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Abstract. In this paper, we consider the defocusing nonlinear Schrédinger equation in
space dimensions d >4. We prove that if u is a radial solution which is priori bounded in
the critical Sobolev space, that is, u € L;° H¢, then u is global and scatters. In practise,
we use weighted Strichartz space adapted for our setting which ultimately helps us
solve the problems in cases d >4 and 0 <s. < % The results in this paper extend the
work of [27, Commun. PDEs, 40 (2015), 265-308] to higher dimensions.
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1 Introduction

We consider the Cauchy problem for the nonlinear Schrédinger equation (NLS) in R; x R%
with d > 4:

(i0r+A)u=pululPu,
{u(O,x):uo(x). (D

In particular, we call the Eq. (1.1) defocusing when =1, and focusing when y=—1. In
this paper, we are dedicated to dealing with the defocusing case.
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The solutions of Eq. (1.1) are left invariant by the scaling transformation
u(t,x)n—))\%u(/\zt,)\x) (1.2)

for A > 0. This scaling invariance defines a notion of criticality. To be more specified, a
direct computation shows that the only homogeneous L2-based Sobolev space that is left

invariant by (1.2) is Hy', where the critical regularity s, is given by s, := % — %. We call the
problem mass-critical for s, =0, energy-critical for s =1 and intercritical for 0 <s. < 1.

With s, = % — % in mind, we will transfer from s, to p freely.

We proceed by make the notion of solution precise.

Definition 1.1 (Strong solution). A function u: I xRY — C on a non-empty time interval

. di2
0 €I is a strong solution to (1.1) if it belongs to CtHfC”(KXIRd)OLtE P(KxR?) for any
compact interval K C I and obeys the Duhamel formula

u(t):eimuo—i/otei(tS)A(|u|pu)(s)ds (1.3)

for each t € I. We call I the lifespan of u. We say that u is a maximal-lifespan solution if it
cannot be extended to any strictly larger interval. We say u is a global solution if I =IR.

Let u be a maximal-lifespan solution to the problem (1.1), a standard technique shows
that the [Ju|| #2,  <ooimplies scattering. That is [=co and there exists 1. € Hy (RY)
L2 "(IxRY)

such that

Jim [l (t) = e | e ey =0-

The above fact promotes us to define the notion of scattering size and blow up as
follows:

Definition 1.2 (Scattering size and blow up). We define the scattering size of a solution
u:IxR?*—C to (1.1) by

Si(u):= // u(t,x)| P raxdt.
IXIR

If there exists to € I so that Sy, qup1) (#) =0, then we say u blows up forward in time, corre-
spondingly if there exists to € I 50 that Sy, (4) = oo, then we say u blows up backward
in time.

The problem which we concern in this paper can be subsumed into the following
conjecture.
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Conjecture 1.1. Letd>1, p > %. Assume u: [ x R? — C is a maximal-lifespan solution to
(1.1) such that

ueLPH(IxRY), (1.4)
then u is global and scatters, with
Sw () < C([|ullpope) (1.5)
for some function C:[0,00) — [0,00).

Remark 1.1. When s, =0 or s, =1, (1.4) is true as a direct consequence of conservation
law. In particular, when s, =0, u € L°L2 is guaranteed by the mass conservation

M[u(t)] :/d |u(t,x) [2dx. (1.6)
R
When s, =1, u € L{H. follows from the energy conservation
_ 1 2 1 p+2
E[u(t)]_/]Rdeu(t,xﬂ (e (1.7)

Fors. ¢ {0,1}, (1.4) can not be deduced from any available conserved quantity and it is a
natural artificial assumption as a substitution of conservation law.

Before addressing our main results, we will make a brief review on the Conjecture
1.1. It is well known that in the critical case, the lifespan of solution depends not only on
the Sobolev norm but also the profile of the initial data, thus the fact that (1.4) implies the
solution u is global and scatters is not at all obvious.

In the energy-critical setting, the breakthrough was made by Bourgain’s monumental
work [1] in which he introduced the induction on energy method. Based on this method
and the space-localized Morawetz inequality, the spherically symmetric energy-critical
case was resolved in d =3,4. Subsequently, by using the same strategy and the modified
interaction Morawetz estimate, Colliander et al. [5] resolved the nonradial case in d = 3.
For further discussion about the defocusing energy-critical NLS, we refer to [13, 20, 28,
34-36]. For focusing case see [10,15,17].

For the mass-critical case, Conjecture 1.1 was primarily proved for spherically-
symmetric L2 initial data in dimensions d > 2, see [21,31]. By introducing long-time
Strichartz estimate method, Dodson in [6-8] settled the nonradial case. The reader may
turn to [9,21,22] for focusing setting.

The first work dealing with Conjecture 1.1 at nonconserved critical regularity is at-
tributed to Kenig-Merle [16] at the case d =3, sc = 3 by making use of their pioneered
concentration-compactness argument along with Lin-Strauss Morawetz inequality. Note
that no additional radial assumption is required in [16] due to the fact that Lin-Strauss
Morawetz inequality has a scale of . Murphy in [26] extended the result to d > 4.
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Now we focus on the case 0<s. < % In [27], under the radial assumption, Murphy han-

dled the case d=3, 0<s. <3 by using long-time Strichartz estimate method and frequency-
localized Lin-Strauss Morawetz estimate. However,it seems not work in higher dimen-
sions, especially d >5. To be more precise, following the approach in [27], one can obtain
the corresponding result of four dimensions effortlessly. To further generalize that to the
higher dimensions, however, is not at all trivial, since it’s tricky to establish long-time
Strichartz estimate due to the subquadratic property of the nonlinearity. To circumvent
the barrier, we exploit the spherical symmetry condition and adopt the strategy of using
weighted Strichartz norms as in [31]. The key observation is that one can formulate the
weighted Strichartz norm which scales exactly the same as the Strichartz norm of the crit-
ical regularity. In doing so, we are liberated from subtle technicality comes from nonlocal
nature of the fractional derivative thanks to the fact we place the weight and the deriva-
tive at the same height in the sense of scaling which can be exemplified by (3.12a), (3.12b).
It’s worth mentioning that by adapting the argument in this paper, one may recover the
result in [27] for 0<s. < % in dimension three. We shall clarify this issue at the appropriate
point.

For further discussion about Conjecture 1.1, we refer to [11,18,23,24].

Now we are in a position to state our main results.

Theorem 1.1. Let d >4, 0<s. < 3. Assume that u:1xR? is a spherically symmetric maximal-
lifespan solution to (1.1) such that u € L Hy (I x R?). Then u is global and scatters, with

SR(“)SC(H“HWH;C) (1.8)
for some function C:[0,00) — [0,00).

Adapting the argument in [3], one can obtain the local-in-time theory which serves as
a basis for the proof of Theorem 1.1.

Theorem 1.2 (Local Well-posedness). Let d and s, be in the Theorem 1.1, for any ug € H (R?)
and to €, there exists a unique maximal-lifespan solution u:1xRY —C to (1.1) with u(ty) =uo.
Furthermore

1. Local existence: I is an open neighborhood of to.

2. Blow up: If supl is finite, then u blows up forward in time. If infl is finite, then u blows
up backward in time.

3. Scattering and wave operators: If sup = oo and u does not blow up forward in time, then
u scatters forward in time. That is, there exists u € H*e (IR”’), so that

. itA ‘ _
tim [[u(£) — "1 | o) =01 (19)

Conversely, for any u. € H% (R?), there exists a unique solution to (1.1) defined in a neigh-
borhood of t = oo, such that (1.9) holds. The analogous statements hold backward in time.
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4. Small data scattering: If ||uo | s (re) is sufficiently small, then u is global and scatters, with

S2p
i (1) S 1l - -
Remark 1.2. To prove Theorem 1.2, one may first assume the initial data belongs to Hy" so
that the techniques in [3] applies and then establish Theorem 1.2 by using the following

stability lemma.

Lemma 1.1. Let d >4, I be a compact interval, and ii: I xR — C be a solution to the equation

(i0+A)ii=F (i) +e,
{ i1(0) = g € FI:. (1.10)
Suppose
il e (1xrey <E - and  |[il]] w2 <L,
Lt,x 2 (IX]Rd)
for some E,L > 0. There exists e1(E,L) such that if ug € Hy and
([0 =10 || ge + | [V [*ellnr) <e, (1.11)

for some small 0 <e<eq1(E,L), then there exists a solution u to the Eq. (1.1) with the initial data
ug and a constant 0 < c(d) such that
IV (u=a)llsqy <C(E,L)e, (1.12a)
11V [*ullsqy <C(E,L), (1.12b)

where the definition of S(I) and N(I) can be found in the appendix.

We present the details of the proof of Lemma 1.1 in the Appendix.
Now we can sketch the proof of Theorem 1.1.

1.1 Reduction to a critical solution

To prove Theorem 1.1, we argue by contradiction. Due to Theorem 1.2, we know small
initial data implies the theory of global existence and scattering. If Theorem 1.1 fails,
there exists a counterexample acting as a threshold. As a consequence of its criticality,
such counterexample must concentrate in frequency and physical space at the same time.
Further analysis shows that such special solution possesses a wealth of weird properties
that a solution should not have in general. Finally, we will show that such properties are
inconsistent with the structure of the Eq. (1.1).

Definition 1.3. For A >0, we define B(A) as follows
B(A)= {uo € H¥, radial:u:1xR? is a maximal-lifespan solution to (1.1) with

u(0)=up € Hy, then sup [|uys SA}~
tel
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Definition 1.4. We say SC(A) holds if for each ug € B(A), then =R and S;(u) < oco.
Similarly, we say SC(A,up) holds if up€ B(A), then =R and S;(u) < co.

In view of (1.4), to prove Theorem 1.1, it suffices to show that SC(A) holds for each
A > 0. Note that Theorem 1.2 implies SC(A) holds whenever A is sufficiently small.
Consequently, if Proposition 1.1 fails, there exists a critical value A. such that SC(A)
holds when A < A, but fails when A > A.. In particular, using concentration-compactness
method, we can obtain the following key proposition.

Proposition 1.1. Letd >4, 0<s,< %, if Proposition 1.1 fails, there exists a critical value A,
and a critical element ug, € B(A.) such that SC(A,,u,) fails. Correspondingly, we call
e I xRY the critical maximal-lifespan solution to (1.1) with u.(0) =uo,.

The derivation of Theorem 1.1 by now is standard. One can refer to [12,14,18,25-27]
for more details.

The critical solution u, in Proposition 1.1 enjoys plenty of additional properties, espe-
cially among which is its compactness (modulo scaling), see [14,25]. For brevity, in what
follows we abbreviate the critical solution u, as u.

Proposition 1.2. Let u: I xR be the critical spherically symmetric maximal-lifespan so-
lution to (1.1), for each 1 >0, there exists functions N: [ —R™", C:R" — R, such that

Jupag s Pasr [P a00FE <1, (1.13)

forall teI. We call N(t) the frequency scale function, and C(#) the compactness modulus
function.

Remark 1.3. 1. This definition is adapted to the radial setting. In the general case, one
should also take into account the translation. If we consider mass-critical case, one
more parameter should be added in (1.13) due to Galilean invariance of (1.1).

2. By the Arzela-Ascoli theorem, (1.13) can be rephrased as
{u(t):

“f(Ax):A€(0,00) and f €K}, (1.14)

2d
where Kis a precompact setin H*. By H% < L{ >, we know that u is also compact

(modulo scaling) in L{>* £ , that is

/x|> o, () [P dx <. (1.15)

(t)
3. We claim that there is a constant ¢ >0 such that

infu(t)]  >c. (116

X
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Otherwise, as L#2¢c norm is left invariant under scaling (1.2), there exists a sequence
—d+2s¢

{N(tn)Tu(tn,ﬁ) ity € I} such that

- Sc _2d
N(ty) " u(tn, N(xt )> —0 in L{. (1.17)
n

On the other hand, since N(#,) Ry (tn,ﬁ) is also compact in HS, we have

—d+2s¢c X .
— in H;¢ 1.1
N(t,) 2 u(tn,N(tn)>—>0 in Hy, (1.18)
which contradicts the fact that u blows up.
We emphasize that (1.16) has its analogue in Section 6 of [5] which says the potential
part must have lower bound. Further, from the compactness property, we may choose
c(n) sufficiently small such that

Ju

Next we will record more properties of the critical solution which will be used in what
follows.

IV Fu(tx) Pdx+

. &[5 |a(t,€)|*dE <. (1.19)
NG 8] <c()N(t)

Lemma 1.2 (Local Constancy [21]). If u: I xRY — C is the critical maximal-lifespan solution
to (1.1), then there exists 6 =6(u) >0 so that for all ty€ I

[to—(SN(tO)fz,to-f—(SN(to)*Z]CI. (1.20)
Moreover, N(t) ~, N(to) for |t—to] <SN(tg) 2.

Due to Lemma 1.2, we can subdivide the lifespan interval I into several characteristic
subintervals [, such that

I=UxJ, N(t)~N; when te], with |Ji] ~N; 2 (1.21)
The following result can be directly derived from Lemma 1.2.

Corollary 1.1. Let u: I x R? — C be the critical maximal-lifespan solution to (1.1). If T is a
finite endpoint of I, then N(t) >, |T—t|~'/2. In particular, lim; ,7 N(t) =co.

Finally we relate the frequency function N(f) to spacetime norm by the following
lemma.

Lemma 1.3 (Spacetime Bound [21]). Let u:I xIR?—C be the critical maximal-lifespan solution
to (1.1), for each interval | C I, we have

dZd
27 d-2
i Lx

/ N(E2dE <, |||V ul? <14 / N(t)2dt. (1.22)
J L ) ]

(JxR4
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Remark 1.4. Owing to (1.21), [,N(t)dt can be rewritten as follows:
JN(aE=CNR ~# 00,
k

the above formula indicates that the integral of [, N(f)?dt equals to counting the number
of the subintervals [, C I.

By rescaling argument, we can also ensure
N(t)<1 (1.23)

at least on the interval | which is one direction of maximal lifespan of u, say [0,sup(I)).
For the sake of exposition, we may harmlessly identify | as I. For further discussion,
see [31].

To prove Theorem 1.1, it suffices to show that the critical solution in Theorem 1.1 does
not exist. To this end, the paper is organized as follows: In Section 2 we will present some
basic tools. In Section 3, we will introduce the weighted Strichartz norm and the asso-
ciated Strichartz estimate. In Section 4, we will establish frequency-localized Morawetz
estimate, as a result, we will show that the weighted Strichartz norm of high frequency
portion of the solution u will stay bounded, the fact which we will apply directly to rule
out the critical solution. In Section 5, we will show that the frequency scale function N(¢)
can’t go to zero. Together with (1.23), ultimately we will preclude the critical solution in
Section 6.

2 Notation and some basic tools

We write X <Y or Y= X whenever X <CY for some constant C >0 and use O(Y) to denote
any quantity X such that |X| Y. If X SY and Y < X hold simultaneously, we abbreviate
that by X ~ Y. Without special clarification, the implicit constant C can vary from line to
line. We use Japanese bracket (x) to denote (1+|x|?) 2. We denote by X+ quantity of the
form X+ for any e > 0.

For any spacetime slab I xIRY, we use L{L"(IxR?) to denote the Banach space of
functions u: I x R — C whose norm is

1
q
el pop remey = | [ ()], dt ) <oo,
t x( ) I X

with the appropriate modification for the case q or r equals to infinity. When g =7, for
brevity, sometimes we write it as L‘Z,x. One more thing to be noticed is that without ob-

scurity we will use L] L7 with LL" interchangeably.
We define the Fourier transform on R? by

f= (27‘()’% /Rde’ix‘;‘f(x)dx,
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and the homogeneous Sobolev norm as

1N ks ray = NIV fll 2 me)s

where

[VIF(@) =g f(©).

Next we will present the Littlewood-Paley decomposition.

213

Let ¢(¢) be a radial bump function supported in the ball {¢ € R?:|¢| < 11} and equals

to 1 on the ball {¢€R¥: |&| <1}. For each number N >0, we define

Ponf (@) =o(3)f(@),
Pt (@)= (1-9(5))F(@),
Br@=(o( %) -o(35)) F(@),

with similar definitions for Py and P>y. Moreover, we define

Pym<.<n:=P<n—P<m,

whenever M < N. Also there are the following Bernstein inequalities for the Littlewood-

Paley operators:

IV FEP<nfllLe S N1 P<n flla S N°|[ £l s,
IP>nflls SNV EPoNflla SN[V £l
V= Pnflls SNF= I Puflls SN s,

1_1

1P<n flle SN | Pan fl1r,
1_1

1PN £l SNG ™| P f| 10,

where 1 <p<g<co.

Lemma 2.1 (Fractional product rule [3]). Let s >0 and 1 <r,r;,q; < oo satisfy % = %—i— q% for

j=1,2, then

IIVEGD ez S U IV Egl o + IV E A2 Mgl -

2.1)

We will also need the following chain rule for fractional order derivatives. One can

turn to [3] for more details.

Lemma 2.2 (Fractional chain rule). Suppose G € C'(C) and s € (0,1]. Let 1 <r <ry < oo and

1 < r1 <oo be such that %:%—1—%, then

VG @) SIG @l 1V FPul -

(2.2)
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When the function G is no longer C!, but merely Holder continuous, we have the
following chain rule:

Lemma 2.3 (Fractional chain rule for Holder continuous function [35]). Let G be a Holder
continuous function of order 0 <wa <1. Then for every 0 <s<a, 1 <p<oo,and > <o <1, we
have

VGl S el llp, 1917 (2.3)

2
provided %:%—i—% and (1-2)p1 > 1.

The classical Hérmander-Mikhlin theorem concerns about the sufficient condition re-
quired for a function to be an L? (1 < p < co) multiplier. We should adapt the usual one to
be suited for our case and present here the extension form with the power weights. One
can refer to [29] for further discussion.

Lemma 2.4. Let T be a Hormander-Mikhlin multiplier defined on tempered function f i.e.,

TF(E):=m(&)f(Z),

with its symbol m(¢) satisfying the following pointwise estimate
Vem (&) Salg] ™,

for every nonnegative multi-index .. Then for any 1< p < oo, and —% <s<d-— %, we have

1T fllz Sps 2P Fll 2 (24)
for all f such that right-hide side is finite.

Remark 2.1. In particular, the operator N~%|V|*P_y and N*|V|~*Psy are all Hormander-
Mikhlin multiplier, as well as the frequency localized operator Py, P> .

At the end of this section, we will record some fundamental tools. One can find details
in [31] and the materials therein.

Lemma 2.5 (Hardy-Littlewood-Sobolev Inequality). Let 1 <p,q<oo,d>1,0<s<d, and
«,B € R obey the condition

d
DC>—?,
d
p> 7
1§1+1§1+S/
p 19
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and the scaling condition

d d
oc+,8—d+s:—?—?.

Then for any spherically symmetric u:R* — C, we have
xlPeell Lt ety Sas 11611V P el ey (2.5)

Lemma 2.6. Iff:]Rd—>C,1<p<oo,O<tx<%,and N >0, then

1Py fll 1o ey S (N) 1) ™ f [ 0 e (2.6)

3 Weighted Strichartz inequality

Motivated by the work of [31] which handled the mass-critical case, we adapt the argu-
ment to tackle the case without conserved quantities. In practice, we introduce weighted
Strichartz norm suited for our case. To be more precise, we define [|u||g gs) and
[[1]| (1 x re) TESPectively as follows:

1+e 1—¢

[ullg(rxmrey=l1x|]" 2|V 2 +SC“"L§X(1xn{d)+H|V|5E”||L§°L§(1x1Rd)/

Lbe ol
[l v(rxray =[x 2 [ V]2 +SC”||L§X(1x1Rd),

where & > 0 is a sufficiently small constant depending on d and s.. By Lemma 2.4, we
obtain that corresponding Bernstein inequalities with respect to the norms |[u|g;«Re)

and [|ul|x(p.re)-

Lemma 3.1. For any s >0 and dyadic number N >0, we have

[V uanlsaxre) SN lu<nlls(rxre, (3.1a)
VI usnlsxrey SN [lusnlls(rxra), (3.1b)
VP unlinxmrey SN uanlnxrey (3.1¢)
| |V|75“>NHN(1x1Rd) §N75H“>N’|N(Ixmd)- (3.1d)

The association of ||ul[g(;«re) and [[u]|y(;«rey with Eq. (1.1) is illuminated by the fol-
lowing weighted Strichartz estimate and radial Sobolev embedding.

Proposition 3.1 (Weighted Strichartz estimate [33]). Let u,G:I x R?—C satisfy (id;+A)u=
G in the sense of distributions, then we have

]l 1xrey S 1 (0) | e (re) + Gl 1xme) (32)

forall tge 1.
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Using (2.5), we will get the following radial Sobolev embedding.

Lemma 3.2 (Radial Sobolev embedding). Let u be spherically symmetric and d > 4, then we

have

|||V|S”u|| 2 Sllulls.

X

Lemma 3.3. If u,v: [ x R? — C are spherically symmetric and d >4, then

_4
|||u|Hch||N§|||V|SCuI|EwZ£CzIIIVISvll 2 <IIIVISCMII
X

Proof. Casel:d=4, p=5=->1
By (2.5), we obtain

x|l SIIVI MH

4.
3
[' X

By the definition of N, (3.5) implies

2 2
[ul = ollx SV (Ju[=<0) |

L2L3

Continuing from (3.6), by Lemma 2.1, Lemma 2.2 and (3.3) we have

RHS of3.6) S|V [ul== || 4 |lo]
LooL2+SC 2

<|HVISCqu££z IV Pl 2ps

<H\V\S”MHEJ£Z [o]s.
CaseIl: d>5, p=75- <1
Ifo<s. < %, by the definition of N, (2.5) implies

oSl 7ol e,

Continuing from (3.7), by the Holder inequality and (3.3) we have

< u d—2s¢ 255 v
S PR

Sl IVISEMIIZJE; [o]]s-

2
= e [V Feoll i

(3.3)

(3.4)

(3.7)
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When

2(’517121) <s. < %, denoting 5= (s, — 2(‘5;21) )+, similarly by (2.5) we have

d— d—
|7 ol S [V (| hv)'tmﬂfz%' (3.8)

Continuing from (3.8), by Lemma 2.1 we have

RHS of (3.8)

= 4 4 =
< S s T hen S
ST O e e O
SV ules| o2 HIVISCUII ! +H|V!SCMHZ$£3|||VISUH P
To complete the proof, it suffices to show that
IVFlal=s] e SIVEFul 5. (39)

%
rLX

To this end, setting o= % +&, where £ is a sufficiently small positive constant (say, €= 21%).
Using Lemma 2.3 with « being replaced by d—izscf we have

IilEs=

ShlulP=e|

ul|? (3.10)

d
LT LooLP’
¢ L ¢ x

where p= 0 +s_)03d(s;172sc)pg, using Sobolev inequality we have (3.9). O

By the local well-posed theory, for example see [2], one has

[V ]Pull <o (3.11)
2 d 2
L2LE2 (JxRY)

for any compact interval | contained in the maximal lifespan interval I. As a direct ap-
plication of (3.4), we obtain the following result which, in some sense, can be viewed as
an extension of (3.11) in the weighted norm.

Corollary 3.1. Let u: I x R — C be a spherically symmetric maximal-lifespan solution to
(1.1) then

[[u]|(jxrey <oo  for all compact set JCCI.
Proof. Using (1.4), (3.2) (3.4) and (3.11), we obtain

_4
S(JxRY) TECUNIN
el ST ful == ul

SUTFUIEENTI ] g

f

< 0.

Thus, we complete the proof. O
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Next, we will give some refined nonlinear estimates which will be used to control the
nonlinear interaction.

Proposition 3.2 (Refined nonlinear estimate). Let u,v: I x RY — C be spherically symmet-
ric, then we have

1— 1, (d—2s¢)( l+s +¢) _1-e
11V] =0 (ju| 7o) [x S [V 4 C HZJEZHIV!( 2 tols, (3.12a)

1+€

1915 50|l 0) oy S |9 0| F5 9] 757550 (3.12b)

LeL2

Proof. By the definition of N and the Holder inequality and Lemma 2.5, we estimate
(3.12a) as

11915 = 0(jul =5 0)]|
1+ &
Sl (!uld*Zva)lngX

<H|x‘1+s+50’u‘ﬁ 1te

Hmw||IX\*T*SCUHL2L§+
t

(d—2s¢) l+sc+€

E (d—2s¢)(1+sc+e) s 75
<lvie H}foszll =2 o5,
Similarly for (3.12b), we have
119712 =0 (|u] 7= 0) |
1+£ 4
Slixl F o(lulm=0)]| 2.
<llu m X 1+sv
i L
L = e e
SIvIE HLJLzH!V! e s,
Thus, we complete the proof. O

Remark 3.1. (3.12a) is very useful when u is low frequency and v is high frequency, as it
transfers plenty of derivatives from high frequency to low frequency via the appropriate
distribution of weight.

4 Frequency-localized Morawetz estimate

In this part we will primarily establish the following frequency-localized Morawetz in-
equality.
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Proposition 4.1 (Frequency-localized Morawetz estimate). Let d >4 and u: [ xR? — C
be the critical spherically symmetric maximal-lifespan solution to (1.1) which obeys (1.4),
(1.23), then we have

. 25, ]Vu<N tx
lim N //Rd AT [Vuan(t2)P 0, 4.1)

To prove Proposition 4.1, we will first exploit some nontrivial facts about the critical
solution u.

Lemma 4.1. Let u:1xR? —C be the critical spherically symmetric maximal-lifespan solution to
(1.1) which obeys (1.4), (1.23). Then for each 6 >0, we have

. 1
I\lllzgo<H‘V‘SCM>N||L?°L%(I><]R‘1)+Z\]9H’v‘6+scu<NHLf°L§(I><JRd)> =0. (4.2)
Proof. By (1.13) and (1.23), we have that
3 Sc —
Z\IIIE;OH’V’ ”>NHL;>°L§—0-

Now we turn to proving the second term, we split u<y as u<n:=u_ ;+u, 5o - then
by Bernstein inequality, we have
0+ c
W” V[T “<NHL<;°L§

’9+Sfu

1
SWHW <m”Lﬁ°L§+WH|V’9+S”“mg,<N||L§°L§

1
5@ 1IVPu_ mllier VU ge onllier
—0 as N —oo.
Thus, we complete the proof of the lemma. O
In view of this Lemma 4.1, we can reformulate Proposition 4.1 as follows

Theorem 4.1 (Frequency-localized Morawetz estimate I). Let d>4,0<#<1,and u:I xIR¥ be
the critical spherically symmetric maximal-lifespan solution to (1.1) which satisfies (1.4), (1.23).
Then there exits 6 > 0 with the following property: given any N >0 such that

IV usnll o2 I><]Rd)+N9 |||V|9+5C”<N||L°°L2 (IxRY) <O, (4.3)

we have

2s. |Vuon(t,x)|?
N[ SN N i< (4.4)
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By scaling invariance of the Eq. (1.1), we may choose N =1. By a limiting argument,
we may then take I to be compact. Indeed, observe that by Corollary 3.1, the left-hand
side of (4.4) varies continuously on I and goes to zero when I shrinks to a point. Thus,
by standard continuity argument, it suffices to show the following bootstrap version of
Proposition 4.1.

Proposition 4.2 (Frequency-localized Morawetz estimate II). Let d >4, 0 <7y <1, and
1u:1xR? be the critical symmetric solution to (1.1) which satisfies (1.4), (1.23). Then there
exits 6 >0 with the following property:

IV FPupi|l o2 (1 xmey + | ‘V\9+S”“10HL7°L§(1de) <9, (4.5)

where uy;:=u>1 and u;, :=u-q, such that we also have bootstrap hypothesis: if

|V, (t,x)]
< .
Qr: //Rd i [Vuo(b0)P ) o 2, (4.6)
then we have
Qr<y.

In order to prove Proposition 4.2, we will primarily establish the corresponding esti-
mate for low and high frequency portion of the solution u.

Lemma 4.2 (Low and high frequency bound). Under the conditions of Proposition 4.2, we
have the following estimates:

]+£
[1V]2 ulo”s(IxIRd)fﬁl/zr (4.7a)
Vol a1 <n'’?, (4.7b)
12087207400 ([ Rd)
4
([nill s(rxrey S6+672¢, (4.7¢)

where eo(d) >0 is sufficiently small.

Proof. From the definition of §, Lemmas 3.1 (4.5) and (4.6) we derive (4.7a) by choosing &
sufficiently small. (4.7b) comes from (4.7a) and (2.5). Indeed, by Lemma 3.1 and choosing
go sufficiently small, we have

1+e
< 5 +scteo
IVl sty SV 00l g

By (4.7a) and (2.5), we get (4.7b).
Now it suffices to prove (4.7c). We denote Py; := P~;. Obviously

(i0t+A) Pyiu = Py F(u).
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By Strichartz estimate (3.2), (4.5) and splitting Pj,;F(u) into
PyiF (1) = Py F (1) + P (F (u) = F(u3,) ),
we have
[nills SO+ PriF (1) |
S0Pl 75 [ttt Pl 75 g =+ o =5 [ -
For the fourth term of (4.8), from Proposition 3.4 and (4.5) we have

_4
d—2s¢

_4 _4
ot | 7725 [una [ S TV Femnil| foory ltnills S 672 ([ uanils-

For the third term of (4.8), by Lemma 3.1, (3.12a) and (4.5), we have

_4
| Pri (| 10| =2 |ups] ) |

I-e_ _4
ST 7% (| 72 g |

d_ (d=2sc)(1+scte)y 4 1—
v uonZ;ngIIVI( AR TP

4
SOT= ||upi[s.-
For the remained term of (4.8), by Lemma 3.1, (3.12a), (4.5) and (4.7a) we have

_4
[ Phi (faaso| 725 [V 0|} | v
JE 4
Sl = (o 72 [ Vg ) 2,

d_ (d—2s¢)(14sc+e)
2

_4
4 )_”lo H Lot

1=
SV 2 g [ls )|V 112

Putting all these together, we obtain

_4
[nills S (6072 ) (1+ [[upills ),

221

(4.8)

(4.9)

by Corollary 3.1, we know ||uy,;||s < co, after reorganizing the term, we finally derive that

_4
HuhiHS(IX]Rd) 55+5d—zsf_

Thus, we complete the proof.

O]

With the above preparation, we are now ready to prove Proposition 4.2. First we need

the following particular form of Morawetz inequality which can be found in [31].
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Lemma 4.3 (Morawetz inequality). Let | be an interval, let d >3 and let ¢,G:] x R? —C solve
the equation

i0;p+Ap=F(¢)+G.

Let e> 0. If e is sufficiently small depending on d, then we have

/ /W (’4) t:fif |¢<|;; + 'vg(;{fg”z) doxdt

NestlgﬁHIVW(tIX)lng (4.10)
+ /] /IR G (1,)|[Vp(t )|l 4.11)

1
+ /I /}R G0 (80)d. 4.12)

Proof of Proposition 4.2. Let Pj,:=P1, we substitute ¢ with ¢=uy,, then the corresponding
G equals

G:= PZOP(L{) —F(Plou).

Using Bernstein inequality and (4.5), we conclude that

|V, (t,x)]| |41 (%)
//Rd e [V (b 0P ) i<, 5+/I/Rd\G(t,x)|<|Vulo(t,x)|+<x>> dxdt.  (413)

Note that by Lemma 2.6

//w IXI”E ddt<//]Rd 1+e [Vt 0P, o

it suffices to estimate
// IG(£,%)] <]Vulo(t,x) I+ W”‘”) dxdt <o,
1JRd (x)

where c is a given constant to be chosen later. By the Holder inequality and (4.7b), we
estimate

/ / IG(t,%) ||Vt (£, %) dxdt
IJR4
SIG] HVuon 2

Lt L d—2(1-¢()

2 d+2(

1
<1
NWZHG||L$L5+2<217QO>'
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In dimension d > 4, by the Holder inequality, (2.5) and (4.7b) we have

u tx u
// (Gt x) Mt X)] ’0 1PN Gl Mo .
(x) 0] (x) L7
<p2 G . 4.14
S @14
Thus it is reduced to show
< (o
HGHLzLWdH Syt (4.15)
We split G into
G::PIO[F(L{)_P(”IO)] _Phl(F(”lo))
We can show (4.15) via
, T M .
IOl 5+l N NP o
4 4
S ProO (i 1110|775 + g |72 | _u (4.16)
LZL +2(1 SO)
+HVPhiF<”lo>HL2L7d+2(2d o (4.17)

For (4.16), by (1.4), Sobolev embedding, Lemma 3.1, (4.7c), Bernstein, we estimate as

4 4 .
(4.16) SOl e |75 + 75N | SIVul R ]
2Lyt f- L2L7
<5+ o5,
Hence, it is remained to prove
4
|||V”lo‘|”lo‘d7255 || 7 <6°.
%LX+2(1750)
From (4.6) we have
_lie 1
1% 7% Vo[l 2, S172, (4.18)

and by radial Sobolev embedding (2.5)

1
IV Vsl 2ps S 11212 Vil 2 S, (4.19)
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for some g= (i(f{fi )+, s=(%— 2+ 1) — By Bernstein we conclude that

1
IVttgo]| 219 S172- (4.20)
By the Holder inequality, we get

4 o
9l 0 e S0l

2d(d—1)p

for some r = 2(1—e0)([d—1)+d(1—¢)

—> 75 25 By (4.5), we have
w10l Lorr S 6.
Combining the estimate for (4.16) and (4.17) we have

IGl 2 Syo+6T%. 4.21)
LzLd+2( €0)

Now we can choose ¢ = min{l,d%sc} and 6(n) sufficiently small, then we complete the
proof. O

Remark 4.1. In order to use (2.5) in (4.14), we should ensure that m < d which

requires d > 4. For d =3, one can adapt the argument in [31] to bypass the obstacle, we
omit the details here.

Corollary 4.1. Letd >4, and u:I x R? — C be the spherically symmetric maximal-lifespan
solution to (1.1) which obeys (1.4), (1.23) then

Jim [usn s+ i V17 Vuanls| =0 (422)
In particular, for any N >0 being a dyadic integer, we have
HM>1\1H3-|-I\[1+£ H]VFTVMQ\]HS <oo forall N>O0. (4.23)

Proof. (4.22) comes from (4.7a), (4.7c) and the scaling invariance of the equation. Now we
use (4.22) to prove (4.23). Since (4.22) implies (4.23) for N is sufficiently large, it suffices
to show that (4.23) also holds for N is small. We may assume Ny such that N > Nj

||u>N||s+N1+g IV~ Vuenls <1. (4.24)
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For any N < Ny, we have

lusnlls =[[usnolls + [ un<.<nolls
S+ Y lumlls

N<M<Ny
S+ Y MV F s
N<M<Ny
Si+0) 1
N<M<Ny
<00,
and
No) ¥ 1
1ie lte
91 ¥ el 5 (50) g N9 1F ey s <o
NZ
0
Thus we complete the proof. O

5 The non-evacuation of energy

In this part, we will prove that the energy can not evacuate from high frequency to low
frequency by showing that N(t) has a lower bound.

Proposition 5.1. Let d >4, and let u: I xR? — C be the critical spherically symmetric
maximal-lifespan solution to (1.1) which obeys (1.4), (1.23). Then

ltIElfN(t) > 0. (5.1)

Assume for contradiction that we have a critical solution 1 : I x R — C obeying (1.4)
and the hypothesis (1.23) but such that

infN () =0,
tel

we will obtain the following fact:

Lemma 5.1. Under the conditions of Proposition 5.1, we have

limsupN%_sfHu2N|]5<oo. (5.2)
N—oo

Proof. Let 77 >0 be a small number to be chosen later. By (4.22), there exists Ny >0 such
that
1
itz s+ 19179 2 s S 53)
0
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By scaling invariance, we may assume Ny =1, thus

V|92 4|15 <y, (5.4a)
us1lls <7 (5.4b)

We claim that:

Claim 5.1. For any given ¢ >0 such that
|usnlls <yN~G=9/2%% 5 forall N>1, (5.5)
then
HuZNHggin’(g’*g)/Z*sf—l—g forall N>1. (5.6)
Assuming the claim, by iterating the above procedure, we will conclude that
lusnlls <HN~2F5  for all N>1.

Now we are dedicated to proving the claim. Indeed, by choosing 0 < 4§ <# such that (5.5)

holds. Furthermore, we can take a dyadic number Ny > 1 such that 17N(; s ~ 0, then
lusnlls SHN"Z % forall 1< N <N, (5.7)
and
>Ny [s <O (5.8)
Let N >1, applying P>y to both sides of (1.1) we have
(i0¢+A)us>n=P>NF(u). (5.9)
Hence, by weighted Strichartz estimate (3.2) we have
lu=nlls SNV un(to) |z +[[P>nF () |y, (5.10)
for any ty € I. As infic; N(t) =0, we have
g}f;fl\”v\s”“zN(fo)\\ngo- (5.11)

Thus

lusnlls SNIPonF (1) || (5.12)
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We split F(u) as
4 4
F(u)=F(u<ny) +O0(|usny | ([ |75 +[Paqu<n,|72))
e 4
+O([usny | ([us1]72 +[Poqu<n, [72)).
So that we have
4
RHS of (5.12) S| P> N O (Jus Ny | ([u>1 |+ Po1<ng ) 72 ) |

_4
+[[P>NO([usn | (Jte<1 |+ Porti<ng|) 72 ) | v
+IP>NF (u<ny) llov-

By (3.4), (5.4b), (5.8), we have
IPoNO (|1, 121|751
<|||u>No|ru>1rﬁ||N
SV Fus 5 syl
Sy,

The other term in (5.13) is estimated similarly.
For (5.14), by Lemma 3.1, (3.12a) (5.4a) and (5.8) we obtain

_4
||P>N(9(’M>NO||”<1|‘1’ZSC BN

shiv)= SCO(\M>N0Hu<1!“”)HN

(d— Zsc)(1+>c+£))_ 1—
4

(4— - 1
SIv u<1IIZ;ZEIHVI s ls
Sy,

The other term of (5.14) is estimated similarly.
For the (5.15), by Lemma 3.1 and (3.12b)

_3=¢ Lte
IP>NF (1) e SN[ 7 O (July Virany Dl 2,

7& 1+£ 1—e _lte
SNTZ V] F san [ V7 7P Wiy 5.

Since by (5.4a) and (5.7) we have

Sn+n Y, M ]?M
1<M<Np

L 1te L
1V €“<N0HL‘;°L§§H’v’ 2€“§1HL§°L§+ Z |HV| SuMHL?"LE
<M<
3¢
2

N UL

227

(5.13)

(5.14)
(5.15)
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and
e 1y
IV P50V s
SIVIE e BVua s+ 30 (V55 T
1<M<Np
N bal| Z M%*Sﬁﬁ(sc*%)MM*?ﬂc
1<M<Ny
-
Thus
_3e
1P NF (ang) [l SnPyN—"2 7. (5.16)

Combining the separated parts contributed to ||u~n/||s, we have

lusnlls SnP(IN~Z % +48)  for N>1. (5.17)

By choosing 1 sufficiently small, we complete the proof. O

Proof of Proposition 5.1. Now we can illuminate that inf;c; N (f) =0 is incompatible with
energy-conservation. In fact, by (5.2), for sufficiently large N, we have

|V Pyl SNT'F, (5.18)
and for each dyadic number N
HVPN“HLfL;SJNPSC- (5.19)
Thus, by choosing M sufficiently large
Vil oz SIVucp ez + 1 Vupi< cmllierz H I Vs mllierz,

as inf;e;N(t) =0, we may choose a time sequence {t;} € I such that N(t;) — 0, and by
dominated convergence theorem we conclude that

IVu(t) |2 —0 as N(t)—0.

By interpolation

I\u\ng+z§|!u!|3Tpl|ul\}if§|||V|Sfu||i§||Vu|{g9—>0 as N(t;)—0, (5.20)
where 0 < 6 <1.Thus
1, 1
E(u)= [ = —|ulPt? ‘ . 21
(u) /2]Vu|+p+2|u\ dx—0 as N(t;)—0 (5.21)

By the energy conservation law of (1.1), (5.21) implies that « =0, which is impossible.
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6 Rule out the critical solution

Theorem 6.1. Let d >4, and let u: I x R — C be the critical maximal-lifespan spherically sym-
metric solution to (1.1) which obeys (1.4), (1.23). Suppose that u is not identically zero, then I is
bounded.

Proof. By (1.13) and the fact that N(¢) has lower bound, we may choose N sufficiently
small such that

NV IFFusnl 2 21, (6.1)
L

then integrating with respect to the time variable over the interval I, we have
1
=S VNl

dZd .
27 d-2
tLX

By (4.23) and (3.3), we know |||V |*u~n/| , 2 <o, which implies |I] < co. O
1208

X

Theorem 6.1 means that u blows up in finite time, thus by Corollary 1.1, N(t) does
not have upper bound in I, which is inconsistent with (1.23).

Appendix
In this part, we dedicate to proving Lemma 1.1. First we recall the definition of Strichartz
norm and Strichartz estimate.
Definition 6.1 (Admissible pair). Let d >4, we call a pair of exponent (g,7) admissible if
2 1 1
- —— i <g<oo. .
d(2 r) with 2<g<o0 (6.2)

q

For a time interval I, we define Strichartz norm S(I) as

[[ullsr) :=sup{ H“HL?L;(MRd) :(q,r) admissible}. (6.3)
We also define the dual of S(I) by N(I), we note that
lullngy S ||u||L?/L;,(IX]Rd) for any admissible pair (g,7). (6.4)
Proposition 6.1 (Strichartz estimate). Let u:1 x R? — C be a solution to
(io¢+A)u=F (6.5)
and let s >0, then
VP ullsry S M)l g + VI Flin, (6.6)

for any tg e I.
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In the proof of Lemma 1.1, we need the following result. One can carry over the proof
of Lemma 3.4 in [35] verbatim.

Lemma 6.1 (Persistence of regularity). Let I be a compact time interval, and u be a solution to
(1.10) obeying

luell a2 <M, |[IV[*ellnn <L<1, (6.7)

Lt,x z (IXIRd)

then we have
1V *ullsmy < CM)|Juo | gse- (6.8)

In what follows, we denote
2(d—2sc+2) 2(d—2sc+2)
X(I):=L 709, 2 ([xRY),

2(d—2s¢+2) 2(d—2sc+2)

Y(I) — Lt(d+4—2s,;)(1—sc) Lxd—255+4 (I % Rd>,

2(d—2sc+2) 2d(d—2sc+2)

X/ I = L (d—2sc)(1-sc) HSC/ d2+456*45% I X Rd ,
t

2(d—2s¢+2) sc) 2d(d—2s¢+2)

Y/(I) = Lt(d+47255)(]—sc) Hx d2+4d74sg+4sc (I % Rd).
Obviously, we have X'(I)— X(I), Y'(I) = Y(I).

Remark 6.1. The reason we choose the particular form of X(I) and Y(I) stems from the
following fact: by dispersive estimate and Hardy-Littlewood-Sobolev inequality we can
obtain relatively neat nonlinear estimate

[
H/ ¢ [P u(s)ds
0 X(1)

1
SulPullyy S Nl (6.9)

Next we will present some nonlinear estimates.

Lemma 6.2. Let F(u) = |u|Pu for some p >0 and let 0 <s <1. For 1 <r,rq,ry,00 such that

1_1.,p
r—rl+72,wehave

IV Qut+0) = @)l SNVl g ol + 1V Eoll g lutollfn. (6.10)

Lemma 6.3. Let d >4, then with spacetime norms over I x R?, we have

IE @)y Sllull e h (6.11a)
4 4
¢ _ _ d—2s¢ X d—2sc _ .
[V [ [F (u) F(v)]HL;Ld% Sllu=oll5 5 ollse +ully by 1 =ollsery- (6.11b)

X
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Proof. (6.11a) comes directly from the definition of X(I) and Y(I). (6.11b) from Lemma
6.2. O

In order to prove Lemma 1.1, we primarily establish the short-time perturbation re-
sult.

Lemma 6.4 (Short-time perturbation). Let d >4, I be a compact interval, ii: I x R? — C be
solution to the equation

{ (id+A)a=F(i1)+e,
1(0) =il € H*.

Suppose
HﬁHLwa(leRd) <E.

Let 0 € I and ug € Hy (R?). Then there exits e9,6 > 0 (depending on E) with the following
properties hold: 0 <e <eg, if

lllxy <6, lluo—doll g +llellyrry <e, (6.12)
then there exits u: I x R? — C solving

(iop+A)u=|ulPu with u(0)=uo,

satisfying
NV (u=)[sr) <€ (6.13a)
11V [*ullsy SE, (6.13b)
IV (P —[la) | ey S € (6.13¢)

where c >0 is a given constant.
Proof. First, we show that [[u[|x;) $6. Indeed by Duhamel formula (1.3)
HeitAﬁOHX(z) Sl x oy +IF @) [y ry + llelly
<opottam L. (6.14)
By (6.12) and triangle inequality we have
lle™ o x(1) S 6. (6.15)
Then using Strichartz estimate (6.9) and (6.11a), we have

4
1+d72sC

letllxry SO+ NF @) by SO+ [lull )
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By continuity argument we have ||u||x) <9
We let w=1u—1ii, thus w satisfies

(i0¢+A)w=F(u)—F(ii)—e, w(0)=uy— 1. (6.16)
By Strichartz estimate (6.9) we have
leoll x(ry Slle™e0(0 )Hx +lle ”Y +F () =F(@)lya)
Se+{llall iy 2” Hlullx 5y =  Hiwllxa
Seto7 Hwau)
Thus by choosing J sufficiently small, we have
|wl[x) Se (6.17)
By Strichartz estimate and (6.12) and (6.11b), we have

IV Fewlls(ry Slluo—= o]l e + llelly(ry + IV [F(u) = F@)]| 2w

d+4
fo

4
Se+lIVIeallsq HWHX“ﬂLIHVISWHS loell 7y -

By (6.12) and the persistence of regularity results, we have |||V[*i| s < C(J)E. For
(6.13b), by (6.13a) and Strichartz estimate we have
IV Feullsqy
<€C+|||V|5Cﬁo|le+||(|ﬂ|pﬁ)||w(1)+||6||w(1)

Se+E+ |l 5y 2SCIIuIIX/

<€ +E+C(S)E
<E.

Now (6.13c) can be deduced from Lemma 6.2 and (6.13a). O

Proof of Lemma 1.1. First note that [|7|| @2,
Lt,x : (IX]Rd)

have |[|it[|x(;) SC(E,L). Then we may subdivide I into (finitely many, depending on ¢ and
L) intervals Ji = [tk ;1) so that

<L, by the persistence of regularity, we

1]l x (1)~ 9, (6.18)

then we can use the short-time perturbation results and bootstrap argument to obtain
Lemma 1.1. H
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