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CONVERGENCE ANALYSIS OF FINITE ELEMENT
APPROXIMATION FOR 3-D MAGNETO-HEATING COUPLING
MODEL

LIXIU WANG, CHANGHUI YAO, AND ZHIMIN ZHANG

Abstract. In this paper, the magneto-heating model is considered, where the nonlinear terms
conclude the coupling magnetic diffusivity, the turbulent convection zone, the flow fields, ohmic
heat, and a-quench. The highlights of this paper is consist of three parts. Firstly, the solvability
of the model is derived from Rothe’s method and Arzela-Ascoli theorem after setting up the
decoupled semi-discrete system. Secondly, the well-posedness for the full-discrete scheme is arrived
and the convergence order O(hmi“{s’m} + 7) is obtained, respectively, where the approximation
scheme is based on backward Euler discretization in time and Nédélec-Lagrangian finite elements
in space. At last, a numerical experiment demonstrates the expected convergence.
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analysis.

1. Introduction

The phenomenon of magneto-heating has been achieved the main point of inter-
est for many researches[19, 20, 30]. In [19], a magneto-heating model was established
and the authors verified the well-posedness of the weak formulation by using the
so-called regularity technique. In [24], the authors developed a mathematical model
for magnetohydrodynamic flow of biofluids. The main objective was to explore the
developmental performance of peristaltic transport with different zeta potentials
in conjunction with magnetohydrodynamics and electrodynamics. In [13], the au-
thors were committed to studying the convection flow of an electrically conducting
and viscous incompressible fluids through isothermal vertical surfaces with Joule
heating, when there exists a uniform transverse magnetic field fixed relative to the
surface. Bermudez and his cooperators studied the coupling of the equations of
steady-state magnetohydrodynamics with the power equation when the buoyancy
effect is considered in [3]. They showed two models and proved the existence of weak
solutions. In [6], the authors researched a coupled system of Maxwell’s equations
with nonlinear heat equation while they employed the Rothe’s method to prove the
existence of the weak solutions for this coupled system.

There are many methods to prove the existence of solution for nonlinear equation
[7, 10, 21, 23, 31, 37]. Rothe’s method presents a first good insight into the structure
of the solution of the investigated evolution problem. The method introduced by E.
Rothe in 1930 [15]. It relies on the discretization in time and some energy estimates
[6]. After then it can be further proved that the discrete solution is convergent to
the solution of the original problem. Different from some other abstract methods
for confirming the truth of existence, Rothe’s method has a strong numerical aspect
[15].
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The accurate prediction of magneto-heating phenomena is critical, especially to
the basic understanding of the physical principles of controlling the electrodynam-
ics and thermal behavior of the materials in these processing systems [17]. For
these purposes, to look for a way to solve such a numerical problem is urgently
needed, particularly with the strongly nonlinear conditions. Studies on the finite
difference methods and finite volume methods had been applied to the magneto-
thermal problems [11, 12, 28, 29]. Meanwhile, finite element method is another
important approach for simulating these models due to its superior ability in han-
dling problems that involve complex geometries [1, 2, 33]. It is specially powerful
for nonlinear models. In [27], the author studied a nonlinear eddy current model
and designed a nonlinear time semi-discrete numerical scheme. Then the Minty-
Browder Theorem and a generalization of the div-curl lemma from the steady-state
to the transient case were adopted to prove the convergence. As a result, the error
estimates were achieved in time. In [5], for stellar magnetic activities, the authors
proved the well-posedness of the dynamo system governed by a set of nonlinear
PDEs with discontinuous physical coefficients in spherical geometry. Furthermore,
they presented a full-discrete finite element approximation to the dynamo system
and explored its convergence and stability. In [16], the main purpose was to prove
an improved error estimate with O(7 4+ A™{1.a}) (o > 0) for both time and space
discretization than that in [9] for Maxwell’s equations with a power-law nonlinear
conductivity.

In this paper, compared with models mentioned above, the most significant
differences of our model which is proposed in [34] can be summed into three points:

e The model is coupled with the turbulent convection zone and the flow fields.
e The nonlinear term concludes a-quench [5, 25].
e The coefficient of magnetic diffusion is temperature-dependent.

In order to get the existence of the weak solutions, we employ the Rothe’s method.
Firstly, the monotone theory is utilized to verify the unique solutions of time-
discrete weak formulations. Then, by using the weak convergence theorem and
Arzela-Ascoli theorem, we obtain that the time-discrete solutions of the magneto-
heating coupling model converge to the solutions of the weak formulations. Next, we
set up the full-discrete decoupled schemes by backward Euler discretization in time
and Nédélec-Lagrangian elements in space. Furthermore, after the preparatory
work, we obtain the convergence with the rates O(h™™*™} 4 7), where an a-
prior L*° assumption of numerical solution is derived. At last, a simple numerical
example is designed.

An outline of this paper is as follows. In section 2, we present the detailed
information for the model and denotes some notations which will be used frequently
in the rest of the paper. In Section 3, we employ time discretization based on
Rothe’s method to verify the solvability of the weak solutions for the problem (see
Theorem 3.1). In Section 4, we construct the full-discrete scheme. Then based on
interpolation theorem and the approximation properties between interpolations and
finite element solutions, we obtain the error estimates (see Theorem 4.1), where an
a-prior L*° assumption has to be inserted since the numerical scheme is the explicit
decoupled. In Section 5, a numerical experiment is presented to verify theoretical
results. Finally, some concluding remarks are given in the last section.
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2. The magneto-heating coupling model and some notations

2.1. The model problem. A 3-D model is described by the governing equations
[34]

f(x,t)B

(1) Bt+V X ()\(O)V X B) = Rav X (W

)+V><(U><B), (0,7] x €,

0,—V - (kV0) = 0(9)(|V x B> -V x B- (U x B)

(2) —R,V x B - <%>) . (0,T] x Q,

where Q is a bounded, convex, connected and Lipschtiz domain in R3. B and 6
mean the magnetic field and temperature, respectively. f(x,t) and U are a model-
oriented function and velocity of the fluid, respectively. R, is a dynamo parameter.
A is the effective magnetic diffusivity which is also effected by the temperature. k,
~ are the thermal conductivity and a constant parameter, respectively. ?j;f; fg‘tz)
called a-quench in [5, 25]. In some industrial experiments, the electric conductivity
b1 (213)
(b2(@) + ba(@)0)7
p>1and o = ¢ (x)e @ (see [8, 35]), where by (), ba(x), bs(x), c1(x) and cz(x)
are positive functions of space variables.
The equation (1) is equipped with the boundary condition

is

with

o strongly depends on the temperature field such that o =

(3) nx B=0, on 09,
and the initial data
(4) B(xz,0) = By(x),

where n is the unit outward normal to 092, By(x) is a given function. The equation
(2) is equipped with the boundary condition

(5) 0= 90, on (O,T] X Fl,
00
(6) —h = 0, on (0,7] x Ty,

and the initial data
(7) 0(x,0) = Oo(x),

where 0 = I'y UT'5. Furthermore, in the initial condition, 6y € L*>(f) is the
background temperature.
Moreover, we assume

(8) 0o > Omin, lo(x)] < owm,

where 0,,:;n, oy are positive constants. We also assume that there exist constants
Ams AM, Km, KnM, fu, and ups such that

0<)\m§)\(w)§)\kfa |f(wat)|a|ft(w7t)|§f]\/[a
9) 0<tm<k<km,  |U?)]|Ulz,t)| <un,

and \, o are two global Lipschitz continuous functions. For convenience, we define

q(§) :=0(0) = a(§+0bo), v(£):=A0) = A(§ + bo),

_ 2 , _ (f=t)B
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QT = (O,T] x Q.

2.2. Notations. Firstly, we introduce some function spaces and notations which
will be used throughout the paper. Here WP(Q) = (W*P(Q2))3 means the stan-
dard Sobolev vector-valued functions space with norm || - ||,p in three dimension.
When p = 2, we denote the space W*2(Q) = H*(Q) = (H*(Q2))? with norm || ||
When a = 0, the space H%(Q) coincides with L?(Q) = (L?(Q))? equipped with
norm || - |Jo. For simplify, we sometimes note the norm for || - || in the absence of
confusion. For a time-dependent function wu(x,t), the Bochner space is involved
[14]
LU0, T; HY(Q)) = {u: (0,T) = H*(Q); |[ullzeo =) < o0},

where

T 1/‘1
[ utoiga) L 1<g<e,
Hu”L‘J(O,T;HQ(Q)) = 0

mase [u,O)a. §=c.

Now we show some other commonly notations:
H(curl; Q) :={u € L*(Q) : Vxue L*(Q)},

V= Ho(cwl; Q) = {u € H(cur; Q) :nx u =0 on 9N}.
We also need define the functional space for the heat equation
Y = Hj(Q) = {veH(Q),v|r, =0}.
We introduce the cut-off function C, to deal with the nonlinear term of (2)

r if x > 7
Cr(x)=< o ifjz| <
—r if x < -—r,

where r is a positive constant. Then we can get the truncated form of equation (2)
(10) 0, — V- (kVO) =Cr(c(0)K(B)), (0,7]x Q.

From now on, we analysis the truncated system.
Throughout this paper, we shall frequently use C' and C. to denote a generic
constant, while C,. depends on the cutoff constant r.

3. Solvability of the solutions for the model

The coupling system (1), (3)-(7), (10) can be equivalent to the following varia-
tional problem: For the given initial data By, 0y, § = 0 and for any ¢ € (0, T, find
B €V and £ € Y such that

f(z,t)B
B, ® BVx®) =R, | 127 gya

(B.®) + (OF x BY x#) = o (L2009«

(11) L (UXxB,Vx®),V®cV,

(12) (& 1) + (kVE, V) = (Cr(¢(E) K (B)), T) = (kV0, VT),V T €Y.

In this section, we use the Rothe’s method to prove the solvability of the problem
(11)-(12). We take a fixed time step 7 and split the time interval into n parts, i.e.
T = nt, where n is a positive integer. Denote

tr =7k, wF= w(ty), 5wk = w,
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then we have a time discretized form of weak formulations (11)-(12) as follows

f(:l:, tk)Bk

(5-852) + (v (¢ V¢ BV @) = R ({055

V><<I>)

(13) +(U"xB*Vx®), V®cV,

(14) (6,:€%.7) + (kVEF, VYY) = (Co(q(¢" MK (BY)),T) — (kV6, VYY),V T €Y.
Lemma 3.1. For any k = 1, - - -, n, there exists a unique B¥ € V, ¢¥ € Y to solve
(13)-(14).

Proof. Firstly, we define the operator My : V — V* where V* means its dual

space.

1 flx,t)B
My\(B),®)=—-(B,® B D) R, | — %, >
(0 (B).®) = (B.9) + 09 x B,V x ) - 1, (LE08 v < a)
— (U xB,Vx®).
Next, we verify that the operator is bounded, monotone, coercive and hemi-
continuous. In particular, the hemicontinuity is obviously established.
We first show the boundedness as follows

1
(Mx(B),®) < —|Blll®]+AullV x B[V x ®[| + Rafar | BlIV x 2|

(15) + uu| B[V x @[ < C||Blv|®]v,
where C' = max{1/7, Aps, Ra far, uns - Then we have || My (B)||v+ < C||B||lv, VB €
V.

Now, we verify the monotonicity, for any By, By € V,
1
<MA(B1) — M)\(BQ),Bl — BQ> = ; (Bl — BQ,Bl — BQ) + (V (V X Bl —V x BQ) s

f(x,t)By  f(x,t)Bs
V x B; —V x By) Ra<1+7|B1|2 1+7|B2|2’VXB1 V x By

—(Ux By —U x B3,V x By =V x B»)

4
=> L
=1

Then, by Cauchy’s inequality, Young’s inequality and Lemma 2.3 in [34], we have

1
|| = ;||B1—B2||2,
L] > AV x By —V x By,

9
3] < JRafmlBi— Ba|[[|V x By = V x Byl
9 ]. 2 2
< -=-Rofm —||B1—B2H +€1HV><B1—V><B2H ,
4 461
|I4| S UJWHBl—BQHHVXBl—VXBQH
1
< up <4_62|B1 — B2H2 + 62||V x B; — V x B2||2> .

By choosing the proper parameters 7, €1, €2 > 0 such that

1 9R, 9
o = L Bafu um ngAm—%Ran—uMeg>0,
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we have

(Mx(B1) — Mx(Bs), B1 — Bo)
> min{Cy, Co} (|B1 — Ba|* + ||V x By — V x By||?) > 0.

Next we show the coercive of the operator M.

1 Ro
(M (B).B) > LB+ AV x B~ (LB 4 o ful V< BI)
u
- (1817 + v < 1)
464
by choosing the parameters 7, €3, €4 > 0 such that
1 R,
ngmin ——ﬂ—u—M,)\m—EgRan—Q;uM > 0.
T deg dey

As mentioned above, we have proved these properties. Assume that k is given
and B*~1 ¢*~1 are known, for any ® € V, then the operator equation
1

T

(16) (M\(B*), ®) (B @)

has a solution B* € V' [36]. From Theorem 6.1 [32] and Lemma 6.1.1 [26], we can
obtain that the solution of the equation (13) is unique. The existence and unique-
ness of the solution of the equation (14) is trivial based on Lax-Milgram lemma
since it is a linear problem after we know B* and ¢*~!. m

Now, we show some boundedness for B* in the next lemma.

Lemma 3.2. Suppose that B* is the solution of (13)-(14). Then there holds

k(2 k)2 < 2
(1) g B+ 7 SV > B < OBl
(18) ZT”(STBIC”%-I—l(curl;Q) < C’
k=1

where C'is a positive constant and independent of 7. H~!(curl; Q) is the dual space
of Hy(curl; Q).

The bounded estimates for £¥ are presented in the next lemma.

Lemma 3.3. There exists a positive constant C., which depends on the parameter
r of the cut-off function C, and independent of 7, such that

k2 k|2 <
(19)  max [|¢") +kZ_1m||V5 [ege

n ,‘{m N n B
(20) Y1088 1Pr + = {IVE" 1P + DI VE" = V| < Co e [ VE0)P2,
k=1 k=1

k
(21) 121%?("”575 a1 < Cr,

where H~1(Q) is the dual space of Hg ().
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The proof of Lemma 3.2 and Lemma 3.3 is trivial, so we omit it.
Before we show the first main theorem in this section, we need to construct the
piecewise-constant and piecewise-linear functions in time, i.e., V¢t € (t5—1,tx],

B"(O) = B(O)v £"(0) = &o,
B"(t) = £ (t) = ¢,
B"(t) = B’“ Vb (t —ty_1)0,B*, M) =" b (t —tp_1)0,€F,
v"(0) = v(&o), 7"(0) = q(&o),
7" (t) = v(£h), 7" (t) = q(&"),
fr(e) = f(tr), U"(t) = Ulty).

Now using the above notations, the equations (13)-(14) can be rewritten as

(
(0,B™,®) + (v (t —7)V x B",V x ®) Ra< "B V><<I>)

1+ 5|B"*’
(22) +(U"xB"\Vx®), VY®ecV,
(0:£7, ) + (kVE", VY) = (C, (¢" (¢t = 7) K (B")), T)

Theorem 3.1. Assume that f is Lipschitz continuous in time, then there exist B
and £ to solve (13) - (14).

Proof. The proof is divided into three parts.
(I) Owing to Lemma 3.3, we have

t
8 n th cni|2 < Cr-
| o€+ ma 1€ <

Then there exists a & € C ([0, T]; L% (2))NL> ([0, T]; H' (Q)) with 9,¢ € L*((0,T);
L? () ) such that [15]

(24) "= ¢ inC([0,T];L%(Q)) and £" — &in L? ((0,7); L% (Q)),

(25) €M(t) = &(t) in Hy (), Vte[0,T].
Based on (24) and (25), we arrive at £ — £ and " — £ a.e. in Q7. From the
Lipschitz continuity of v, ¢, we have
v(€") = v(€), v(€") = v(E) ae inQr,
q(€") = q(€), a(€") = q(€) ae. in Qr.

Now we show that o™ (¢t — 1), v™(t) and g"(t — 7), §"(t) have the same limit in
L2((0,T); L*(Q)), respectively. For #"(t — 7) and 7" (t), from (20), we have

T
/0 |77 (t - 7) — " ()| 2dt = Zn (€F1) — u(eh) |2

<Cy |t —Pr<or? Z 166" |1>r < Cy7?,
k=1 k=1
which leads to
T
lim |7 (t — 1) — 7" (t)]|2dt = 0.

n—oo 0
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Then by using triangle inequality, we can reach
T

lim 7™ (t — 7) — v(&(t))||2dt = 0.
n—oo 0
Similarly, we have
T
im [ g - 7) - q(€(e)]2dt = 0.
n— oo 0

Therefore, there holds
v (t) = (), vt —T1) = v(E),
(26) 7" (t) = q(&), 7"(t —7) = q(&), in L*((0,T); L*(92)).
() According to Lemma 3.2, we get
|(B" — B",®)| < 7/(0:B", ®)| < 7]10:B" || 11 (curts) | ® || #r(curti)

which means

T
HB" — Bn||L2((07T);H*1(curl;ﬂ)) < T/() ||8tBn||%—I*1(curl;Q)dt
(27) <Cr—0, n— oo

From

te—1

T n tr
/ | B™||?dt = Z/ | B¥=Y 4 (t — tp_1)dB*|?dt
0 k=1

<> (IB*1? + B - BM*)r
k=1

<|Bol*+C Y IB*Pr<C,
k=1

T n
/ |B2at =Y | BYPr < C,
0 k=1

and Lemma 3.2, we have

T
/ (IB"|2 + |V x B"[?)dt < C,
0

T
/ (HBnHQ + ||8tBn||%I*1(Curl;Q))dt < C.
0

Moreover, L? ((0,T); L* (2)) is reflexive Banach space, which implies that there
exists subsequences of B", B" (we also denote B™, B") and By, B such that B" —
B;, B" — B, where ’ —' means the weak convergence. We also have [6, 27]

T T
im [ (B".=B")dt= / (B.EB)dt, YE el (Q).
0

n—oo 0

Next, we will illustrate that B® — B. For any p € L2((0,T); L?(12)), we define

T 4

(28)  0< lim [ (B"-p,E(B"-p))dt:= lim Y (-1)"*'II,

n—o0 [q n—o0
k=1
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where = € C§°(Q) is nonnegative, and
T - T - T
I = / (B",ZB") dt = / (B",=(B" - B")) dt+/ (B",ZB") dt.
0 0 0
Based on Lemma 3.2 and (27), we have

T
/ (Bna E (Bn - Bn)) dt < C”BnHLz(O,T;H(curl;Q))||Bn - BnHLQ(O,T;H—l(curl;Q))
0

< C||B" — B"|| 20,1301 (curti2)) — 0, if 1 — o0,

which means

n—oo

T
lim II; = / (By,=ZB)dLt.
0

The space L2((0,T); C**(9)) is dense in L?((0,T); L*(2)). Then for any € > 0,
there exists p. € L2((0,T); C*>(£2)) such that ||p — Pellz2(0,7);22()) < €. Hence,

T —
I, = / (p,EB™)dt
0T _ T B T
=/0 (pe,E(B"—B"))dt—i—/O (p—pe,E(B"—B”'))ohwr/0 (p,EB™)dt

3
= Z Ii,
=1

where

| < ClpellLzo,1y;m o |1B™ — B™ || L2¢0,1); -1 (curt;))
< Ce||B™ — B"|| L2((0,1); 51 (curli)) — 0, 1 — 00,

|IQ| < CHp — peHL2((0,T);L2(Q))||Bn — BnHLz((QT);Lz(Q)) < Ce — 0, e — 0.

Therefore, we have

T T
lm I, = / (p,EB)dt, lim II; = / (p,Zp)dt,
T T
lim II, = lim [ (B" Zp)dt= / (B1,=p)dt.
We can see that
T - T
1i_>m (B"—p,E(B"—p))dt:/ (By —p,E(B—p)) >0.
n (o] 0 0
Now, setting € > 0 and p = B + ev,v € L*((0,T); L*(9)), we have
T
i — B,=v) <0.
ll_r}(l) ; (By — B,Zv) <0
Replacing v with —v implies
T
i — B,=Zv) > 0.
ll_r}[l) ; (By —B,Ev) >0

Therefore, we obtain

T
lim [ (B — B,Zv) =0, Vv L*((0,T); L*(Q)).

e—0 0
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Hence, B; = B a.e. in Qr, i.e.,

(29) B" — B, in L*((0,T); L*(Q)).
Let p = B in (28), we have
T
0= lim (B"—-B,Z(B"—B))dt > lim (Z,|B"—BJ*) >0, V= € C5°(Q),
which means

(30)

T

B" — B, in L*((0,T); L*(Q)).

Setting ® € Hy(curl; ), then we get
T —

lim (V x B", ‘I') dt

T
n— 00

lim (B",V x &) dt
0 n— o0 0

T T
/ (B,Vx{’)dt:/ (V x B, ®)dt.
0 0

It’s known that L?((0,7T'); H (curl; Q)) is reflexive, and based on Lemma 3.2, there
exists a z € L2((0,7T); H(curl; Q)) such that

t t
/ (0;B",®)ds — / (z,®)ds, n— o0,
0 0

(31) =

and

t t
(B"(t), ®) — (B"(0), ®) = / (B" @) ds < / 10811 cursny |l 11 iy ds
0 0

< CHq)”H(Curl;Q)-
Therefore, we have

(Bn( )a Q) < CHQHH(curl;Q) + HBOHH—l(curI;Q)H(I)”H(curl;Q) < CH(I)”H(curl;Q)a
which leads to

HBn(t)HH*1(011r1;Q) <C.
For any t1, o, there holds

[(B"(t1) — B"(t2), ®)| < ‘/tz(atB",i’)ds

ta
< / HatBn|‘H*1(curl;Q)||(PHH(curl;Q)d5
t1

to ta
<\/ / 12ds\/ [ 1073 sy dsl @l e
t1 t1

<C \% |t1 - t2|||‘§HH(curl;Q)a

which implies

||Bn(t1) - Bn(tQ)HH_l(curl;Q) < C\/ |t1 - t2|'
Using the modification of Arzela-Ascoli theorem [6, 15] yields
lim (B",®) = (B,®), V® € Hy(cur;Q),¢ € [0,T].
n—oo
Then, we can obtain z = 9, B a.e. in Qr by
¢
/ (0,B,®)ds = (B(t)— By, ®)= lim (B"(t) — B"(0),®)
0

n—oo
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t

(32) = lim [ (0:B", ®)ds = /t(z,q))ds.
0

n—oo 0
Owing to the Lipschitz continuity of f and U, we have
[£(t1) = flt2)|l < Clts —tal, Via,t2 € 10,77,

which implies
(33) /nﬁ R Z[ 1F () — F(0)]2a < C2, n - ox.
k—1
Similarly, we have
(34) / O™ — U|2dt = Z/ U (te) — U2t < Cr2, n— oo,
tp—1
Now, we have to verify V x B" — V x B in L2((O T); L?()). From (30),
by choosing ¢ € [0,7], such that B"(t) — B(t) in L%*(Q), and assuming that

t € (tj—1,t;], we have the following inequalities

t
0 < )\m//(VxBn—VXB)2dxds
0o JQ

IN

t
/ /ﬁ"(t—T)(V x B" —V x B)?dxds
0 Q
t B B t
- /(ﬂ"(t—r)VxB",VxB”)ds—i—/ (7"(t — 1)V x B,V x B)ds
0 0

t
- 2/ (7" (t — 7)V x B",V x B)ds
0

From (22), we have

t ann _ t _ _ _
M=/ R (-2 _vxB)|d U" x B",V x B")d
1 /0 '(1+W|B”|2vx ) s+/0( X V x B") ds

t
- / (0,B", B") ds

tj
/ (0,B", B") ds+/ (0,B™, B™)ds
t

o) (e

J t; B
Z/ Bk’l)Bkdx—k/ (6,B", B") ds
k= t

t

ann B > /t N _ _
+/Ra<7_7VxB” ds + U™ x B",V x B") ds
0 1+9|B"? 0 ( )

i2 2 ts t oD
Bi* — By i _ frB" -
- ——d 0,B". B™)d Ry | ————, B" | d
/Q 2 “/t (0.B", B") 5+/o (1+v|Bn|2 VX ) ’

t
+/ (T" x B".V x B") ds
0

ann

t
¥ x B" ds+/ U™ x B",V x B") ds
rai ) [ )

,_.
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Bn BO /tj _ /t ( fn,Bn _ )
S Z B0y [ 0,BY, BMYds+ | R —12— v x B")ds
/ ¢ (0 ) 0 1 +~|B"|?

+/(Unx3vade&
0

According to (26), (30), (31), (33) and (34), we have

B(t)? - B? t fB
lim_II . ol =, Vx B
N e ey R G AR

/(U><B V x B)ds

1 dB? t fB
- — ol ——=,Vx B
// dxds—l—/Fi,(l_’_’”B'2 X )ds

/(U><B V x B)ds
0

t t fB
= — 0B, B ds+/ Ra<7,VXB>dS
/o( Jds+ | Ra T3P

t
—|—/ (U x B,V x B)ds
0

t
:/ (v(§)V x B,V x B)ds
0
Based on (26) and (31), we get

t t
Jim ng/ (Dn(t—T)VXB,VXB)dSZ/ (W (6)V x B,V x B)ds,
0 0

n—roo

t
hmHyrﬂ/(W@—ﬂVxBﬁVxBﬂs
0

n—oo
- _2/t W)V x B,V x B)ds.
Therefore, V\(:e have
OS)\m/Ot/Q(VxB"—VxB)Qda:dSSO.

The above inequality is valid for any ¢ € [0, T]. Therefore we have
(35) V x B" =V x B in L*((0,T); L*(Q)).
(I) Let ® € C5°(Q) in (22), then integrating it in [0,9) where 9 € [0, T] yields

9 9
/ (0, B"™, ®)dt +/ (7"t —7)V x B",V x @) dt
0 0

9 ann 9 _ _
= Ry|——=—,Vx® dt+/ U" x B",V x ®) dt.
/0 (14'W|B”|2 ) 0 ( )

Using (26), (31), (32), (33), and (34), we can obtain the limit for n — oo

9 9 9 /B
0:B,® dt+/ vV x B,V x ®)dt = / Ra(i,Vx‘I’)dt
[ e [ ) , fe\T5arBe

J
+ / (U x B,V x ®)dt
0
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Using the fact that C§°(Q) is dense in Ho(curl; Q) and differentiating with respect
to time variable, we know that B and & satisfy (11).
Now, we integrate (23) in time

S

(5"(5),T)—(5"(0),T)+(€"(8)—5"(8),T)+/0 (kVE", VY)dt

s

(36) = /OS(CT((j”(t —7)K(B™)), Y)dt —/0 (kVOo, VY)dt.

Due to |(£"(s) — £"(s), T)| < 7](0:6™, )| < 7[10:6™||| || and Lemma 3.3, we have
ILm (€"(s) — €"(s), ) =0, for any s € [0,7].

Based on (24), (25), (30), and (35), and the limit for n — oo in (36), we obtain

(€(5). 1)~ (€(0). 1)+ / (wVE, V)i = / (€O K(B)). X)di / kY80, VT)dt.

Then differentiating in time, B and & solve (12).
]

4. Convergence analysis of the full-discrete scheme finite element meth-
ods

Let Th, be a partition of the domain €2 consisting of cube in 3D. For every element
K € Th, hk denotes the diameter of a generic element K € Tj, h = maxger, hi
denotes the mesh size. Now, the Nédélec’s element space Vj, [22] and Lagrange
finite element space W}, are shown as follows

Vi, ={v, € Hlew; Q) : vp|lx € Qp—1pp X Qpp—1,p X Qppp—1, VK € T},
V) = {v, € Vi, n x vy =0 on 90},
Wi, = {wy € HYQ): wylk € Qo »

W,? = {wh S Wh,’whh'*l = 0}.

Here and hereafter @; ;,, means the space of polynomials whose degrees are less
than or equal to 4,7, m in variables z,y, z, respectively. Hence, the full-discrete
variational formulations can be simulated: Find B,’f € Vho7 5,’? € W,? such that

kBk
6, BF &)+ (W HV x BF,V x ® ZRQ<#,VX‘I))
( h h) ( (h ) h h) 1+7|B,’f*1|2 h
(37)
+ (U* x BFV x ®),), V&, cV?,

(38)
(08, ) +(kVER, VTh) = (Cr (a6 1)K (BF)) , Th) = (kV00, VX)), ¥V Ty € W,

with the initial conditions
(39) B)(z) =II.By(x), &) (x)=pé (),

where ¥ = f(x,kt), U* = U(x, k1), Il is the so-called Nédélec interpolation
operator [14], and IIj is the standard Lagrange interpolation operator.

The existence and uniqueness of (BJ,£F) in (37)-(38) is obvious since it has
became a linear decoupled problem.
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Similar to the estimates (17) and (19), we have the next lemma.

Lemma 4.1. Assume that (BJ,£F) is the solution of the discrete system (37)-(38)

for each fixed k (1 <k < n), then the sequences {BZ}Z’Zl and {€F}7_, have the
following stability estimates

2 2 2 2
(40) s A+ X [ < BE” < ¢ B0
(4 max [[eh]*+ 3" s [ VeR]]” < Rl + 1960 ).
- k=1

Now, we only consider the part that the cut-off function satisfies C,.(x) = .
First, we state the second main result about the error estimate after combining the
following Lemma 4.2 and Lemma 4.3.

Theorem 4.1. Let (B*, &%) and (B, £F) be the solutions of (11)-(12) and (37)-
(38), respectively. Assume that By, V x By, B,V x B € L*(0,T; H*(Q)), £, & €

1
L0, T; H™ (), where 1 <m < p, 3 +0<s<p, 0<d< 5 we have

2 2 2
19, ||Bk - Bﬁ”m(a)"’ 195, ||fk - flﬁHLz(Q)ﬂ')‘m |V x (B* - Bﬁ)HL?(O,T;L?(Q))

(42)

+ K ||V5k - vfﬁHLZ(O,T;LQ(Q))

< C (it 4 22 A (BLg),

where C is a positive constant independent of the mesh size h and time step T.
And A(B, ) is defined by (45).

Firstly, we give the interpolation theorem on the space V;, and the interpolation
results for ¢ can be find in [4, chap 4].

1
Lemma 4.2. ([18]) Assume that 0 < § < 3 and 7}, is a regular family of hexahedral
meshes on  with faces aligning with the coordinate axes. If B,V x B € H*(Q),

1
3 4+ < s < p, then there exsits a constant C' > 0 independent of h and B such
that

(13) |B ~TLB,+ |V x (B ~TLB)|y < Ch* (IBl . o) + IV % Bllyra)) -

Secondly, we prove the approximation properties between the interpolations and
finite element solutions.

Lemma 4.3. Under the assumption of Theorem 4.1, we have

2 2 - 2
155, ||775HL2<Q) + 1285, HC}]?HL?(Q)) +Am ;T |V x nlliHm(Q)
) r Y|V <€ (n2mintem) 1 72) A (BLg),

k=1

where n,’f = B,’f —1I.B*, C;If = f;’f — ,€%, and
A(B, &) = |BillFe(o:m0()) T IV X Billie0.1:220) + 1Bl 7o (0.1:52 (52))

+ [V x B||2Loo(o,T;Hs(Q)) + (||§t|\%oo(o,T;L2(Q)) + Hf”%x(o,T;le(Q)))
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NV X Bll7oo(0.1:20)) + €617 00 (0.1 m+102)) + 1€l 2o (0, 1141 02))
F1€ell7 < 0,220 IV X Bll7(0,7502(00) (IV X Bll7<(0,7522(0)
€017 0,750200) IV X BllZo 075220y IV X Bl 20 0,7, 22(00)
+ I1BlZ o 0.7.22(0)) + IV X Bill7e0.7:220) IV X Bl 1 0.7:12(52))
HIBI L (0,7:020) + IV % Bl (0,1:£2(2)) (1 Bell 7 (0,722 (52))

(45) + ||B||2L°°(O,T;L2(Q)))'

Proof. Let ® = nF € V¥ in (11), then integrating over [tx_1,tx] and subtracting it
from (37), it yields

7 (Semis, i) + 7 (v (671) Vo< i, V x )

tr
=7 (6, (B¥ - II.B*) ,m}) + TG/ v(§)V x Bdt — v(&1)V x T1.B,

th—1
f(zx, kT)By, 1 [* f(x,t)B k
VXT]k)—FRaT(——— ————dt,V xn
" 14+~B 2 7 )y, 1+79|BJ? 4

1™
+T<Uk><B,]§—— Udet,Vxn,’§>

T Jt_a

4
(46) = Z Err;.
i=1

Based on interpolation theorem, we have
47)  Brry=71(0;(B* —11.B"),n}) < CTh°|| Byl| 1 (0.7, 15 ) |5 -

Thanks to the Lipschitz continuity of v and Taylor expansion, we arrive at

Erry = (/tk (v(&) —v(& 1)V x Bdt, V x n’,j)

tr
- </ v( ,’j—l)(vXB—vXnCB’f)dt,vXn,’g>
th—1
< C(PNéllieoriz2) + ThR™ M€ oo o, +1(0) + TIEE o)
IV x Bllzeo,mz20) |V % 0llo + CAu (T2(|V X Byl L (0,7522(0))
(48) +  7h*(| Bl (o,7:025(9)) + |V X Bl (o.7:88: )|V % 15 [lo-

Furthermore, there holds

123 fk
Brry = Ra</ —J ____(BF-1.B*+I.B* - B)dt
tr—1 1+7|Bll~f 1|2 " ‘ ‘

(1B - f) + /(B — |BE) k>
BdL,V .
" / L+ ~BE 21+ |BE) bV

(49)
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In order to obtain the estimation of Errs, we have

‘ [r s g Bdt}
bs (LI B R)(1+9/BP)

tr % tr %
< [C - niBlas (/ |fk—f|2dt) (/ |B|2dt)
tk—l tk,—l th—1
(50) < fuT?| Bl Lo,
B2 Bk—12
JAE
ty_1 (1+7|By " 12)(1+~|BJ?)
| [ B s B
(1+~|BS ' 2) (1 +~|BJ2)
< 2/' 1f||B — B*! 4 B*! _TI,BF! 4 ILB*! — BEdt
th—1
(51) < 2fm (T|Be(t) || 0,7y + T|BFT = ILB* Y + 7|ny ),
and
b fk k k k
(B -1,B*+11.B* - B)dt
/tk11+7|B;’§ Tk e ‘
52) < fur (rlmf] + 7ITLBY — BY 4 2B~ o).

Then, substituting (50)-(52) into (49), we have
Errs < 2fuRa(r|[0eB* = B¥|lo + 7l[ILeB ™! = B* Yo + 72| Byl| L= 0,7:£2(90)

f]W «

21
+ 7T2Bllr=o,rir2@)) IV x n5llo + \

ks + —||V il

TSR R
Am

As for Erry, we know that

_ TAm
653 + I + T

tr
(54) Erm:( kaB,’j—UkxB+kaB—Udet,vXn,’§).
th—1
Divided (54) into two parts, we get
tk
U" x Bf —U" x Bdt‘
te—1
(55) < unt (|| + B — BF| + 7(| By(t) || L= 0,79 ) »
tr
U* x B-U x Bdt}
te—1
tr
< [ wr-ulsl
th—1
th 1
(56) < ( / 72|atU’€|2dt) VA B 1~ 0.1
te—1
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Combining (55) with (56), we have
Errd S Unr (TQHBHLM(O,T;L?(Q)) + T2||Bt||Loo(07T;L2(Q))
QU%\/[T
Am
Let T = (,’f € W2 in (12), then integrating over [ty_1,tx] and subtracting it from
(38), we obtain

7 (8,8, CF) +7 (kVEE, VEE)
tr
—r (e~ )+ (w0 (5 [ car-mer). vt

TAm
+  7|LB* — B¥|jo) IV x millo + millg + THV < ni I3

so(1 7 el KB - (KB

k—1
7
(57) => Err.
=5

In order to ensure the boundedness of £ in L°°-norm, we need the following
assumption.
A priori L*>° assumption up to time step ¢;, i < k — 1. Assume that an L™
bound for the exact solution and its interpolation satisfies

(58) 160l gy = €7 IR o ) < €

where C* is a positive constant. Note that the second inequality comes from the
following estimate

(59) 1€ = TIA€'[| Lo ) < CH™H[Inh].

We also assume that the numerical error function for £ has an L*> bound at time
step t;

(60) 1€']] e @y 1= TRE" = &l pe ) < 1
so that an L° bound for the numerical solution &}, is available, i.e.,
61) &kl sy = T = €'l| oy = ITRE | Loy + 1€l ey < Cos

where Cy = C* + 1. This assumption will be recovered in later analysis.
Similar to the derivations of (47) and (48), we get

(62) Errs =1 (5T(fk - ka)v C}]j) < Crh™*! Hftlle(o,T;HmH(Q)) ||Ci]j||07

and

tr
Errg = T(HV(l &dt — gk) , vc’g) +7 (kV(EF — 11X, V¢F)

T Jtn_

IA

(63) K (T2l oo 0,311 (2)) + Th™ €Nl o 0,75 +1 02)) ) IV GE lo-

For Err;, we have

gy = ([ @©-a(6 ) KB

tr—1

+/ttk q (&) (K (B) —K(B;'f))dtadf)
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= (I + I, ).

Meanwhile, the estimates for I; and I are deduced as follows

o< furf (€ KRB

< Ol I+ gt = €Y + 72~ 0,m) (IV % Bl o)
+ ||V x BHLOQ(O,T)HBHLm(OvT))’
and
tr
Bo= | [ 5—1><K<B>—K(B’“>+K<B’“>‘K<Bﬁ”dt‘

IA

out |K(By) — K(B")| +oum

/tfk K(B*) — K(B)dt‘.

To estimate Iy, we have

|K(By) — K(B")|<|V x Bf—V x B*| (|V x Bf|+|V x B*|)+|U" x B*V x B*

— U" x B*V x B} + U* x B"V x B} — U* x B}'V x By)|

+Ha|V X B (1+7|B’<|2) VXB}L(1+7|B’<|2)
+VXBh(1+7|Bk|2) v><B’L(1+w|B;§|2)

< C(|V x (Bf = B)| + (uum + Rafu) |V x (Bf — B¥)|
+ (UM-i-Ran) |B}Ii —Bk| ),

and
tr
oM K(B") —K(B)dt‘
te—1
ty
=oum / (IVx B¥> - |[Vx B]*) = (Vx B". (U x B*) -~V xB- (U x B))
th—1
3 k- f(x, kT)BF B ( Sz 1)B
(RQVXB (7“7'3,@'2) R,V x B (7“7'3'2) dt

= JM(il + 10+ i3).

Here, we reach the following inequalities

lin] < /t (VxB’“—V><B)V><B’“+(V><Bk—V><B)V><Bdt‘
te1
< 7|V x By||p=0,m) |V % Bll=0,7);
lis] < wumT?|V x Bl Lo (0,1) | Bll o< (0.1) + uns 7| Bel| e 0,m) |V % Bl 20 (0,7
lis] < C7?|V x Billr=(0.1)|Bllr=(0,1) + TIIV % Bl 1(0.1) | Bl L2 (0,7)
+ O\ fell L= 0.0) | Bll =0,y |V X Bll Lo (0,1
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By Lemma 4.2, Young’s inequality, summing both sides of (46) and (57) together
over k = 1,2,---,n, using the fact n7 < T and the estimates results Err;, i = 1,---,7,

choosing 0 < 7 < C’min{(4||V X B”%OO(O,T;LQ(Q)))_l(TU%/I’ 2To%,u%,, 2T 0%, R2 f3,,

2 Am _ .
IV x BH%OQ(O’T;LQ(Q))—|—HBH%OQ(O’T;L2(Q))) Y T(4f]%/[RZ, 2u?;) 1}, and employing

the discrete Gronwall inequality, we finish the estimates (44).
Recovery of the priori bound. Define ¥ to be the solution for the elliptic
equation
— AU = ¢ —TIE",
with Dirichlet boundary condition ¥|s = 0. Using the Aubin-Nitsche technique
and (44), we can get

o o Tt < Clumn ),

With the help of the inverse inequality and an application of the L? error estimate
(64), the following estimate is available, for d < 3:

Cllgt —TieH, _  (rymnimei)
hd/2 = hd/2 ’

e — T o <

under the requirement 7 = O(h%Jre) for any 0 < € < 1. Then we complete the
recovery. B

5. Numerical test

In this section, we main to verify our theoretical analysis about the convergence,

i.e., Theorem 4.1. For simplicity, we assume that = [0, 1]® and fix the time step

7 = 1075 on uniform mesh. Moreover, we choose \(#) = %292, o) =e? k=1,

f(z,t)=1,U = [1,1,1]T. The analytical solutions of (1)-(2) are given as follows

B, cos mx sin my sin 7z
B(z,t)=| B, | =e "cost %sin L COS TY Sin 72 ,
B, —% sin 7wz sin 7y cos 7z

Q(IB, t) _ et(m—l)x(y—l)y(z—l)zz )

Cubic meshes are used in this part contains ¢ x j X k elements, where (i, j,k)
indicates the number of divisions in x, y, and z directions, respectively. The results
in Table 1 show that the optimal rates of convergence are achieved, which are
consistent with Theorem 4.1. We denote three errors by Err; = ||B — Byllo,
Erre = ||V x (B — By)llo, and Errs = ||6 — 0|lo. Then we have following results.

TABLE 1. Convergence of B and 6 after 100 time steps.

meshes Erry rates Erry rates Errs rates
10 x 10 x 10 | 5.4445e-02 - 4.1842e-01 - 6.8549e-05 -
15 x 15 x 15 | 3.6296e-02 | 1.0001 | 2.7914e-01 | 0.9982 | 3.0812¢-05 | 1.9722
20 x 20 x 20 | 2.7222¢-02 | 1.0000 | 2.0941e-01 | 0.9991 | 1.7397e-05 | 1.9868
25 x 25 x 25 | 2.1777e-02 | 1.0000 | 1.6755e-01 | 0.9995 | 1.1157¢-05 | 1.9909
30 x 30 x 30 | 1.8148e-02 | 1.0000 | 1.3963e-01 | 0.9997 | 7.7599e-06 | 1.9915
35 x 35 x 35 | 1.5556e-02 | 1.0000 | 1.1969e-01 | 0.9998 | 5.7093e-06 | 1.9907
40 x 40 x 40 | 1.3611e-02 | 1.0000 | 1.0473e-01 | 0.9998 | 4.3776e-06 | 1.9890
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Exact solution of B, Exact soluton of B, Exact soluton of B,

0
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¢

I /// 1 ///// ” 1 //////\ 1
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Numerial solton of 8 Numericalsoluton of 8, Numerical sohton o8,
0 04 2
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. ¢ :
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2 \// 0o z S~ % z S~ %
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FIGURE 1. The true solution (up) and the numerical solution
(down) of three components of B with 7 = 1075 after 100 time
steps.

Exact solution of curlB, Exact solution of curlB, Exact soluton of curlB,,

FIGURE 2. The true solution (up) and the numerical solution
(down) of three components of V x B with 7 = 107° after 100
time steps.

To show our numerical results more intuitively, we list the numerical solutions
and the exact solutions of B and curlB by fixing « = 0.722 and taking mesh
40 x 40 x 40 in Fig. 1, Fig. 2 . From the Fig. 1 and Fig. 2, we observe that our
scheme approximates the exact solutions very well.

6. Conclusions

In this work, we firstly investigate the solvability of the weak formulations of
the Magneto-heating problem. This is realized by monotone theory, Arzela-Ascoli
theorem and weak convergence analysis under the framework of Rother’s method.
Furthermore, we also explore the framework of error estimate for the Magneto-
heating coupling nonlinear system, which is approached by the boundedness of the
a-quench, the L*°-norm estimate of 55, and the Aubin-Nitsche technique. We point
that the method can be extended to the higher order time discrete schemes directly
to reduce the time step restriction.
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