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Abstract. Inspired by the Neumann problem of real special Lagrangian equations
with supercritical phase, we consider the Neumann problem of complex special La-
grangian equations with supercritical phase in this paper, and establish the global C2
estimates and the existence theorem by the method of continuity.
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1 Introduction
As we all know, the real special Lagrangian equation is
arctanD?u =@ (x), (1.1)

where
arctan D%u:=arctan\; +arctan A, + - -- +arctanA,,,

A=(A1,Az,-++,Ay) are the eigenvalues of the Hessian matrix

0%u
2,
bru= { 0x;0X; }1§i,j§n'
and O is called the phase. In particular, © = (ngz)n is the critical phase, and if @ <

O(x) <F, Eq. (1.1) is called special Lagrangian equations with supercritical phase.
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The special Lagrangian equation (1.1) was introduced by Harvey-Lawson [13] in the
study of calibrated geometries. Here ® is a constant called the phase angle. In this case
the graph x — (x,Du(x)) defines a calibrated, minimal submanifold of R?". Since the
work of Harvey-Lawson, special Lagrangian manifolds have gained wide interest, due in
large part to their fundamental role in the Strominger-Yau-Zaslow description of mirror
symmetry [26].

For the special Lagrangian equations with supercritical phase, Yuan obtained the in-
terior C! estimate with Warren in [29] and the interior C? estimate with Wang in [28].
Recently Collins-Picard-Wu [8] obtained the existence theorem of the Dirichlet problem.

Moreover, for the Dirichlet problem of elliptic equations in R”, many results are
known. For example, the Dirichlet problem of Laplace equation is studied in [7, 11],
Caffarelli-Nirenberg-Spruck [2] and Ivochkina [15] solved the Dirichlet problem of
Monge-Ampere equation, and Caffarelli-Nirenberg-Spruck [4] solved the Dirichlet prob-
lem of k-Hessian equation. After the pioneering works of Caffarelli et al., the Dirichlet
problem of the general Hessian quotient equation was solved by Trudinger in [27]. For
more information about the related subjects, we refer to the citations of [2,4,15].

Also, the Neumann or oblique derivative problem of partial differential equations
was widely studied. For a priori estimates and the existence theorem of Laplace equation
with Neumann boundary condition, we refer to the book [11]. Also, we can see the recent
book written by Lieberman [21] for the Neumann and the oblique derivative problems of
linear and quasilinear elliptic equations. In 1986, Lions-Trudinger-Urbas solved the Neu-
mann problem of Monge-Ampere equation in the celebrated paper [23]. Recently, Ma-
Qiu [24] solved the the Neumann problem of k-Hessian equations, and Chen-Zhang [6]
generalized the result to the the Neumann problem of Hessian quotient equations. For
the Neumann problem of special Lagrangian equations with supercritical phase, Chen-
Ma-Wei [5] got the existence theorem. In [16,17], Jiang-Trudinger studied the general
oblique boundary value problems for augmented Hessian equations with some regular
condition and some concavity condition.

At the same time, the complex equations have attracted a variety of mathematicians
and many excellent works have been done. The complex Monge-Ampeére equations are
definitely one of the most important equations in partial differential equation and the
geometry. In [1], Bedford and Taylor studied the Dirichlet problem of complex Monge-
Ampere equations by using the Perron-Bremermann family method, and got the exis-
tence and uniqueness of the weak solutions and a global Lipschitz regularity for pluri-
subharmonic solution when () is a bounded strictly pseudoconvex domain in C". In [3],
Caffarelli et al. studied the classical solution on strongly pseudoconvex domains. Their
work was extended to arbitrary bounded domains in C" by Guan in [12] under some sub-
solution condition. Recently, Fu-Yau equation on compact Kéhler manifolds arises much
attention, which was introduced in [10]. The Fu-Yau equation was solved in dimension
2 by Fu-Yau and was recently extended to higher dimensions in some cases in [25] by
Phong, Picard and Zhang. In high dimensions, the equation is actually a 2-Hessian type
equation. Complex Hessian equations have been studied extensively by many authors
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in recent years. On C", the Dirichlet problem of complex Hessian equation was studied
by Li [20] under some strict subsolution condition. On compact manifolds there were
the existence of admissible solution in [9, 14]. For the Neumann problem of complex
Monge-Ampere, Li proved the existence under some other conditions in [19].

Naturally, we want to know how about the problem of complex special Lagrangian
equations of the form

{arctanaau:G)(z) in Q, (1.2)

Dyu=—eu+¢(z) on 0Q,
where () is a strictly pseudo-convex domain in C", e >0 is constant, v is the outer unit

normal Vect(gr of 90, u is a C? and real valued function in Q), ® is a real valued function in
Q, u = {% }i<ij<n, and arctandou :=:arctanA; +-arctanAp + - +arctanA,, where A =

(A1,A2,-++,Ay) are the eigenvalues of the complex Hessian matrix 90u. In the following,
we denote

Z:(Zl,"‘,zn)€§, Z]:t]+ \% _1tn+j/ t:(tl/'"/tl’l/tn—i-l/"'/tzn)/

ou Ju
aju:a—zj:uzj, afu:a—zj:uzf, ou= (011, ,0,1),
Ju

Diu= Du=(Dju,---,Da,ut),

aitk/
where 1/ —1 is the imaginary unit. It is easy to know
1

ajuzz

n
1
[Dju—~/—1Dy 1 jul, |ou|?= Z%ajuaju: 1|Du|2.
]:

1
a]}u = 1 [Djju+Dn+jn+ju].

In this paper, we establish global C? estimate of the Neumann problem of special La-
grangian equations with supercritical phase and obtain the existence theorem as follows:

Theorem 1.1. Suppose Q C C" is a C* strictly pseudoconvex domain and ¢ € C3(9Q)). Let
O(z) € C2(Q) with @ <O(z) < in Q). Moreover, if the domain Q) satisfies a geometric
condition

2ijn+€>0, (13)

where Kmin is the smallest principal curvature of ), then there exists a unique solution u €
C3>%(Q)) of the Neumann problem of special Lagrangian equation (1.2).

As Li mentioned in his paper [19], because the Neumann boundary condition is not
invariant under the holomorphic changes of variables, the strictly pesudoconvex domain
may not be enough and we need the extra curvature condition of the domain.

Furthermore, we can obtain the existence theorem of the classical Neumann problem
of complex special Lagrangian equation as below.
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Theorem 1.2. Suppose Q CC" is a C* strictly convex domain and v is outer unit normal vector

of Q). Let ¢ € C3(9Q)) and O(z) € C2(Q) with @ <O(z) <™ in Q. Then there exists a

unique constant B such that the Neumann problem of special Lagrangian equation
{ arctanddu=0(z) in Q,

Dyu=p+¢(z) on 0Q), (14)

has admissible solutions u € C>*(Q)), which are unique up to a constant.

The rest of the paper is organized as follows. In Section 2, we collect some properties
of the special Lagrangian equation and establish the C® estimate for the Neumann prob-
lem of special Lagrangian equation. The C! and C? estimates are established in Section 3,
Section 4, respectively. At last, we prove Theorem 1.1 and Theorem 1.2 in Section 5.

2 Some properties and C° estimate

In this section, we give some properties of the special Lagrangian equation with super-
critical phase and establish the C? estimate.

2.1 Some properties
Property 2.1. Suppose Q C C" is a domain and ©(z) € C°(Q)) with WTZM <0O(z) < in
Q. Let u € C2(Q) be a solution of special Lagrangian equation

arctanddu=0(z) in Q. (2.1)

We assume A = (Aq,A,---,A,) are the eigenvalues of the Hessian matrix 20ou with Ay >
Ay--+> Ay, then we have some properties:

M>->A1>0, (2.2a)
[An| <An1, (2.2b)
n

Y Ai>0, (2.2¢)
i=1

where

Cp=max { tan <(n—1)7t —min@) ,tan <1max®> }
2 Q noa
Proof. Foranyi=1,2,---,n, we know arctan; € (—7,7 ). Then we can get
arctanA,,_; +arctanA, =0 —arctanA; —arctanA,--- —arctanA,_,

2
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So Ay—1+A; >0, which implies (2.2a), (2.2b) and (2.2¢) hold.
Moreover,

(n—1)m

arctanA, =@ —arctanA; —arctanA; — - - - —arctanA,_1 > min® — >
Q

and

arctanA; +arctanA, +---+arctanA 1
arctanA, < 1 . 2 "< Emgx@,
Q

| A <max{tan <(n—1)7'[ —min@) ,tan <1max®> }
2 a n a

Thus, we complete the proof. O

so we can get

Property 2.2. Suppose Q) C C" is a domain and ©(z) € C?(Q)) with @ <0O(z) < in
Q. Let u € C*(Q) be a solution of complex special Lagrangian equation (2.1). Then for
any £ €S?"~1, we have

n I3
Y FiDgdzu>Dg®—A|D® in Q, (2.3)
ij=1
where -
P darctandou and  A— 2 —
ou; tan(mﬁin@—w)

Proof. For any z € (), we can assume 9du is diagonal with A; =uj, since (2.3) is invariant
under rotating the coordinates. Then we have

_ 1
Pij::(.m‘gam: 1+A2’ it =],
“ij 0, if Q]
and
2 o
S fi=j=k=I,
, ) (1+A2)2 e
Fi;,ka:a arctanaau: - At A il ik iz
g ArAnaazy - IR

0, otherwise.
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From the complex special Lagrangian equation (2.1), we know

n I
Z Fl] Dgaﬁu = Dg@
ij=1
and

n

_ n -
= i K
Z FY Dggal}u :thé@_ Z FY Dgaijl/ngakﬂ/l

ij=1 ijkl=1
n s Pyl
=Dgg®—) F"(Dgd;u)’—) FI|Dedjyul*
i=1 i#f
n s
>Dg®— Y F"(Dg0zu)?. (2.4)
i=1

From the concavity lemma (Lemma 2.2 in [8]), we know

ZF” i (Dgdu) 2 <iFﬁD a.f.u)2
tan(min@—i("_zz)ﬂ) 5 ¢
0
_ 2 2
e i e (2.5)
9
Hence (2.3) holds. O

2.2 (O estimate

The C? estimate is easy. For completeness, we produce a proof here following the idea of
Lions-Trudinger-Urbas [23] and Ma-Qiu [24].

Theorem 2.3. Suppose QCC" is a C! bounded domain and ¢ €C°(9Q)). Let ©(z) € C°(Q) with
w <O(z) <™ in Qand u € C*(Q)NC(Q) be the solution of complex special Lagrangian
equation (1.2), then we have

1
—My< <z in Q) 2.6
osu(z) < —max|g| in (2.6)
where

Moz1max|(p|+%diam(ﬂ)+Bdiam(Q)2 and than(lmax®><+oo.
€ 090 € n o

Proof. From (2.2c), we know u is subharmonic. So the maximum of u is attained at a
boundary point zp € 00). Then we can get

0<Dyu(zo) = —eu(zo) +¢(z0)- (2.7)
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Hence

¢(z0) _1 (2.8)

= < < - .
maxu =1(zo) < < _max|¢|

) S

Without loss of generality, we assume 0 € () and denote

B=tan (imgx@) < +400.

Then we have

arctanddu = ® < max® =arctandd(B|z|?). (2.9)
)

By the comparison principle, we know u — B|z|? attains its minimum at a boundary point

z1 €0Q). Then
0>Dy (u—B|z|*) |2z, = Dyu(z1) = BDy(|2[*)] 2=z,
=—¢u(z1)+¢(z1) —2B-t-V|;—
z—su(zl)—r%gx|(p| —2Bdiam(Q2). (2.10)
Hence
minu >min(u—B|z|?) =u(z1) - B|z |
0 0
1 2B . . 2
> — —max|¢|— —diam(Q) — Bdiam(Q))~. (2.11)
g 90 €
Thus, we complete the proof. O

3 Global gradient estimate

In this section, we prove the global gradient estimate by following the idea of Li [19].

Theorem 3.1. Suppose Q C C" is a C bounded domain satisfying (1.3) and ¢ € C>(9Q2). Let
O(z) € CH(Q) with w <O(z) <™ in Qand u € C3(Q)NC*(Q) be a solution of complex
special Lagrangian equation (1.2), then we have

sup|Du| < M;, (3.1)
O

where My depends on 1, 0, Kmin~+¢, |t|co, maxg®, ming® and |¢|c2.
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Proof. In order to prove (3.1), it suffices to prove
Deu(z) <M, V(z,&)eQxS¥ L (3.2)
For any (z,¢) € QxS?"~1, denote
W(z,&) =Dgzu(z) — (v,&) (—eu+¢(z)) + Kou? + K |z|?, (3.3)

where Kj and K; are large constants to be determined later, and v is a C2(Q)) extension of
the outer unit normal vector field on 9Q). We still use ¢(z) to denote a C? extension of ¢
from 9Q) to Q). Assume W achieves its maximum at (zo,&) € QxS*"~1. It is easy to know
D¢, u(z0) > 0. We claim zy € 9Q). Otherwise, if zg € (), we rotate the coordinates such that
{0;71(z0) } is diagonal with A; =u;;and Ay > A, >--- > A,.. Then we have

- 1 e
Fi_. aarc;anaau: @/ if i=j,
i 0, if P4

Hence we can get from Property 2.1

1
nn
= >
1—}—)\%_CO>O’
- Aj 11
il 1 -
F'u; 1—|—A12 ( 2,2>,
where
1

co= .
’ 1+ max{tan (w —min®),tan (1 max®) }2
0 Q

For fixed {=¢&o, W(z,&p) achieves its maximum at the same point zp € () and we can easily
get that at z,

0>F0,;W = F[0;Dg,u— (v,&0)i(—eu+ ) — (v,&o) (—eu+ ¢;)

—(v,G0)i(—eus+ ;) — (v,Go)i( —eui+ ;)
+2Kouju;+2Kouu ;4 Kl]

n -
ZD§0®+ (ZKQ — Cl) ZF”L[Z'M{
i=1
n n

+ [2Kou~+e(v,E0)] ZFﬁui;—k (K1—Cyp) ZFﬁ, (3.4)

i=1 i=1

where C is a positive constant depending only on , ¢, |u|co, |@|c2 and |v|c2.
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Take Ky = % and K; =2C1+ %{W. Using

noo. nn noo- _
ZFZIuilTe(_E'E)’ ZFZZ>FHHZC0,
i=1 i=1

we can get
0>Fio;W
n - n -
> — | D, | — 2 [2Ko|u|+-¢] + (2Ko —C1) ) Flujuz+ (K —C1) ) F

i=1 i=1
>0. (3.5)

This is a contradiction. So zg € d(). Then we continue our proof in the following three
cases.

(a) If ¢p is normal at zg € d(), then
W(Zo,go) = K0M2—|—K1 ’Zo |2 S Cz.

Then we can easily get (3.2).

(b) If &y is non-tangential at zp € 9Q), then we can write ¢y = at+ pv, where T €S*' ! is
tangential at zo, that is (t,v) =0, a = (&, T) >0, B= (&o,v) <1, and a®>+p%=1. Then we
have

W(Z(),(:o) :ﬁDTM+K0M2+K1 ‘Zo |2
<BW(z0,80)+ (1—B) (Kou®+Ki|zo|?), (3.6)

SO
W (z0,&) < Kou?+Kq|zo|* < Cs.

Then we can easily get (3.2).

(c) If ¢ is tangential at zg € d(), we may assume that the outer normal direction of () at zg
is (0,---,0,1). By a rotation, we assume that o= (1,---,0) =e;. Then we have

0<D,W(z0,&) = DyDyu— D, (v,&) (—eu+¢)+2Kou-Dyu-+K; D, |z|
<DyDiju+Cy
=D1Dyu—Dv;Diu+Cy. (3.7)

By the boundary condition, we know

D1Dyu=D1(—eu+¢) < —eW(z,80) +Cs. (3.8)
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Following the argument of [19], we can get
—DvDu < —KminW(Zo,go) +Cs. (3.9)
From (1.3), it holds xmin +€> 0. So

Cs4+Cs5+Cq

W <
(Zo,go) = ke

(3.10)

Then we can easily get (3.2). O

Remark 3.1. To prove Theorem 1.2, we need to consider the complex special Lagrangian

equation (1.2) with e = 0. Under the assumptions of Theorem 1.2, thatis, QO CC" is a ct

strictly convex domain, ¢ € C3(3Q2), ©(z) € C2(Q)) and 2" < ©(z) < % in O, and for

any sufficiently small ¢, we can obtain the following proof of Theorem 2.3

supe|uf| <My, (3.11)
Q

for the solution 1 of (1.2), where My depends on 1, diam(Q}), max®, and |¢|co. Moreover,
o}

we can choose test function
W (z,&) = Deu(z) — (v,€) (—eu’ +¢(z) )+ Ko (eu)* +Kq |z,

and following the proof of Theorem 3.1, we can choose Ky and K; independent of ¢, and
obtain the global gradient estimate

sup|Duf| < My, (3.12)
[®)

where M, depends on 7, ), max®, min®, |®|q~ and |¢|2, and is independent of e. It is
Q Q

easy to know

<M. (3.13)

sup

Q

1
e€_ = &
u |Q‘/Qu

4 Global second derivatives estimate

We now come to the a priori estimate of global second derivatives. Firstly, we prove the
estimate of double normal second derivatives on boundary, and then we complete the
proof of global second derivatives estimate.
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4.1 Estimate of double normal second derivatives on boundary

Theorem 4.1. Suppose Q) C C" is a C* strictly pseudoconvex domain and ¢ € C3(9Q). Let

O(z) € C2(Q) with "= ) T <O(z) <" in Qand ue CHQ)NC3(QY) be the solution of complex
special Lagrangian equatzon (1.2), then we have

max|D,,u| < My, 4.1)
a0
where My depends on n, Q), max®, |u|c1, min®, |@|q2 and |¢|cs.
0 0

Proof. Since Qisa C* strictly pseudoconvex domain, there is a strictly plurisubharmonic
defining function r € C*(Q) such that

|Dr|=1 on 0Q), (4.2a)
9or>kol, in Q, (4.2b)

where ky is a positive constant depending only on () and I, is the n x n identity matrix.

Let zp € dQ) be an arbitrary point. By a shift and a rotation of the coordinates
{z1,"++,2z4}, we can assume that zo=0, 9,,7(0) =0 for i <n, and D;,r(0) =—1, Dy,,r(0)=0.
In B(0,6) (), a sufficiently small neighborhood of zy, we can get by the Taylor expansion
of r up to second order

n n
r(z) = —Re (Zn — Z ai]‘ZiZj) + Z bijzi?j+0(|2’3), (4.3)
ii=1 ii=1

where {b;7} =99r(0) is positive definite. We now introduce new coordinates z’ =(z) of
the form

Zi=z; for i<n, z,=z,— 2 ajjziz;. (4.4)
In (B(0,6)NQ), we have
7(2)|smp1 () = —Rez, + Z bl]-z;z;+(‘)(|z’|3), 4.5)

ij=
Denote

ro(z") = —Rez), +szszZ]r
=

B,(2 :@amﬂ ).

= =¢p~1(z')
137E)
oz,

A]'(Z/) IB]<1—Bn)
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It is easy to know |Bj|=0(|2'|) for j=1,---,n, and A; is holomorphic in z’ € (B(0, (5)ﬂQ)
Following the calculations in [19], we know the Neumann boundary condition in z’ co-
ordinates

4Re< 21,0,T0) — ZA 0 /u> (z',u)+0(Z?), (4.6)

where
¢(2u)=[1=Bu(2)| > (—et+¢(2)) lmp-1(21)-

Following the idea of [19], we choose the auxiliary function
h(z)) :4Re[ 14,dy70) — Z Ad ,u] (2, ) +Kr(2)|my 1)~ KiRe(z)),  (47)

where K; >0 is sufficiently large so that

h<0 on $(9(B(0,6))—0Q)),

and
h=—KjRe(z},)+0(|z/|*) <0 on ¢(3a(B(0,6))NaQY).
Let
Fii darctand,o,u Gii — darctand zﬂ_
oz U,

Zi ]

It is easy to know

Gif — pra( % %
(E)zp) <8zq>'

For any z’ € ¢(B(0,6) N Q}), we can get

.7 nil [
GI,15h=2GT0, - (3 udyro+-07ud, o) —ZG”BZE‘Z;(I;Akaziu—i—AkBZLu)

U019+ KGYo r

:2G1] (azlf(uzizf;agro—}—aguzi /a /1’0—|—1/l / a ﬂ’o—}—M 7 /a / /7"0)

ZZ ZZ 21z ZiZ
k=j k=j

n—1 _ _
-2 Z G (Akazliuz,_;frAkaguz{;}+azgAkuzk;;—kaZ;Akuz,_g)
k:l 1 1 1

—GI[|1=B, ()| 2(~ su,,—l—q)z,,)+au(!1 Bu(z')| ) (—eu+g)]
+KGijazl{Z—;r



156 C. Q. Chen, X. N. Ma and W. Wei / Anal. Theory Appl., 35 (2019), pp. 144-162

=2 [azl ®8—,r0 —{-879821 7’0] +2FP1 (uzlz—a 7}’0 + u7 azkzq 1’0)

-1
_22 Adz O+ A0 O+ FP (9, Agttyyz +0z, A, )]

k=
—FWHl—Bn(z ) 2(_8“2,@"’902;12‘7) szq(’:l Bu(z )’72)(_5”“‘4’)]
+KquaZp§7’
n
>Kko ) FPP—Cy, (4.8)
p=1
where FPTu, - = FPlu, = %Z’,” and FPu 7 = FPIu, = (%#) are bounded by rotating the
k

coordinates {zj,---,zy, } such that 9,0, is diagonal. From (2.2d), we know

n
E Fpﬁ 2 Co, (49)
p=1
where
- 1
co= CEL I
1+max{tan (" —min®),tan (+ max®) 12
0 0

Taking K = %, we can have G/ d_7h>0in ¢(B(0,6)N2). By the maximum principle,
]

we know /(z') achieves its maximum at z’ =0. Hence 11(z')|.._y(-) achieves its maximum
at zo=0. Thus

OSDvh(O) SDUV”(ZO)_‘_CS’ (410)
So we have D,,u(zp) > —Cs.
The same argument for
hl(z’):4Re[ 14,dy70) — ZA E /u} ") —Kr(2)| ey 1) HKiRe(z))  (411)
can give
vau(ZO) <Co. (4~12)
This completes the estimates of the double normal derivative on the boundary. O

4.2 Estimate of global second derivatives

Theorem 4.2. Suppose QO C C" is a C* strictly pseudoconvex domain satisfying (1.3) and ¢ €
C3(0Q)). Let ©(z) € C2(QY) with =27 ) T <O(z) <™ in Qand ue C*H(Q)NC(QY) be a solution
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of special Lagrangian equation (1.2), then we have

sup|D?u| < My, (4.13)
Q

where My depends on n, Q), 2k, +¢€, max®, min®, |u|c1, |O|c2 and |@|cs.
0 0

Proof. From (2.2c), we know
n
Au=4) uz=4(A+---+A,)>0.
i=1

By the argument in Li’s [19], we know that we only need to prove that
Dyru(z) <My, V(z,0) eQxS* 1. (4.14)
As the real case in [23], we use the auxiliary function
Q(z,§) =Dggu—0(2,8) +Ki|z]*+|Du/?, (4.15)

where v(z,{) =2(¢,v)({',Dg—eDu—DuDv') = a;Dju+b, v= (V' 1%, 1?") €51 is a
C3(Q) extension of the outer unit normal vector field on 9Q)

gl = g_ <§/V>V/ ar= _2<€/V> <gllDVl> —2£<€,V> (gl)ll b :2<€/V> <€/1D(P>f
and Kj >0 is to be determined later.

For any z € (), we rotate the coordinates such that {9;;u(z)} is diagonal with A; = u;;
and Ay > Ay, >---> A,. Then we have

1 o
Fif . Barcatanaéu: T4A2 it i=j,
i 0, if i,

Hence we can get from Property 2.1

where ¢y =

1+ max{tan (%—mﬁin@) Jtan (%mﬁax@) }2 ‘
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For any fixed ¢ € 571 we have
Fl]_al]‘Q(Z,g) :Fijai]nggu — Pﬁ[aigakau +a;ak8kau +8iak8;Dku + akai;Dku +8i;b]

O3 n .
+2F"9; Dxud; Dyt +2D®Dyu+ Ky ) _F"
i=1
n T T
ZD@'@@- A|D§@‘2 — [\Dzak\ \Du! + ‘Dsz ZF” —F* (agakakau+8iak8;Dku)
i=1
- noo.
— |aDx®| +2F"9; Dxud; Dyt — 2| D®Dyu| + Ky Y | F". (4.16)
i=1
It is easy to know
n T =
ZF” > Eni Z Co,
i=1
2Fii8kau8;Dku —Fii(a;akakau—i—aiaka;Dku) > —Fiiaiaka;ak.

Choose

+z[|132@|+AyD@y2+yak||D@|+2|D@||Du|]

Ky =2[| D?a||Du| +|D?b]] o

then we can get
Fii9,;Q(2,2) > 0. (4.17)

So max(Q(z,{) attains its maximum on dQ). Hence max Q(z,{) attains its maximum at
[e) QxG2n—1

some point zo € 9Q and some direction o € S** 1.
Then we continue our proof in the following two cases following the idea of [19].

(a) If {p is non-tangential at zp € d(), then we can write (o = a7+ pv, where T € g2n—1 §g
tangential at zo, that is (7,v) =0, a = (Co,7), B={({o,v) #0, and a®>+ B> =1. Then we have

Dgog,1(20)
:uczDTTu(zo) —i—,BZDWu(zO) +2aBDryu(zp)
=2 D1t (20) 4 B*Dyyit(z0) +2(Eo-v)[Eo — (Eo-v)V]- [Do—eDu— DjuDv'], (4.18)

hence

Q(20,80) =a*Q(z0,7) +B*Q(z0,v). (4.19)

From the definition of Q(zo,{o), we know

Q(20,80) < Q(z0,v) <Cyo (4.20)
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and we can prove (4.14).
(b) If ¢o is tangential at zg € d(), then we have

0<D,Q(z0,8o) = DyDg,zou — DyaDyu—a; Dy Dyu— Dyb+2DguD, Dy + Ky Dy |z |
SDVDCUQ)M—I— [2Dku —ak]DVDku+C11. (4.21)

By the boundary condition, we know
Dy D,y =D,y Dytt — (Dgygyv*) Dyt —2(Dzyv*) Dy, Dyt
:Déoéo (—8M—|—(P) — (Dgogovk)Dku —Z(Dgol/k)DgODku
<—eQ(z0,40) +C12—2(Dgyv*) D¢, Dyt (4.22)

Following the argument of [19], we can get

|DyDyu| < Cya,

—Z(Dgol/k)DgoDku < _ZKminQ(ZO/éo) +C14.
From (1.3), it holds 2xmin +€>0. So

C11+C12+(2|Du| + |ak|)C13+C14
2K min +€ '

Q(z0,G0) <

(4.23)

Then we can easily get (4.14). O

Remark 4.1. As the discussions in Remark 3.1, to prove Theorem 1.2, we need to consider
the complex special Lagrangian equation (1.2) with e —0. Under the assumptions of The-
orem 1.2, and for any sufficiently small ¢, we can obtain the following proof of Theorem
4.1 and Theorem 4.2,

1 —~
sup|D?u’| :slip‘DZ (w- a Qus) <M, (4.24)
QO Q

where M, depends on 1, ), max®, min®, |®|2 and |¢|c3, and is independent of e.
9) Q

5 Existence of the boundary problems

In this section we complete the proofs of the Theorem 1.1 and Theorem 1.2.

5.1 Proof of Theorem 1.1

For the Neumann problem of complex special Lagrangian equation (1.2), we have estab-
lished the CY, C! and C? estimates in Section 2, Section 3, Section 4, respectively. By tge
global C? priori estimate, the special Lagrangian equation (1.2) is uniformly elliptic in Q.
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From the concavity Lemma (Lemma 2.2 in [8]), we know —e—Aarctanddu jg concave with
respect to ddu, where A is defined in Property 2.2. Following the discussions in [22], we
can get the global Holder estimates of second derivative,

|”’c2,a(ﬁ) <C, (5.1)

where C and « depend on 7, (3, max®, min®, |®|~ and |¢|c. From (5.1), one also
o} o}

obtains C3*(Q)) estimates by differentiating Eq. (1.2) and applies the Schauder theory for
linear uniformly elliptic equations.

Applying the method of continuity (see [21]), the existence of the classical solution
holds. By the standard regularity theory of uniformly elliptic partial differential equa-
tions, we can obtain the higher regularity.

5.2 Proof of Theorem 1.2

By a similar proof of Theorem 1.1, we know there exists a unique solution uf € C3*(Q) to
(1.2) for any small e >0. Let v* =u®— \Kl)il f U, and it is easy to know that v° satisfies

arctanddv® = O(z) in Q,
1 5.2
D,(v*)= —sve—@ Qeu8+<p(z) on 0Q). 5:2)

By the global gradient estimate (3.12), it is easy to know esup |Du‘| —0. Hence there is a
Q

constant B and a function v € C2(Q)), such that
—eut—p, —ev*—0 —1/sus—>,8 v* =0
7 7 |Q’ Q 4 4

uniformly in C?(Q)) as ¢ — 0. It is easy to verify that v is a solution of

arctanddv=0(z) in Q, (5.3)

Dyv=B+¢(z) on o). '
If there is another function v; € C?(Q)) and another constant 8; such that

arctanddv; =@(z) in Q, (5.4)

DV(Ul):,Bl-f—(p(Z) on o). '

Applying the maximum principle and Hopf Lemma, we can know =1 and v—7; is
a constant. By the standard regularity theory of uniformly elliptic partial differential
equations, we can obtain the higher regularity.
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