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The Approach of Solutions for the Nonlocal
Diffusion Equation to Traveling Fronts
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Abstract The paper is concerned with the asymptotic behavior as ¢t — o0
of an entire solution u(z,t) for the nonlocal diffusion equation. With bistable
assumption, it is well known that the model has three different types of travel-
ing fronts. Under certain conditions on the wave speeds, and by some auxiliary
rational functions with certain properties to construct appropriate super- and
sub solutions of the model, we establish two new types of entire solutions
u(x,t) which approach to three travelling fronts or the positive equilibrium as
t — Foo0.
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1. Introduction

Consider the following nonlocal evolution problem for an entire solution wu(z,t)
defined on R x R:

up(x,t) = (Jxu)(x,t) —u(z, t) + flu(z,t)), (1.1)

where the kernel J of the convolution (J * u)(z,t) := [; J(x — y)u(y, t)dy is non-
negative, even, with unit integral, and the function f is bistable. We see (1.1) is a
nonlocal analog of the usual bistable reaction diffusion equation

Ou(z,t)

5 = D) + flu(,b)). (1.2)

As such, (1.1) as well as this equation (1.2) may model a variety of physical and
biological phenomena involving media with properties varying in space. The possi-
ble advantages of (1.1) lie in the fact that much more general types of interactions
between states at nearby locations in the medium can be accounted for. Lee et al.
also [14] argue that, for processes where the spatial scale for movement is large in
comparison with its temporal scale, nonlocal models may allow for better estima-
tion of parameters from data and provide more insight into the biological system.
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Convolution equations are related to the classic Laplacian diffusion equations, i.e.,
letting J(z) = §(x) + 6”(x), where ¢ is the Dirac delta (see, Medlock et al. [16]),
(1.2) reduces to (1.1).

It is well known that travelling fronts are special examples of the so-called entire
solutions which are defined in the whole space and for all time ¢ € R. Travelling
fronts are known to exist for (1.1) with reaction terms f of bistable, monostable, and
ignition type. For (1.1) with the bistable or ignition nonlinearities, the existence
results of travelling fronts can be studied by Bates et al. [1], Chen [4], Coville [7]
and Yagisita [24]. In the case where f is monostable, this kind of equation (1.1)
was originally introduced in 1937 by Kolmogorov, Petrovskii and Piskunov [17]
as a way to derive the Fisher equation (1.2) with f(u) = u(l — u). We refer to
some works [2,3,8,9,16,23] for (1.1) with the monostable nonlinearity. Notice that
the entire solutions can help us for the mathematical understanding of transient
dynamics. In recent years, there have been lots of works devoted to the interaction
of traveling fronts and entire solutions for various diffusion equations; see, e.g.,
[11-13,15,18-20,22,25] and the references cited therein.

We point out that authors [18, 19] investigated the entire solution behaving
as two traveling fronts coming from both sides of the z-axis for (1.1) with the
monostable and bistable nonlinearities, respectively. Recently, new types of entire
solutions merging three fronts are concerned for some evolution equations with the
bistable nonlinearity ( see [5,6,21]). Motivated by these works, it is natural and
interesting to study new entire solutions merging three fronts of (1.1) with the
bistable nonlinearity.

Before to state our main results, we first give some assumptions for the functions
J(-) and f(-), definitions of the traveling fronts and entire solutions for (1.1).

(J) J(-) € C*(R) has compact support, J(z) = J(—z) > 0,

/ J(x)dz =1 and / J(z)e dx < +oo for all A > 0.
R R

(A1) [Bistable condition] f(u) € C?(R), f(0) =
f’(l)( <)07 f'(a) > 0, f(u) < 0 for any u €
€ (a,1).

Definition 1.1 ( traveling fronts and entire solutions).

fla) = ( ) =0, f'(0) <0,
(0,a) and f(u) > 0 for any

(1) A solution w(z,t) is called a traveling front of (1.1) connecting {ej,ea} C
{0,a, 1} with the wave speed k, if

u(z,t) = ¢(x + kt), or u(x,t) = ¢(—x + kt),
for all z € R, ¢t € R and some function ¢(-) = {¢(-) }zecr,ter, which satisfies
$(—o0) = ey and ¢(+00) = €2, Vz e R.

(2) A function u(z,t) = {u(z,t)}zer ter is called an entire solution of (1.1) if for
any = € R, u(z,t) is differentiable for all £ € R and satisfies (1.1) for z € R
and t € R.

Now we recall the result in [1,4,24] as follows.
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Proposition 1.1. Assume that (J) and (A1) hold. Then (1.1) can admit a de-
creasing traveling front ¢1(x + 01t) with 01 < 0, where ¢1 satisfies

0191(8) = J *¢1(&) — e1(§) + f(21(8)),
(1.3)

$1(—00) =1, ¢1(+00) = 0.

In order to obtain monostable traveling fronts, we assume that f(u) satifies
> f'(a)(u—a), if u € [0,a],

u{_f()( ) [ ]forallfceR.
< f'(a)(u —a), if u € [a, 1],

Similar to the arguments in [9, 19, 23], we easily obtain the following results.

Proposition 1.2. Assume that (J), (A1) and (A2) hold. Then the following as-
sertions hold.

(A2): f(

(i) There exists v* < 0 such that for any 9o < v*, (1.1) can admit an increasing
traveling front Qo(Lx + 0ot), where Qo satisfies

0255(8) = J * P2(§) — @2(E) + f(@2(8))s
(1.4)

P2(—00) =0, Pa(+00) = a.

(i) There exists a vs* > 0 such that for every 03 > vs*, (1.1) admits an increasing
traveling front ¢s(x + Ust), where @3 satisfies

U3p3(&) = J * p3(&) — p3(&) + f(@3(6)),
(1.5)

$3(—00) = a, P3(+o0) = 1.
Remark 1.1. Taking 09 = —03 and ¢o(x+02t) = a— Po(—x +Uat) = a— @a(—(x—
Uat)) = a — @a(—(x + Uat)), where @ satisfies

0205(8) = J % 92(&) — p2(8) + f(22(6)),
(1.6)

Pa(—00) = a, P2(+00) =0.

Remark 1.2. Let u(z,t) be an entire solution of (1.1) and @i (x +vit) (k=1,2,3)
be the traveling front of (1.1) with the wave speed vy and connecting two different
constant states. If u(z,t) satisfies

lim { Z sup |u(z, t) —gok(x+vkt+9k)|} =0

t—=—00 1<k<3pk71(t)ﬁwﬁpk(t)

then it is called the entire solution originating from three fronts of (1.1), where
v1 < vy < vz and O (k = 1,2) is some constant, po(t) = —oo, pi(t) = —(vx +
ve+1)t/2 (k= 1,2) and p3(t) = +o0.

Next we will state our main results.
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Theorem 1.1. Assume that (J), (A1) and (A2) hold. Let (01,$1), (U2,p2) and
(U3, @3) be traveling fronts of (1.1) with 01 < U9 < U3. Then there exists an entire
solution u(x,t) originating from three fronts of (1.1) and w € R which satisfies

lim sup|u(x,t) —1] =0

t——+o00 z€R
and
lim { sup |u(z,t) —¢1(z+ 01t —w)|+  sup  |u(z,t) — Ga(x + Vot + w)]
t——o0 x<my mi<zx<ma
+ sup |u(z,t) — @s(x + Ust + w)\} =0,
r>mo
where my = —7(@1';172)75 and mo = —7(62';63”.

Theorem 1.2. Assume that (J), (A1) and (A2) hold. Let (01,$1), (D2, P2) and
(D2, ¢2) be traveling fronts with 01 < 0y < U2. Then there exists an entire solution
v(z,t) originating from three fronts of (1.1) and wi,ws € R which satisfies

lim sup |v(z,t) — @1(z+ 01t +wi)] =0

t—=400 ;R
and
fim, { sup [v(2,t) — Pr(z+ 01t +wi)[+  sup  |u(w,t) — Ga(x + Dot + w1
e zsny ni<zx<ns
+ sup [v(z,t) — ga(a + Vot — w2)|} —0,
r>ng
where ny = —W and ngy = _W'

2. Proof of Theorem 1.1

Set ¢1 = 01, cg = U3 and c3 = v3. Let 91 = 1, g2 = P2, ¢3 = @3, § = v + ¢l
x € R,i=1,2,3, be traveling fronts of (1.1) that satisfy

ci¢i(§) = J * ¢i(§) — ¢i(§) + f(di(€)),

(2.1)
¢i(—00) = ay, pi(o0) = B,
where (Oé], 617 a2, ﬁ?v as, 63) = (1’ 0, O, a,a, 1)
Without loss of generality, we assume that
a a 14+a
$1(0) = 5, 92(0) = 5, ¢3(0) = ——- (2.2)

By using the similar method as in [18,22,25], we can obtain the following asymptotic
result.

Lemma 2.1. Assume that (J), (A1) and (A2) hold. There exist positive numbers
Co, C1, Co, m1, 2 and p, which depend on 01, ¥a, Vg, U3, for £ <0, it holds

0 < ¢ (&), 95(€), 95(€) < Coe™, (2.3)
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C1e™t < 1—¢1(£), $2(€), $3(€) — a < Cae™E, (2.4)
HE)  dh(E) (e
1= 618 62(8) da(6) —a =" (2.5)

For € >0, it holds

0 < ¢1(€), d5(£), 95(£) < Coe ™%, .
Cre™™E < 61(€),a— 62(€), 1 — 9s(€) < Coe ™, (27)

O O e

$1(8)" a—a(§)” 1—¢3(8) ~

Now we consider the Cauchy problem of (1.1) with the initial data u(z,to) =
ug(x), that is,

(2.8)

ug(x,t) = (Jxu)(z,t) —ulz, t) + f(u(z,t)), x € R, t > i, (2.9)
u(z,tg) = uo(x),z € R.

Definition 2.1 (Super- and subsolutions).
Let to < T, where ty and T are any two real constants. A sequence of continuous
function u(z,t) € C(R, [to,T)) is called a supersolution (or subsolution) of (1.1) ,if

ug(x,t) > (or <)(J xu)(z, t) —u(z, t) + f(u(z,t)).

The results on the existence and comparison principle for the Cauchy problem
of (1.1) are standard and common (see [15]).

Lemma 2.2. Assume that (J),(A1) and (A2) hold. Then the following assertions
hold.

(1) Foranyuo(z) € C(R,[0,1]), equation (2.9) admits a unique solution u(z,to; ug) €
COY(R x [tg, 0),[0,1]).

(2) Suppose ut(x,t) and u~(z,t) are nonnegative bounded supersolution and sub-
solution of (1.1) on [tg, +00), respectively, with the initial condition u™(z,tg) >
u”(z,tg) for x € Ryt € [tg,+00), then ut(z,t) > u (z,t) > 0 for all
reR,te [t(],"f‘OO) .

Similar to the arguments in [25], we can also obtain the following estimate.

Lemma 2.3. Assume that (J), (A1) and (A2) hold. Let u(x,t) be a solution of
(2.9) with the initial value ug(z) € C(R,[0,1]). There exists a positive constant M,
such that

‘ut(x,t)‘ <M and ‘utt(x,t)‘ <M, forzeR, t>t.

In addition, assume max,co1] f,(u) < 1 and there exists a positive constant
number K1 such that for any n > 0,

/|J(x+77)—J(x)|dx§K177 and |ug(xz +n) —uo(z)| < Kin,
R

then for any x € R, t > 0 and n > 0,0one has
‘u(x + nat) - u(xat” < Koan, |ut(x + 77,75) - ut(xvt” < Ko,

where Ky is some positive constant independent of ug and 7.
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2.1. Construction of super- and subsolutions

To construct a pair of super- and subsolutions of (1.1), we introduce the following
auxiliary function linking three fronts(see [6])

(1—y)z(w—a)+yla—2)(1 —w)
(1-y)z(l-a)+(a—2)(1-w)

for any (y,z,w) € Dy,
(2.10)

Qy,z,w) =2+ (1 — 2)

where Dy = {[0,1] x [0,a] X [a, 1]}\({(1,a,w)|la < w < 1} U {(1,2,1)]0 < z <
ay U{(y,0,1)|0 <y < 1}).

Lemma 2.4. [6, Lemma 3.1] The function Q(y, z, w) has the following properties.
(i)

(1—a)(w—y)
1—y)z(1—a)+ (a—2)(1 —w)’

y+(1—y)z(

Qy, z,w) = (2.11)

y—w
(1-y)z(l-a)+(a—2)(1-w)

w4+ (a—2)(1—w)

(i) There exist functions Q;,i = 1,2,3, such that

a(l—z)(a—2)(1 —w)?

Qy(y’ Z,’lU) = [(1 — y)Z(l — 0,) I (a — Z)(]. — w)]Q = (a - Z)(l - ’lU)Ql(y,Z,U)),
L Qe wwy)

Qz(yvz7w) - [(1—y)Z(].—CL)—‘r(CL—Z)(l—’LU)P - (1 y)(l )QQ(ya ) )a

Quiyzw) = e W02 (1 y)eQuty 2w 20

[(1=y)z(1—a)+(a—2)(1—-w)]

(tit) There exist functions R;,j = 1,---,16, such that

Quy(y, 2, w) =2R1(y, z,w) = (a — 2)Ra(y, 2, w) = (1 — w)R3(y, 2, w),
Q.:(y,z,w) =(1 — y)Ry(y, z,w) = (1 — w)Rs5(y, 2, w)

=yRes(y, z,w) + (w — a)R7(y, z,w),
Quuw (Y, 2, w) =(1 = y)Rs(y, 2, w) = 2Ry (y, z,w) = (a — z)Rio(y, 2, w),
Qu=(y, z,w) =(1 —w)Ri1(y, 2, w), Q2w (y, 2, w) = (1 — y) Ria(y, 2, w),
Quu(y, z,w) =(1 = y)Ris(y, 2, w) = 2R14(y, 2, w)
=(a — 2)R15(y, z,w) + (1 — w)R16(y, z, w).

By using this auxiliary function @), we can construct a suitable pair of super-sub-
solutions. Now let u(z,t) = U(&,t) with € = z+ét and ¢ = (¢c1+¢2)/2 = (01+02)/2.
Then (1.1) becomes

Uy=J+«U—-U—-cUe — f(U). (2.12)

Taking s1 = (ca—c¢1)/2, s2 = ¢35 —¢, it is obvious to see that ¢1(§ —s1t), P2(€+ s1t)
and ¢3(€ + sot) are traveling fronts of (2.12). We denote

FlUE )] = Uy + U — (J U —U) — f(U).
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Consider U(&,t) = Q(41(§ —p1(t)), d2(§ +p2(1)), @3(E +ps(t))) , where pi(t), p2(t),
p3(t) <0 and —p2(t) < —ps(t). Then we can caculate

FIUE )]
= — P1Qy#| + PrQ=by + P3Quds + E(Qydt + Q25 + Qudy) — (J xU —U) — f(U(&,1))
= — P1Qy¢) + PrQ= 05 + PsQus + (€ — c1)Qy| + (€ — c2)Q= + (€ — ¢3)Qu s
—(JxU =U) = f(U(, 1)) + c1Qyd) + c2Q.¢5 + c3Qu 3
=—(p} — 51)Qy) + (Py — 51)Q=5 + (P — 52)Qus — (J*U = U) — f(U(&,1))
+Qyl(J * 1 — 1) — f(P1)] + Q=[(J * 2 — p2) — f(P2)] + Qul(J * @3 — ¢3) — f(h3))]
=— (p] — 51)Qyd} + (Py — 51)Q. 05 + (P — 52)Qudz + Qy(J * ¢1 — d1) + Q=(J * P2 — ¢2)
+ Qu(J*¢3 —¢3) — (JxU = U) + Qyf (1) + Q=f(P2) + Quf(ds) — F(U(E,1))
= — (P} — 51)Qy) + (py — 51)Q-05 + (5 — 52)Quds — G(1, b2, ¥3) — F (01, P2, $3),

where

F(p1, 02, 93) := f(U, 1) — Qyuf(d1) — Q- f(d2) — Qu f(h3)
G(p1, P2, 93) == (JxU =U) = Qu(J x p1 — ¢1) — Q=(J * 2 — ¢2) — Qu(J * ¢3 — ¢3).

Lemma 2.5. [6, Lemma 3.2] Assume that (J), (A1) and (A2) hold. Ifpi(t), pa2(t), ps(t) <
—o for some positive constant o, then there exist positive constants €1, €s and €3
such that

Qy(P1(& —p1(t)), P2(& +p2(t)), #3(§ + p3(t))) > €1, for § < —pa(t),
Q=(01(§ = p1(1)), p2(€ + pa(t)), 3(€ + p3(t))) > €2, for pi(t) <& < —p3(t),
Qu(P1(§ — p1(1)), p2(§ + pa(t)), p3(§ + p3(t))) > €3, for & > —ps(t).

According to the above arguments, we can easily obtain that there exists a
positive constant C' such that

|Rl(¢17 ¢27 ¢3)|7 |ny(¢17 ¢27 ¢3)|a |sz(¢l7 ¢27 ¢3)|‘wa(¢17 ¢27 ¢3)|
|Qyz(¢)la ¢27 ¢3)|; |sz(¢1, ¢27¢)3)|7 |Qyw(¢la ¢27 ¢3)| S C

fOI‘ g € Rv pl(t)a pQ(t)a pS(t) < —0, l = 17 Y 16.
Denote

A(d1(§ — p1()), d2(€ + pa(t)), d3(€ + p3(t)))
= — Qy(¢1, 02, 93)91 (€ — p1(t) + Q=(P1, P2, #3) D5 (E + P2(t)) + Qu(P1, P2, P3)P5(E + p3(t))).

The next lemma shows some properties of the function A.

Lemma 2.6. [6, Lemma 3.3[Assume that (J), (A1) and (A2) hold. Then there
ezists a large number o > 0 such that

A(¢1(€ = p1(t)), P2(€ + p2(t)), ¢3(§ + p3(t))) > 0 for any £ € R, p1,p2,p3 < —0.
(2.13)
More precisely, for pi,ps,p3 < —0o, the following statements hold:

Ad1,62,05) > 3QUOLE ~P@)] for & < pi(t), (214)
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A, 62:03) 2 5 [QUGLE ~ p1 ()] + Qaldhle + pa®)] Jor m(®) < € < ~pa(t),

(2.15)

A(p1, b2, ¢3) > %{Q2\¢’2(f+p2(t))| + Q3|¢§(f+p3(t))|} for —pa(t) <& < —ps(t),
(2.16)

A(pr, d2, ¢3) > *Q3|¢3(5+p3( )| for& > —ps(t). (2.17)

Notice that the expression of F is the same as that in [6], thus we can obtain
the following lemma.

Lemma 2.7. Assume that (J), (A1) and (A2) hold. Then

Ll(emp'z(t) + emps(t)) fO?"f <0,
Ly(emPr(t) 4 emps(®)=p2(0)/2) " for 0 < € < (—ps(t) — pa(t))/2,
Ly (emP1(t) 4 emps()=p2(0)/2)  for ¢ > (—ps(t) — pa(t))/2,

f(¢17¢27¢3) <
A(¢17 ¢23 ¢3) -

where L1, Ly, Ls are positive constants.

Lemma 2.8. Assume that (J), (A1) and (A2) hold. Then

Ly(emp2(t) 4 emps(®)) - for ¢ <0,

G(p1, P2, P3) ‘ <

n2p1(t) M1 (p3(t)—p2(t))/2 _ _
A1, p2,03) | — Ls (e te ), for0 <& < (—ps(t) — pa(t))/2,

L (em2P1(t) 4 en2(ps()=p2(0)/2) 1 for £ > (—ps(t) — pa(t))/2,

where Ly, Ls, Lg are positive constants.
Proof. By using the similar method as in [21], here we give the details for conve-
nience. We denote

$1(0) := d1(E—p1(t)—05), $a(0) 1= P2(E+pa(t)—05) and P3(0) := b3 (E+ps(t)—0s)
for 8 € [0,1], s € R. Then we have

G(61,62.03) = [ T9[Q(1):62(1).63(1) = Q(61(0).d2(0). G (0) s
—Qy/J [61(1) = 61 (0)ds = Q.. [ T(3)[dal1) = a(0))ds
= Qu [ J(s)da(1) = dul0)]ds
= [ 761Qy (8161(1) + (1 = 82)61(0), (1), 32 (1)) [3a(1) = G101 ds

$)Q: (¢1(0), B262(1) + (1 — 02)2(0), 53(1))[52(1) — $2(0)]ds
(

7.0
+ /]R J(8)Qu (él 0), $2(0), 83¢3(1) + (1 — 93)&3(0))&53(1) — $3(0)]ds
- [ )

5)Qy(61(0), $2(0), $3(0))[¢1(1) — 61(0)]ds
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- / T(5)Q:(1(0), $(0), 35(0))[da(1) — do(0))ds
- / 7(5)Qu(61(0), 2(0), $5(0))[da(1) — d5(0)]ds
- / J(8)G1[61(1) — 1 (0)])ds + / J(5)Galda(1) — 62(0))ds
R R
+ / J(5)Gs[ds(1) — ds(0)]ds,
R

where

Qy (011 (1) + (1 — 91)¢1( ), d2(1), $3(1)) — Qy(¢1(0), &
(¢1 (0) ,92(152 + (1 — 92)¢2(0),¢§3(1)) — Qy($1(0), $2(0), ;
93 -—Qw (61(0), $2(0), 93¢3<1> + (1= 03)¢3(0)) — Qu(61(0), $2(0), $3(0)).

By a direct computation, we have

G1 =Qyy (0401 (1) + (1 — 04)$1(0), $2(1), d3(1))01[¢1 (1) — ¢1(0)]
+ Qy=(61(0), 0502(1) + (1 — 05)2(0), b3(1)) [2(1) — $2(0)]
+ Qyu(61(0), $2(0), fsp3(1) + (1 — 96)¢3(0))[ 3(1) — ¢3(0)],
Go =Q:2(61(0), 07¢2(1) + (1—97)¢2( ), $3(1))62(da(1) — ¢2(0)]
+ Q2u(61(0), $2(0), 033(1) + (1 — 0s)d3(0))[ds(1) — d3(0)],
G5 =Quw(1(0), $2(0), b5 (1) + <1 —09)$3(0))83[93(1) — $3(0)].
Let

Gi1 = Quy (626h1(1) + (1 = 04)¢1(0), da(1), P3(1
Goz = Qyz (¢1( ), 95¢2(1 + (1= 05)2(0), p3(1

Gas = Quu (1(0), $2(0), (1) + (1 — 96) 3(0)) 1 (1 ) $1(0)][ds(1) — $3(0)],
Gaa = Q.. (61(0), 97(1)2(1) + (1= 07)62(0), 6 1))92 ¢>2 <Z52(0)]

G55 = Q20 (91(0), $2(0), Osd3(1) + (1 — 05)3(0)) [b (0)][ 3(1) — ¢3(0)],
Go6 = Quuw (91(0), 62(0), 095(1) + (1 — 0)$3(0 ))93[</>3( ) — ¢3(0)]%,

where §; € (0,1), i =1,---,9. Then by mean theorem, Gi1, Gaz, Gs3, Gaa, Gs5 and
Ges can be rewritten as

Gi1 = Qyy (94¢1(1) (1
g22 - Qyz(¢1( ) o¢2(

)61[1(1)
)[61(1) = é1(0

>,

) 610
) N[$2(1) — 62(0)],

01)$1(0), $2(1), 53(1))9182[%(5—191@) — 6109))%,
( $2(0), d3(1 )% ¢ (€ — p1(t) — 0115)P5(€ + pa(t) — O125),

)+
050
)+
Os¢

05)
G33 = Qyu (¢1( ), $2(0), 863(1) + (1 — 96)¢3( ))s? @1 (€ — pr(t) — O135)d5 (€ + p3(t) — O14),
Gis = Q.. (1(0), 97¢7 (1 ( 07)$2(0), d3(1)) 025794 (€ + pa(t) — O155)]%,
G55 = Qau (61(0), $2(0), Osd3(1) + (1 — 05)$3(0)) s G5 (€ + pa(t) — O165)B5(E + ps(t) — ba7s),

Go6 = Quuw (61(0), $2(0), 09p3(1) + (1 — 09)d3(0)) O35[4 (€ + p3(t) — O185)]?,
where 6; € (0,1),i=4,..., 18, s € [-M, M].



214 S.Gan & Z. Yu

We now divide the proof into the following siz cases.

Case 1. & < pi(t). From Lemma 2.4(iil), one can show that there exists a
general positive constant C' such that

|Quy (B261(1) + (1 = 04)¢1(0), da(1), $3(1))| < C’a(1
‘sz($1(0)797¢2( ) + (1= 07)2(0), p3(1) () < 1—(%51( B
\wa(él(o):éf;z( ), 09¢3(1) + (1 — bg) (0)) C'11 — $1(0)],
\Qyz(qgl(o) 5&2(1) + (1 — 05)2(0), GB m)<c,
|Quu (61(0), $2(0), 665(1) + (1 — 65)d3(0))| < C,
\sz(qgl( ), $2(0), 03h3(1) + (1 — 3)o $3(0))] < C’ 11— ¢1(0)]
and

1G11] < C'01]62(1)[5°[¢} (€ — p1(t) — O108)]7,

|Gaa| < C'025%[1 = $1(0)[[@5(& + pa(t) — b153)]7,

|Gos| < C'035°|1 — $1(0)[[¢4 (€ + pa(t) — b1s5)]%,

|Gaa| < C's%|¢ (€ — pr(t) — 0115) |95 (€ + pa(t) — O25)],

|Gas| < C's?[¢)(€ — pi(t) — O318)[|05 (€ + pa(t) — Oras)],

|Gss| < C'|1 — 1(0)||5% 95 (€ + pa(t) — 165)]| 95 (€ + pa(t) — O175)].

Since & < p1(t), we have & —py —0;s < M, {+po—0;s < M and §+p3 —0;s < M.
Then, by Lemma 2.1, Lemma 2.5 and (2.14), there exists some positive constant L,
such that

2|G11] 2|G 4| 2|Ges| 2|Gas| 2|Gs3| 2|Gss|
‘A‘ =000 T Q00 T Qe T Qe T Qe T Q1]
o0 [|¢32<1>|[¢a<s — 1) = 0109 1= G1(O)l[¢4(€ + pa(t) — O]

€1]¢h| €1/ |
1 1 (OIIGALE + s~ 0us5)? _ [64(€ ~ 1 — 01)]104(E +2 — )
+ S + -
fl‘qs | €1|¢1|
|<Z5/ (€ —p1 — 0318)95(§ + p3 — O1as)|
€191
" |1 — 01(0)$5(§ + p2 — 0165)95(€ + p3 — O175)|
1ot
20/8203026171 (§+p2—5) p2m (§—p1—0b105) N 20’3203026771 (6-p1) g2m (E+p2—0155)
< e1Crem(E=r1) /p €1Crem(E=r1) /p
2C"s2C3Cyem (E—P1)2m(Etps=01ss) 90" 2(C2em (§-p1)=0118) gmi (§+p2—0215)
61016"1(5_171)/,0 eloleﬁl(E—Pl)/p
20’520026771(5*171*931 ) eni(§+ps—0ias) 20’5203026?71(5*101)6771(§+p279168)en1(§+p370178)
61016771(5—p1)/p 61016711(5—p1)/p

Sil [6?71(E+P2(t)) 4 em (§+p3(t))] < [Nq [6771172(25) + emps(t)] )

Case 2. p1(t) <& <0. From Lemma 2.4(iil), one can show that there exists a
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general positive constant C' | it follows that

|Quy (0261 (1) + (1 = 04)h1(0), P2 (1), $3(1))| < C'[da (1)),
Q2= (61(0), 026(1) + (1 — 67)$2(0), ¢3(1))| < C,
|Quw (¢1(0), 2(0), B3 (1) + (1 — 69)$3(0))| < C'[d2(0)],
Q= (61(0), 05¢2(1) + (1 — 95><2>2<0>,<£3(1))| <,
|Qyw(<51(0)a<52( ), 0s63(1) + (1 — b)) 3(0))| < C,
Q2 (61(0), 62(0), O563(1) + (1 — 06)d3(0))| < C',

and

1G11] < C'|da(1)[015%[6) (€ — pa(t) — 0108))?,
|Gaa| < C'025°[¢5(€ + pa(t) — O155)]?,
|Gos| < C'|62(0)[055%[d2(0)[[@5(€ + p3(t) — O185)]7,
|Gao| < C"8°|¢ (€ — pr(t) — 0119)[|05(€ + pa(t) — ba15)],
|Gas| < C's?|¢5 (€ + pa(t) — O169)[|65(E + pa(t) — Oi7s),
|Gss| < C's?|¢ (€ — p1(t) — O319)[|65(E + ps(t) — Ouas)|.
Since p1(t) < <0, we have {—py—0; > —M, E+py—0; < M and E+p3—0; < M,

then it follows from Lemma 2.1, Lemma 2.5 and (2.15) that there exists a Lo such
that

o~ o~ o~ —

‘ ‘ 2|G11| 2|Gua] 2\%6|+2|922\ 2|Gas| 2|Gss|
AL 7Qul01]  Q:losl  Q:lds]  Qylor]  Quldi|  Q:[¢5]

<2072 [|¢32(1)|[¢/1(5 — p1 — b109))? n [¢5(E + p2 — 0155)]?

€1¢1| €295
|¢2(0)[[05(€ + p3 — 0185)]* | 1916 = p1 — 0118)|$5(€ + pa — O 5)|
+ / + /
€25 €1l
|¢1(§ p1 — 0318)95(§ +p3 — O1as)| | |95(€ + p2 — b168)95(E +p3 — 9175)|}
+ /
61|¢1| 62‘¢2|
<20/8202[026771(5+P2(t) ) e—2n2(§—p1(t)—0105) N e2m (§+p2(t)—0155)
- 0 61016_712(5_P1 (t))/p 62016771 (§+p2 (t))/p
CoeM (E+p2(8)) o 2m (E4+pa(t)—0185)  o—n2(E—p1(t)=0118) gn1 (E4p2(t) —0215)
aCren@m®/, 1 CremEm®) /)
e~ M2(§—p1(t)—0315) on1 (§+p3(t) —b145) e (§+p2(t)—0165) on1 (§+p3(t)—0175)
+ 61016*772(5*171 (t))/p + 62016"1 (§+P2(t))/p :|

<Ly [em(Epa) 4 omE+pa(®)] < [y [empa(®) 1 gmpa®],

By Case 1 and Case 2, we can obtain

g(¢1a ¢27 ¢3)
A1, d2, $3)

where Ly = max{il, INJQ}

’ < Ly(emP2(®) 4 emps()y - for e <0,
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Case 3. 0 < & < —pa(t). From Lemma 2.4(iii), one can show that there exists
a general positive constant C' such that

|Quy (0401(1) + (1 — 04)$1(0), (1), $3(1))| < €',

|Quw (61(0), 0762 (1) + (1 = 67)$2(0), ¢3(1))| < C'(|$1(0)] + |s(1) — al),
|Quiw (61(0), 2(0), B3 (1) + (1 — 09)$3(0))] < C'[d2(0)],

Q= (61(0), 0502(1) + (1 — 05)$2(0), ¢3(1))| < C",

|Qw ($1(0), $2(0), 6sds(1) + (1 — 6s)3(0))| <

|Qyuw (61(0), $2(0), O63(1) + (1 — 05)d3(0))| < C”,

and

|G11| < C's%01[¢ (€ — pi(t) — 0108)]7,
1Gaal < C'(|61(0)] + |d3(1) — al)0252[@h(€ + pa(t) — O155)]%,
|

|Gos| < C'|2(0)[035[¢5 (& + ps(t) — O185)]°,

|Gaa| < C's%|¢) (€ — pr(t) — 0115) |95 (€ + pa(t) — O 5)],
|Gas| < C's?|¢) (€ — pr(t) — O19)[|65(E + ps(t) — Oras),
|Gss| < C'|s*G5(€ + pa(t) — O168)|105 (€ + p3(t) — O17s)|-

By Lemma 2.1, Lemma 2.5 and (2.15), there exists a positive constant Ls such that

2|G11] 2|Gua]  2|Ges 2|Gas| 2|Gas| 2|Gss|
+ + + + +
‘-A‘ TQylell  Qulgnl  Quldh| T Qyler]  Quldil Q¢

<20's? [[¢’1(§ — p1 — b105))? n (161(0)] + |p3(1) — al)[¢h(& + p2 — O155)]>

€1¢1] €25
|92(0)[[¢5(E + p3 — 6185)]* | [61(§ — p1 — 0115)|[95 (€ + p2 — 0215)|
+ +
€2¢5| €2] 95|
|¢1(§ p1 — 0315)||#5(§ + p3 — O1as)| | [#5(§ + p2 — O165)||#5(€ + p3 — O175)
+ /
€1|¢1‘ 62|¢2|
o [056*2772(5 p1(t)—0108) N 02(6*772(5*171(75)) + 6771(§+P3(t)*5))0862771(§+p2(t)*9158)
- 61016_772(5_1)1 (t))/p 62018771 (€+I)2(t))/p
08026771 (E+p2(t)) g2m (§+p3(t)—01s5) Cge—nz(f—pl (t)—0115) gn1 (§+p2(t)—0215)
,U/QCI e (€+P2(t))/p + e2Crem (+p2 (t))/p
Cge—nz (6=p1(t)—=0s15) oM (§+p3(t) —0145) Cgem (§+p2(t)—b165) o (§+ps(t)—b17s)
Cre mEm + CrenErmm) /,

SE?, [enzpl(t) + 6771(173(75)—1?2@))/2] )

Case 4. —po(t) <& < (—pa(t) — p3(t))/2. From Lemma 2.4(iii), one can show
that there exists a general positive constant C' such that
|Quy (0161(1) + (1 = 04)61(0), P2(1), d3(1))| < C'la — da(1)],
Q=2 (61(0), 0702(1) + (1 = 07)62(0), d3(1))| < €' (|1 (0)] + [3(1) — al),
|Quw (61(0), $2(0), Bads(1) + (1 09)$3(0))| < C",
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Q2w (61(0), $2(0), 0s¢3(1) + (1 — 03)93(0))| < C’,
|Qyw(<51(0) ), 0603(1) + (1 — 05)¢ 3(0))| <,

and

G| < C'la — d2(1)|015%[¢4 (€ — pr (1) — Or08)]°,

|Gaa| < C"(|61(0)] + |d3(1) — a|)02s>[dh (€ + pa(t) — 6155)]%,
|Gee| < C'035°[¢5(€ + ps(t) — O185)]?,

|Goa| < C's*|¢ (€ — pa(t) — O118)||dh (€ + p2(t) — O215)],
|Gas| < C's?[¢(€ + pa(t) — 0165)|65 (€ + p3(t) — bu7s)],
|Gss| < C's| (€ — pa(t) — O318)|| P (€ + p3(t) — O1as)].

|Qy=(61(0), 0562 (1) + (1 = 05)$2(0), d3(1))| < C,
$2(0
$2(0

By using Lemma 2.1, Lemma 2.5 and (2.16), we can get a positive constant Ly,
such that

‘ ‘ 2|G11] i 2|Gua]  2|Ges 2|Gao| 2|Gss| 2|Gss|
AL TQyldh | Q:ldh]  Q:leh]  Quler]  Qylot] Qs
<2072 [|a — 2 (1)|[¢ (€ — p1 — 0108)]? . (161(0)] + |#3(1) — al)[#5(£ + p2 — 0155)]>

€2/ €2/
L 195(E 4 ps —01s)” | [61(€ = p1 = Ou19)l|05(€ + p2 = On9)|
€3] @3] €2(05]
|¢1(£ p1 — 0318)|[¢5(§ +p3 — 9143)‘ |95(& + p2 — b165)|[05(§ + p3 — 9178)|}
€3] 95| €2]¢%|
o020 [C'Qe*nz(&ﬂn ) e—2m2(§—p1—06105) N 02(67772(57111) + e"71(§+p375))6727]2(5«“)279155)
- 0 e2Cre—m(E+r2) /) esCre—m2(E+m) /p
e2m (§+ps—b1ss) e~ M2(§—p1—0118) o —n2(§+p2—0215)  o—m2(§—p1—0315) oM (§+p3—06145)
* e3Crem(Etps) /p * €aCre~m12(E+p2) /p + e3C1em(E+ps) [p

_|_

e~ N2(§+p2—0165) on1(§+p3—0b17s) }

eaCre—n2 (§+p2)/p
Si4 [6772P1 (t) T M (p3(t)—p2 (t))/Q] .

By Case 3 and Case 4, we can obtain

g(d)la ¢27 ¢3)
Apr, ¢2, ¢3)

where Ly = max{Ls, Ly}.

‘ < Ls(emr1®) 4 emps0=p20)/2) - for 0 < € < (=ps(t) = p2(1))/2,

Case 5. (—ps3(t) —p2(t))/2 < & < —pa(t).

From Lemma 2.4(iii), one can show that there exists a general positive constant
C’ such that

|Qyy ('949271(1) + (1 —04)$1(0), p2(1), 453(1))| < C'a— do(1)),
Q22 (61(0), 07¢2(1) + (1 — 07)¢2(0), d3(1))| < C,
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|Quw (61(0), $2(0), 093(1) + (1 — 09)$3(0))| < C’la — $2(0)],
Q= (61(0), 8562(1) + (1 — 05)2(0), 63(1))| < C’,
Q2w (¢ 51(0), $2(0), Osds(1) + (1 — 98)(;53@))‘ <,
|Qyuw (61(0), $2(0), 053(1) + (1 — b5)d3(0))] < C”,

and

|G11] < C’\a - ¢A52(1)|9182[¢/1(f —pi(t) — 9103)}2,

|Gas| < C'025°[95(€ + pa(t) — b155)]7,

|Ges| < C'la — 62(0)|655%|a — $1(0)[[¢5(& + p3(t) — brss)]7,
|Gaa| < C's?[¢]1(€ — pr(t) — 0118)[|65(€ + p2(t) — O215)],
|Gss| < C'|s*@5(€ + pa(t) — 0165)[105 (€ + p3(t) — Or7s)],
|Gas| < C's?[¢1 (€ — pi(t) — O18)|05(E + pa(t) — O1as)].

By applying Lemma 2.1, Lemma 2.5 and (2.16), we have a positive constant Ls, it

can be obtained
2|g11| 2|Gua| 2|Geg| 2|Gas| 2|Gss| 2|Gss|

+ + + +
‘A‘ Q:p5]  QzPy  Qulesl  Q:lge]  Quldsl  Quldsl

<2042 [|a — o (D)[[¢ (€ — p1 — 0105)]? n [05(€ + p2 — 0155))?

p2|d5] p2| @]
la — $2(0)[[¢5(€ +p3 — 0185)]° | |¢1(6 — p1 — 0118)[[85(€ + pa(t) — Ba15)]
+ , + 2
€3|5] €2| 5|
|¢1(§ p1 — 0315)5(§ + p3 — 01as)| | |$5(§ + p2 — O165)P5(E + p3 — 917S)|}
+ /
63|¢3| 63‘¢3|
<20/8202[026*?72(E+P2(t) ) e—2n2(§—p1(t)—0105) N e—2n2(§+p2(t)—0155)

N 0 €2Crem(E+r2(1) /p e2C e~ m2(E+p2(1) /p
026—712(£+P2(t))627]1(§+P3(t)—0183) e_nQ(£_P1(t)_011<9)€_7l2(§+p2(t)—gzls)
63016171(£+p3(t))/p T 62016—772(£+P2(t))/p
e~ N2(§—p1(t)—0315) on1 (§+p3(t) —b145) e~ N2(§+p2(t)—0165) on1 (§+p3(t)—0175)

+ e3CemE+ps(t) /p + e3C1emE+ps(t) /p }

SES [enzpl(t) + 6772(172(75)—131@))/2] )

Case 6. £ > —p3(t).

From Lemma 2.4(iii), one can show that there exists a general positive constant
C" such that

|ny(94¢1(1) +(1—04)$:(0 )a@gz(l)’d;:s(lm < C'|1 - ds(1)),
Q2 (61(0), 0765(1) + (1 = 07)2(0), P3(1))| < C'[1 = G5(1)),
|Quiw (91(0), 82(0), B9ds(1) + (1 — 69)d3(0))| < C'la — 62(0)),
|Qy=(61(0),05¢2(1) + (1 — 05)$2(0), $3(1))| < C'[1 = $3(1)],
Q2w (61(0), 2(0), Os3(1) + (1 — 05)3(0))| < C,
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Qyuw (61(0), $2(0), 5¢3(1) + (1 — 06)3(0))| < ',

and

G11] < C'[1 = $3(1)]015%[¢ (€ — p1(t) — b105)]°,

|Gaal < C'[1— §3(1)|025°[95(€ +pa(t) — 6155)]%,

|Gos| < C'|a — ¢2(0)[0352[¢4 (€ + ps(t) — 01s5)]%,

|Gaz| < C'[1 — 3(1)[s2[] (€ — pr(t) — 0115)||95(€ + pa(t) — O215)],
|Gs5| < C'[5°¢5(€ + pa(t) — 0169)]|¢5(E + p3(t) — 175,

|Gas| < C's|61(& = pr(t) — O31)|[5 (€ + p3(t) — Oras)]-

According to Lemma 2.1, Lemma 2.5 and (2.17), there exist a positive constant Lg
such that

2|G11| 2|Gaa| 2|Geg| 2|Gaa| 2|Gas| 2|Gss|
U‘%W*@W*%W*%%*%@*mw
Sﬂyﬁpl—¢ﬂDW%@—4n—9w@F+J1—¢MDW%@+WQ—%wH2

A s/ 5|
la — $2(0)[[¢5(€ + p3 — 6185)]° | |1 = ¢3(1)¢h (€ = p1 — 0115)9h(E +p2 — 0215)]
+ +
€sl%] €al¢3|
¢ JALE OO s = s G4+ = B0+ = 0z
/04| €305
o Coe2(E4Pa(t) =) g =2m2(§=P1(H)=0108) (O e—2(E+Pa(t)—=5) g=2m2(E4p2(t)—0155)
<2C"s*Ch [ 630167772(@”73(0)//) ESCle*nz(er:Da(t))/p
Coe™ 2 (6+p2(t)) g—2m2(§+ps(t) —b1ss) 026—772(£+p3(t)—s)e—712(5—P1(t)-@us)e—ﬂz (&+p2(t)—0219)
e3C1e~m2(E+ps(t) /p + e2Cre~m(E+r() /p
e~ M2(§—p1(1)=0515) o —n2(§+p3(t) —0145) e~ M2(§+P2(t)=6165) g=m2(E+pa(t)—b179)
e3C1e—mE+pa®) /p + e3C1e~m2(E+ps(t) /p :|

<Lg(e™EP®) 4 e=m(E+p1()) < [o[emr (V) 4 ena@s()=p2(1)/2]

By Case 5 and Case 6, we can obtain

A(qfll:z:zj)) Lg(emP1(t) 4 n2(ps(M=p2(0)/2) * for € > (—pg(t) — pa(t))/2,
where Lg = max{i5, ZG}. O

Next, we consider the following four ordinary differential equations with the
initial conditions with ss > s1 > 0 (see [5,6,21]):

¢, (t) = 514+ Le"t W —oo <t <0, q1(0) = qo; (2.18)
gh(t) = 5o+ Le" W —o0 <t <0, g2(0) = qo; (2.19)
i (t) = 51 — Le® | —oo <t <0, 71(0) = ro; (2.20)
rh(t) = 53 — Le" M) —00 <t <0, r2(0) = 7o, (2.21)
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where L, s1, s2,qo, 70 and k are positive constants. (2.18)-(2.21) have the following
unique solutions for ¢ < 0, respectively,

1 L(1 — ers1t
q(t) =sit — —In[e " + M}, (2.22)
K S1
1 e L(1 — eRs1t)
QQ(t) = Sot — ; In [e g0 T}’ (223)
1 L(1 — ersit
Tl(t) = Slt ——In [67Hr0 + g], (224)
KR S1
1 L(1 — kst
ro(t) = sot — —1In[e” " + L —e™) . (2.25)
KR S1
For a sufficient large constant ¢ > 0, we choose gy and r( satisfying
1 2L 1 2L
= _—ZIn(e o - = — ——In(— + ™). 2.26
9 Hn(e Sl)< o, ro < Hn(s1 +e"%) (2.26)
Moreover,
Jdim (u(t) — () = lim_(ga(t) — ra(6)) = 0, (2.27)
1 L
1 _ — 1 _ —_ _ —kKqo _
Jim (@)= ai0) = i (@) —saf) = < [0+ X0 (@228)
1 L
: _ — : _ - __ —RKTo _
til{rloo(rl (t) — s1t) til{noo(rg(t) sat) - In [e + 31] (2.29)
Also, there exists a positive constant N such that for all ¢ < 0,
0<qi(t) —7r1(t) = q2(t) — raot) < Nems1t (2.30)
and q1(t), g2(t), m1(t), r2(t) < —o.
Moreover, we have
q2(t) — q1(t) = ra(t) — r1(t) = (82 — 81)t = —00 (2.31)
Therefore, by the choice of x, there exists a ty < 0 such that
t) —qi(t t) —qi(t
max{m(q2( )2 () m2(as >2 0 ))} < kqu(t) <0, ¥ < to. (2.32)
t) — t t) — t
max{nl(m( ) =m(®) me(ra(t) =i ))} < kri(t) <0, Vt <tg. (2.33)

2 ’ 2
Lemma 2.9. Assume that (J), (A1) and (A2) hold. Define the functions U(&,t)
and U(§,t) by
U t) = Q(¢1(€ — qu(t)), p2(€ + a1 (1)), d3(€ + q2(1))),
Q(Eﬂ t) - Q(¢1(€ - Tl(t))v ¢2(£ + rl(t))a ¢3(€ + TZ(t)))a

then U(&,t) and U(&,t) are a pair of super- and subsolutions of (2.12) for t < tq,
with some ty < 0. Moreover, there exists a positive constant vy such that

U(&,t) > U(&,t) and sup(U(E,t) — U(E,t) < ye™tt, fort < to. (2.34)
£€R
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Proof. Step 1.We prove that U(¢,t) is a super-solution for ¢t < ¢y. By Lemma
2.7, Lemma 2.8, we can get

g(¢1a ¢27 ¢3) + f(¢17 ¢27 ¢3)
A(¢17 ¢27 ¢3)

(L1 + Ly)(ema® 4 ema2(0)) - for £ <0,
<9 (L2 + L5)(6772q1(75) + 6171(112(15)—111(t))/2)7 for 0 <& < (—qa2(t) — q1(1))/2,
(Ls + LG)(enqu(t) + 67]2((12(t)_Q1(t))/2)’ for £ > (—qa(t) — q1(t))/2,

where M = max{(Ly + L4), (L2 + L5), (L3 + Lg) }.

Thus, based on (2.13), (2.18), (2.19), (2.32), we have

F(U(E 1))
=—(q1 — 51)Qyd| + (a1 — 51)Q=0% + (g5 — 52)Quds — G(1, P2, d3) — F (1, d2, ¢3)
. Kq1 _g(¢17¢2,¢3)+F(¢17¢27¢3)
_A(¢1’¢2’¢3) |:Le ! A(¢17¢27¢3)
ZA(¢17 ¢27 ¢3)(L - M)Leiﬂh Z 07

where L > M. Hence, U(&,t) is a super-solution of (2.12).

Step 2.We prove that U(¢,t) is a sub-solution for ¢ < ¢y. By Lemmas 2.7-2.8,
it holds

g(¢17 ¢27 ¢3) + ‘F(¢17 ¢27 ¢3)
A(o1, 2, ¢3)
(L + La)(enm® 4 nma0) for g <0,
< (Lo + Ls)(emm®) 4 em(r20=rit)/2) - for 0 < & < (—ro(t) — r1(t))/2,

(LS + L6>(€?727"1(t) + enz(rz(t)—rl(t))/Q)’ for £ > (—r2(t) — Tl(t))/Q,
where M = max{(L1 + L4), (L2 + Ls), (Ls + Lg)}. Thus, by (2.13), (2.20), (2.21)
and (2.33), we have

F(U(&,t))

= (Tll - Sl)QyQSII + (’rll - Sl)QZ(bé + (T/Q - SZ)ngbg), - g(gbla ¢2a ¢)3) - ‘F(qﬁla ¢2a ¢3)
_ A(¢1,¢2,¢3) Lef™ — g(¢1a¢2,¢3) +‘F(¢1,¢2;¢3)

A(¢l7¢27¢3)
< - A(¢1a ¢2a ¢3)(L - M)Leﬁ'f‘l <0.

Hence, U(€,t) is a sub-solution of (2.12).
Finally, according to (2.30) and Lemma 2.6, the function A is bounded above
and

U(f,t) —Q(f,t)
=Q(p1(§ — p1(1)), p2(€ + pr(t)), d3(€ + pa(t)))
—Q(d1(& —7i(t)), d2(E +71(t)), d3(€ 4+ 72(t)))
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=/0 A(G1(6 — 01— (1— 0)r1). dalE + 0py + (1 — O)ry),
$3(§ + Op2 + (1 = 0)r2))d x (p1 — 1),

which implies that (2.34) holds. This completes the proof. O

3. Theorem 1.1

Consider (2.9) with initial u(x, —n) = U(x — ¢én, —n) for any € R. According to
Lemma 2.2 (1), (2.9) admits a unique solution P"(z,t). Moreover, by Lemma 2.9
and Lemma 2.2 (2), we get

Uz +at,t) < P™(x,t) < P*™(a,t) < Uz +ct,t)

for large n € N and —n < t < tg. From Lemma 2.3 and taking the diagonal
extraction process, there exists a subsequence P™*(x,t) of P™(x,t) and a function

u(z,t) such that P (z,t) and &P (z,t) converge locally uniformly to u(z,t) and
4 y(x,t), respectively as k — oo. Since P"(z,t) < P"l(x,t) for any t > —n, we
have

lim P"(x,t) = u(z,t), v €R, t <to,

n— oo

there exists a unique entire solution u(x,t) of (1.1), such that
U(x +et,t) <u(x,t) < Uz +ct,t)

for all x € R and ¢ < tg.
Next, we study the asymptotic behavior of the entire solution in Theorem 1.1.
Define

1 L
w:= ——log(e™ " — —), (3.1)
K
then we can obtain there exists a constant R > 0, such that
— Re™ ' < pq(t) — 51t — w = ra(t) — sat —w < 0. (3.2)

When ¢ — +oo, this part can be obtained as in [10]. Similar to the process in [6,
Theorem 4.3] , we divided it into three cases for t — —oo.

Case 1. Recall that & = z + &, for x < —(¢1 + ¢2)t/2 and t < tg, we have
£ <0< —r;. By (2.11), (2.24), (2.34), Lemma 2.1 and (3.2), we have

lu(z,t) — ¢1(z + cit —w)| = [U(§,t) — ¢p1(§ — 51t — w))|
< |U(Et) = UE )] +[U(E 1) — d1(€ — s1t —w)|
< [U(€1) = U(E D] + [61(€ = (1)) — $1(€ — st — w)| + |d2(E +71(8))] x
(1= a)(1 = §1 (€ —ri (1)) (5 +ra(t))) — b1.(€ — r1(8))
(T = 01(€ —ri(0))P2(€ + (8L —a) T (a — (62(6 + ()T — P3(€ + ra(t))
< [T 1) = UE D] + [61(€ = (1)) — $1(€ — st — w)| + K1 |d2(E +r1(2)]
< 9" sup |6 (Ol (1) = sut = wl + K1 Cpem E+ 1)
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S ’)/enslt —+ C()Renslt —+ chgenlrl(t).

Case 2. For —(¢1 +¢2)/2 < 2 < —(ca + ¢3)t/2 and t < tp, we have 0 < ¢ <

—(s1 + s2)t/2. By (2.24), (2.10), (2.34), Lemma 2.1 and (3.2), we have

[u(z,t) — po(x + cot + w)| = |U(&, 1) — dp2(§ + s1t + w)|

<|U(E 1) = U(E 1)+ UL, 1) — ¢2(§ + s1t + w)|

U ) = U] + [@2(€ +71(8)) = d2(E + s1t + w)| + [63(§ +7a(t)) —

' (1= @a(§+r2(1)) (A — @1 (§ —r1(2)))P2(§ + r2(t)) ’
(1= ¢1(§ = r1(1)) P2 + (1) (1 — a) + (a — (¢2(§ +7r1(1)))) (1 — ¢3(€ + 2(1)))
+ [p1(§ = (2))]x

’ (1= ¢a(§+ri(t))(a— @2+ r1(1) (1 — ¢3(€ + 12(1))) ‘
(1= ¢1(§ = r1(1)) P2 + (1) (1 — a) + (a — (¢2(§ +71(1)))) (1 — ¢3(€ + 2(1)))
<[UE ) = UE )]+ [d2(€ +r1(t) — ¢2(€ + s1t +w)| + Ka(|d3(€ + r2(t) — af
+ 11§ — (1))

< et 4 sup |62(Or1(t) — s1t — w] 4+ Ka(|¢s(€ + r2(t)) — al + [¢1(€ — 1 (2))])

< ,yemslt + CORemslt + Kz(cfoeﬁl(f"rw(t)) 4 006—172(€—T1(t)))
< ,Yenslt + CORenslt +K200(€n1(7(81+52)t/2+7“2(t)) _|_e772?”1(t))_

Case 3. For ¢ > —(co + ¢3)t/2 and t < tg, we have £ > —(s1 + s2)t/2. By
(2.11), (2.25), (2.34), Lemma 2.1 and (3.2), we have

lu(z,t) — ¢3(x + cst + w)| = [U(&,1) — d3(§ + sat + w)|

< U 1) = U(E )| + (U 1) — ¢3(€ + st + w))|

<[UE ) = UE )]+ [d3(€ + r2(t) — ¢3(6 + sat +w)| + |a — i j2(§ +71(1))]
(L — d3(§ +72(t))(¢1(§ — r1(2)) — P3(§ + 72(t)))

(1= ¢1(§ = r1(1))P2( +r1(t)(1 — a) + (a — (¢2(§ +71(1)))) (1 — ¢3(€ +2(1)))

<|U(Et) = U(E )] + |¢3(€ +72(t)) — @3(& + s2t +w)| + Kzla — da(€ + 71 (1))

< yetrt sup |65(Q)|[ra(t) — sat — w| + KaCoe™ 1)

< ,Yenslt + CORenslt +K300€n2((51+52)t/2_h(t)).

Therefore, as ¢ — —o0, the asymptotic behavior of the entire solution can be ob-
tained. This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

This section is similar to the proof of Theorem 1.1, so we only give the outline of
the proof.

Firstly, set ¢y = 01, co = vy and c3 = U3. Let ¢1 = @1, d2 = @2, ¢3 = Pa,
i =1,2,3, be traveling fronts of (1.1) that satisfy
{ GH(E) = T % Bi(E) = 3i(6) + F(6:(€),

¢i(—00) = ay, ¢pi(00) = B,

(4.1)
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where (aq, 51, @2, B2, a3, 83) = (1,0,0,a,a,0). Then, we define the auxiliary ratio-
nal function

A )eaw)(-2) 4 yla (1 2)
Q(yvsz) =zt (1—y)za+(a—2)w

)

where Dy := {[0,1] x [0,a] x [0,a] \{(1,a,w)|0 < w < a}U{(1,20)]0 < z <
atU{(y,0,0)[0 <y <1}).

Secondly, we take the functions §;(t) and 7;(t), ¢ = 1,2, which are the solutions
of the following initial value problems

G (t) = s1 + Le"B W —0o <t <0, G1(0) = Go; (4.2)
F(t) = 51 — Le® | —oo <t <0, 71(0) = Fo; (4.3)
G(t) = sg — Le"1W | oo <t <0, §2(0) = 7o; (4.4)
h(t) = s2 + Le"®) | —0o <t <0, 72(0) = Go, (4.5)

where L, s1, s2, o, To and k are the same as in Section 2.
Finally, we define the functions U (§,t) and U*(&,¢) by
U'(&.1)
U (&,1)
then the functions U (¢, t) and U* (€, t) are a pair of super- and subsolutions of (2.12)

for t < tg with some constant 5 < 0 as in Section 2. Meanwhile, the existence of
the unique entire solution v(z,t) of (1.1) can be shown and v(z,t) satisfies

Q(d1(€ — @ (1)), p2(€ + @ (1)), d3(€ + da(1))),
Q(A1(§ =71 (1)), d2 (& + (1)), P3(€ + (1)),

U*(z+ct,t) <v(x,t) <U (z+ct,t)
for all x € R and ¢ < ty. By choosing

1 . L 1 . L o
wy = ——log(e™ """ — —), wy := ——log(e™ """ — —) + po + 7o
K S1 K S1
and similar to the proof of Theorem 1.1, the entire solution and the asymptotic
behavior can be obtained. We omit the detail.
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