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Abstract. In this paper we extend the results of [12] to the borderline case s=1. We
obtain the classification of global bounded solutions with asymptotically flat level sets
for semilinear nonlocal equations of the type

ATu=W'(u) in R",
where W is a double well potential.
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1 Introduction

We continue the study initiated in [12] for the classification of global bounded solutions
with asymptotically flat level sets for nonlocal semilinear equations of the type

ANu=W'(u) in R",

where W is a double well potential.

The case s € (3,1) was treated in [12] while s € (0,3 ) was considered by Dipierro, Serra
and Valdinoci in [5]. In this paper we obtain the classification of global minimizers with
asymptotically flat level sets in the remaining borderline case s= 3. All these works were
motivated by the study of semilinear equations for the case of the classical Laplacian s=1,
and their connection with the theory of minimal surfaces, see [2,4,9,10]. It turns out that
when s € [%,1), the rescaled level sets of u still converge to a minimal surface while for
se (O,%) they converge to an s-nonlocal minimal surface, see [13].
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We consider the Ginzburg-Landau energy functional with nonlocal interactions cor-
responding to A!/2,

1 (u(x) —u(y))? /
Q-1 VWY gy + [ W(u)dx,
J(w, ) 4 Jrexrn\(cQxeq)  |x—y|"TT xay O (1)dx

with [u| <1, and W a double-well potential with minima at 1 and —1 satisfying

WeC*([-1,1]), W(-1)=W(1)=0, W>0 on (-1,1),
W' (-1)=W'(1)=0, W"(-1)>0, W"(1)>0.

Critical functions for the energy ] satisfy the Euler-Lagrange equation
AV2u=W'(u),
where A'/2y is defined as

12, () = uly) —u(x)
AV u(x)=PV R Ty—x]i d

Our main result provides the classification of minimizers with asymptotically flat
level sets.

Theorem 1.1. Let u be a global minimizer of | in R". If the 0 level set {u =0} is asymp-
totically flat at co, then u is one-dimensional.

The hypothesis that {# =0} is asymptotically flat means that there exist sequences of
positive numbers 6y, [ and unit vectors { with [y — oo, O/, 1 0 such that

{u=0}NB;, C {[x-Ck| <O}

By saying that u is one-dimensional we understand that u depends only on one di-
rection §, i.e.,, u=g(x-¢).
As in [12], we obtain several corollaries. We state two of them.

Theorem 1.2. A global minimizer of | is one-dimensional in dimension n <7.

Theorem 1.3. Let u € C2(R") be a solution of

AV2u=W'(u), (1.1)
such that
lul|<1, 9,u>0, lim u(x,x,)==+1. (1.2)
Xy —> oo

Then u is one-dimensional if n <8.
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Theorem 1.2 and Theorem 1.3 without the limit assumption in (1.2), have been estab-
lished by Cabre and Cinti [1] in dimension 1 = 3. Recently, Figalli and Serra [6] obtained
the same conclusion for all stable solutions in dimension n = 3. Their result, combined
with Theorem 1.2 above, implies the validity of Theorem 1.3 without the limit assump-
tion in (1.2), in dimension n=4.

We prove our result by making use of the extension property of Al/2. Let U(x,y) be
the harmonic extension of u(x) in R"*!

AU=0 in R, U(x,0)=u(x),

then
Al/zu(x) =c,Uy(x,0),

with ¢, a dimensional constant. Global minimizers of J(u) in R” with |u| <1 correspond
to global minimizers of the extension energy J(U) with |U| <1, where

H(U)::%/|Vu|zdxdy+/W(u)dx.

After dividing by a constant and relabeling W we may fix ¢, to be 1.

We obtain Theorem 1.1 from an improvement of flatness property for the level sets
of minimizers of J, see Proposition 6.1. We follow the main steps from [11,12], however
some technical modifications are required. The main difference when s =1 is that at a
point of {u =0} which has a large ball of radius R tangent from one side we can no
longer estimate its curvatures in terms of R~!. Instead we obtain an integral estimate
(see Lemma 3.3) which turns out to be sufficient for the key Harnack estimate of the level
sets.

The paper is organized as follows. In Sections 2 we introduce some notation and
then construct a family Ggr of axial supersolutions. In Sections 3 and 4 we provide vis-
cosity properties for the mean curvature of the level set {=0}. In Section 5 we obtain
the Harnack inequality of the level sets and in Section 6 we prove our main result by
compactness.

2  Supersolution profiles

We introduce the following notation.

We denote points in R" as x = (x’,x,) with x’ € R"~!. The ball of center z and radius r
is denoted by B,(z), and B, := B,(0). Points in the extension variables IR'fl are denoted
by X = (x,y) with y >0, and the ball of radius r as B;"

B ={(xy) R (x,y)| <r} CR".

Given a function U(x,y) we denote by u(x) its trace on {y=0}.
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Let J be the energy
1
). 2
H(U,BR).—Z/%WU] dxdy—l—/Br W (u)dx,

and a critical function U for J satisfies the Euler-Lagrange equation
AU=0, U,=W'(u). (2.1)

In [8] it was established the existence and uniqueness up to translations of a global min-
imizer G of J in 2D which is increasing in the first variable and which has limits +1 at
Foco:
a) G:R2 — (—1,1) solves the Eq. (2.1),
b) G(t,y) is increasing in the ¢ variable and its trace g(t) := G(t,0) satisfies
(0)=0, lim g(t)==+1.

t—+o0

Moreover, g and g’ have the following asymptotic behavior
1—|g[~min{L|t|7'}, g ~min{L,[t|7}, 22)

and
J(G,Bg)=C*logR+0(1),

for some constant C*.

Constants that depend on 1, W, G are called universal constants, and we denote them
by C, c. In the course of the proofs the values of C, c may change from line to line when
there is no possibility of confusion. If the constants depend on other parameters, say 6, p,
then we denote them by C(6,p) etc.

For simplicity of notation we assume that

W is uniformly convex outside the interval [g(—1),g(1)]. (2.3)

Since AG; =0 and G; >0, we easily conclude that

1 1+y 1+y
< ! >G>c
‘Gy‘_cl—i—r' C]—l—r2_Gt_C 14127

where r denotes the distance to the origin in the (t,1)-plane. We also obtain
|G| < 1—cr !, Vr>1.

. . +
Define in By /87

|~

Hg(t,y) ::G(t,y)+% ((y+C1)logR—ylog(y+1)+(tz—y2)> , (2.5)
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for some Cy, C; universal, large to be made precise later.
Let Hg denote the truncation of Hy at level 1,

Hgr =min{Hg,1}.
Since
(y+Ci)logR—ylog(y+1)— %yz
is strictly increasing in the interval [0,R /8] we conclude that
Hg>G+2>1if either y>CR/logR or |t| > R/16.

Hence Hy =1 outside BEW

Finally we define Gr in ]Rz+ as

and we extend Hy =1 outside this ball in the whole ]Ri.

Gr(t,y) ::}SSHR(t—I—l,y).

Next we collect some key properties of the function Gg.

Lemma 2.1 (Supersolution profile). Then for all large R we have
1) Gr =1 outside B, ,sU((—00,0] x [0,R/8]),

2) Gr(t,y) is nondecreasing in t, and 0;Gg =0 outside B;g/s,

3) Gr=Hg in By, , and

logR

Gr—G|<C=5= in B},
4)
G+ 25,6, <0,
and on y=0:
3,Gr <W'(GR)+X[_11] Cl‘;gR.

The inequalities in 4) are understood in the viscosity sense.
Notice that by (2.4), property 3) implies that

Gr(ty)<G <t+C" logR/y) in Bj.

Proof. Properties 1) and 2) follow from the definition of Gg since Hg =1 outside B /- We

compute

2tC
dtHg = Gt+R—2°, (2.6)
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and use (2.4) to conclude that 3;Hg >0if t > —R'/2. In B}, , we have

Hr| <|G|+ 2 (RV2 4+ R13) <1-cRV3+CR™2 <1,
R

hence
_ : +
Gr=Hr in Bp;.

For property 4) we use that Gg is the infimum over a family of left translations of Hp,
hence it suffices to show the inequalities for Hy in the region where Hr <1 and d;Hg > 0.
This means that we can restrict to the region where 1+y < CR/logR, and [t| < CR?/3,
From the definition (2.5) of Hg we have

Co 1 1 C 1
AHp=—2( ——4-— ) <-2_—
R R((1+y)2+1+y)_ R 14y
and, by (2.6)
1+y r
afHRSC/1+r2+C°ﬁ‘

Since 14y < CR/logR we easily obtain the first inequality in 4) by choosing Cy large
depending on C'. On y=0 we have

logR logR

8yHr=03,G+Co—2==W'(G)+Co—5-,
- logR t2
HR_G—FCOClT—i_COﬁ

Then, by (2.3), W”(g) > ¢ outside the interval [—1,1], and we find that

logR

W/(HR) > WI(G)+CC1C0 R

>8yHR,

which easily gives the desired conclusion. O

3 Estimates for {u=0}
In this section we derive properties of the level sets of solutions to
AU=0, o,U=W'(U), (3.1)

which are defined in large domains.
In the next lemma we use the functions Gg constructed in the previous section and
find axial approximations to (3.1).
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Lemma 3.1 (Axial approximations). Let Gg:IR% — (—1,1] be the function constructed in
Lemma 2.1. Then its axial rotation in R"*1

Dr(x,y) = Gr(|x[=R,y)

satisfies
1) g =1 outside By, and g is constant in Bzﬁ/z'
2)
APR<0 in R,

and
0y Pr <W'(Pr), when |x|—R¢[-1,1].

3) In the annular region | (x| —R,y)| <R3, we have

logR
R

1
yAch\ch, |0, Pr—W'(Pr)|<C

Let ¢r(x) = ®r(x,0) denote the trace of g on {y =0}. Notice that ¢r is radially
increasing, and {¢r =0} is a sphere which is in a ClogR/R-neighborhood of the sphere
of radius R.

Proof. We have

n—1
ADR(x,y) =AGgr(s,y)+ R—HGSGR(s,y), s=|x|—R,

The conclusion follows from Lemma 2.1 since dsGgr =0 when |s| > R/8 and R+s>R/2
when [s| <R/8. O

Definition 3.1. We denote by ®r . the translation of ®x by zi.e.,
P (x,y) := Pr(x—2y) = Gr(|x—z|~Ry).

Sliding the graph of ®g:

Assume that u is less than ¢ x, in Bor(xp). By the maximum principle we obtain that
U < Op , with z=1xp in Byr(x0,0) (and therefore globally.) We translate the function ®g
above by moving continuously the center z, and let’s assume that it touches U by above,
say for simplicity when z=0, i.e., the strict inequality becomes equality for some contact
point (x*,y*). From Lemma 3.1 we know that ®y is a strict supersolution away from
{y =0}, and moreover the contact point must satisfy y* =0, [x*|—R € [-1,1], that is it
belongs to the annular region Bg1\ Br_1 in the n-dimensional subspace {y=0}.
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Lemma 3.2 (Estimates near a contact point). Assume that the graph of ®r touches by above
the graph of U at a point (x*,0,u(x*)) with x* € Br41\ Br-1.
Then in By(x*,0) the level set {u=0} stays in a ClogR /R neighborhood of the sphere dBr =
{|x|=R}, and
logR
[t =rllc11(,(x)) <C 1% :

Proof. Assume for simplicity that x* is on the positive x, axis, thus |x*—Re,| <1. By

Lemma 3.1 we have

logR
R

U§®R§G<xn—R+C ,y) =:V in B3(Rey).

Both U and V solve the same equation (3.1), and

(V—U)(x*,0) gclogR.

Since V — U >0 satisfies
A(V-U)=0, ay(v—u) =b(x)(V-U),

1
b(x):= /0 W (tu(x) + (1— £)o(x))dt,

we obtain
logR

|V—U‘SC in 'B5/2(R€n),

from the Harnack inequality with Neumann boundary condition. Moreover since b has
bounded C#* norm, we obtain that U—V € C,zc’“ for some a >0, and

logR

[U=V[c11(8,(Ren)) < C%,

by local Schauder estimates. This easily implies the lemma. O
Remark 3.1. If instead of ® being tangent by above to U, we only assume

Pr>U and (pr—u)(x*)=:a<c

at some x* € Bry1 \ Br—1 then the Harnack inequality above gives
logR logR
cu—C% <Pr-U<C <a+01§> in By(x*,0),

for some C large, universal.
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Lemma 3.3. Assume that
a) BR(—Re,) C {u <0} is tangent to {u=0} at 0.

b) there is xo € Bg/2(—Rey,) such that u(xg) < —14-c for some ¢ >0 small.
Denote by D the set
D:={u<0}\Bgr(—Rey).

Then

xp (%) logR
< .
e (32)

and
{u=0YNBge C {|x,| <R3},

for some o >0 small, universal.

We remark that in (3.2) we can integrate over whole IR" instead of Bf since, by Lemma
3.2, the curvatures of 9D in B; are bounded by ClogR/R.

Proof. First we claim that

R logR
U<®Pr/21e,, with toz—E—K OI% p

(3.3)

for some K large universal.

Let’s assume first that ®g /5 4., > U when t = —R. We want to show that this inequality
remains valid as we increase t from —R till {p. By Lemma 3.1, the first contact point
between the graphs of U and ®g 4, can occur only on y =0 and, by Lemma 3.2 near this
contact point the {u =0} and |x+te,| = R/2 must be at most ClogR/R apart. This is not
possible if K is chosen sufficiently large.

To prove that ®g 5> _g., > U, one can argue similarly by using hypothesis b) and look-
ing at the continuous family @, _g,, and then increase r from C to R/2. This proves the
claim (3.3).

We write ® =®g 5., for simplicity of notation, and by ¢ the trace of ® on y=0. We
have ® > U, and therefore ¢ > u, and

AV2(0) < W' (9(0)) +C1BE

Using that
#(0) <C(K)logR/R, u(0)=0,

together with the equation for A'/2u at 0 we obtain that

AV (g u)(0) < C(K) B,
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Since (¢—u)(0) and [|¢p—ul[c11(p,) (by Lemma 3.2) are bounded by ClogR/ R, we use the
integral representation for A/2 and obtain
logR

¢—u
. ’x’nﬂdng R (3.4)

Next we show that we can replace ¢ —u in the integral above by x5 where
D:={u<0}\{¢<0}DD.
For this it suffices to show that for any unit ball B;(z) with center z € D we have

logR
c ~dx§/ —u)+C dx,
f, s [ (gm0 +G

for some ¢; >0 small, and C; large universal.

Indeed, let a = (¢—u)(z). If a> c then, by the Lipschitz continuity of ¢ —u, the right
hand side above is bounded below by a universal constant and the inequality is obvious.
If a < c then we use Remark 3.1 and conclude that

|DmBl(z>|gc<a+1°1§R>,

and logR
(p—cha—C% in By(z),

which gives the desired inequality by choosing C; sufficiently large.
Next we show that
¢—u<R™*5 in Bge, (3.5)

for some small ¢ >0. Assume by contradiction that
(9—u)(z)>R™*> forsome z€ Bge.

Let V:=®—U>0. We have V(z,0) >R3/4, and by part 3) of Lemma 3.1,

¢ IOER in By(z).

AV | < R |0,V|<CV+C
By Harnack inequality we obtain
V>cR™*% in By (2).

This means that the left hand side in (3.4) is greater than cR~*/5R~("+t1)7 and we reach a
contradiction if we choose ¢ small depending only on n. Hence the claim (3.5) is proved.
This implies that in Bge, the set {u =0} is in a CR~*/5 neighborhood of the 0 level set of
¢ which gives the desired conclusion. O
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Remark 3.2. In the proof above we obtain
|®—U|<R3* in Bge. (3.6)
Indeed, in Brr we have
V>0, |AV|< % 9, V| <CR™*/3,
where in the last inequality we used that on y=0, V < R—4/5 by (3.5). Now (3.6) follows
from Harnack inequality provided that ¢ is sufficiently small.
As a consequence of Lemma 3.3 we obtain

Corollary 3.1. Assume that Bg(—Re,) C {u <0} is tangent to {# =0} at 0. Then in the
cylinder {|x’'| <R%} the set {u =0} cannot lie above the surface

Y=g (A(x-e’)z— |x'|2),

where ¢’ is a unit direction with ¢’-e, =0 and A is a large universal constant.

Proof. Indeed, otherwise the integral in (3.2) is greater than

SNV logR
—dr>
/1 CRT”+1dr_C(U)A R’

and we reach a contradiction if A is chosen sufficiently large. ]

4 A mean curvature estimate for {u =0}

In this section we refine some of the results of last section and we estimate the mean
curvature of a surface that touches {u =0} by below at 0, in a neighborhood of size
1>RY/3,

Proposition 4.1. Fix 6 >0 small and let R, I be large with € [R'/3,53R], and let 6 denote
6:=I°R™".
Assume that in the ball B; the surface
n-1,
I:= {xn = ; L;le-z+b/-x/+bo},

with
la;| <6R™Y, |B'|<SIRTY, byl <8,
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is tangent to {# =0} at boey,.

Assume further that {# <0} contains the two balls Br(—toe,) and Bg,, (—tnen) of radii
R and R;; and passing through —6e, and respectively —0,,e, with

to=0+R, ty=0u+Ry, Ru:=23"R, 6,:=23"0.
Then
n—1
Z a; < S4R7T p
1

if m=m(J) is chosen sufficiently large depending only on ¢ and the universal constants.

Proof. First we claim that at each point xo € [N B;,3 we have a tangent ball of radius &R
by below which is included in the set {u <0}.
Indeed, the bounds on |a;|, |b;| imply that at xo, I has a quadratic polynomial

8
Xp= —E|x/—26|2+czo

tangent by below, with
|xg—2z0| <C6l, ¢z, <26.

It is straightforward to check that the quadratic surface above lies inside the ball Bg (toe;,)
in the region Br \ B, and our claim easily follows.
As in the proof of Lemma 3.2, Bg,, (tme,) C {u <0} gives the bound

U<SDPR, /2te,,

as long as the ball By, />(tey) lies inside the ball

B:=Bg(tmes), R:=Ry, —ClOng ,
R
for some C large, universal. This gives the bound
U <Gg,,/2(dm+ClogRy/Rm,y), (4.1)

where d,, denotes the signed distance to the sphere 9By, (—tmen), with d,,;, >0 outside the
ball.

Similarly, we use that at each point in I'"\B; /3 the tangent ball of radius %R by below
is included in {u <0} and we obtain

USGR/Q,z(dr—FCIOgR/R) in 81/4, (42)

where dr represents the signed distance to the the surface I'.
We assume by contradiction that the conclusion is not satisfied i.e.,

Zai >0*R7L.
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Since on I'M B, the slope of I' (viewed as a graph in the e, direction) is bounded by
C(n)6IR™1 < 6% and |a;| <SR! we obtain

1 _
Hr> Zai — C54max|al-| > 5541{ b

where Hr represents the mean curvature of I'. Moreover, the curvatures of I' are bounded
by 25R~1, which easily gives that in B; all parallel surfaces to I satisfy a similar mean
curvature bound:

Hr(x)>Y a;—CI(6R™')*> %541{*1, Vx€ B, (4.3)

where we have used the hypothesis IR~ <4°. Here Hr(x) denotes the mean curvature
of the parallel surface to I' passing through x.

Next we use (4.3) to construct a supersolution with 0 level set sufficiently close to I'.
Then we make use of (4.1), (4.2) and reach a contradiction by showing that this superso-
lution touches U by above at an interior point.

For the construction of the supersolution we first introduce a 2D profile in the (t,y)
variables which is a perturbation of G. It is similar to the profile Hr defined in (2.5).
Precisely we define H* in R? as

H*(ty):=G+ C(If)h(t,y) (4.4)

with
t2_y2
h(t,y):=c1¢(2r)ylogr+¢(r) . (4.5)

where r=|(t,y)| is the distance from (t,y) to the origin, and ¢ is a cutoff function with
¢=01in [0,1] and ¢ =1 in [2,00). The constant c; is small, universal, and the constant
¢(6) >0 depends also on 6 will be made precise below. Outside B, the function h has the
property that

a) Ah is homogenous of degree —1 and
b) on y=0, h=|t| and h, = cilog|t|.
The following properties hold provided that c; is sufficiently small:

1) h is superharmonic in an angular region near the t axis
Ah<0 intheregion {y<|t|/2}\ B},
2) Outside this region we have the bounds (see (2.4))
A< Cmin{l,r_l}, o H* > cmin{l,r_l},
3) On y=0, we have h(t,0) >0 and
hy=h=0in[-1,1] and h,<choutside [-1,1],
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for some ¢>0 universal, smaller than the minimum of W” outside the interval [¢(—1),¢(1)]
(see (2.3)).
These properties imply that in the region where d;H* >0 we have

51
AH* — = Z9;H* <
8 Rat <0,

provided that ¢(9) is chosen sufficiently small, and
do,H*<W'(H*) on y=0.

Next we modify the 2D profile H* by cutting at level 1 and making it increasing in the
t variable. We define G* as the infimum over left translations in a similar fashion as we
did for Hg. Precisely, we define

H*:=min{H*,1}, G* ::lir>1£I:I*(t+l,y),

and then 0;G* > 0 by construction. Moreover, G* satisfies the inequalities above (in the
viscosity sense):

AG*—ﬁlatG*<0 (4.6)
8 R = ‘
and
9,G*<W'(G*) on y=0. (4.7)

In the next lemma we compare the profiles G* with appropriate translations of Gg,3,
respectively Gg, /2.

Lemma 4.1. We have the following inequalities:

a)ony=0
G*(t,0) > Ggyaa(t—R/2,0), (4.8a)
G*(t,0)> Gz (t+R7Y2,0), if |t|>RY4 (4.8b)
b) in R we have
« logR
G*(t,y) > Gr/32(t+KlogR/R,y)—C(K) R (y+1), (4.9a)
logR .
G*(t,y) 2 G, /2(t+20,,y) +e1(0) 2=y, i y=1(logR)~}, (4.9b)

provided that k=k(0) is chosen sufficiently large.

Proof. It suffices to show the inequalities for H* and Hg in the regions where {d;H* >
0}N{H* <1} and then the desired results for G* and Gr follow by taking the infimum
over left translations. First we check that

{0:H* >0}n{H* <1} C {r <R(logR)~'/3}. (4.10)
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We notice from (4.4) that
h(t,y)>c(ylogr+r) outside Bf. (4.11)

This means that if y > CR/logR then H* > 1. In the two regions where y <CR/logR and
r>R(logR)~!/3 we have

a) either t >r/2 and then we easily obtain H* >1 by using (see (2.4))

G>1- c”y

b) or t < —r/2 and we obtain H; <0 by using
G<C(14y)r 2 and h<—

and (4.10) is proved.
To prove a) we have (see (4.5), (2.5))

H(1,0) 2 g0+ (1-x-2) O,

2
Hy 3 (t£R1/2,0) < g(t+R~ 1/2)+CIO§R+C<;> .

The two inequalities follow easily since |t|/R=0(1) by (4.10), and by (2.2) we have

g(t—R71/2 O)<g(t)—cR_7l/2 and g(t+R1/2 0)<g(t)+CR_71/2.
A 1427 A 1+4¢2

For part b) we estimate translations of Hr as

logR £ +0’

Hi(t+o,y) <G(t+o,y)+C—2— R (y+1)+C

and using that G; <C/(y+1) we have

lo £\ 2
HR(t+cT,y)§G(t,y)+Cy——|—C 08 (y—|—1)+C<R>.

The third inequality is easily verified by taking c=KlogR/R, C(K) sufficiently large and
then using (4.11) to estimate H*.

Finally, for (4.9b) we take 0 =26,, = 23m+19 and replace R with %Rm =2:"-1R. in the
inequality above.

We restrict to the region y>1(logR)~'/3> R1/4, thus we have > R/4. We first choose
m large such that

Elogry> Clong

3 R V2C g, WD
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and then I o9
clogr n
_el scam
3 R 77Ty
for all large R’s, and the lemma is proved. O

In the ball B;,4 we define the function
Y.=G* (df,]/),

where d} is the signed distance to the surface

= " 2 &t 2 4t ot
I'= xn:;Exi—m\x\ +b"-x" 5.
From the properties of G* we find that ¥ is a supersolution, which is increasing in the

en direction. Indeed, at a point (x,y) € B/, we have (as in (4.3))

Hz(x) > %541{—1,

and we compute (see (4.6), (4.7))
AY(x,y) =AG*(s,y) —Hj(x)9:G*(s,y) <0,
where s =d;. Also, on {y=0}
0,¥ =9,G"(5,0) <W'(G*) =W'(¥).
We claim that on {y =0} we have
Y>U outside Bjs. (4.12)
To prove this, in view of (4.2), it suffices to show that
G*(dy,0) > Gry32(d1,0), di:=dr+ClogR/R.

Indeed in By 4\ B; /g we either have

a) dy > dr—{-ClzR*l >dy +R-1/2 or,

b) |dp| >1/16>RY* and d; >dr >d; —R~1/2.
The claim follows then from part a) of Lemma 4.1 above.
Moreover, in B;,4 we have di > dr hence by (4.9a)

‘F>U—ck’1§R(y+1).

Since
Ay +260,, > dy+Clog Ry, / Ry,
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(recall (4.1) for the definition of dy) we find by (4.9b), (4.1), that

logR

oy f y>1(logR) 3 =:leg.

Y>U+c

Thus on 9B, ,4 we have
Y>U—-Cy if y<I(2er), and ¥ >U+cy otherwise,

where looR
= =B=(lex).
Next we translate the graph of ¥ in the —e,, direction till, on y =0 it becomes tangent by
above to the graph of U. Indeed, since ¥(0) =U(0) and ¥ > U outside B;,g x {0}, we can
translate ¥ so that ¥o(X) :=¥(X+t1e,), for some t; >0, becomes tangent by above to U
on y =0 at some point (x*,0) € B s.
Now we see that V:=%¢—U > — U satisfies in By 4:

AV<0, V>0 on {y=0}, V(x*,0)=0,
and on 0By /4,
V>—-Cy if y<l(2er), and V>cy otherwise.

Since e can be taken arbitrarily small we find V >0 in B3}, and therefore we also obtain
Vy(x*,0) >0. This means

U, <3, <W'(¥o)=W'(U) at (x*,0),

and we reached a contradiction. O

5 Harnack inequality

In this section we prove a Harnack inequality property for flat level sets, see Proposition
5.1 below. We will make use of Lemma 3.3 and Corollary 3.1 together with a standard
I'-convergence result for minimizers, see Lemma 5.2.

Notation: We denote by C(1,0) the cylinder
C(L,0):={|x'| <1, |xu| <6}.

Proposition 5.1 (Harnack inequality for minimizers). Let U be a minimizer of J and as-
sume that
{u=0}ne(ll)ce(e),

and that the balls of radius C'I?6~! (with C’ universal) which are tangent to €(1,0) at +6e,
by below and above are included in {u <0} respectively {u > 0}.
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Given 6y >0, there exist 0(6y) >0 depending on 6y, such that if
01 1 <eo(69), 60<6, (5.1)
then -
fu=0pne(yq)
is either included in {x, <(1—wp)0} orin {x, > —(1—wy)6}, with wp >0 small universal.

After a translation in the ¢,, direction, the conclusion can be stated as

_ 77 A . —._l A. wy
{u=0yne(d)ceds) with =7, 0._(1—7)9.

We remark that if (5.1) is satisfied again for , [, then we can apply Proposition 5.1 again
since the hypothesis that the tangent ball of radius C'I?6~! tangent by below to €([,) is
included in {u <0} is clearly satisfied.

Recall that G(t,y) has the property

J(G,B}) =C*logR+0(1), (5.2)

for some constant C* > 0. Moreover, G is a minimizer of J in B among functions with
values between —1 and 1 which agree with G on 0B} \ {y=0}.

Before we proceed with the proof of Proposition 5.1 we need some energy bounds for
functions defined in half-squares

Qi:=[=LI]x[0,1].
Lemma 5.1. a) Assume that V is Lipschitz, defined in Q;.1 CRR%, |V|<1and
V(£0)<—14+12ift<—%, and V(t,0)>1—9> if t>1, (5.3)
for some small «y. Then for all sufficiently large I we have
d(V,Q1) = (C*—7)logl. (5.4)

b) Moreover, if we assume that there exist two points sy, sy in [—1/2.1/2] with |s1—s2| > 6y,
such that
|V (t+si,y)—G(t,y)| <c(6o) in B,

for some given o >0 small and c(6y) sufficiently small, then
d(V,Q1) = (C*+co(0))logl, (5.5)

for some constant co(c) > 0.
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The proof of Lemma 5.1 is postponed till the end of this section.

Proof of Proposition 5.1. First we remark that [ > 6pe, ' — o0 as g9 — 0.
Let A be the rescaling of the 0 level set of u given by

(X ,xn) €{u=0}—(2',z4) €A,

z=Tx, (2,2,)=T(x",x,):=(x'I"%,x,071).

Our hypothesis is that AC €(1,1) and we want to show that in the cylinder |z/| <1 the set
A is included either in z, <1—wg or in z, > —1+wy.

We view A as a multivalued graph over z’ € Bj.

Let us assume that we touch A by below at a point zo € A with the graph of a quadratic
polynomial P;:, of opening —y and vertex p' € B} 5

K

__HK 2
zn:P;‘,(z’).——§|z/—p'| +c,  for some constant cp/§—1+§,

and y € [wo,1] with wy a small universal constant to be specified later.
We claim that Lemma 3.3 and Corollary 3.1 imply that A satisfies the following two
properties:
a) A contains a graph which is fully included in the cylinder zo+C(1°~1,2u).
b) A cannot be touched at zj in a By, (zo) neighborhood with

1’02210/2_1,
by the graph
{zn:P;l,—i—éL]/tA((z/—z{))-e/)z, ]z’—zglgro},

with ¢’ €R"~! a unit direction. Here o and A represent the universal constants that appear
in Lemma 3.2 and Corollary 3.1.

Indeed, the restrictions on p’ and ¢y imply that |zg] <5/6 and zg-e, < —1+%. The
corresponding point

xo:=T 'zo, then satisfies |x)| <51/6, xg-e,<(—1+5%)6.

Moreover, if the constant C’ in our hypothesis is chosen large depending on wy, then the
ball of radius

q=1%(2p0) ",
which is tangent to {u =0} at xy by below is globally included in {u < 0}. The outer
normal v to this ball at x satisfies |v—e,| <u0l~! and Lemma 3.3 implies that

{u:O}ﬂBqa(xo)C{|(x—x0)-1/|§q_3/4}. (5.6)
We use that g > cle I>c1 provided that g is chosen small, and

g 34 <1734 < wobp < b,
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and property a) above follows by rescaling back (5.6) to the z variable.

Property b) holds since otherwise, as above, we end up at the point xo with a surface
as in Corollary 3.1 tangent to {u =0} by below in a 3I/2- neighborhood of xo. This
neighborhood includes B/ (x0) since I3 > CI? > Cq and we reach a contradiction and the
claim is proved.

By Remark 3.2 we obtain in (5.6) also information on the whole profile U

[U=G((x—x0)-v,y)|<q>"* in B (xo).
This implies that for each x € Bjr(xo) N{u =0} we have
\U (x+ten,y) —G(ty)| <CI73*+CoI7 1 < p(ep), (5.7)
if |(t,y)| <19, and p(eg) — 0 as eg — 0. In the inequality above, we used
|(x+ten —x0) - v—t| <[ (x—x0) V| +[v—enl[t| g4 +017 8],

and (2.4).

Properties a) and b) above state that A satisfies the hypotheses for the general version
of Weak Harnack Inequality proved in [3]. Indeed, by property b) the set A cannot be
touched by below with the family of surfaces Pga (o), p € [wo,1], in an neighborhood
that contains at least a ball of radius rp around the contact point. On the other hand, by
property a) Harnack inequality already holds in a C*(1n,A)rg <1°~! neighborhood of a
contact point, with C*(n,A) the universal constant depending only on n and A which
appears in Theorem 2.4 in [3]. Now we can apply the Theorem 2.4 of [3] and conclude
that if

An{|Z'|<1/4, z, < —1+wo} #Q,

then A contains a graph A C A with
AC B, x[—1,—14Kwy)],
with K=K(n,A) universal, such that
- 1 _
H (a(A)) = (1= 7 )37 (B ), (538)

where 71, denotes the projection in the z’ variable.
We choose wy small, depending on K such that Kwy <1/2 hence

AC {zng—%}.

Similarly, if in the cylinder z' € B , the set A intersects z, > 1—wy, then we can find a
graph A C AN{z,>1/2} which satisfies (5.8) as well.
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We will reach a contradiction by estimating the energy J(U,A; /) where
Ap=e(L1)x[0,]] cR" 1,

Notice that in €(},1) the function U(x,0) is sufficiently close to £1 away from a thin
strip around x, =0. Indeed, we can use barrier functions as in Lemma 3.2 (see (3.3)) and
bound U by above and below in terms of the functions G;,(x,%6,y). This implies that,
for any constant -y small, we have

U(x,0)|>1-9% in €(3,5) if |xu[>C(7)+9. (5.9)

For each x' € B, we denote by Q;(x’) the 2D half square of size | in the (x,,y)-
variables centered at (x’,0) € R" as

Qi(x'):={(x"ty)llt| <L, y€[0,1]}.

Now we can apply Lemma 5.1 part a) and obtain

IU(X',),Qu2(x")) = (C*—7)logl.

On the other hand, if
Kl =7 em,(A)Nm,(A),

then by (5.7), we satisfy the hypotheses of part b) of Lemma 5.1 and obtain
IU(x',+),Qiy2(x")) = (C"+co(0r))logl.

In conclusion, after integrating in x’ € B}, the inequalities above, and using (5.8) for
A, A, we obtain that
I(U,A1j2) > (C*+c1)loglH" 1 (B 2),

for some c; >0 universal, provided that we choose the constant -y sufficiently small.
This contradicts Lemma 5.2 below if ¢ is sufficiently small.

Lemma 5.2.
J(U, A;») < C*log] <ﬂ{”_1(B{ 1) +:7(s0)l"—1) . (5.10)

with 1(eo) — 0 as ey — 0.
Proof. We interpolate between U and V (x,y) := G(x,,y) as
H=(1—¢)U+¢V.

Here ¢ is a cutoff Lipschitz function such that ¢ =0 outside A;/,, ¢=1in R and |V¢| <
8/(1+y)in A; /> \ R, where R is the cone

R:={(x,y)[max{[x|,[x|} <1/2—1-2y}.
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By minimality of U we have
U, A1y2) SI(H, A1) =3(V,R)+3(H, A2\ R).

By (5.2),
I(V,R)<3(V,A;1/2) <(C*logl+0(1))H" (B} ),

and we need to show that
J(H,A;2\R) <nl" 'logl (5.11)

with # arbitrarily small. We have

AH AR <4 [ VPV U4V (V) Py
1/2

+/ W (1) + W (0) 4+ C(o—u)2dx (5.12)
D

with D:=¢(4,5)\e(L—1,1—1). The second integral is bounded by CI"~".
Next we bound the first integral. As in (5.9), u and v are sufficiently close to £1 in

G(%,%) away from a thin strip around x, =0,
lo—u|<9* in C(1/2,1/2) if |x,|>C(y)+6
with C(7) large, depending on the universal constants and -y. Then in the region
S:={1<y<7*(|xa| =C(7)-0)},
the extensions U and V satisfy
V-Uul<Cy’, [V(V-U)|<Cry . (5.13)
At all other points we use that |U/|,|V| <1, |[VU|,|VV|<C/(1+4y) and we see from (5.12)
that
J(H,A1p\R)<CI"! +C/’Yzy_2X(Al/2\Jz)ms+ (14Y) %X (A, \&)\s dxdy
<C()I" 1 +C2" Hogl < yl"togl

for all I large, provided that -y is chosen small, and (5.11) is proved. O

We conclude this section with the proof of the Lemma 5.1.

Proof of Lemma 5.1. The proof of (5.4) follows by the same argument of Lemma 5.2 above
restricted to the case n =1 (now we denote x, by t). First we may assume that V is
minimizing the energy among functions which have prescribed boundary data on 0Q; 1\
{y=0} and are constrained to (5.3) on y =0. We interpolate between V and G

H=(1-¢)G+¢V,
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with ¢ defined as above and obtain
J(H,Q)=3(V,R)+3(H,Q/\R).
As in (5.12) we can use that in the region
Si={1<y<~(t|~1/2)}
the functions V and G satisfy the estimate (5.13) and obtain
J(H,Q;) <C(y)+Cv%logl < %logl.
Thus,
a(V,R)=3(H,Qi)~ 1 logl = 3(G, Qi) — 5 logl,

and (5.4) follows by (5.2). Above we used that H=G on 0Q;\ {y=0} and the fact that G
is a minimizer of J in Q;.
For the second part we use V, the monotone increasing rearrangement in the ¢ direc-
tion of V. Denote by
I'(D):={z=V(ty)|(ty) eD}CR?

the graph of V over the set D, and let T be the angular region
T:= {yz ]t—xll}ﬂB,a/z.

Notice that our hypotheses imply that |s; —s»| >17 provided that c(6p) is sufficiently small.
This means that that the projection of I'(T) along the ¢ direction is included in the projec-
tion of T(Q;\T).

From the theory of monotone increasing rearrangements (see [7]) we obtain that

3(V,Q)>3(V,Q)+ [ Vidtdy.

On each horizontal segment ¢, of T at height y € [1,17 /4], we use that V(t,y) and G(t—
x1,y) are sufficiently close and obtain

| vear=,
o'y

hence
/ VZdtdy > 2co(o)logl.
T

Notice that the rearrangement V still satisfies the hypothesis in part a), and then the
conclusion follows from a).
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6 Improvement of flatness

We state the improvement of flatness property of minimizers.

Theorem 6.1 (Improvement of flatness). Let U be a minimizer of J and assume
0e{u=0}ne(L1)CC(Lh), (6.1)

and
the balls of radius C'1?0~1 (C' universal), (6.2)

which are tangent to C(1,0) by below and above at +6e,, are included in {u <0} respectively
{u>0}.
There exists universal integers my>1, mq > 0 such that if the balls of radius

Rp:=120-1 1,:=2"1, 0,:=2"0, m:=0,1,-,m,

tangent to C(1,,,0,,) by below and above at +6,,e, are included in {u <0} respectively {u >0},
and if

0l 1 =:e<e(6y), 6>y,

with &1(0y) sufficiently small, then (6.1), (6.2) hold for I, 8 after a rotation with
{u=0}NCs(I))CCe(L,B), [:=27"1, §:=273"0,

Here ¢ €R" is a unit vector and C¢(I,0) represents the cylinder with axis &, base [ and
height 6.
As a consequence of this flatness theorem we obtain our main theorem.

Theorem 6.2. Let U be a global minimizer of J. Suppose that the 0 level set {u =0} is asymp-
totically flat at co. Then the 0 level set is a hyperplane and u is one-dimensional.

Proof. Without loss of generality assume #(0) =0. Fix 6y >0, and ¢ < €1(6p). From the

hypotheses we can find /, 6 large such that 6] “1—=¢ and, after eventually a rotation, con-
ditions (6.1), (6.2) hold for all I,,;, 6,

Lu:=2"1, 0,,:=23"0, with me {my,mi—1,---,1—mp}.

Then, by Theorem 6.1, (6.1), (6.2) hold also for m = —my after a rotation. It is easy to
check that we can apply Theorem 6.1 repeatedly till the height of the cylinder becomes
less than 6. We conclude that {# =0} is trapped in a cylinder with flatness less than &
and height between 2~ 5 0y and 6y. We let first e — 0 and then 68— 0 and obtain the desired
conclusion. O
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Proof of Theorem 6.1. The proof is by compactness and it follows from Proposition 5.1 and
Proposition 4.1. Assume by contradiction that there exist Uy, 6, Ix such that
a) Uy is a minimizer of J, and satisfies (6.1), (6.2) for I, 0, together with the second
hypothesis for Iy ,,, 6, and m € {0,1,---,m x },
b) 0x > 0o, 9klk_1 =¢er—0, my— 00, as k— oo,
c) the conclusion of Theorem 6.1 does not hold for u; with a constant my depending only
on n and C" which we will specify later.

Let Ay be the rescaling of the 0 level sets given by

(x,xn) € {ur =0} (2',2,) € Ag,
Z=x1"Y, zy=x.0 "
Claim 1: Ay has a subsequence that converges uniformly on |z/| <1/2 to a set Aw =

{(z/,w(z")), |z/| <1/2} where w is a Holder continuous function.

Proof. Fix z(, |z| <1/2. We apply Proposition 5.1 for the function uy in the cylinder of
base Bj,,(Ixz;) and height 26 in which the set {u; =0} is trapped. Thus, there exist an
increasing function ¢y (0) >0, ¢9(8) —0 as 6—0, such that {u;=0} is trapped in the cylinder
of base Bj , (Ixz)) and height 2(1— 2 )6; provided that 46/, ' <e((26)). Rescaling back we
find that the oscillation of Ay in the z, variable in B] 4(z) is bounded by 2(1—%2). Tt is
not difficult to see that we can apply the Harnack inequality repeatedly and we find that
the oscillation of Ay in the z, variable in B} ,,_,(z) is bounded by 2(1—%)" provided

that
< —m—1 _ a]o " .
Ek_4 o (2(1 72 ) Gk

Since these inequalities are satisfied for all k large, the claim follows from a version of
Arzela-Ascoli Theorem. U

Claim 2. The function w is harmonic (in the viscosity sense).
Proof. The proof is by contradiction. Fix a quadratic polynomial

1
zy=P(Z) = EZ/TMZ/-F@"Z,, IM|| <67t 2/&|<st,

such that trM > 6, P(z') +6|Z|? touches the graph of w, say, at 0 for simplicity, and stays
below w in |z'| <6, for some small 4.

Thus, for all k large we find points (z;’,z¢,) close to 0 such that P(z")+const touches
A by below at (z;/,z,,) and stays below it in |2/ —z/| <d/2.

This implies that, after eventually a translation, there exists a surface

Ok — a; 0 _ _
rZ:{Xn:l;(EZZXiz"‘lkgk‘xl}/ k| <0 ! |ai| <o L
k k

with

Zui>(5
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that touches {1, =0} at the origin and stays below it in the cylinder €(34l,6).
Now we apply Proposition 4.1 with
< P

I:=8, 0:=6, R:=P6" 5=¢, a:

i= Eai = fai/ b= Egk

The hypotheses are satisfied since
[<c(8)exR<BR, [>c(By)RY?>R3,

and
\a;|,|b'|I"1 <82R-1=56R"1.

Moreover, by property a) above the balls of radius

Rm:l_,zﬂénjl, with [, :=2"], Gm::2%m0, me{0,1,---,mg 1},

and tangent to C(I,,,0,,) are included in {u <0} and respectively {# >0}. By Proposition
4.1 we conclude that
Eﬁi < SART — Eai < 5= 52,

and we reached a contradiction, and Claim 2 is proved. ]
Since w is harmonic, and w(0) =0,

lw—¢"-Z|<Cm)l2'|?, 18] <C(n),

with C(n) a constant depending only on n. We choose 2~ =y sufficiently small such
that

c<n>q2g%n3/2, 4C(n)C'y2 <1.
Now it is easy to check that after rescaling back, and using the fact that Ay converge

uniformly to the graph of w, the sets {u; =0} satisfy the conclusion of the Theorem 6.1
for all k large enough, and we reached a contradiction. O
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