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Abstract

In this paper, we consider the recovery of block sparse signals, whose nonzero entries
appear in blocks (or clusters) rather than spread arbitrarily throughout the signal, from
incomplete linear measurements. A high order sufficient condition based on block RIP
is obtained to guarantee the stable recovery of all block sparse signals in the presence
of noise, and robust recovery when signals are not exactly block sparse via mixed l2/l1
minimization. Moreover, a concrete example is established to ensure the condition is
sharp. The significance of the results presented in this paper lies in the fact that recovery
may be possible under more general conditions by exploiting the block structure of the
sparsity pattern instead of the conventional sparsity pattern.

Mathematics subject classification: 90C59, 94A12, 94A20.
Key words: Block sparsity, Block restricted isometry property, Compressed sensing, Mixed
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1. Introduction

Compressed sensing (CS), a new type of sampling theory, is a fast growing field of research.
It has attracted considerable interest in a number of fields including applied mathematics, statis-
tics, seismology, signal processing and electrical engineering. Interesting applications include
radar system [26,50], coding theory [1,13], DNA microarrays [39], color imaging [33], magnetic
resonance imaging [31]. Up to now, there are already many works on CS [3,4,15-17,29,30,40-44].
The key problem in CS is to recover an unknown high-dimensional sparse signal € RY using an
efficient algorithm through a sensing matrix A € R®*" and the following linear measurements

y=Ax+z (1.1)

where the observed signal y € R", n < N and the vector of measurement errors z € R". In
general, the solutions to the underdetermined system of linear equations (1.1) are not unique.
But now suppose that x is known to be sparse in the sense that it contains only a small number
of nonzero entries, which can occur in anywhere in x. This premise fundamentally changes
the problem such that there is a unique sparse solution under regularity conditions. It is well
known the [; minimization approach, a widely used algorithm, is an effective way to recover
sparse signals in many settings. One of the most widely used frameworks to depict recovery
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ability of /; minimization in CS is the restricted isometry property (RIP) introduced by Candeés
and Tao [13]. Let A € RN be a matrix and 1 < k < N is an integer, the restricted isometry
constant (RIC) ¢y, of order k is defined as the smallest nonnegative constant that satisfies

(1= d)ll=lI3 < [[A]3 < (1 + 6x)ll=]3,

for all k—sparse vectors x € RV, A vector z € RY is k—sparse if [supp(z)| < k, where supp(z) =
{i : 2; # 0} is the support of . When £ is not an integer, we define 03, as dfj7. It has been shown
1 minimization can recover a sparse signal with a small or zero error under some appropriate
RIC met by the measurement matrix A [5-12,23,24,37]. As far as we know, a sharp sufficient
condition based on RIP for exact and stable recovery of signals in both noiseless and noisy cases
by {1 minimization was established by Cai and Zhang [8].

However, in practical examples, there are signals which have a particular sparsity pattern,
where the nonzero coefficients appear in some blocks (or clusters). Such signals are referred
to as block sparse [19,20,46]. In practice, the block sparse structure is very common, such as
reconstruction of multi-band signals [35], equalization of sparse communication channels [18]
and multiple measurement vector (MMV) model [20,21, 36]. Actually, the notion of block
sparsity was already introduced in statistics literature and was named the group Lasso estimator
[2,14,27,34,38,48]. Recently, block sparsity pattern has attracted significant attention. Various
efficient methods and explicit recovery guarantees [19,20,22,25,28,32,45-47] have been proposed.

In this paper, our goal is to recover the unknown signal = from linear measurements (1.1).
But at the moment, nonzero elements of signal x are occurring in blocks (or clusters) instead
of spreading arbitrarily throughout the signal vector. To this end, firstly, we need the concept
of block sparsity. In order to emphasize the block structure, similar to [20,46], we view z as a

concatenation of blocks over Z = {dy,ds,...,dp}. Then x can be expressed as
T N
T = (xla" <y &dy s Tdy+1y -+ 5 Tdy+doy -+« s TN—dp+1s - - - axN) eR )
z([1] z[2] z[M]

where z[i] denotes the ith block of # with the length d; and N = sz\i1 d;. A vector z € RY
is called block k—sparse over Z = {d1,ds,...,dp} if the number of nonzero vectors z[i] is at
most k for i € {1,2,..., M}. Define

M
zll2,0 = > I(ll[illl2 > 0),
i=1
where I(+) is an indicator function that it equals to 1 if its argument is larger than zero and 0
elsewhere. Then the block k—sparse vector over Z = {d1,ds, ...,dp} can be cast as ||z||2,0 < k.
If d; = 1 for all 4, block sparsity is just the conventional sparsity. Next, one of the efficient
methods to recover block sparse signals is mixed lo/l; minimization

min [[z]2,1,  [ly — Az[2 <e, (1.2)

where ||z]|2,1 = Zf‘il |z[i]||2. Moreover, mixed norm ||z||2,2 = (sz\i1 lz[i][13)}/? and ||z]|2,00 =
max; ||x[i]]]2. Note that ||z||2,2 = ||z|l2- It is easy to know the mixed norm minimization is
a generalization of conventional norm minimization. To ensure uniqueness and stability of
solution for the system (1.1) via mixed lo/l; minimization, Eldar and Mishali [20] generalized
the notion of standard restricted isometry property to block sparse vectors, and obtained the
following concept of block restricted isometry property (block RIP).
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Definition 1.1 (block RIP) Let A € R™*¥ be a matriz, then A has the k order block re-
stricted isometry property over T = {di,ds,...,dn} with nonnegative parameter oy 7 if

(1= 0)l=ll3 < |Az||3 < (1 + 0piz) 1 =lI3

holds for all block k—sparse vectors x € RN over I. The smallest constant Okjz s called block
restricted isometry constant (block RIC). When k is not an integer, we define oyz as dpxjz-

For simplicity, we use d for the block RIP constant d;z in the remainder of this paper. The
block RIP plays a role similar to standard RIP. The block RIP provides recovery guarantee
for block sparse signals. For example, Eldar and Mishali [20] proved that if matrix A satisfies
block restricted isometry constant (block RIC) dof < V2 — 1, the mixed Iy /11 minimization
can recover exactly the block k—sparse signals in noiseless case, and can approximate the
best block k—sparse solution in the presence of noise and mismodeling errors. Furthermore,
they illustrated the advantage of block RIP over standard RIP. That is, the probability to
satisfy the standard RIP is less than that of satisfying the block RIP. Meanwhile, a specific
example is given to account for the advantage. They also experimentally demonstrated the
advantage of their algorithm (mixed l3/l; minimization) over standard basis pursuit. This
explained the performance advantage of block sparse recovery over standard sparse recovery.
Later, Lin and Li [28] improved the bound of block RIC to do) < 0.4931, and also gave another
one order sufficient condition of recovery based on block RIC d; < 0.307. There are many
other recovery guarantees and efficient recovery methods to ensure the recovery of signals with
special structure. For example, block coherence [19], strong group sparsity [27], l2/1,(0 < p < 1)
minimization [46], BOMP [25,47].

In this paper, we investigate the high order block RIP conditions for the exact or stable
recovery of signals with block structure from (1.1) via solving mixed l3/l; minimization in
noiseless and noisy cases. Using ideas similar to [8], we establish a sufficient condition on
0+, to ensure the stable or exact recovery of signals with nonzero entries occurring in blocks
(or clusters) rather than being arbitrarily spread throughout the signal vector. The key is to
generalize the technique of sparse representation of a polytope [8] to the block setting. We
show that block RIC &y < \/g for any t > 1 can ensure exact and stable recovery for
all block sparse signals and robust recovery for nearly block sparse signals via mixed l/ly
minimization. Moreover, it is sharp when ¢ > 4/3. A concrete example is given to illustrate
the optimality. Actually, our results are a generalization of that of Cai and Zhang [8] in the
block setting. When d; =1 for ¢ € {1,..., M}, our results return to those of Cai and Zhang [8].
The significance of our results lies in the fact that taking advantage of explicit block sparsity
has better reconstruction performance than viewing the signals as being standard sparsity,
accordingly ignoring the additional structure in the problem.

The rest of the paper is organized as follows. In Section 2, we will introduce some notations
and establish some basic lemmas that will be used. The main results and their proofs are given
in Section 3. Finally, we summarize this paper in Section 4.

2. Preliminaries

Throughout this paper, we adopt the following notations unless otherwise stated. For any
r € RY, we model it over Z = {dy,ds, . ..,dy }. x[i] denotes the ith block of x. Let 0 be the zero
vector whose dimension may be different. T' C {1,2,..., M} indicates block indices, I'® is the
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complement of I'in {1,2,..., M}. z[l'] € RY denotes a vector which equals to 2 on block indices
I' and 0 otherwise. For example, if I' = {1,3, M}, then z[I'] = (z[1],0,z[3],0,...,0,z[M])T €
RY, and z[['][i] denotes ith block of z[I']. We denote by supp[z] = {i : ||z[i]||2 # 0} the block
support of z, and Zy the block indices of the k largest block in I norm of z, i.e., ||z[i]||2 > ||z[j]||2
for any i € Zp and j € Z§. We also denote x[maz(k)] as x with all but the largest & blocks in
Il norm set to zero. From now on, we always take that h = Z — x, where 7 is the minimizer of
lg/ll minimization problem (1.2) and x is the original signal.

The following lemma provides a key technical tool for the proof of our main result. It is an
extension of Lemma 1.1 introduced by Cai and Zhang [8]. We extend sparse representation of
a polytope to the block setting.

Lemma 2.1. For a positive number « and a positive integer k, define the block polytope
T(a,k) C RN by

T(a, k) = {’U ERYN 1 |vl2,00 € @, |JU]|21 < kzoz}.

For any v € RN, define the set of block sparse vectors U(a, k,v) C RN by

Ul k,v) = {u € RY s supp(u) € supp(v), [ullz.0 < b, llulzn = [ollza, fullzcc < a .

Then any v € T(a, k) can be expressed as
J
v = Z )\iui,
i=1

where u; € U(a, k,v) and 0 < \; <1, i A= 1.
i=1

Proof. First of all, what we have to prove is that v € T(«, k) is in the convex hull of
U(a, k,v). To show the statement, we proceed by induction.

Suppose v € T(a, k). If v is block k—sparse, v itself is in U(«, k,v). Thus, assume that
the assertion is true for all block (s — 1)—sparse vectors v (s —1 > k), then we show that
the assertion is also true for any block s—sparse vectors v. For any block s—sparse vectors
v € T(a, k), (without loss of generality, suppose that v is not block (s — 1)—sparse, otherwise
the result holds by assumption of block (s — 1)—sparse), we have ||v]2,00 < @, |[v|l21 < ke
Furthermore, v can be expressed as v = Zle cE; with ¢ > co--- > ¢g > 0, where ¢; equals
to the largest |[v[i]||2 for every i € {1,2,..., M}, ¢z equals to the next largest ||v[i]||2, and so
on, where E; is a unit vector in RY, which equals to v /c; on the ith largest block of v and zero
elsewhere. Let

Q:{1§Z§s—1:cl+cl+1+---+csS(s—l)a}.

S
Owing to Y ¢; = ||v]|2,1 < ka, £ is not empty for 1 € Q. We denote by [ the largest element
i=1

=
in Q. It is easy to get

a+tcp+tes <(s—1)a, (2.1a)
g1+ cCyot e > (s—1—1)a (2.1b)

It is worthy of noting that (2.1) also holds when the largest element in € is s — 1. Take
S
Ci
i=l

bj:S*l_cj, ZSJSS (2.2)
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By direct calculations, we have (s—1) Y7, b; =7, ¢; and b; > b; for all | < j < s. Moreover,
for any [ < j <s,

i ci—(s—1—1)g

i=l+1
by > by =

s—1

oea—(s—1-1a
> 1=l+1

>0
s—1 ’

where the second inequality follows from the fact that ||v]]2,00 < @, the last inequality is a result
of the second inequality in (2.1). Next, define

-1 s s
sbj ; UjZCiEi+<Zbi> Z E; € RY,
Z . =1

b; ' i=l i=l,i#j

A\ =

i=l

for every | < j < s, we have
S S
v = Z)\jvj, 0< A <1, Z)\j =1, supp(v;) C supp(v).
j=l j=l

In addition, using the fact that (s —1)>;_,b; = 37, ¢i, ||v]]2,00 < @ and the first inequality
in (2.1), we have

-1 s -1 s
[villzn =D et (s=DD bi=> ety ci=|vllan,
=1 =1 =1 i=l
S S
C o C
= fr e 30} o B <
P
i=l

Finally, since v; is block (s — 1)—sparse, under the induction assumption, we have v; =
Z;']:1 Wi i, where u;; is block k—sparse, |[ujsll21 = |vjll2,1 = [[vll2,15 w200 < @ and
0<pj; <1, 25:1 wii = 1. Hence, v = Z;']:1 > -1 Ajhy,itj,i, which implies that the state-
ment is true for s.

On the other hand, if v is in the convex hull of U(«, k, v), then v = Z;-le A, u; € Ula, k,v)
and 0 < \; <1, Z;']:1 A; = 1. Tt follows immediately that

J J J
[Wllzn = 11D Nwillan <Y Nilluillag <D Nilluallzolluillz,00 < ke,
1=1 =1 1=1
J J
[oll2,00 = 1> Asttillz,c0 < D Asllttill2,00 < @,
=1 =1
which completes the proof. O

The following lemma is a useful elementary inequality, which will be used in proving our
main results.
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k m
Lemma 2.2 ([9], Lemma 5.3) Assume m >k, a1 > a2 > - > am >0, > a; > > a.
—t .
Then for all a > 1,

m k
«a
Z <D
=1

More generally, assume a1 > as > -+ > @y > 0, A > 0 and § a; + > § a;, then for all
i=1 i=k+1
a>1,
m k @
al > qas A
QL < 1= K3 -
Z a; = k( k + k
j=k+1

From the definition of h, Z and z, we have the following lemma.

Lemma 2.3. For any ' C {1,2,..., M}, it holds that

AT 2,1 < [1A[T]

(L1| PR
Proof. Recall that h = Z — x. From the minimality of Z, it follows that
5

By the reverse triangle inequalities of || -

2.1 = [l2[Tl2,1 + [l2[T]]|2,1-

we obtain

[T] + A[T][2,1 + |2[T°] + AT<]|2,1
[T2,1 = lz[T]2,1.

Z]l2,1 =
> [|z[T][l2,1 — [[R[T]

The lemma follows from above inequalities immediately. U

3. Main Results

With the preparations given in Section 2, we establish the main results in this section—a
sharp high order block RIP condition for the robust recovery of arbitrary signals with block
pattern. When the signal is block sparse, the sharp condition ensures the exact recovery and
stable recovery in the noiseless case and in the noisy case, respectively. First, the following the-
orem provides a sufficient condition of recovery when x is not block sparse and the observation

is noisy.

Theorem 3.1. Suppose that x € RY is an arbitrary vector consistent with (1.1) and ||z||2 < ¢.
If the measurement matriz A satisfies the block RIP with dg, < ,/% for t > 1, the solution T
to (1.2) obeys

2\/275 )(1 +5tk)
t(\/(t = 1)/t — du)
Vi + AU/ DT 6o\ 2l
t(\/(t—=1)/t = 61) VEk .

12— fl2 <

(3.1)
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Proof. First of all, suppose that tk is an integer. Let ¥ = x + h, where T is a solution to
l2/l1 minimization problem and z is the original signal. From Lemma 2.3 and the definition of
Lo, |h[Z§]lI2,1 < |R[Zo]ll2,1 + 2||[Z§]]2,1. We assume that Ty is the block index set over the k
blocks with largest o norm of h. Hence,

1P[TG 2,1 < [|A[To]ll2,1 + 2[|2[Z6] [ 2,1- (3.2)

Denote r = (||h[To]|l2,1 + 2||=[Z§]||2,1)/k. Next, we decompose h[T§] as h[T§] = h[T1] + h[T3],

where h[T}] remains the blocks of h[T(§] whose l2 norms are greater than ;5 and 0 elsewhere,

h[T] retains the blocks of h[T({] whose [ norms are not more than ;%5 and 0 otherwise.
Combining above definitions and (3.2), we have
[A[T1]ll20 < [|A[T5]ll2,0 < K.
Denote [|h[T}]||2,0 = I. From the definition of h[T}], we get
. Ir
kr > (B[Gla = D> BTl > 7=
i€supp|[h[T1]]
Namely, | < k(t — 1). Thus, it is clear that
1P[T]ll2,0 = [[P[T5]ll2,0 = [[R[T1] 2.1
Ir r
fr — —— = (k(t—1) 1) - .
<hre = k(- 1)~ D) (3.30)
.
1h[T2]ll2,00 < =7 (3.3b)
and ||h[To] + h[T1]||2,0 = k + 1 < tk. From the definition of Jy,
(A(A[To] + h[Th]), Ah) < | A(R[To] + h[T])[2[| Al
< V1 + 0w ||h[To] + h[T1]]|2[| ARl (3.4)
Due to
[ARl2 < [|AZ — Azlls < [|AZ = yll2 + [y — Azlj2 < 2, (3.5)
so (3.4) becomes
(A(P[To] + h[Th]), Ah) < /1 + 6wk [[h[To] + h[Th]]2 - (2¢). (3.6)

Using (3.3a) and Lemma 2.1, we have h[T3] = 211:1 Ait;, where u; is block (k(t—1)—1)—sparse,
Z;']:1 A = Lwith 0 < Ay <1, and supp(u;) € supp(h[T3]), |uill2,1 = [|R[To]]l2,1, will2,00 < 77

Hence,
will2 = [luill2,2 < y/llwill20llwill2,00

[k
S\/k(t—l)—ltilg t_—lT‘,

where the first inequality follows from the fact that for any block k—sparse vector v,

lll32 =" 0I5 < ko] -
7
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Let X = ||h[T0] + h[T1]||272, P = 2||I[ 8]”271/\/% Clearly,

k k h|T 2||z[Z§
(w2 < \/ - \/ ) |R[To]ll2,1 + 2[|2[Z6]||2,1
t—1 t—1 k

< NplTollz2 | 2012620 [RT0] + hiThlll22 | 2](Z5]l2a

T oVt-1 VEE-1) — t—1 k(t—1)

_X+P
V-1

: (3.7)

where the second inequality follows from applying Cauchy-Schwarz to any block k—sparse vector
v, [v]l21 = 33 [vlilllz - 1 < VE||v|l2,0. Take B; = h[To] + h[T1] + pu;, where 0 < < 1. We
observe that

J
D Aibs - %ﬁi = h[To] + h[Th] + ph[Ts] - %@.

1
— (5 #) BT+ AT+ G (35)
Moreover, 3; and Z;VZI AjB; — 58 — ph are block tk—sparse, due to the facts that h[Tp] is block

k—sparse, h[T1] is block lfsparse and wu; is block k(t — 1) — [—sparse. Note that the following
identity (see (25) in [8]) holds

2 J )\i N )
LZ}? Bill3 (3.9)

A(jz_]:l AiBj — %51)

We first bound the left hand side of (3.9). Substituting (3.8) into the left hand side of (3.9)
and combining (3.6) and the definition of block RIP, we have the upper bound

‘ 2
2

[ A(G — AT+ AT+ — B

A(i/\gﬂj -5 )

‘ 2

— m)(B{To] + h{T)) — G

2

(
+2(a (5 = W]+ 1D - §AIT ) nAn) + A0
(

10)(h[To] + h[T1]) — ﬁm)

%f : E+u(1 — w)(A(h[Tb] + h[T1]), Ah)

(G = T + BT — [} + 61— w)VTF BlIAIT] + ATz - (22)

:(1+5zk)2/\i((%*/L)QHh[To]+h[T1]H§+%HUiH§) + (1 — )/ 1+ dux||h[To] + A[T1]||2 - (2¢).
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On the other hand, using the expression of 3;, the block RIP results in the lower bound

S Az = 3 2 (him) + nir +
=1 4 e i=1 4 ’ ' Muz)llQ
Zf:ﬁﬂf&wMﬂM+Hﬂkﬂwmz
: 4

1

= (1= 6u) 3 2 (IRITo) + AT + 12l

i=1

(2

<
>

Combining the above two inequalities, we have

[(H2 — )+ (% —p+ u2)5tk} IA[To] + A[TA]3

(1 = )/ 1+ 6| To) + A[Th] |2 - (2€) +ZA =2 a3 > 0.

From (3.7) and the expression of X with the fact || -

2(t17 1))/12)5%})(2
5tkP} M2P25tk
1

22 =1 "]z, we obtain

{(MQ—MH(%—/H(H

2—1) ="

+ {2@(1 — VT + 0 +

Taking u = /t(t — 1) — (¢t — 1), we have

2

t—1 P25
& [—t( ——5tk>X2+(25\/75(75—1)(1+6tk)+P6tk)X+ 2“]20.

t—1 4

The condition 0, < 4/(t — 1)/t ensures that the above inequality is a second-order inequality
for X and the quadratic coefficient is negative. Thus, we obtain

X g{(%dt(t “ 1)1+ 0m) + Pétk) + [(25\/t(t T+ o) + patk)2
+21(VT— Dt b)) P30 1/2} (2T D - %))71

<2 t(t —1)(1 4 0sr) +25tk+\/2t V(t—-1)/ *5tk5tk
t(\/(t = 1)/t — 6 2t(\/(t — 1)/t — b1.) B

where the last inequality is a result of the fact that (a + b)% < a® + b2 for any nonnegative
constants a and b. With (3.2) and the representation of P, it is clear that

IR[TE) 2,0 < [IB[To) 20 + PVE.
From Lemma 2.2, we conclude that

[P[T5]ll2,2 < [[A[To]ll2,2 + P.
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Therefore, it is not hard to see that

IAlle = \/IRLT0I3 + IRITSIE < \/IRLTl3 + (IA(Tolll2 + P)?

< V2|A[Th]ll2 + P < V2(|h[To] + h[T3]||2) + P = V2X + P

_ 24/2t(t — 1)(1 + 64

HV/ (= 1)/t = bur)

V254 + \/t (v (t = 1)/t — Ous)Oue 1 2| z[Z8] || 2.1
t(\/(t—=1)/t = 61) Vk '

If tk is not an integer, we denote t' = [tk]/k, then t'k is an integer and ¢t < ¢. So we have

Spk = 0 < /1L <
result by Workmg on dyr. Hence, we complete the proof of the theorem. O

Remark 3.1. Recently, Zhang and Li in [49] have shown that when 0 < t < %, the condition
Otk < 4 T
case via the constrained [ —norm minimization. These bounds are sharp as in the following

is sufficient to guarantee the exact recovery for all k—sparse signals in the noiseless

theorem. These results give a complete answer to the conjecture on restricted isometry property
constants 9 (0 < t < % which was proposed by Cai and Zhang in [8]. We will establish
analogous block restricted isometry conditions for the exact and stable recovery of signals with
block pattern by mixed l3/l; minimization. Due to the big difference as in [8] and [49], we

postpone the details to a separate paper.

Remark 3.2. Theorem 3.1 and Remark 3.1 indicate that as long as measurement matrix A
meets with the block RIP with a suitable constant, the mixed lo/l; minimization method
can robustly recover any signals with block structure from noisy measurements y = Az + z.
Moreover, if = is block k—sparse, then Theorem 3.1 guarantees perfect and stable recovery of
x from its samples y in the noise-free and noisy setting.

The following theorem shows the condition 8y, < /2 with ¢ > is sharp for exact and
stable recovery in noiseless and noisy case, respectively.

Theorem 3.2. Let t > %. For any ¢ > 0 and k > g, then there exist a sensing matriz

A € R™N with 84, < 1/% + & and some block k—sparse signal xo such that

(1) In the noiseless case, i.e., y = Axg, the mized la/ly minimization (1.2) can not exactly
recover the block k—sparse signal g, i.e., T # xg, where T is the solution to (1.2).

(2) In the noise case, i.e., y = Axg + z, the mized ly/l; minimization (1.2) can not stably
recover the block k—sparse signal xg, i.e., T - xg as z — 0, where X is the solution to

(1.2).

Proof. For alle > 0 and k > 5, let o’ = ((t — 1) + \/t(t — 1))k and N > (k + a’)d. Since
t> %, we have a’ > k. Suppose that a is the largest integer strictly smaller than a’, then a < a’
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and @’ —a < 1. Denote

d d
d d
1 — k k k k
= (1, 1, e m =y ——,0,...,0) € RV,
kd+ak2d a a Qa a
a’? k blocks
a blocks

where k+a < M,Z={d1 =d,...,dkta = d,dita+1,---,drn} and ||7]|2 = 1. Define the linear
map A : RY = RY by

t—1
t

Az =11+ (z — (v, 2)7),

for all z € RY. Then for any block [tk]—sparse signal z, we have

HAM§=<1+ 3§1>0m@—umxw)

From the Cauchy-Schwarz inequality and a’ > k, ¢’ —a < 1 as well as the fact
2yt —1(v/t — v/t — 1) (see the proof of Theorem 2.2, [8]), therefore,

a2+ k2 (t—1)
a’?+a’k -

0 <[¢y,2)[* = [{ylsuppla]], 2)* < [|=]3 - [y [max ([tk])]]3

12 12 2
o @+ Ek([tk] —k) _a*+k*(t—-1)+k,
R R /T
a4+ kA (t-1)+k a’2+a’k”IH2
N a? +ad'k a’? + ak 2
a? + K}t —1)+k 5
= a? +a'k ’ 1 k(a'—a) HxHQ
T a2+d'k
Cad?+EA(t—1) a?+Et-1)+k 1 e
2 ’ ’ 2 2(4 _ ’ k(a/—a) 2
a?+a'k a?+k2(t-1) 11— .
1 1
VE—1(VE=Vi=T1)-(1+ E) : ﬁ”ﬂ\%

2k

<2 ( tt—1)— (t— 1)) 1+ %)Ilwl\g

< (2 tt—1)—2(t—1)+ 2—‘1) 13,

where y[max ([tk])] denotes a vector remaining the [tk] blocks with largest ls norm of v and zero

elsewhere and ||y[max ([tk])]||3 < %m The last inequality follows that 2,/t(t — 1) —
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2(t — 1) < 1. Consequently,

t—1 t—1
<1+ T“) |x||§z<1+ T) )13 > || Az]3

2<1+ b1 (12#%th+2@1)%§|ﬂ@

t

<1+M£?1><1%H@1)+%th)<1+ £71>—%Lxﬁ
ll %<1+ %)% |x||§z<1 %e)ﬂﬂé,

where the last inequality follows from that 1 + ,/% < 2and k > g It follows immediately
that 6, < y/55+ + €. Next, we define

N———

d d d d
— —— — N
w=1..1..1...10,..0,...,0..00..0¢cR
k blocks a blocks
d d
. . k k k k
— —
’)/():(0,. ,0, ,0, ,0,—/,...,—l,...,—l,...,—l,o,...,o)G]RN.
a a a a
k blocks @ blocks
Note that ||zo|l2,1 = kVd, voll21 < & - kvVd < kv/d and g is block k—sparse, y = ——L1—

kd-+ 2k d
(o — o). Since Ay =0, we have Axg = Ayp.

Thus, in the noiseless case y = Axg, suppose that the mixed ls/l; minimization method
(1.2) can exactly recover zg, i.e., T = xg. From the definition of T and y = A~o, it contradicts
that [|7o/[2,1 < [|zo[2,1-

In the noisy case y = Axg + z, suppose that the mixed l2/l; minimization method (1.2)
can stably recover zg, i.e., ;1_%3 = 9. We observe that y — A(T — o + 1) = y — AZ, thus

2,1- SO Hl‘()|

1Zll2,1 < ||Z — zo + 70 21 < ||70ll2,1 as z — 0. It contradicts that ||yol|l2,1 < ||zoll2,1-
Therefore, the mixed l3/l; minimization method (1.2) fails to exactly and stably recover

based on y and A. O

4. Conclusion

In this paper, we consider the problem of recovering for an unknown signal with additional
structure-its entries are not dispersing over all the signal vector but arising in clusters (or
blocks)-from a given set of noisy linear measurements. Based on block RIP, we mainly in-
vestigate the recovery guarantee for the mixed lo/l; minimization method. By extending the
technique of sparse representation of a polytope to the block setting, we establish a high order
block RIP condition for robust recovery of signals with block pattern by mixed l5/l; minimiza-
tion in the presence of noise. We also proved under the same condition, the block sparse signals
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can be exactly and stably recovered in the noiseless and noisy cases, respectively. Furthermore,

in order to clarify its optimality, we also give a specific measurement matrix and block sparse
signal such that the given concrete signal can not be exactly and stably recovered from its
samples via mixed lo/l; minimization, when the upper bound of dy increases any e. Also, if
d; =1fori e {1,..., M}, our results return to those of Cai and Zhang [8].
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