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Abstract: We study in this article the compressible heat-conducting Navier-Stokes

equations in periodic domain driven by a time-periodic external force. The existence

of the strong time-periodic solution is established by a new approach. First, we

reformulate the system and consider some decay estimates of the linearized system.

Under some smallness and symmetry assumptions on the external force, the existence

of the time-periodic solution of the linearized system is then identified as the fixed

point of a Poincaré map which is obtained by the Tychonoff fixed point theorem.

Although the Tychonoff fixed point theorem cannot directly ensure the uniqueness,

but we could construct a set-valued function, the fixed point of which is the time-

periodic solution of the original system. At last, the existence of the fixed point is

obtained by the Kakutani fixed point theorem. In addition, the uniqueness of time-

periodic solution is also studied.
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1 Introduction

In this paper, we prove the existence and uniqueness of the strong time-periodic solution to

the Navier-Stokes equations for compressible heat-conducting fluids:

ρt + div(ρu) = 0, (1.1)
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ρ(ut + (u · ∇)u) +∇P (ρ, θ) = µ∆u+ (µ+ λ)∇divu+ ρf(x, t), (1.2)

ρCν(θt + u · ∇θ) + θPθ(ρ, θ)divu = κ∆θ + Φ(u), (1.3)

when the external force is time-periodic with T -period

f(t+ T, x) = f(t, x)

for all t, x. Here, ρ(x, t), u(x, t) = (u1, · · · , un)(x, t), θ(x, t) represent the fluid density,

velocity and temperature, respectively. t ∈ R is the time and x is the spatial variable

confined to Ω ⊂ Rn with n ≥ 3. P (ρ, θ) is the pressure which is a smooth function of ρ, θ.

µ, λ are the viscosity coefficients which are assumed to satisfy the physical restrictions

µ > 0,
n

2
λ+ µ ≥ 0.

The constants Cν and κ are the heat capacity at constant volume and the coefficient of heat

conductivity. The classical dissipation function Φ(u) is given by

Φ(u) =
µ

2

n∑
i,j=1

(∂iuj + ∂jui)
2 + λ

n∑
j=1

(∂juj)
2.

Throughout the paper, we consider Ω := [−L, L]n. Let the density and the temperature

satisfy the obvious physical requirements∫
Ω

ρdx = ρ̄ > 0, θ|∂Ω = θ̄, (1.4)

where ρ̄ and θ̄ are given constants. Assume that the external force

f(x, t) = (f1, · · · , fn)(x, t)
is spacial periodic with period 2L and satisfies

fi(Yi(x), t) = −fi(x, t), fi(Yj(x), t) = fi(x, t), ∀ i ̸= j, (1.5)

for all i = 1, · · · , n and t ∈ R, where

Yi[x1, · · · , xi, · · · , xn] = [x1, · · · , −xi, · · · , xn].

These conditions are to ensure that the Poincaré inequality holds. In fact, we can consider

the following no-stick boundary conditions for the velocity:

u(t, x) · n(x) = 0, [Du(t, x) · n(x)]τ = 0 on ∂Ω ′, (1.6)

where n(x) denotes the outer normal vector and [w(x, t)]τ is the projection of a vector w(t, x)

on the tangent plane to ∂Ω ′ at the point x. In the n-dimensional case and the boundary

is flat, (1.6) means that the vorticity is perpendicular to the boundary. For the physical

background as well as further properties of flows on domains with frictionless boundary, we

refer to [1]. To simplify the presentation, we restrict our attention to a particular class of

spatial domains, specifically, we assume that Ω ′ is an n-dimensional cube:

Ω ′ = [0, L]n.

Then, the boundary conditions (1.6) read as

ui = 0

on the opposite faces

{xi = 0, xj = [0, L], i ̸= j}
∪
{xi = L, xj = [0, L], i ̸= j},

∂uj

∂xi
= 0
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for i ̸= j on the opposite faces

{xi = 0, xj = [0, L], i ̸= j}
∪

{xi = L, xj = [0, L], i ̸= j}
for all i = 1, · · · , n. Thus, a suitable function space framework is provided by the spatially

periodic functions, i.e., the unknown functions are prolonged on the periodic domain Ω with

the following geometrical conditions:

ρ(Yi(x), t) = ρ(x, t), θ(Yi(x), t) = θ(x, t), (1.7)

ui(Yi(x), t) = −ui(x, t), ui(Yj(x), t) = ui(x, t), ∀ i ̸= j, i = 1, · · · , n, (1.8)

where

Yi[x1, · · · , xi, · · · , xn] = [x1, · · · ,−xi, · · · , xn].

Therefore, it is worth to consider the external force with some structural condition (1.5).

Now, we are able to state the main result of this paper.

Theorem 1.1 Let m ≥
[n
2

]
+ 1, n ≥ 3. Assume that P (ρ, θ) is a smooth function near

(ρ̄, θ̄) satisfying

Pρ(ρ̄, θ̄) > 0, Pθ(ρ̄, θ̄) > 0.

If the T -periodic external force f ∈ L2(0, T ; Hm(Ωn)) satisfies the geometric condition (1.5)

with ∫ T

0

∥f∥2Hmdt ≤ η,

η appropriately small, then the problem (1.1)–(1.4) admits a unique T -periodic solution

(ρ, u, θ) satisfying (1.7)–(1.8) and (ρ− ρ̄, u, θ − θ̄) ∈ Xδ, where Xδ is defined in Section 2,

δ = η
1
4 .

As is known, time-periodic flow is one of the interesting phenomena in fluid mechanics.

In the recent years, there has been lots of interest in the study of the time-periodic problems

for fluid dynamical equations. A number of existence results on time-periodic solutions

have been established in different ways. For the case of the incompressible Navier-Stokes

equations, we only refer to [2]–[7] and reference cited therein.

For the case of the compressible Navier-Stokes equations, Feireisl et al. considered the

Navier-Stokes equations for isentropic flows, and studied the no-stick boundary condition

and the spatially flat boundary case (1.6) in three dimension (see [8]–[9]). By using the

Faedo-Galerkin method and the vanishing viscosity method, they obtained the existence of

weak time-periodic solutions. In [10], Cai et al. improved the result of [9] by extending the

class of pressure functions. With similar ideas and techniques in [9], Yan[11] constructed a

weak time-periodic solution of ferrofluids driven by time-periodic external forces.

On the other hand, we mention the work on the strong time-periodic solution of the

compressible Navier-Stokes equations in a bounded domain. In [12], Valli established the

existence of a strong time-periodic solution in a bounded domain with non-slip bound-

ary condition by using Serrin’s method. He also proved the stability of the time-periodic

solution. For a spatially periodic domain, Jin et al. obtained the existence of a strong time-

periodic solution to the three dimensional compressible Navier-Stokes system by employing
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the topological degree theory and energy method in [13]. Also, Cai et al. considered the

compressible magnetohydrodynamic equations in [14]. For three dimensional compressible

damped Euler equations in a periodic domain, Tan et al.[15] have proved the existence and

uniqueness of a time periodic solution by adapting a regularized approximation scheme and

applying the topological degree theory.

While for the whole space, Ma et al. showed that a strong time-periodic solution exists

when the space dimension n ≥ 5 under some smallness assumption in [16]. They proved the

existence and uniqueness of the time-periodic solution by applying the energy method and

the spectral analysis of the optimal decay estimates together with the contraction mapping

theorem. In the past few years, Jin et al.[17] have investigated the compressible Navier-Stokes

equations in R3 when external force satisfies the oddness condition. They have established

the existence of a strong time-periodic solution by using the topological degree theory.

Without symmetry of the external force, Jin[18] also showed the existence and uniqueness of

the time-periodic solution of the non-isentropic Navier-Stokes equations in R4. Meanwhile,

by the spectral properties, Tsuda et al.[19]−[21] obtained a time-periodic solution for the

small time-periodic external force when the spatial dimension is greater than or equal to 3.

Moreover, they obtained the asymptotically stability of the time-periodic solution.

To our best knowledge, there are only a few works on time-periodic solutions of the

non-isentropic Navier-Stokes equations. In this paper, our goal is to seek a strong time-

periodic solution around the constant state (ρ̄, 0, θ̄) to the problem (1.1)–(1.4) by adopting

a different approach. First, we reformulate the problem and give some energy estimates

of the linearized system. Then, we construct a Poincaré map from an initial value Φ to

the state U(T, Φ), where U(t, Φ) is the solution of the linearized system corresponding to

the initial data Φ. Under some smallness and symmetry assumptions on the external force,

the existence of the time-periodic solution of the linearized system is identified as a fixed

point of this Poincaré map by using the Tychonoff fixed point theorem. From the details of

the proof, we can see the solution with some special initial data in a convex hull is exactly

the time-periodic solution of the linearized system. Although the Tychonoff fixed point

theorem cannot directly ensure the uniqueness of the time-periodic solution of the linearized

system, we could construct a set-valued function, the fixed point of which is the time-periodic

solution of the original system. The existence of the fixed point of the set-valued function

is obtained by the Kakutani fixed point theorem. At last, we prove the uniqueness of the

time-periodic solution.

Comparing with the previous result in [13], the regularity of the external force needed

in our paper is lower. This difference is caused by the method. The authors in [10]–[13]

first reformulated the problem and add a regularized term. They obtain the existence of the

time-periodic solution by using a mild form. To obtain the existence of the time-periodic

solution of the linearized system, we study a bounded solution with trivial initial data. This

idea is from the Massera type criteria for linear periodic evolution equations [22]–[23].

The rest of this paper is organized as follows. We reformulate the problem and give some

preliminaries in Section 2. In Section 3, we prove some energy estimates for later use. And
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the proof of Theorem 1.1 is given in Sections 4 and 5.

Notations Throughout this paper, we will omit the variables t, x of a function if it

does not cause any confusion. We denote the spatial integral on Ω by

∫
dx for simplicity.

Moreover, C denotes a generic positive constant which may vary in different estimates.

Ca, b, ··· > 0 is also a generic constant which depends on a, b, · · · . For a multi-index α =

(α1, · · · , αn), it is standard that

∂α
x = ∂α1

x1
∂α2
x2

· · · ∂αn
xn

, |α| =
n∑

i=1

αi.

The norm of Hilbert space Hs(Ω) is denoted by ∥ · ∥Hs . And we use Lp(Ω), 1 ≤ p ≤ ∞ to

denote the Sobolev space with norm ∥ · ∥p.

2 Preliminaries

We reformulate the equations (1.1)–(1.3) as follows. Let σ = ρ− ρ̄, v = θ − θ̄. The system

(1.1)–(1.3) can be rewritten as

σt + ρ̄divu+ u∇σ = G1(σ, u), (2.1)

ut − (µ̄∆u+ (µ̄+ λ̄)∇divu) + γ1ρ̄∇σ + γ2ρ̄∇v = G2(σ, u, v) + f, (2.2)

vt − κ̄∆v + γ3γ2ρ̄divu = G3(σ, u, v), (2.3)

where

G1(σ, u) = −σdivu,

G2(σ, u, v) = −u · ∇u− g1(σ, v)∇σ − g2(σ, v)∇v − h(σ)(µ̄∆u+ (µ̄+ λ̄)∇divu),

G3(σ, u, v) = −u · ∇v − κ̄h(σ)∆v − g3(σ, v)∇u+
Φ(u)

ρ̄Cν
− h(σ)Φ(u)

ρ̄Cν

and

h(σ) =
σ

σ + ρ̄
,

g1(σ, v) =
Pρ(σ + ρ̄, v + θ̄)

σ + ρ̄
− Pρ(ρ̄, θ̄)

ρ̄
,

g2(σ, v) =
Pθ(σ + ρ̄, v + θ̄)

σ + ρ̄
− Pθ(ρ̄, θ̄)

ρ̄
,

g3(σ, v) =
(v + θ̄)Pθ(σ + ρ̄, v + θ̄)

Cν(σ + ρ̄)
− θ̄Pθ(ρ̄, θ̄)

Cν ρ̄
,

µ̄ =
µ

ρ̄
, λ̄ =

λ

ρ̄
, γ1 =

Pρ(ρ̄, θ̄)

ρ̄2
, γ2 =

Pθ(ρ̄, θ̄)

ρ̄2
, γ3 =

θ̄

Cν
, κ̄ =

κ

ρ̄Cν
.

Obviously, G1, G2, G3 have the following properties:

G1(σ, u) = −σdivu, (2.4)

G2(σ, u, v) ∼ (u · ∇)u+ σ∇σ + v∇σ + σ∇v + v∇v + σ∆u+ σ∇divu, (2.5)

G3(σ, u, v) ∼ u · ∇v + σ∆v + σ∇ · u+ v∇ · u+Ψ(u) + σΨ(u). (2.6)

Here ∼ means that two sides are of the same order.
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Form ≥
[n
2

]
+1, we define the following suitable function space to deal with the problem:

X =
{
(σ, u, v)

∣∣ (σ, u, v) is spatially periodic with 2L, σ ∈ L∞(0, T ; Hm+1(Ω)),

(u, v) ∈ L∞(0, T ; Hm+1(Ω)) ∩ L2(0, T ; Hm+2(Ω)),

σ(Yi(x), t) = σ(x, t), v(Yi(x), t) = v(x, t), ui(Yi(x), t) = −ui(x, t),

ui(Yj(x), t) = ui(x, t), ∀i ̸= j, i = 1, · · · , n,

where Yi[x1, · · · , xi, · · ·xn] = [x1, · · · , −xi, · · · , xn]
}
,

Xδ =

{
(σ, u, v) ∈ X

∣∣∣∥(σ, u, v)∥2X := sup
t∈[0, T ]

∥(σ, u, v)∥2Hm+1 +

∫ T

0

∥(u, v)∥2Hm+2dt ≤ δ2
}
.

And the space X−1 is defined by

X−1 =
{
(σ, u, v)

∣∣ (σ, u, v) is spatially periodic with 2L, σ ∈ L∞(0, T ; Hm(Ω)),

(u, v) ∈ L∞(0, T ; Hm(Ω)) ∩ L2(0, T ; Hm+1(Ω)),

σ(Yi(x), t) = σ(x, t), v(Yi(x), t) = v(x, t), ui(Yi(x), t) = −ui(x, t),

ui(Yj(x), t) = ui(x, t), ∀ i ̸= j, i = 1, · · · , n,

where Yi[x1, · · · , xi, · · · , xn] = [x1, · · · , −xi, · · · , xn]
}

equipped with the norm

∥(σ, u, v)∥2X−1
:= sup

t∈[0,T ]

∥(σ, u, v)∥2Hm +

∫ T

0

∥(u, v)∥2Hm+1dt.

For convenience, we state some lemmas and fixed point theorem for later use.

Lemma 2.1 Assume that m ≥
[n
2

]
+ 1. Then ∥u∥L∞ ≤ C∥u∥Hm .

Lemma 2.2 [24] If |β|+ |γ| = k, then

∥(∂β
xf)(∂

γ
xg)∥2 ≤ C(∥f | ∞∥g∥Hk + ∥f∥Hk∥g∥∞).

Remark 2.1 From Lemmas 2.1 and 2.2, we have the algebra property:

∥fg∥Hm ≤ C∥f∥Hm∥g∥Hm

for m ≥
[n
2

]
+ 1.

Lemma 2.3 [25] Assume that X and Y are Banach spaces with X ↪→↪→ Y . If fn ∈
L∞(0, T ; X), fn → f in C0([0, T ], X-weak), then fn → f in C0([0, T ], Y ).

Lemma 2.4 [26] (Tychonoff fixed point theorem) Let V be a locally convex topological

vector space. For any nonempty compact convex set X in V, any continuous function f :

X → X has a fixed point.

Lemma 2.5 [27] (Kakutani fixed point theorem) Every correspondence that maps a com-

pact convex subset of a locally convex space into itself with a closed graph and convex

nonempty images has a fixed point.



NO. 1 CHENG M. PERIODIC SOLUTION OF FULL N-S EQUATIONS 41

3 Energy Estimates

Firstly, we consider the following linearized system:

σt + ρ̄divu+ u′∇σ = G1(σ
′, u′), (3.1)

ut − (µ̄∆u+ (µ̄+ λ̄)∇divu) + γ1ρ̄∇σ + γ2ρ̄∇v = G2(σ
′, u′, v′) + f, (3.2)

vt − κ̄∆v + γ3γ2ρ̄divu = G3(σ
′, u′, v′), x ∈ Ω (3.3)

for any given T -periodic function (σ′, u′, v′) ∈ Xδ.

In what follows, we assume that

|σ′(x, t)| ≤ ρ̄

2
for all (x, t) ∈ Ω × [0, T ] since that

sup
t∈[0, T ]

∥σ′∥∞ ≤ sup
t∈[0, T ]

∥σ′∥Hm+1 ≤ η
1
4

for η small enough. The energy estimates of lower order derivatives and high order derivatives

is obtained respectively.

Lemma 3.1 Let m ≥
[n
2

]
+ 1. Then there exists a constant C > 0, a suitably small

constant ϵ > 0 and a constant Cϵ depending on ϵ such that

1

2

d

dt

∫
(γ1γ3σ

2 + γ3u
2 + v2)dx+

∫
µ̄γ3|∇u|2 + (µ̄+ λ̄)γ3|divu|2 + κ̄|∇v|2dx

≤C(∥divu′∥2 + ϵ)∥∇σ∥2Hm−1 + ϵ∥∇u∥2Hm−1 + ϵ∥∇v∥2Hm−1 + Cϵ∥f∥21 + Cϵ∥∇σ′∥22∥divu′∥22
+ Cϵ(∥u′∥2∥∇u′∥2 + ∥σ′∥2∥∇σ′∥2 + ∥v′∥2∥∇σ′∥2 + ∥σ′∥2∥∇v′∥2 + ∥v′∥2∥∇v∥2
+ ∥σ′∥2∥∇u′∥H1)2 + Cϵ(∥u′∥2∥∇v′∥2 + ∥σ′∥2∥∇v′∥H1 + ∥σ′∥2∥∇u′∥2
+ ∥v′∥2∥∇u′∥2 + ∥∇u′∥22 + ∥∇σ′∥Hm−1∥∇u′∥22)2

and
d

dt

∫
u∇σdx+

γ1ρ̄

2

∫
|∇σ|2dx

≤ ρ̄∥divu∥22 + Cϵ(1 + ∥∇u′∥2Hm−1)∥∇u∥2H1 + ϵ∥∇σ∥2Hm−1

+ Cϵ(∥f∥21 + ∥∇v∥22 + ∥∇σ′∥2Hm−1∥divu′∥22) + Cϵ(∥u′∥2∥∇u′∥2 + ∥σ′∥2∥∇σ′∥2
+ ∥v′∥2∥∇σ′∥2 + ∥σ′∥2∥∇v′∥2 + ∥v′∥2∥∇v∥2 + ∥σ′∥2∥∇u′∥H1)2.

Proof. Multiplying the equations (3.1)–(3.3) by γ1γ3σ, γ3u, v respectively, integrating them

over Ω , and summing them up, we have

1

2

d

dt

∫
(γ1γ3σ

2 + γ3u
2 + v2)dx+

∫
µ̄γ3|∇u|2 + (µ̄+ λ̄)γ3|divu|2 + κ̄|∇v|2dx

=
γ1γ3
2

∫
σ2divu′dx+ γ1γ3

∫
σG1(σ

′, u′)dx+ γ3

∫
G2(σ

′, u′, v′)udx

+

∫
G3(σ

′, u′, v′)vdx+ γ3

∫
fudx.

Due to (2.4)–(2.6), there holds

∥G1(σ
′, u′)∥1 ≤ ∥σ′∥2∥divu′∥2.

∥G2(σ
′, u′, v′)∥1 ≤ C(∥u′∥2∥∇u′∥2 + ∥σ′∥2∥∇σ′∥2 + ∥v′∥2∥∇σ′∥2 + ∥σ′∥2∥∇v′∥2
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+ ∥v′∥2∥∇v∥2 + ∥σ′∥2∥∇u′∥H1). (3.4)

∥G3(σ
′, u′, v′)∥1 ≤ C(∥u′∥2∥∇v′∥2 + ∥σ′∥2∥∇v′∥H1 + ∥σ′∥2∥∇u′∥2

+ ∥v′∥2∥∇u′∥2 + ∥∇u′∥22 + ∥σ′∥Hm∥∇u′∥22).
Then, by Poincaré inequality and Lemma 2.1, we get

1

2

d

dt

∫
(γ1γ3σ

2 + γ3u
2 + v2)dx+

∫
µ̄γ3|∇u|2 + (µ̄+ λ̄)γ3|divu|2 + κ̄|∇v|2dx

≤ γ1γ3
2

∥σ∥∞∥σ∥2∥divu′∥2 + γ1γ3∥σ∥∞∥σ′∥2∥divu′∥2 + γ3∥f∥1∥u∥∞

+ γ3∥G2(σ
′, u′, v′)∥1∥u∥∞ + ∥G3(σ

′, u′, v′)∥1∥v∥∞

≤C
(γ1γ3

2
∥∇σ∥2Hm−1∥divu′∥2 + γ1γ3∥∇σ∥Hm−1∥∇σ′∥2∥divu′∥2 + γ3∥f∥1∥∇u∥Hm−1

+ γ3∥G2(σ
′, u′, v′)∥1∥∇u∥Hm−1 + ∥G3(σ

′, u′, v′)∥1∥∇v∥Hm−1

)
≤C(∥divu′∥2 + ϵ)∥∇σ∥2Hm−1 + ϵ∥∇u∥2Hm−1 + ϵ∥∇v∥2Hm−1 + Cϵ∥f∥21 + Cϵ∥∇σ′∥22∥divu′∥22

+ Cϵ(∥u′∥2∥∇u′∥2 + ∥σ′∥2∥∇σ′∥2 + ∥v′∥2∥∇σ′∥2 + ∥σ′∥2∥∇v′∥2 + ∥v′∥2∥∇v∥2
+ ∥σ′∥2∥∇u′∥H1)2

+ Cϵ(∥u′∥2∥∇v′∥2 + ∥σ′∥2∥∇v′∥H1 + ∥σ′∥2∥∇u′∥2 + ∥v′∥2∥∇u′∥2 + ∥∇u′∥22
+ ∥∇σ′∥Hm−1∥∇u′∥22)2.

Multiplying the equations (3.2) by ∇σ and then integrating them over Ω , we have
d

dt

∫
u∇σdx+ γ1ρ̄

∫
|∇σ|2dx

=

∫ (
µ̄∆u+ (µ̄+ λ̄)∇divu− γ2ρ̄∇v +G2(σ

′, u′, v′) + f
)
∇σdx

+

∫
divu(ρ̄divu+ u′∇σ −G1(σ

′, u′))dx

≤ ρ̄∥divu∥22 + ϵ∥∇σ∥2Hm−1 + ∥divu′∥22∥∇σ′∥2Hm−1

+ Cϵ

(
∥∇u∥2H1 + ∥f∥21 + ∥∇v∥22 + ∥divu∥22∥∇u′∥2Hm−1 + ∥G2(σ

′, u′, v′)∥21
)
.

From (3.4), there holds
d

dt

∫
u∇σdx+

γ1ρ̄

2

∫
|∇σ|2dx

≤ ρ̄∥divu∥22 + Cϵ(1 + ∥∇u′∥2Hm−1)∥∇u∥2H1 + ϵ∥∇σ∥2Hm−1

+ Cϵ(∥f∥21 + ∥∇v∥22 + ∥∇σ′∥2Hm−1∥divu′∥22)

+ Cϵ(∥u′∥2∥∇u′∥2 + ∥σ′∥2∥∇σ′∥2 + ∥v′∥2∥∇σ′∥2
+ ∥σ′∥2∥∇v′∥2 + ∥v′∥2∥∇v∥2 + ∥σ′∥2∥∇u′∥H1)2.

This completes the proof.

Next, we give the energy estimates on the high order derivatives of (σ, u, v).

Lemma 3.2 Let m ≥
[n
2

]
+ 1 and multi-index α with |α| = 1, · · · ,m + 1. Then, there

exists a constant C > 0, a suitably small constant ϵ > 0 and a constant Cϵ depending on ϵ

such that

1

2

d

dt

∫
(γ1γ3|∂α

x σ|2 + γ3|∂α
x u|2 + |∂α

x v|2)dx+ γ3

∫ (
µ̄|∂α

x∇u|2 + (µ̄+ λ̄)|∂α
x divu|2

)
dx
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+ κ̄

∫
|∂α

x∇v|2dx

≤C∥∇σ∥2Hm∥∇u′∥Hm + ϵ(∥∂α
x σ∥22 + ∥∇u∥2Hm+1)

+ Cϵ

(
∥∇σ′∥2Hm∥∇u′∥2Hm+1 + ∥f∥2Hm + (∥∇u′∥2Hm + ∥∇σ′∥2Hm + ∥∇v′∥2Hm

+ ∥∇σ′∥2Hm∥∆u′∥2Hm)2 + (∥∇σ′∥2Hm + ∥∇u′∥2Hm + ∥∇v′∥2Hm+1

+ ∥σ′∥Hm∥∇u′∥2Hm + ∥∇σ′∥Hm∥∇v′∥Hm+1)2
)
.

Proof. For each multi-index α with |α| = 1, · · · ,m+1, by applying ∂α
x to equations (3.1)–

(3.3), multiplying them by γ1γ3∂
α
x σ, γ3∂

α
x u, ∂

α
x v respectively and then integrating them, we

have

1

2

d

dt

∫
(γ1γ3|∂α

x σ|2 + γ3|∂α
x u|2 + |∂α

x v|2)dx+ γ3

∫ (
µ̄|∂α

x∇u|2 + (µ̄+ λ̄)|∂α
x divu|2

)
dx

+ κ̄

∫
|∂α

x∇v|2dx

= − γ1γ3

∫
∂α
x (u

′ · ∇σ)∂α
x σdx− γ1γ3

∫
∂α
x (σ

′divu′)∂α
x σdx

+ γ3

∫
∂α
x f∂

α
x udx+ γ3

∫
∂α
xG2(σ

′, u′, v′)∂α
x udx+

∫
∂α
xG3(σ

′, u′, v′)∂α
x vdx. (3.5)

Now, we estimate the right hand terms in the above equation one by one. From Lemmas

2.1 and 2.2, we can get

− γ1γ3

∫
∂α
x (u

′ · ∇σ)∂α
x σdx

=
γ1γ3
2

∫
|∂α

x σ|2divu′dx− γ1γ3

α∑
|l|=1

(
α
l

)∫
∂l
xu

′∂α−l
x (∇σ)∂α

x σdx

=
γ1γ3
2

∫
|∂α

x σ|2divu′dx− γ1γ3

α−1∑
|l−1|=0

(
α
l

)∫
∂l−1
x ∂xu

′∂α−1−(l−1)
x (∇σ)∂α

x σdx

≤ C
(
∥divu′∥∞∥∂α

x σ∥22 + ∥∂α
x σ∥2(∥∇σ∥∞∥∇u′∥Hα−1 + ∥∇σ∥Hα−1∥∇u′∥∞)

)
≤ C∥∇σ∥2Hm∥∇u′∥Hm .

Using Young’s inequality, there exists a suitably small constant ϵ > 0 such that

− γ1γ3

∫
∂α
x (σ

′divu′)∂α
x σdx

≤ C∥∂α
x (σ

′divu′)∥2∥∂α
x σ∥2

≤ ϵ∥∂α
x σ∥22 + Cϵ∥∂α

x (σ
′divu′)∥22

≤ ϵ∥∂α
x σ∥22 + Cϵ∥(σ′divu′)∥2Hm+1

≤ ϵ∥∂α
x σ∥22 + Cϵ∥σ′∥2Hm+1∥divu′∥2Hm+1 .

Moreover, we have

γ3

∫
∂α
x f∂

α
x udx ≤ C∥f∥Hm∥∇u∥Hm+1 ,

∥∂α−1
x (σ′divu′)∥22 ≤ C∥σ′divu′∥2Hm ≤ C∥σ′∥2Hm∥divu′∥2Hm .
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Using Remark 2.1 and Poincaré inequality, it concludes that

− γ3

∫
∂α
xG2(σ

′, u′, v′)∂α
x udx

≤ C∥∂α−1
x G2(σ

′, u′, v′)∥2∥∂α
x∇u∥2

≤ C∥∂α
x∇u∥2(∥u′∥Hm∥∇u′∥Hm + ∥σ′∥Hm∥∇σ′∥Hm + ∥∇σ′∥Hm∥v′∥Hm

+ ∥σ′∥Hm∥∇v′∥Hm + ∥v′∥Hm∥∇v′∥2Hm + ∥σ′∥Hm∥∆u′∥Hm

+ ∥σ′∥Hm∥∇divu′∥Hm)

≤ C∥∂α
x∇u∥2(∥∇u′∥2Hm + ∥∇σ′∥2Hm + ∥∇v′∥2Hm + ∥∇σ′∥Hm∥∆u′∥Hm)

and ∫
∂α
xG3(σ

′, u′, v′)∂α
x vdx

≤ C∥∂α−1
x G3(σ

′, u′, v′)∥2∥∂α
x∇u∥2

≤ C∥∂α
x∇u∥2(∥u′∥Hm∥∇v′∥Hm + ∥σ′∥Hm∥∆v′∥Hm + ∥σ′∥Hm∥divu′∥Hm

+ ∥v′∥Hm∥divu′∥Hm + ∥∇u′∥2Hm + ∥σ′∥Hm∥divu′∥2Hm)

≤ C∥∂α
x∇u∥2(∥∇σ′∥2Hm + ∥∇u′∥2Hm + ∥∇v′∥2Hm + ∥σ′∥Hm∥∇u′∥2Hm

+ ∥∇σ′∥Hm∥∇v′∥Hm+1).

Hence, substituting the above estimates into (3.5), we have
1

2

d

dt

∫
(γ1γ3|∂α

x σ|2 + γ3|∂α
x u|2 + |∂α

x v|2)dx+ γ3

∫ (
µ̄|∂α

x∇u|2 + (µ̄+ λ̄)|∂α
x divu|2

)
dx

+ κ̄

∫
|∂α

x∇v|2dx

≤ C∥∇σ∥2Hm∥∇u′∥Hm + ϵ∥∂α
x σ∥22 + Cϵ∥∇σ′∥2Hm∥∇u′∥2Hm+1 + ∥f∥Hm∥∇u∥Hm+1

+ ∥∂α
x∇u∥2(∥∇u′∥2Hm + ∥∇σ′∥2Hm + ∥∇v′∥2Hm + ∥∇σ′∥2Hm∥∆u′∥2Hm)

+ ∥∂α
x∇u∥2(∥∇σ′∥2Hm + ∥∇u′∥2Hm + ∥∇v′∥2Hm+1 + ∥σ′∥Hm∥∇u′∥2Hm

+ ∥∇σ′∥Hm∥∇v′∥Hm+1)

≤ C∥∇σ∥2Hm∥∇u′∥Hm + ϵ(∥∂α
x σ∥22 + ∥∇u∥2Hm+1)

+ Cϵ

(
∥∇σ′∥2Hm∥∇u′∥2Hm+1 + ∥f∥2Hm + (∥∇u′∥2Hm + ∥∇σ′∥2Hm + ∥∇v′∥2Hm

+ ∥∇σ′∥Hm∥∆u′∥Hm)2 + (∥∇σ′∥2Hm + ∥∇u′∥2Hm + ∥∇v′∥2Hm+1

+ ∥σ′∥Hm∥∇u′∥2Hm + ∥∇σ′∥Hm∥∇v′∥Hm+1)2
)
.

It completes the proof.

Lemma 3.3 Let m ≥
[n
2

]
+ 1 and multi-index β with |β| = 1, · · · ,m. Then there exists

a constant C > 0 and a constant Cγ1, ρ̄ depending on γ1, ρ̄ such that

d

dt

∫
∂β
xu · ∂β

x∇σdx+
γ1ρ̄

2

∫
|∂β

x∇σ|2dx

≤ (ρ̄+ Cγ1,ρ̄ + C)∥u∥2Hm+2

+ Cγ1,ρ̄

(
∥v∥2Hm+1 + ∥f∥2Hm + ∥(σ′, u′, v′)∥4Hm+1 + ∥σ′∥2Hm∥u′∥2Hm+2

+ ∥σ∥2Hm+1∥u′∥2Hm+1 + ∥σ′∥2Hm+1∥u′∥2Hm+1

)
.
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Proof. For each multi-index β with |β| = 1, · · · ,m, by applying ∂β
x to equation (3.2),

multiplying them by ∂β
x∇σ and then integrating them, it obtains that

d

dt

∫
∂β
xu · ∂β

x∇σdx+ γ1ρ̄

∫
|∂β

x∇σ|2dx

=

∫
∂β
x (u

′ · ∇σ)∂β
xdivudx+

∫
∂β
x (σ

′divu′)∂β
xdivudx+ ρ̄∥∂β

xdivu∥22 + µ̄

∫
∂β
x∆u∂β

x∇σdx

+ (µ̄+ λ̄)

∫
∂β
x∇divu∂β

x∇σdx− γρ̄

∫
∂β
x∇v∂β

x∇σdx+

∫
∂β
xG2(σ

′, u′, v′)∂β
x∇σdx

+

∫
∂β
x∇σ∂β

xfdx

≤ γ1ρ̄

2
∥∂β

x∇σ∥22 + ρ̄∥∂β
xdivu∥22 + Cγ1,ρ̄∥∂β

x∆u∥22 + Cγ1,ρ̄∥∂β
x∇divu∥22

+ ∥∂β
xdivu∥2∥∂β

x (σ
′divu′)∥2 + Cγ1,ρ̄∥∂β

x∇v∥22 + Cγ1,ρ̄∥∂β
xG2(σ

′, u′, v′)∥22
+ Cγ1,ρ̄∥∂β

xf∥22 + ∥∂β
xdivu∥2∥∂β

x (u
′ · ∇σ)∥2.

Note that

∥∂β
xdivu∥2∥∂β

x (u
′ · ∇σ)∥2 ≤ C(∥∂β

xdivu∥22 + ∥u′∥2Hm∥∇σ∥2Hm)

and

∥∂β
xdivu∥2∥∂β

x (σ
′divu′)∥2 ≤ C(∥∂β

xdivu∥22 + ∥∇u′∥2Hm∥σ′∥2Hm).

Therefore, with a similar argument in Lemma 3.2, we have
d

dt

∫
∂β
xu · ∂β

x∇σdx+
γ1ρ̄

2

∫
|∂β

x∇σ|2dx

≤ (ρ̄+ Cγ1,ρ̄ + C)∥u∥2Hm+2

+ Cγ1,ρ̄

(
∥v∥2Hm+1 + ∥f∥2Hm + ∥(σ′, u′, v′)∥4Hm+1 + ∥σ′∥2Hm∥u′∥2Hm+2

+ ∥σ∥2Hm+1∥u′∥2Hm+1 + ∥σ′∥2Hm+1∥u′∥2Hm+1

)
.

This completes the proof.

Proposition 3.1 Assume that m ≥
[n
2

]
+ 1 and (σ, u, v) is the solution of linearized

system (3.1)–(3.3) with initial data (σ0, u0, v0). Then there exist two positive constants C

and C1 such that

∥σ∥2Hm+1 + ∥u∥2Hm+1 + ∥v∥2Hm+1

≤ C
(
∥σ0∥2Hm+1 + ∥u0∥2Hm+1 + ∥v0∥2Hm+1

)
+

∫ t

0

eC1(τ−t)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ, t ∈ [0,+∞).

Proof. By Lemmas 3.1, 3.2 and 3.3, summing up about |β| and |α|, taking M > 1 large

enough, we have
M

2

d

dt

(
γ1γ3∥σ∥2Hm+1 + γ3∥u∥2Hm+1 + ∥v∥2Hm+1

)
+Mγ3

(µ
2
∥∇u∥2Hm+1 + (µ̄+ λ̄)∥divu∥2Hm+1

)
+

Mκ̄

2
∥∇v∥2Hm+1 + γ1ρ̄∥∇σ∥2Hm
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+
m∑

|β|=0

d

dt

∫
∂β
xu∂

β
x∇σdx

≤ M(ϵ+ ∥u′∥Hm+1)∥σ∥2Hm+1 +MC
[
(∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1)

+ ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1 + ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

]
+ C

(
∥divu∥22 + (1 + ∥∇u′∥Hm−1)∥∇u∥2H1 + ∥∇v∥22 + ∥u∥2Hm+2 + ∥v∥2Hm+1

)
.

Then, choosing ∥u′∥Hm+1 , ϵ appropriately small, we have

d

dt
∥(σ, u, v)∥2Hm+1 + ∥u∥2Hm+2 + ∥v∥2Hm+2 +

1

M
∥σ∥2Hm+1 +

1

M

d

dt

m∑
|β|=0

∫
∂β
xu∂

β
x∇σdx

≤ C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
. (3.6)

There exists a constant 0 < C1 ≤ 2

2M + 1
such that

d

dt

(
∥(σ, u, v)∥2Hm+1 +

1

M

m∑
|β|=0

∫
∂β
xu∂

β
x∇σdx

)

+ C1

(
∥u∥2Hm+2 + ∥v∥2Hm+2 + ∥σ∥2Hm+1 +

1

M

m∑
|β|=0

∫
∂β
xu∂

β
x∇σdx

)
≤ C

(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
. (3.7)

Multiplying the equation (3.7) by eC1t, we have

d

dt

(
eC1t(∥σ∥2Hm+1 + ∥u∥2Hm+1 + ∥v∥2Hm+1 +

1

M

m∑
|β|=0

∫
∂β
xu∂

β
x∇σdx)

)
≤ eC1tC

(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
.

Integrating from 0 to t, we have

eC1τ

(
∥σ∥2Hm+1 + ∥u∥2Hm+1 + ∥v∥2Hm+1 +

1

M

m∑
|β|=0

∫
∂β
xu∂

β
x∇σ(x, τ)dx

)∣∣∣∣t
0

≤
∫ t

0

eC1τC
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ.

Thus, there exist two positive constants C2 and C3 such that

eC1tC2(∥σ∥2Hm+1 + ∥u∥2Hm+1 + ∥v∥2Hm+1)

≤ C3

(
∥σ0∥2Hm+1 + ∥u0∥2Hm+1 + ∥v0∥2Hm+1

)
+

∫ t

0

eC1τC
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ,

where we have used M appropriately large.
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One can obtain the result by some simple calculations.

4 Existence

Here, we first state the framework of the proof to the existence of the periodic solution.

Due to Proposition 3.1 and smallness assumptions, the solution of the linearized system

(3.1)–(3.3) with trivial initial data will be estimated. Then, we will construct a convex hull.

By Tychonoff fixed point theorem, one can see that the T -periodic solution of the linearized

system (3.1)–(3.3) at t = 0 belongs to this set. Note that Tychonoff theorem cannot ensure

the uniqueness of the fixed point. But we can define a set-valued function. The fixed point

of this function is the T -periodic solution of the system (2.1)–(2.3) by using Kakutani fixed

point theorem.

We rewrite the linearized system (3.1)–(3.3) in vector sense:

Ut = AU +G(W ) + F,

where

A =


−u′∇ −ρ̄div 0

−γ1ρ̄∇ µ̄∆+ (µ̄+ λ̄)∇div −γ2ρ̄∇

0 −γ2γ3ρ̄div κ̄∆

 ,

G(W ) = (G1(σ
′, u′), G2(σ

′, u′, v′), G3(σ
′, u′, v′))T

and

U = (σ, u, v)T, W = (σ′, u′, v′)T, F = (0, f, 0)T.

Let U(x, t) be the solution of (3.1)–(3.3) with trivial initial data (0, 0, 0). Then, for any

given t ≥ 0, there exists n ∈ Z+ such that t ∈ [nT, (n + 1)T ). From Proposition 3.1 and

T -periodic function (σ′, u′, v′) ∈ Xδ, we have

∥U∥2Hm+1

≤
∫ t

0

e−C1(t−τ)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

≤
∫ t

nT

e−C1(t−τ)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

+
n−1∑
i=0

∫ (i+1)T

iT

C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
e−C1(t−τ)dτ

≤
∫ t

nT

e−C1(t−τ)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

+
n−1∑
i=0

[ ∫ (i+1)T

iT

C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1
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+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ · e−C1(t−(i+1)T )

]
≤

∫ t

nT

C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

+
n−1∑
i=0

[ ∫ T

0

C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ · e−C1(t−(i+1)T )

]
≤ C

(
sup

t∈[0,T ]

(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥σ′∥2Hm∥u′∥4Hm+1

)
+ sup

t∈[0,T ]

∥σ′∥2Hm+1

∫ T

0

(
∥u′∥2Hm+2 + ∥v′∥2Hm+2

)
dτ +

∫ T

0

∥f∥2Hmdτ

)
,

where we have used
n−1∑
i=0

e−C1(t−(i+1)T ) ≤ e−C1t
n−1∑
i=0

eC1(i+1)T

≤ e−C1teC1nT
1

1− e−C1T

≤ 1

1− e−C1T
.

The last inequality holds by t ≥ nT .

Note that T -periodic function (σ′, u′, v′) ∈ Xδ and δ4 = η < 1. It obtains that

∥U∥Hm+1 ≤ Cδ2, ∀ t ∈ [0,+∞).

Let S1 = {U(kT ), k = 0, 1, · · · }. Obviously S1 is nonempty and bounded in Hm+1(Ω).

Thus, CoS1 is compact in Hm(Ω). Set

P (Φ) = U(T, Φ), Φ ∈ CoS1,

where U(T, Φ) is the solution of linearized system (3.1)–(3.3) with the initial data Φ at time

T . From the uniqueness, we have P (x) ∈ S1 for x ∈ S1. Then,

P : CoS1 7→ CoS1

is continuous.

In fact, for any given y ∈ Co{U(kT ), k = 0, 1, · · · }, there exists θ ∈ [0, 1] and x1, x2 ∈
{U(kT ), k = 0, 1, · · · } such that y = θx1 + (1− θ)x2. Hence,

P (y) =P (θx1 + (1− θ)x2)

= e−AT (θx1 + (1− θ)x2) +

∫ T

0

eA(τ−T )(G(W ) + F )dτ

= θ(e−ATx1 +

∫ T

0

eA(τ−T )(G(W ) + F )dτ)

+ (1− θ)(e−ATx2 +

∫ T

0

eA(τ−T )(G(W ) + F )dτ)

= θP (x1) + (1− θ)P (x2).
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The continuity of P is from the continuous dependence of initial data.

From Tychonoff fixed point theorem, there exists a fixed point U∗ ∈ CoS1 satisfying

∥U∗∥Hm+1 ≤ Cδ2

such that P (U∗) = U∗, i.e., U(t, U∗) is a periodic solution of the linearized system (3.1)–

(3.3). Thus, with a similar argument above, there holds

∥U(t, U∗)∥2Hm+1

≤ e−C1t∥U∗∥2Hm+1 +

∫ t

0

eC1(τ−t)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm

+ ∥σ′∥2Hm∥u′∥4Hm+1 + ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

≤ e−C1t∥U∗∥2Hm+1 +
n−1∑
i=0

∫ (i+1)T

iT

eC1(τ−t)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm

+ ∥σ′∥2Hm∥u′∥4Hm+1 + ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

+

∫ t

nT

eC1(τ−t)C
(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

≤∥U∗∥2Hm+1 + (C + 1)

∫ T

0

(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dτ

≤Cδ4.

Note that U(t, U∗) := (σ, u, v) satisfies (3.6). Integrating it from 0 to T , we have∫ T

0

(
∥u∥2Hm+2 + ∥v∥2Hm+2 +

1

M
∥σ∥2Hm+1

)
dt

≤C

∫ T

0

(
∥σ′∥4Hm+1 + ∥u′∥4Hm+1 + ∥v′∥4Hm+1 + ∥f∥2Hm + ∥σ′∥2Hm∥u′∥4Hm+1

+ ∥σ′∥2Hm+1∥u′∥2Hm+2 + ∥σ′∥2Hm+1∥v′∥2Hm+2

)
dt.

Therefore, ∫ T

0

(
∥u∥2Hm+2 + ∥v∥2Hm+2 + ∥σ∥2Hm+1

)
dτ ≤ Cδ4. (4.1)

From above argument, we can see that the set

S2,W =
{
(σ, u, v) is the T -periodic solution of (3.1)–(3.3)

with T -periodic function W ∈ Xδ

}
is nonempty. And the T -periodic solution (σ, u, v) of (3.1)–(3.3) satisfies

∥(σ, u, v)∥2X ≤ Cδ4 ≤ δ2

for δ = η
1
4 small enough. It obtains that S2,W is a subset of Xδ.

Lemma 4.1 Assume that m ≥
[n
2

]
+ 1 and (σ, u, v) is the T -periodic solution of the

linearized system (3.1)–(3.3) with T -periodic function W ∈ Xδ. Then, for each multi-index

β with |β| = 0, · · · ,m, we have
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0

∥∂β
xσt∥22 + ∥∂β

xut∥22 + ∥∂β
xvt∥22dt ≤ Cδ4.

Proof. For each multi-index β with |β| = 0, · · · ,m, applying ∂β
x to (3.1)–(3.3), multiplying

∂β
xσt, ∂

β
xut, ∂

β
xvt respectively and integrating them over Ω × [0, T ], we have∫ T

0

∫
|∂β

xσt|2dxdt+
∫ T

0

∫
ρ̄div∂β

xu∂
β
xσtdxdt+

∫ T

0

∫
∂β
x (u

′ · ∇σ)∂β
xσtdxdt

−
∫ T

0

∫
(µ̄∆∂β

xu+ (µ̄+ λ̄)∇div∂β
xu)∂

β
xutdxdxdt+

∫ T

0

∫
(γ1ρ̄∇∂β

xσ + γ2ρ̄∇∂β
xv)∂

β
xutdxdt

+

∫ T

0

∫
|∂β

xvt|2dxdt−
∫ T

0

∫
κ̄∆∂β

xv∂
β
xvtdxdt+ γ3γ2ρ̄

∫
div∂β

xu∂
β
xvtdxdt

+

∫ T

0

∫
|∂β

xut|2dxdt

=

∫ T

0

∫
∂β
xG1(σ

′, u′)∂β
xσtdxdt+

∫ T

0

∫
∂β
xG2(σ

′, u′, v′)∂β
xutdxdt

+

∫ T

0

∫
∂β
xf∂

β
xutdx+

∫ T

0

∫
∂β
xG3(σ

′, u′, v′)∂β
xvtdxdt.

Then, ∫ T

0

∫
|∂β

xσt|2dxdt+
∫ T

0

∫
|∂β

xut|2dxdt+
∫ T

0

∫
|∂β

xvt|2dxdt

≤C

(∫ T

0

∫
|div∂β

xu|2dxdt+
∫ T

0

∫
|∂β

x (u
′ · ∇σ)|2dxdt+

∫ T

0

∫
|∆∂β

xu|2dxdt

+

∫ T

0

∫
|∇∂β

xv|2dxdt+
∫ T

0

∫
|∆∂β

xv|2dxdt+
∫ T

0

∫
|div∂β

xu|2dxdt

+

∫ T

0

∫
|∂β

xG1(σ
′, u′)|2dxdt+

∫ T

0

∫
|∂β

xG2(σ
′, u′, v′)|2dxdt+

∫ T

0

∫
|∂β

xf |2dx

+

∫ T

0

∫
|∂β

xG3(σ
′, u′, v′)|2dxdt+

∫ T

0

∫
|∇∂β

xσ|2dxdt
)
.

From the assumptions, (4.1) and the arguments in Lemma 3.2, there holds∫ T

0

∥∂β
xσt∥22 + ∥∂β

xut∥22 + ∥∂β
xvt∥22dt ≤ Cδ4,

which completes the proof.

Therefore, by Lemma C.1 in [28], Lions-Aubin lemma[29] and Lemma 2.3, S2,W is pre-

compact in X−1. Moreover, S2,W is convex and closed because of the system (3.1)–(3.3) is

linear.

Define

S3 =
∪
{S2,W , ∥W∥2X ≤ δ2},

and

S4 = CoS3.

Proposition 4.1 S4 is nonempty, compact and convex in X−1.
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Proof. The result is obtained by Mazur’s theorem. Here, we omit the details of the proof.

Define a set-valued function:

Per(W ) = S2,W .

We can see for any given Φ ∈ S4 ⊂ Xδ, Per(Φ) ⊂ S4. Moreover, the fixed point of

Per : S4 7→ 2S4 is the T -periodic solution of system (2.1)–(2.3).

Next, we prove Per : S4 7→ 2S4 is a set-valued function which has a closed graph.

Proposition 4.2 Per : S4 7→ 2S4 has a closed graph. That is to say {(W, U) | W ∈
S4, U ∈ Per(W )} is closed subset in X−1 ×X−1.

Proof. Assume that

Wk → W in X−1, as k → ∞,

Uk → U in X−1, as k → ∞,

where Uk ∈ Per(Wk).

Since S4 is compact, one has W ∈ S4. We only need to prove U ∈ Per(W ).

Let

Uk = (σk, uk, vk), Wk = (σ̃k, ũk, ṽk).

Since σk ∈ L∞(0, T ; Hm+1(Ω)), we have σk ∈ Cα(Ω) with α ∈ (0, 1) for any fixed t.

Assume that 0 ≤ t2 ≤ t1. Taking a ball Br of radius r = |t1 − t2|ζ centered at x with

ζ > 0, ζ =
1

n+ 2α
, we have∫

Br

|σk(y, t1)− σk(y, t2)|dy =

∫
Br

∣∣∣∣ ∫ t1

t2

∂σk(y, t)

∂t
dt

∣∣∣∣dy
≤ C

(∫
Br

∫ t1

t2

∣∣∣∣∂σk(y, t)

∂t

∣∣∣∣2dtdy) 1
2

|t1 − t2|
1
2 r

n
2

≤ C|t1 − t2|
1
2 r

n
2 .

By the mean value theorem, there exists x∗ such that

|σk(x
∗, t1)− σk(x

∗, t2)| ≤ C|t1 − t2|
1
2 r−

n
2 ≤ C|t1 − t2|

1−nζ
2 .

Then,

|σk(x, t1)− σk(x, t2)|

≤ |σk(x, t1)− σk(x
∗, t1)|+ |σk(x

∗, t1)− σk(x
∗, t2)|+ |σk(x

∗, t2)− σk(x, t2)|

≤C(|x− x∗|α + |t1 − t2|
1−nζ

2 )

≤C(|t1 − t2|αζ + |t1 − t2|
1−nζ

2 )

≤C|t1 − t2|
α

n+2α .

Similarly, we have

|uk(x1, t1)− uk(x2, t2)| ≤ C(|x1 − x2|α + |t1 − t2|β),
|vk(x1, t1)− vk(x2, t2)| ≤ C(|x1 − x2|α + |t1 − t2|β),

where β ∈ (0, 1).
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Then, by Arzelà-Ascoli theorem, we get

(σk, uk, vk) → (σ, u, v) uniformly, as k → ∞.

By Lemma 4.1, there holds

(σkt, ukt, vkt) ⇀ (σt, ut, vt) in L2(0, T ; Hm), as k → ∞,

(σk, uk, vk) ⇀ (σ, u, v) weakly star in L∞(0, T ; Hm+1), as k → ∞,

(σk, uk, vk) ⇀ (σ, u, v) in L2(0, T ; Hm+2), as k → ∞.

It implies that U = (σ, u, v) ∈ Xδ.

Note that Uk ∈ Per(Wk), i.e., Uk is a T -periodic solution of system (3.1)–(3.3) with

T -periodic function Wk. Let k → ∞. It obtains that U = (σ, u, v) is a T -periodic solution

of system (3.1)–(3.3) with W , i.e., U ∈ Per(W ).

From Propositions 4.1 and 4.2, Per : S4 7→ 2S4 satisfies the hypotheses of the Kakutani

fixed point theorem. By Lemma 2.5, there exists a fixed point UPer of Per. It means that

UPer is a T -periodic solution of the system (2.1)–(2.3).

5 Uniqueness

In this section, we prove the uniqueness of the T -periodic solution.

Let U1 = (σ1, u1, v1) and U2 = (σ2, u2, v2) are T -periodic solutions of the system (2.1)–

(2.3). Denote σ = σ1 − σ2, u = u1 − u2, v = v1 − v2. Then, (σ, u, v) satisfies

σt + ρ̄divu+ u1∇σ + u∇σ2 = G1(σ1, u1)−G1(σ2, u2), (5.1)

ut − (µ̄∆u+ (µ̄+ λ̄)∇divu) + γ1ρ̄∇σ + γ2ρ̄∇v = G2(σ1, u1, v1)−G2(σ2, u2, v2), (5.2)

vt − κ̄∆v + γ3γ2ρ̄divu = G3(σ1, u1, v1)−G3(σ2, u2, v2). (5.3)

For each multi-index α with |α| = 0, · · · ,m+ 1, applying ∂α
x to (5.1)–(5.3), multiplying

γ1γ3∂
α
x σ, γ3∂

α
x u, ∂

α
x v respectively and integrating them over Ω , we have

1

2

d

dt

∫
(γ1γ3|∂α

x σ|2 + γ3|∂α
x u|2 + |∂α

x v|2)dx+ γ3

∫ (
µ̄|∂α

x∇u|2 + (µ̄+ λ̄)|∂α
x divu|2

)
dx

+ κ̄

∫
|∂α

x∇v|2dx

= − γ1γ3

∫
∂α
x (u1 · ∇σ + u · ∇σ2)∂

α
x σdx− γ1γ3

∫
∂α
x (G1(σ1, u1)−G1(σ2, u2))∂

α
x σdx

− γ3

∫
∂α
x (G2(σ1, u1, v1)−G2(σ2, u2, v2))∂

α
x udx

+

∫
∂α
x (G3(σ1, u1, v1)−G3(σ2, u2, v2))∂

α
x vdx

≤C

[ ∫ ∣∣∂α
x (u1 · ∇σ + u · ∇σ2)

∣∣2dx+

∫ ∣∣∂α
x (G1(σ1, u1)−G1(σ2, u2))

∣∣2dx
+

∫ ∣∣∂α−1
x (G2(σ1, u1, v1)−G2(σ2, u2, v2))

∣∣2dx
+

∫ ∣∣∂α−1
x (G3(σ1, u1, v1)−G3(σ2, u2, v2))

∣∣2dx]
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+ ϵ

∫ ∣∣∂α
x σ

∣∣2dx+
γ3µ̄

2

∫ ∣∣∂α
x∇u

∣∣2dx+
κ̄

2

∫ ∣∣∂α
x∇v

∣∣2dx. (5.4)

From Lemma 2.1 and 2.2, we have∫ ∣∣∂α
x (u1 · ∇σ + u · ∇σ2)

∣∣2dx
≤C

(
∥u1∥∞∥∇σ∥Hm + ∥u1∥Hm∥∇σ∥∞ + ∥u∥∞∥∇σ2∥Hm + ∥u∥Hm∥∇σ2∥∞

)2
≤C

(
∥u1∥Hm∥∇σ∥Hm + ∥u∥Hm∥∇σ2∥Hm

)2
and ∫

|∂α
x (G1(σ1, u1)−G1(σ2, u2)|2dx ≤ C

(
∥σ1∥Hm∥∇u∥Hm + ∥σ∥Hm∥∇u2∥Hm

)2
.

With a similar argument in Lemma 3.2, we have∫ ∣∣∂α−1
x (G2(σ1, u1, v1)−G2(σ2, u2, v2))

∣∣2dx
≤C

[
∥∇u∥Hm(∥∇u1∥Hm + ∥∇u2∥Hm) + ∥∇σ∥Hm(∥∇σ1∥Hm + ∥∇σ2∥Hm)

+ ∥∇v∥Hm(∥∇v1∥Hm + ∥∇v2∥Hm) + ∥∇v∥Hm∥∇σ1∥Hm + ∥∇v2∥Hm∥∇σ∥Hm

+ ∥∇σ∥Hm∥∆u1∥Hm + ∥∇σ2∥Hm∥∆u∥Hm

]2
+ ∥∇σ∥Hm∥∆u1∥Hm + ∥∇σ2∥Hm∥∆u∥Hm

and ∫
|∂α−1

x (G3(σ1, u1, v1)−G3(σ2, u2, v2))|2dx

≤C
[
∥u1∥Hm∥∇v∥Hm + ∥u∥Hm∥∇v2∥Hm + ∥σ1∥Hm∥∆v∥Hm + ∥σ∥Hm∥∆v2∥Hm

+ ∥σ1∥Hm∥∇u∥Hm + ∥σ∥Hm∥∇u2∥Hm + ∥v1∥Hm∥∇u∥Hm + ∥v∥Hm∥∇u2∥Hm

+ ∥∇u∥Hm(∥∇u1∥Hm + ∥∇u2∥Hm) + ∥σ1∥Hm∥∇u∥Hm(∥∇u1∥Hm + ∥∇u2∥Hm)

+ ∥∇u2∥2Hm∥σ∥Hm

]2
.

Integrating (5.4) from 0 to T , it obtains that

γ3

∫ T

0

( µ̄
2
∥∂α

x∇u∥22 + (µ̄+ λ̄)|∂α
x divu∥22

)
dt+

κ̄

2

∫ T

0

∥∂α
x∇v∥22dt

≤C∥(σ, u, v)∥2X
(
∥(σ1, u1, v1)∥2X + ∥(σ2, u2, v2)∥2X

+

∫ T

0

∥σ1∥2Hmdt sup
t∈[0, T ]

(∥∇u1∥2Hm + ∥∇u2∥2Hm)

+

∫ T

0

∥∇u2∥2Hmdt sup
t∈[0, T ]

∥∇u2∥2Hm

)
+ ϵ

∫ ∣∣∂α
x σ

∣∣2dx
≤Cδ2∥(σ, u, v)∥2X + ϵ

∫ ∣∣∂α
x σ

∣∣2dx. (5.5)

For each multi-index β with |β| = 1, · · · ,m, by applying ∂β
x to equations (5.2), multiply-

ing them by ∂β
x∇σ and then integrating them, it obtains that

d

dt

∫
∂β
xu · ∂β

x∇σdx+ γ1ρ̄

∫
|∂β

x∇σ|2dx

= −
∫

∂β
xu

(
∂β
x∇div(σ1u1 − σ2u2)

)
dx

+ ρ̄∥∂β
xdivu∥22 + µ̄

∫
∂β
x∆u∂β

x∇σdx+ (µ̄+ λ̄)

∫
∂β
x∇divu∂β

x∇σdx
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− γ2ρ̄

∫
∂β
x∇v∂β

x∇σdx+

∫
∂β
x (G2(σ1, u1, v1)−G2(σ2, u2, v2))∂

β
x∇σdx

≤ (∥σ1∥Hm+1∥u∥Hm+1 + ∥σ∥Hm+1∥u2∥Hm+1) + (1 + ρ̄)∥∂β
xdivu∥22 +

γ2ρ̄

2

∫
|∂β

x∇σ|2dx

+ Cµ̄, λ̄, ρ̄, γ2

(
∥∂β

x∆u∥22 + ∥∂β
x∇divu∥22 + ∥∂β

x∇v∥22
)

+ Cγ2, ρ̄

[
∥∇u∥Hm(∥∇u1∥Hm + ∥∇u2∥Hm) + ∥∇σ∥Hm(∥∇σ1∥Hm + ∥∇σ2∥Hm)

+ ∥∇v∥Hm∥∇σ1∥Hm + ∥∇v2∥Hm∥∇σ∥Hm + ∥∇σ∥Hm∥∆u1∥Hm

+ ∥∇σ2∥Hm∥∆u∥Hm

]2
. (5.6)

Integrating (5.6) from 0 to T , we have

γ1ρ̄

2

∫ T

0

∥∂β
x∇σ∥22dt ≤Cµ̄, λ̄,ρ̄, γ2

(∫ T

0

∥u∥2Hm+2dt+

∫ T

0

∥v∥2Hm+2dt

)
+ C∥(σ, u, v)∥X(∥(σ1, u1, v1)∥X + ∥(σ2, u2, v2)∥X). (5.7)

From (5.5), (5.7), summing up about |α|, |β|, taking M ′ appropriately large and letting

ϵ appropriately small, there holds

M ′
(∫ T

0

∥u∥2Hm+2dt+

∫ T

0

∥v∥2Hm+2dt

)
+

γ1ρ̄

4

∫ T

0

∥σ∥2Hm+1dt

≤CM ′, µ̄, λ̄, ρ̄, γ2, γ3
δ2∥(σ, u, v)∥2X .

Then, there exists a t∗ ∈ [0, T ] such that

∥u(t∗)∥2Hm+2 + ∥v(t∗)∥2Hm+2 + ∥σ(t∗)∥2Hm+1 ≤ Cδ2∥(σ, u, v)∥2X .

Combining (5.4) and (5.6), integrating over [t∗, t] with t ∈ [t∗, t∗ + T ], we have

∥u(t)∥2Hm+1 + ∥v(t)∥2Hm+1 + ∥σ(t)∥2Hm+1

≤Cδ2∥(σ, u, v)∥2X + ∥u(t∗)∥2Hm+1 + ∥v(t∗)∥2Hm+1 + ∥σ(t∗)∥2Hm+1

≤Cδ2∥(σ, u, v)∥2X .

Since (σ, u, v) is T -periodic, it obtains that

∥(σ, u, v)∥2X = sup
t∈[0,T ]

(
∥u(t)∥2Hm+2 + ∥v(t)∥2Hm+2 + ∥σ(t)∥2Hm+1

)
+

∫ T

0

(
∥u∥2Hm+2dt+ ∥v∥2Hm+2dt+ ∥σ∥2Hm+1

)
dt

≤ Cδ2∥(σ, u, v)∥2X
≤ Cη

1
2 ∥(σ, u, v)∥2X .

Since η small enough, we have

∥(σ, u, v)∥2X ≡ 0.

It implies

U1 = U2.

Remark 5.1 From the proof of uniqueness, it is not difficult to see that there is no

small non-trivial time periodic solution for the non-isentropic compressible Navier-Stokes

equations without external force.
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Remark 5.2 Assume that f is independent of t and ∥f∥Hm ≤ η with η appropriately

small. It means that f is periodic of any period T > 0. By Theorem 1.1, there exists

a time periodic solution (ρ1, u1, θ1) of period 1. On the other hand, there exists a time

periodic solution (ρ2, u2, θ2) of period
1

2
. By uniqueness, we must have ρ1 = ρ2, u1 = u2,

θ1 = θ2. Going on this way, we can see (ρ1, u1, θ1) is periodic of any rotational period.

It concludes that (ρ1, u1, θ1) is independent of t ∈ Q. From a continuity argument, we

get (ρ1(x), u1(x), θ1(x)) is independent of t. Therefore, (ρ1(x), u1(x), θ1(x)) is a unique

stationary solution of the following system:

div(ρu) = 0,

ρ(u · ∇)u+∇P (ρ, θ) = µ∆u+ (µ+ λ)∇divu+ ρf(x),

ρCν(u · ∇θ) + θPθ(ρ, θ)divu = κ∆θ + Φ(u).
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