q11 = q22 = 0, q12 = 21 = 1,
and with the switching time distributions ki (t) = ko(t) = 3e (1 — e~ *)2. We set smooth initial
distributions of (1.2) as follows

= (W2 - 1 (Wy=¢)?
A0 =m0 =2 " Sewme
Thus, Eq. (1.1) reads as
(o) = Poloa(at OV ka(®) + [ ualan(e.ton)o) bt =) (4.2)
ug(x,t) = Fy(g1(2,t,0)) k1 (t) +/O ui(g1(z,t,m),m) ki(t —n) dn. (4.2b)

In this function settings, all hypotheses hl) — h5) and h8) are accomplished for each equation
n (4.2), hence we expect a positive and monotone behavior in the solution components.

When the solution of this system of integral equations is found, the marginal probability
distribution functions are determined by (1.4). Then by using (1.5) and taking the derivative
Pi(x,t) = 0, Fi(x,t), the meaningful probability density distribution are determined.

We solve numerically Eq. (4.2), with W =1 and v = 1, i.e. Q = [—1,1], according to the
numerical scheme proposed in this paper. The total probability density distribution function
P(z,T) = Pi(z,T) + P2z, T), at the time T = 1, is plotted in Fig. 4.1.

Since we have no analytical solution available, we perform the convergence error test by
numerically calculating a reference solution with a finer mesh, M = 129, on the space, then the
error is evaluated with the numerical solution with coarses meshes. We note from Fig. 4.1 that
there are two points where the required continuity C? of the solution F(x,T') is not satisfied.
However, this fact does not affect the convergence results, because when evaluating the error
on the coarses meshes these points are almost surely excluded.
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Table 4.1: Errors maxsk | F(zsk,T) — Fsk,n| of the numerical solution for the convergence test.

MN\um 1 2 3 10
17 1.63-10* | 8.78-107° | 6.06-107° | 1.83-10~°
33 4.15-107° | 2.06-107% | 1.37-107° | 4.18-1076
65 8.16-1076 | 4.11-107° | 2.76-1076 | 8.32-10~7
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Fig. 4.1. Numerical solution of the probability distribution function F(z,T") (left) and its density
P(z,T) (right) at the final time T = 1, for the integral formulation of the Chapman-Kolmogorov
equation related to the filtered random telegraph signal with the McFadden switching time interval
distribution. Degree of the Bernstein’s polynomials m = 2, M = 129, N = 400.

In the following table we report such errors in the maximum norm, for the degrees of
Bernstein’s polynomials m = 1, 2, 3, 10.

From the values we can see that according to (3.6) and Remark 3.1, the second order
convergence error is confirmed as well as the improvement of constant Cs as the degree m of
the Bernstein polynomial grows. Furthermore, Figure 4.1 show that, as expected from the
theory developed in Section 3, the properties of positivity and monotonicity of the continuous
solution are preserved.

5. Conclusions

This paper is devoted to the analysis of a Volterra-Renewal equation with space fluxes
which represents an equation for the distribution function of a class of piecewise deterministic
stochastic processes.

We have proved the positivity and monotonicity of its solution and we have carried out an
analogous study on the numerical approximation obtained by a direct quadrature method along
time and approximation via Bernstein polynomials in space. The quadratic convergence of the
numerical method and the influence of the polynomial degree on the global error are proved
both theoretically and by numerical experiments.

All the analysis carried out in this paper has been performed on a scalar equation, how-
ever a generalization to systems is straightforward. This motivates our experiments on more
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significative test examples such as the one related to the filtered random telegraph signal.
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