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Ergodic Behaviour of Nonconventional Ergodic
Averages for Commuting Transformations*

Xia Pan"', Zuohuan Zheng??* and Zhe Zhou?

Abstract Based on T. Tao’s celebrated result on the norm convergence of
multiple ergodic averages for commuting transformations, we find that there
is a subsequence which converges almost everywhere. Meanwhile, we obtain
the ergodic behaviour of diagonal measures, which indicates the time average
equals the space average. According to the classification of transformations,
we also give several different results. Additionally, on the torus T¢ with special
rotation, we prove the pointwise convergence in T¢, and get a result for ergodic
behaviour.
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1. Introduction

In 2008, T. Tao proved a convergence result for several commuting transformations:

Theorem 1.1. [14] Let d > 1 be an integer. Assume that 77,75,...,Ty: X = X
are commuting invertible measure-preserving transformations of a measure space
(X, B, ). Then, for any f1, fa,..., fa € L°(X, B, u), the averages

N—-1
~ > A(T) .. fa(Ty) (1.1)

N n=0

are convergent in L2(X, B, ).
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Soon after, H. Towsner [15], B. Host [9] and T. Austin [2] gave proofs of Theorem
1.1 from different viewpoints. T. Tao’s approach was combinatorial and finitary,
inspired by the hypergraph regularity and removal lemmas. H. Towsner used non-
standard analysis, whereas T. Austin and B. Host all exploited ergodic methods,
building an extension of the original system with good properties.

There is a rich history towards Theorem 1.1. For d = 1, it reduces to the classical
mean ergodic theorem. When T} = T, Ty, = T?,...,T; = T?, Furstenberg studied
such averages originally in his proof of Szemerédi’s theorem [7], where T is weakly
mixing or T is general but d = 2. For higher d, various special cases have been
shown by Conze and Lesigne [4,5], Furstenberg and Weiss [8], Host and Kra [10],
and Ziegler [19]. Finally, it was totally proved by Host and Kra [11] for arbitrary
d, and independently by Ziegler [20].

When 13,75, ...,T; are commuting measure-preserving transformations with
some hypothesis on the transformations, Zhang [18] gave a proof for d = 3 and
Frantzikinakis and Kra [6] for general d. Without those assumptions, the L2-
convergence of the averages (1.1) was established by Tao. As we have mentioned
above, it possesses four different proofs. When 71,75, ...,T,; belongs to nilpotent
group, it was proved by Miguel N. Walsh [16].

Although most people believe the existence of the averages (1.1) almost every-
where, the cases in which one knows the answer are scarce. In this paper, With the
fact that the averages (1.1) have a subsequence which converges almost everywhere,
the ergodic behaviour of diagonal measure is proved. Furthermore, on the torus T¢
with special rotation, say, Ra,.... .o, : T¢ — T¢, where 1,a1,...,aq are rationally
independent, the convergence of the averages (1.1) for every point in T¢ is obtained,
and a result for ergodic behaviour is presented.

Before launching into the main result, we first remind the reader some elements
of the measure theory and the ergodic theory in Section 2. With sufficient prepara-
tion, we give a proof of the ergodic behaviour of Theorem 1.1, and give a classifica-
tion of 11,715, ..., Ty, in case 1: all the T; are pairwise different, i.e., T; # 1}, ¢ # j,
and in case 2: there is k, with 1 < k < d, such that 7;, =T;, = --- =T}, in Section
3. In Section 4, we will employ the result obtained in Section 3 to the special case
in which the space is the torus T¢, and transformations R, ..., Ry, : T — T, sat-
isfying that 1,aq,- - , a4 are rationally independent. In Section 5, we give several
examples to show that each alternative in Section 3 and Section 4 really occurs.

2. Preliminary

Let us first recall from [13,17] some basic facts on measure theory and ergodic
theory.

2.1. Measure Theory
In this section, X will be an arbitrary measure space equipped a positive measure
-

Definition 2.1. [13] Let u be a positive measure on X. A sequence {f,} of
measurable functions on X is said to convergence in measure to the measurable
function f if for every € > 0 there corresponds an N such that

p{z s [fn(z) = f(@)] > €}) <€ (2.1)
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for all n > N.

Definition 2.2. [13]If 1 <p < oo and f is a measurable function on X, define

11, ={ /. fl”du}; (22)

and let LP(u) consist of all f for which
1fllp < oo (2.3)

We call || fl|, the LP-norm of f.

If £, f1,..., fny. .. € LP(p) with limy, o0 || fo — fllp = 0, we say that {f,} con-
verges to f in the mean of order p, or that {f,} is LP-convergent to f.

Theorem 2.3. Assuming u(X) < oo, we have the following statements:

1. If fn € LP(u) and || fn — fllp = 0, then f, — f in measure; here 1 < p < co.

2. If fn — f in measure, then {f,} has a subsequence { fy,(x)} which converges
to f almost everywhere, i.e.,

zli{go S (z) = f(x),a.e..

2.2. Ergodic Theory

Let (X,B,u) be a probability space and T : X — X be a measure-preserving
transformation. T is called ergodic if T-!B = B for B € B satisfy u(B) = 0 or
w(B) = 1. The next theorem gives another form of the definition of ergodicity.

Theorem 2.4. [17] Let (X, B, u) be a probability space and let T : X — X be a
measure-preserving transformation. Then T is ergodic iff YA, B € B,

~ Z w(T°AN B) — u(A)u(B). (2.4)

=0

In order to describe the proof of our main result, it will be convenient to refor-
mulate Theorem 2.4 in terms of functions.

Corollary 2.5. Let (X, B, u) be a probability space and T : X — X be a measure-
preserving transformation. Then T is ergodic iff Vf,g: X = R, f,g € L=(X, B, 1),

Jim Z / A @)g()dn = [ 1) du [ gl an (25)

“

Proof Let us first prove the “ only if ” part. Assume that T is ergodic, from

Theorem 2.4, we have

lim 52 / (T @)xe@) du= [xalo)du [xol)dn (20

The functions in L* can be approximated by some simple functions, based on the
function approximation theory. we obtain the desired result (2.5).
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Now let us prove the “if ” part. Let f = xa,9 = xB, we can get (2.4) easily. From
Theorem 2.4, T' is ergodic. O

The first major result in ergodic theory was proved in 1931 by G.D. Birkhoff.
The explicit form is stated below.

Theorem 2.6. [17] Suppose T:(X,B,u) — (X, B, u) is measure-preserving and
fe LY (u). Then — Z f(T"x) converges almost everywhere to a function f* €

LY(p). Also f*oT = f* almost everywhere and if (1(X) < oo, then [ f*dp = [ fdu.

Remark 2.7. If T is ergodic then f* is constant almost everywhere and so if
w(X) < oo, f* = (1/(X)) [ fdp almost everywhere. If (X B, /1,) is a probablhty
space and T is ergodic we have Vf € L'(u), limy_ o0 = ~ E ff (T™(z))dp =
J f(z)dp almost everywhere.

Unique ergodicity can get much stronger behaviour in the ergodic theorem, now
let us recall the definition of unique ergodicity and its behaviour of those averages
in Theorem 2.6.

Definition 2.8. [17] A continuous transformation 7' : X — X, where X is a
compact metrisable space, is called uniquely ergodic if there is only one T" invariant
Borel probability measure on X.

Theorem 2.9. [17] Let T : X — X be a continuous transformation of a compact
metrisable space X. The following statements are equivalent:

N—
e For every f € C(X Z f(T"x) converges uniformly to a constant.
=0
N-1
e For every f € C(X), N f(T"x) converges pointwise to a constant.
n=0

o There is a unique probability measure on X which is invariant under T such
that for all f € C(X) and all x € X,

=
¥ > AT —>/fd,u.
n=0
o T is uniquely ergodic.

When X is a compact metrisable space, let B(X) be the Borel o-algebra on X,
T : X — X be a continuous transformation. We shall denote M (X), M(X,T) as

M(X) = {p: B(X) = [0,1] [ u(X) =1},
M(X,T) = {n € M(X) | u(T7'B) = u(B), B € B(X)}.

M(X) is convex and compact in the weak*-topology [17, Theorem 6.5], and M (X, T)
is a convex and compact subset of M(X) [17, Theorem 6.5].

Corollary 2.10. If T1,Ts,..., Ty : X — X are pairwise commuting continuous
maps of a compact space X, then they possess a common invariant probability mea-
sure.



Ergodic behaviour of nonconventional ergodic averages 517

3. Ergodic behaviour

Ergodic theory is the study of statistical properties of dynamical systems related
to a measure on the underlying space of the dynamical system. The name comes
from classical statistical mechanics, where the “ergodic hypothesis” asserts that,
asymptotically, the time averages of an observable is equal to the space average.
Now, we have known the “ergodic hypothesis” happens if the system is ergodic(see
Remark 2.7).

Before the main result of this paper is given, let us introduce the concept of an
irreducible dynamical system as a preliminary.

Definition 3.1. Given a probability space (X, B, T1,Ts, ..., Tg, ), where Ty, Ts. . .
Ty : X — X are commuting invertible measure-preserving transformations. If for
any flvaa cee afd € LOO(Xvay’)?

A={z: lim — Z fi(T7z) ... fa(Tiz) < af,

n— oo

S U +1,, +1
B={ fC-nlgr;ONZﬁ I a) . fa(T) ) < ad,
Va € R, we have A = B, then the set A is called ‘invariant’ with respect to the
measure fi.

Definition 3.2. The probability space (X, B, Ty, Ts,. .., Ty, i), where T1,Ts, ..., Ty :
X — X are commuting invertible measure-preserving transformations, is called ‘ir-
reducible’ with respect to the measure p, if it is impossible to represent X as the
sum of two measurable ‘invariant’ sets of positive measure without common points.

Theorem 3.3. Let d > 1 be an integer. Assume that T1,Ts,...,Tq : X — X are
commuting invertible measure-preserving transformations of a ‘irreducible’ space
(X,B,u), TiTj_l,i % j are ergodic. Then, for any fi, fo,...,fa € L=(X,B,u),
T; #Tj,i # j, there is a subsequence {Ny} such that

Np—1

lim — Z fi(Tiz) ... fa(Trx) = /Xf1 du.../ded,u a.e.. (3.1)

k—oo IV,

Proof According to Theorem 1.1, the averages (1.1) converges in L?, Accord-
ing to Theorem 2.3, the averages (1.1) has a subsequence which converges almost
everywhere.

First of all, We shall prove that under the condition of irreducible, the subse-
quence converges to a constant almost everywhere. Using the method of proof by
contradiction, we denote by M the least upper bound of f(z) over X computed
on neglecting a set of measure zero and analogously we denote by m the greatest
lower bound of the function f(x) on neglecting a set of measure zero. From the
assumption there follows M > m.

Let a satisfy the inequalities m < a < M. We obtain

o f(p) < a} =pE, >0,

and
WX = Eq) = p{p: f(p) > a} >0,
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then we decompose X into two sets of positive measure which contradicts the con-
dition of ‘irreducibility’.

For d = 1, the statement is the famous mean ergodic theorem.

For d = 2, almost every = € X

Np—1 Nip—1
kl;rr;ON— Z f1(T7 ) fo (T3 :U§:/ hm -~ Z fi(T7z) fo(T3'2) dp
Nj—1
S [ S 3 AT (T dn

Nkl

zklggc/ Z f1(@) fo(ToT ) ) dp

_kli{gomz/fl ) f2(To Ty ) ) dp
:/ fi dﬂ/ fadp. (by Corollary 2.5)
bl b's

In the second equality, we used the Lebesgue’s Dominated Convergence Theorem
[13, p. 26].
Putting f1 = xa, fo = xpB in the situation d = 2, then

Np—1

1
lim — (TP2) x5 (TP
Jim - Z;)XA ) xp(The /XAdu/ xpdp  ae

Multiplying the both sides by x¢,

Ni—1
lim — Z Xy AmT‘"BXC*/XAdN/XBdM Xc a.e.,

thus the dominated convergence theorem implies
Nip—1

Jim = 3 W(TTTANT "B C) = w(Au(Bu(O). (3.2)
n=0

For d = 3, almost every x € X

Ni—1

lim Nik z_jo AT ) fo (T3 ) fo(T} )
1 Nip—1
:Aklinéoi Z (T ) fo(T5' ) f3(T5' ) dp
Nk 1
zklirgo/ Z [1(T72) f2(T5'2) f3(T5'2) dp

Nkl

= [ 3 A (T AT ) do

k—o0
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Ni—1

— lim Z [ B @R TTTa) fa(T)

=Aﬁ@Ah@Lﬁw

In the same way, after d steps, we obtain

Ni—1

Jm - Y AT (;x)zfxfldu.../xfddu.

n=0

O

Corollary 3.4. Let d > 1 be an integer. Assume that Ty, To,...,Tq : X — X
are commuting invertible measure-preserving transformations of a irreducible space
(X,B,u), with T;, =T, = =1T,,1 <k <d Without loss of generality, let
i1 = 1,00 = 2,...,0 = k. ET] .1 # j are ergodic. Then, for any f1, fa,..., fa €
L>=(X, B, ),

Nj—1
Jim > AT .fd(T£x>:/Xf1f2...fkdufxfmdu.../xfddu ve.
(3.3)

Proof As the proof of Theorem 3.3, the subsequence converges to a constant
almost everywhere.

For d = 1, the statement is the mean ergodic theorem.

For d=2,if Ty # Tg, it is conformity with Theorem3.3.

For d =2, and Ty =T =T, for almost every x € X
1 Ni—1 Ni—1
klggom nz::o Si(T1'z) f2(T35 ) :/Xklggom Z [i(T"2) f2(T"z) dp

In the procedure of the proof, we used the Lebesgue’s Dominated Convergence
Theorem [13, p. 26].
Ford=3,ifTh # 1% 7é T3, it is conformity with Theorem3.3.

For d =3, and T} = Ty, =T # T3, for almost every = € X,
| Nt 1 Nzt
Jin s ST R ) =f i G 3% L) ) (T)
Ny —1
Sim e 2 [ AT n () (T 0) du

N;‘fl

—hm— Z/ J1(x) fo(z) f3((T5T~ ) z)dp
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:/Xflde,u/std/«L'

For d =3, and T} =15 = T35 =T, for almost every x € X,
1 Mt 1 Mt
Jin gy 3 AR = i 3 AT L) AT ) d
1 Nt
St [ 5@ ) (77
=/ fifafsdp.
X

In the same way, after d steps, we obtain

Ni—1

khjgo* Z f(T ~fd(Tc7$):/Xf1f2-~~fk;dM/ka+1dM~~/dedﬂ a.e..

O

Remark 3.5. If the open problem of pointwise almost everywhere convergence of
the averages (1.1) is solved, our methods can be applied to the multiple averages
directly.

4. Special case

Consider the torus T¢ with special rotation, we can not only get the convergence of
the averages (1.1) for every point in T¢, although almost everywhere convergence
of the averages (1.1) still unknown, but also get the result of Theorem 3.3.

At first, let us recall the concept of rationally independent.

Definition 4.1. The real numbers 1, a4, ..., g are rationally independent, if there
is no ko, k1, ..., kg € Z1\{0} such that ko + kyay + ... kgag = 0.

The translation
R, = Ral,...,ad(mh .. ,.Z‘d) = (xl +a1,...,2q + ad)

induces the rotation R, = Rq,,....0, : T — T,
From next lemma, the rationally independent rotation Ry, = R,....a, : T¢ — T¢
is uniquely ergodic.

Lemma 4.2. Let o = (a1,...,0q) with 1,a1,..., a4 rationally independent. The
Haar measure is the only probability measure which is invariant by Ry : T4 — T9.

Analogy to Theorem 3.3, the following statements are valid:

Theorem 4.3. Let d > 1 be an integer and o = (a1, ...,aq) with 1,a1,..., a4
rationally independent, Ro,,...,Ray, : T =T, f1,....;fa: T =R, fi,fo,..., fa €
C(T). Assuming u is the common invariant probability measure of Ry, ..., Ra,-
Then

Jm Z AR ) foRe ) = [ A [ fadn @)
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Proof From Lemma 4. 2 for Vf € O(T4),1 < p < oo,
lim — Z f(R™(y / fdv,Vy e T, (4.2)

N—oo N

where v = 1 X ... X p.

Let f(a:1,x2, RN i ) = fl(l‘l) . fg(l‘g) CI fd(xd); then

N-1
n : 1 mn
Jim Z h(R fa(R, @) =lim — Z PR, )
fdy
/ frdp.. / fadp.
O
Corollary 4.4. Let d > 1 be an integer and o = (o, ..., aq) with 1,04, ..., 04 Ta-

tionally independent, Ry, ,. .. ,Ray, S : T =T, f1,..., fa,9: T =R, fi,fa,.., fa,9 €
C(T), S is a periodic transformation with S*x = x. Assuming p is the common

mvariant pmbability measure of Ra,,...,Ra,. Then
=
Jim Z RG22 = [ i [ adn ot
(4.3)
Proof When N = kp, then
lkp 1 k—1p—1
_ n _ - zk+r ik—+7 T
Jim th ) Ja(RG,)g(S"z) =lim. kpZOZ;j (R ) fa(R ) g(S7)
=
-/ 5 du-~-/fddufzg(5%)
/T T k r=0
When N =kp+m, 1 <m < k, then
kp+m—1
1 n
Jim kp — Z Fu(BG, ) - fa(RE,2)g(S )
k—1p—1 ‘
= Jlim — +m{ZZf (Rt ") fa(RE T 0)g(S7)
r=0 i=0
+ ) iRy fa(RE 2)g(57 )}
=1
’ k—1p—1 (4.9)
= lim ZZf RYFTw) . fa(RY T w)g(S )

p_)ookp+mkp =0 i=0

k+ k+ j
*JEE@Zfl g w) - fa(RE, T )g(S72)

1k:—l
:Afldu.../qrfdduk;)g(k?%)
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5. Examples

Now we present several examples in which each alternative in Section 3 and 4 occurs.
Although in the uniquely ergodic theorem, we need the function f is continuous, in
our examples, we can get the result with function is not continuous.

Proposition 5.1. Let {z} denote the decimal part of z, f(z) : S* = R, f(x) = {z},
giving measure-preserving transformation T : S* — S is ergodic, u is the Haar
measure. Then

1= 1
Jim - > f(Tra) = 5 (5.1)
n=0
Proof Let g(x),h(z) be
g(x) =
(I-m)z-1)1-L<z<1
l—-m)z+10<z<i
h(z) = ( ) -
fle) S <z<l
Obviously, g(z), h(x) have the following properties:
1. g(z), h(z) are continuous functions,
2. g(z) < f(x) < h(z), Vxe St
3. im0 () = limy, 00 h(x) = f(2),
4 [ g(@)dp = (m—1)/(2m),
5. [ h(z)dp = (m+1)/(2m).
By Theorem 2.9,
N-1
Jim oy 2 o) = [ ot (5.2)
N—1
1 — T"z) =
Jm z_% h(T"x) . h(z)dp (5.3)

From property 2, we have

1N—l 1N—1 1 N—-1 1N—1
. noN< 1 . n <1 . n < 1 mn .
iy 2 (T )< B inf ) £(T"0) Sl D 1(170)< i ) h(T"a)

According to all the properties and equations listed above, we have

N-1
lim = Z f(T"z) = 1.
=0

N—oo N _5

Example 5.2. Let {z} denote the decimal part of x.
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N—
. 1
1. Imy_oo — nE_ x4+ V2 {z +V3n} = T

2

2. th_’OONZ{IjL\[n}{IJF\[n}**

-1

3. limNﬁm%i{x—i—\/ﬁn} {x—l—%} {k }+ T
n=0

Proof Let fi, fo:S' = R, with fi(z) = fa(z) = {2}
Tﬁ:SI%Sl

z— V2 + 2 mod 1.
T\/giSl—)Sl

z— V3 +x mod 1.

e Proof of Example 1

N-1

hm — Z{x—&—\fn}{x—i—\fn} —hm Zfl (T 52) [2(T5)

A

l\D\»—l
w\»—l

Ty
e Proof of Example 2

lim — Z{z+\fn}{x+\[n} —hm — Zfl T 5x) f2(T52)

=/ f2du

S1

:/ 22 dp
S1

_1
-3
e Proof of Example 3
Assertion:
= r k—1
Z{x+f}:{k9€}+—7 z € [0,1]. (5.4)
= k 2

Let us prove the assertion firstly:

Proof When £ <z < i =01,...,k—1. Wehavez + % <1, r =

0,1,...;k—i—lLand 1 <z + 1 <2, r=k—di,k—i+1,...,k—1, then
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k—1
:kx—FT —1
k—1
—{kay+ P
2
(|
Let g : St — R, with g(x) = {z},
T:8" - st

1
x»—>m+%mod1.

N—-1 N-1

ngnoo N ;{1‘ + \@n} {17 + E} —A}gﬂm N ,;) fl(Tﬂx)g(T )

k—1
1
= dp - = T"
., e e Sotr)
k—1
1 r
ok 0{“;@}

1 k—1
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