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On the Integrability and Equivalence of the Abel
Equation and Some Polynomial Equations*
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Abstract In this paper, first of all we give the necessary and sufficient con-
ditions of the center of a class of planar quintic differential systems by using
reflecting function method, and provide a simple proof of this results. Sec-
ondly, We use the reflecting integral to research the equivalence of the Abel
equation and some complicated equations and derive their center conditions
and discuss their integrability.
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1. Introduction

In this paper, we will consider the Abel equations of the form

dr_ A(0)r* + B(0)r®, (1.1)
de

where A(f), B(#) are continuous functions. The main reason why we are interested
in this Abel equations is that they are closely related to planar vector fields. There
are many classes of planar systems which are in some sense equivalent to some Abel
equations [1-4,6,7,14, 15]. The first class is planar polynomial systems of the form
' = —y+p, ¥ = x + g with homogeneous polynomials p and ¢ of degree k. The
second class is the Liénard systems : 2/ = y, vy’ = —f(z)y — g(z), they can be
transformed to the Abel (1.1) [15]. The third class is the system

r = -y + x(Pn(x,y) =+ P2n(x7y))v
y/ =T+ y(Pn(fE7y) + Pgn(l',y)),

(1.2)

where Py (x,y) = Zi+j:kpij:riyj, pij (1,7 =0,1,2,...,k, k = n,2n) are real con-
stants.
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In polar coordinates, the system (1.2) becomes

dp

g
Taking r = p", then (1.3) becomes (1.1) with A(0) = nP,,, B(0) = nP,,. The origin
is a center for the two-dimensional system (1.2) if and only if all solutions of the
Abel equation (1.1) starting near the origin are periodic with period 27 | i.e., all
the solutions nearby are closed: r(27) = r(0). In this case, we say that r = 0 is a
center of the Abel equation.

The Abel equations have been investigated over the years. In the papers [1-4,6,
7,14,15] and others, the authors Alwash and Lloyd presented some center conditions
for the Abel equations and give the composition conditions [2,3] under which the
Able equation has a center. Yomdin [6] and Yang [15] give an asymptotic expansion
of the solutions of Abel equations and some center conditions.

In this paper, in the first section, we use reflecting function method [9,17, 18]
to derive the center conditions for a class of planar quintic differential systems and
provide a simple proof of this results. In the second section, we give the integrability
conditions of some polynomial differential equations by using its reflecting integrals
[17], and establish the equivalence between the polynomial equations and some
complicated equations and judge when do these complicated equations have a center
at the origin.

Now, I briefly introduce the concept of the reflecting function and reflecting
integral which will be used throughout the rest of this article.

Consider differential system

¥ =X(tx), telCR,zeDCR"0€l) (1.4)

(P (cos 0,sin ) + Py, (cos @, sin 0)p™)p" . (1.3)

which has a continuously differentiable right-hand side and general solution ¢(¢; o, o).

Definition 1.1. [9] For system (1.4), F(t,x) := o(—t,t,x) is called its Reflecting
function.

By this, for any solution z(t) of (1.4), we have F(t,z(t)) = x(-t), F(0,2) = x
and F(t,x) is a reflecting function of system (1.4), if and only if, it is a solution of
the Cauchy problem

F,+F.X(tz)+ X(—t,F)=0,F(0,z) = x. (1.5)

By [9, 18], if system (1.4) is 2w-periodic with respect to ¢, and F(t,x) is its
reflecting function, then T'(x) := F(—w, z) is the Poincaré mapping of (1.4) over
the period [—w,w], and the solution x = ¢(t; —w, xg) of (1.4) defined on [—w,w] is
2w-periodic if and only if xg is a fixed point of T'(x). Thus, we can use the method

of reflecting function to study the existence and stability of the periodic solutions
of the differential systems (1.4) [5,9-13,17,18].

Definition 1.2. [9] If the reflecting functions of two differential systems coincide
in their common domain, then these systems are said to be Equivalent.
Definition 1.3. [17] If A(t,z) is a unequal identically to zero solution of the
partial differential system

Aty z) + Azt 2) X (t,x) — X (¢, 2)A(t,z) = 0, (1.6)
then A(t, x) is called a Reflecting integral of (1.4).
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Lemma 1.1 ( [9,10,17]). If A;(t,x) (i = 1,2,...,m) are the reflecting integrals of
(1.4), then the system (1.4) is equivalent to the system

m

=Xt x)+ Zai(t, uy (b, @), ug(t, @), .oy un (t, 7)) A (t, ),

i=1

where a; (t, uy, ug, ..., uy) (1 = 1,2, ..,m) are arbitrary odd continuously differentiable
scalar functions with respect to t, u;(t,xz)(i = 1,2,...,n) are the independent first
integrals of (1.4).

In particular, if n = 1 in (1.4) we get the following result.

Lemma 1.2 ( [17]). For one-dimensional differential equation (1.4) ( in which
n = 1), if A(t,x) is its reflecting integral, then A~' is the integral factor of (1.4)
and one equation is equivalent to equation (1.4), if and only if, it can be expressed
as

¥ =Xt x)+ alt,u)At, z), (1.7)

where a(t,u) is a continuously differentiable odd function with respect to t, u is the
first integral of (1.4).

Besides, if the equations (1.4) and (1.7) are 2m— periodic with respect to t, then
the qualitative behavior of the 2m- periodic solutions of these equivalent systems are
the same.

By Lemmal.2, to find the reflecting integral is very important for discussing the
equivalence and integrability of some differential equations. In general, to find out
the reflecting integral A from (1.6) is very difficult. Belsky [5] and Musafirov [13]
and Zhou [17] have found some special reflecting integrals for some differential
equations and using them to discuss the qualitative behavior of the time-varying
differential systems. In this paper, we will give the sufficient condition for equations
(1.1) and (1.3) have some polynomial reflecting integrals, and use them to discuss
the integrability of these polynomial equations and give the expression of its first
integrals. We establish the equivalence between the polynomial equations and some
complicated systems and give their center conditions.

In the following, all the differential systems under discussing have continuously
differentiable right-hand sides, and have a unique solution for their initial value
problems.

2. Center condition for a class of planar quintic sys-
tem

In [2,4], Alwash and Lloyd give the following conclusion.

Lemma 2.1 ( [2,4]). If there exists a differentiable function u of period 2w such
that
A(0) =/ (0) A1 (w(0)), B(6) = u'(0)B1(u(0))

for some continuous functions Ay and By, then the Abel differential equation (1.1)
has a center at the origin.

The condition in Lemma 2.1 is called the Composition Condition. This is a
sufficient but not a necessary condition for the origin to be a center [2].
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Consider the quintic differential system

r = —y+ x(PQ(*T”y) + P4($,y)),
y, =T+ y(PQ(zvy) + P4(:c,y))7

(2.1)

where P, (z,y) = Ziﬂznpijxiyj, pij (1,7 = 0,1,2,..,n, n = 2,4) are real con-
stants.

Although there are several authors [8, 14] have solved this problem by using
computer and other traditional methods. But, in this paper, we also show how to use
the reflecting function method [9,17] (a new method) to derive the center conditions
and give the simple proof of the obtained results. Moreover, this result will help us
to study the integrability of the corresponding equivalent periodic equation later.

In this section, we denote:

A= /6 Ado, A, = %(A(G) + A(=0)), Ao = 5 (A(0) — A(=0)), etc.
0

Theorem 2.1. The origin is a center for (2.1), if and only if, the following condi-
tions are satisfied

P20 + po2 = 0; (2.2)

P22 + 3(pao + pos) = 0; (2.3)

P11(Poa — Pao) + p20(p31 + p13) = 0; (2.4)

(p1 — 4p30) (Pao + Pos) — p11p2o(pa1 — p13) = 0. (2.5)

Proof. Taking z = pcosf , y = psinf, system (2.1) becomes

9 = p*(Py + Pup?),

do
at — o

where
Py = pag cos? 0 + p11 cos O sin 6 + pos sin? 6,
Py = pyo cos* 6 + P31 cos® fsin 0 + P22 cos? fsin? 0 + P13 cos sin® 0 + Po4 sin? 6.

By [1-4,15], we know that the origin (0,0) of (2.1) is a center, if and only if, every
solution in a neighborhood of p = 0 is a 2r— periodic solution for the differential
equation

dp 3 2
— = P+ P, . 2.6
a0 p° (P2 + Pyp”) (2.6)
If we put r = p?, then equation (2.6) will be transformed to
d
CT; = A(0) + B(6)r®, (2.7)

where
A(0) = 2P>(cosb,sin @), B(0) = 2P4(cos0,sin6).

Let F(6,r) be the reflecting function of (2.7) with F(0,r) = r. We write

F(0,r) = an(0)r", (2.8)
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where a1(0) = 1 and a,(0) = 0 for n > 1. The origin is a center if and only
if F(0 + 2w, r) = F(0,r), i.e., a1(2m) = 1, a,(27) = 0(n = 2,3,4,...) [9,17, 18].
Substituting (2.8) into (1.5) with X = Ar? + Br® we get

o0

Za’n( ™+ Znan "1 (Ar® 4+ Br?)
—9)(2 an(0)r")? + B(=0)(Y_ an(0)r")* = 0
n=1 n=1

Equating the corresponding coefficients of ™ yields

a} =0,a1(0) = 0;

an+(n—1)a,—1A+ (n—2)a,_2B+ A(— Z a;aj + B(—0) Z aa;ar =0,
i+j=n i+j+k=n

a,(0)=0,n=2,3,4,...

Solving these equations recursively gives

a; = 1,
= —2A,, az(0) = 0; (2.9)
= —4ay A, — 2B,,a3(0) = 0; (2.10)
= —3a3A — 2a2B — 3aQB( 0) — A(—0)(a3 + 2a3), as(0) = 0; (2.11)
at = —4as A — 3a3B — 2(azaz + a4) A(—0) — 3(a3 + a3) B(—0), a5(0) = 0. (2.12)

Solving (2.9) we get
0
a5(0) = —2/ Audf = —24,
0
and
az(2m) = —4(p2o + po2)T,

it implies that as(27) = 0, i.e., pao + po2 = 0 , thus the first condition (2.2) is valid.
Using this and (2.10), we have

asz(0) = a% — 2B,
and

2
as(2m) = 2 / Budf = —(3(pao + pos) + pas),
0

from az(27) = 0 implies the second necessary condition (2.3) holds. Using (2.2)
and (2.3) we get

as(0) = a3 +10A.B, + 2(A,B, — B, A.)
and

27
as(2m) = 2/ (AoBe — BoAc)dO = m(p11(pao — poa) — p20(ps1 + p13)),
0
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so, by a4(27) = 0 we know the third necessary condition (2.4) is valid. Applying
the above relations and (2.12), we have

as(0) = a3 +6B% —36A%B, — 124, A,B, — A.B, +4A.A.B. — A,(A,B. — A.B,),

2T _
as(2m) = 4 / (AcA.B. — Ay(A,B. — A.B,))df =
0

o ™
4
so, by as(27) = 0 we get

((4p30 — p11)(pao + Poa) + Pr1p20(p31 — p13)),

(P% - 410%0)(1’40 + p04) - P11p20(p31 - P13) =0.

Thus the necessity of the present theorem is established.

Now, we prove that these conditions are also sufficient.

Case 1. If p13 + p31 = 0. From (2.4) follows p;; = 0 or pos — pso = 0.

19, If p1; = 0, from (2.5), we get pag = 0 or pag + pos = 0.

If pog = 0, by relation (2.2), we have P, = 0. On the other hand, when relation
(2.3) is held, fo% P,df = 0. Thus solving the first order equation (2.7), we get 7(0)
is a 2m-periodic, so r = 0 is a center.

If pao # 0, pao + pos = 0, then Py = pyg cos 20,

P. _
P4 = 72(])40 + @PQ)

P20 P20
By Lemma 2.1, the origin of (2.7) is a center.

20 1f p1y # 0, pos — pao = 0.
If P20 7& O, then

Py = Pao (p11 — 4P,) Ps.
P20P11
If P20 = 0, then
Py = %(Pu —4P,)P;.
11
As Py is a 2m-periodic function, by Lemma 2.1, the origin of (2.7) is a center.
Case 2. If p13 + p31 # 0, then from (2.4) we get

p11(p40 - p04)
pPo=— """ 2.13
P31 + P13 ( )

Substituting (2.13) into (2.5) we obtain

2
p
m[(lm +p04)((P31 +p13)2 - 4(1040 - P04)2) - (p4o - P04)(p§1 - P%g)] =0.
(2.14)
19, If py1 # 0, then from (2.14) follows that
(p31 + p13) (Poaps1 + paop13) = 2(Poa — Pao)? (pao + Pos). (2.15)

Using relations (2.15) and (2.2) and (2.3) we get:
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If poy # 0, then

- 1
P20P11

Py (p11P40 — 2(pao + pos) Ps) Ps.

If pog = 0, then from (2.4) and (2.5) follows pgo = posa = paz = 0 and

1 _
Py = pT(Pup?d +2(p13 — p31) P2) Pe.
11
By Lemma 2.1, the origin of (2.7) is a center.

20, 1f p1; = 0, then from (2.14) and (2.2) follows pag = po2 = 0, so P» = 0. Thus,
by (2.3) and (2.7) we know r = 0 is a center.

In summary, the proof of the present theorem is finished. O

3. Equivalence and integrability of the Abel equa-
tion and some polynomial equations

Consider the Abel equation

% = A0)r* + B(O)r® = R(0,r), (3.1)
where A(#), B() are continuous functions, § € D € R.

Obviously, if B = kA (k is a constant), or AB = 0, then this Abel equation is
integrable. So, in the following, we only discuss (3.1) in the other cases.

By [5,17], if the reflecting integral of (3.1) is a polynomial function on r, then it
must be a cubic function. If A(,r) and A(6,r) are the reflecting integrals of (3.1),
then A(6,7) = A(0,7)¢(u), where u is the first integral of (3.1), this means that if
we can find out a reflecting integral of (3.1), at the same time, we know its infinite
reflecting integrals. So, in the following we only discuss when does (3.1) have a
cubic reflecting integral 7 By Lemma 1.2, we can use the reflecting integral for
discussing the equivalence and integrability of (3.1) and some differential equations
and derive their center conditions.

Let

vo =4ABA — 3BB — BA%, vy =2AB — BA;vo = —B; v =4,  (3.2)
where A(0) = [ A(0)d0, B = [ B(0)db, etc.

Theorem 3.1. Suppose that the functions vy, vy, ve, vs are linear dependent, i.e.,
there are (Ao, A1, A2, A3) # 0 such that

AoVg + A1v1 + Agvg + Azvg = 0, 0eD. (33)

Then
A =ap(0) + a1 (0)r + ag(e)rz + a3(9)T3

is a reflecting integral of the Abel equation (3.1) and v = [ %dr 1s the first integral
of (3.1) and which is equivalent to equation

% = A(Q)r2 + B(H)r3 + a6, u)A8,r), (3.4)
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where a0, ) is an arbitrary continuously differentiable odd function with respect to
0,

ag = )\0; a; = 2)\0/1+ )\1; as = Ao(AQ —|—3B) + /\1A+ Ag; asz = 4A0ﬁ—|— 2)\13 + )\3.

(3.5)

Besides, if (3.1) and (3.4) are 2m-periodic equations, then the qualitative behav-
ior of the 2mw-periodic solutions of their are the same.

Proof. By Definition 1.3, the cubic function
A = ag(0) + ay(0)r + az(0)r? + a3 (0)r3
is the reflecting integral of (3.1), if and only if, it is a solution of
Ng(0,1)+ A0, 7)R(0,1) — R.(0,r)A(0,r) =0, (3.6)

i.e.,

ay + ayr + ayr? + ar® 4 (a1 + 2a9r + 3azr?)(Ar? + Br®)

— (247 + 3Br*)(ag + a7 + agr? + azr®) = 0.
Equating the coefficients of r yield
ap = 0; a} = 2Aag; ah, = a1 A + 3agB; aj = 2a1B; a3A = a2 B.

Solving these equations we get (3.5) and (3.3) and (3.2). This shows that the
function A = ag(0) + a1(0)r + az(0)r? + az(0)r? is the reflecting integral of (3.1).
By Lemma 1.2, the equation (3.1) is equivalent to (3.4) and if they are 2m-periodic
systems, then the qualitative behavior of their 27-periodic solutions are the same,
A~!is the integral factor of equation (3.1) and its first integral is

@) R(0,7)
U= dr — ~dp,
/(0,0) A(0,7) A(0,7)

since %V:O =0,s0,u= [ mdr. O

Theorem 3.2. If B = kAA, k is a constant, then the Abel equation (3.1) has
reflecting integral B B
A =r+ Ar? + 2Br3.

The first integral of (3.1) is as follows:

19. Ifk:i,
1 2r n 2
u=In — —:
24 Ar 24 Ar’
20 Ifk> 1,
r2 1 2kAr + 1
u=7ln - = — arctan ———;
27 |1+ Ar 4+ 2Br?| 4k — 1 4k — 1
30. Ifk<i,
r? 1 2kAr +1 — /1 — 4k
u = In | |

=—1In = = — n -
27 1+ Ar+2Br?| 21 -4k 2kAr + 1+ 1 — 4k
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Proof. If B =kAA, then v; = 2BA— BA = k(AA? — AA?) = 0 and the functions
vg, U1, U2, v3 are linear dependent. Taking (Mg, A1, A2, A3) = (0,1,0,0) we have

AoV + A1 + Agvg + Azvg = 0.
Therefore, by (3.5) we get

aon,alzl,ang,a3:QB

and
A=r+ Ar? +2Br3

is the reflecting integral of (3.1).
By Lemma 1.2, A~! is the integral factor of (3.1), then its first integral is

1 1
“—/zd”“’(@) —/WWW
and

o R0 1 _ R _ﬁ 1
w0) =~ - g5 [ 3 = R0 — 55 [ Zlomo.

On the other hand,

1 1 1 A+ 2Br _ _
/A " /7"(1+A7“+2Br2) " /(r 1+Ar+23r2) r =l |r| /( +2Br)

(1+ Y (~1)(Ar +2Br2))dr = In|r| — Ar + (AA — 2B)r® + ..
=1

From this relation we get

0 1
%(/ Zd?")|r:0 = 0

Thus ¢'(#) = 0 and u = [ mdr , integrating this indefinite integral we
obtain the expression of u as the above. O

Remark 3.1. In particular, in the case of B = %fl, we can easily to get the first
integral of (3.1). As B = %A[I, vg = 0, v1 = 0 and the functions vg, v1, v9, v3 are
linear dependent. Taking (Mg, A1, A2, A3) = (0,1,0,0) or (Ao, A1, A2, A3) = (1,0,0,0),
the relation (3.3) is held. Using (3.5) we obtain two reflecting integrals:

_ _ 2 - 1-
A=r+Ar? +2Br® =r(1 + gAr)(l + - Ar)

3
and )
A =1+24r + (A% +3B)r? + 4BAr® = (1 + 3 A%
By [17],
A 33+ Ar)
T A (3+24r)2

is the first integral of (3.1) and which is equivalent to equation (3.4).
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Corollary 3.1. If
P20 + po2 = 0, paoplo + P11P10P01 + Po2pg = 0,

then system

9t = —y + 2(Py(z,y) + Pa(x,y)) + za(f,w)(1 + proy — porx + 2p20zy + p11y?),

W = 3+ y(Pi(z,y) + Pa(z,y)) + yo(0,w) (1 + p1oy — por + 2p20zy + pr1y?)
(3.7
has a center at (0,0), where

Pi(z,y) = pio® + pory, Po(z,y) = p20x® + p112y + po2y?,

a(f,u) is an arbitrary continuously differentiable 27-periodic odd function with re-
spect to 0,

f = arctan Q7 u = /(r + Pir? 4+ 2P e, r = /22 + y2,
x

0 0
P, = Py(cosf,sinf), P, = Py(cosf,sind), P, = / Pidf, P, = / Pydo.
0 0

Proof. By the assumption and [1], we know the system

d — g+ x(Pi(2,y) + Pa(z,y)),

: (3.8)

has a center at (0,0) and P, = kP, Py, k is a constant. By Theorem 3.2, the equation

dr 9 3
— =r*P, + P. .
a0 r° Py + Por (3.9)
is equivalent to equation
dr 2 3
=" Py + Por® 4+ a8, u) A0, u), (3.10)

where A =71+ Pyr? +2Pr3, u = [ idr.
Taking © = rcosf, y = rsind, equation (3.10) is transformed to (3.7), by
Lemma 1.2, system (3.7) has a center at (0,0) as well. O

Example 3.1. If the conditions of Corollary 3.1 are satisfied, and p1gpo1 = 9, p2g =
—2, then P, = %PlPl and

(34 Pyr)

A=r(3+2Pr)(3+ P = 2/
r3+ 2R3+ ), v 3+ 2P,r)2

If we take @ = Ausinf, X is a constant, then (3.10) becomes

dr 7“2(3—1—1517“)2
& P+ Por® sing—o 1
B e ay e
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By this we get its equivalent system

9 = (—y + z(P(z,y) + Pa(z,y))(1 + 2(p1oy — po1z)) + 32y(3 + proy — porx)?,

W = (2 +y(Pi(z,y) + Po(2,9)) (1 + 2(proy — por12)) + 3y*(3 + proy — por1z)?

has a center at (0,0) and has a first integral :

H — gereoso — (B4 Pioy —Pow)\/meﬁ.
(3 +2(p10y — po1))?

This example shows that, if one system has a center at origin, by the equivalence
we will know its many equivalent systems have a center at origin, too.

Theorem 3.3. If B = (ko + k1A)A, ko, k1 are nonzero constants, then the Abel
equation (3.1) has a reflecting integral

A =Fkr+ (1+kA)r? + (ko + 2kB)r?,

where k = Z—; The first integral of (3.1) is as follows:

10 If by = i,
1 Akor? 1
u=—1In = + —
2k (14 2ko(14+kA)r)2 k(14 2ko(1 + kA)r)
20 If ky > 1,
1 1 r? 1 . 1+ 2ko(1 + kA)r
U= —1n = = — arctan N
2k |k+ (1 + kEA)r + (ko +2kB)r?|  kyv4dk, —1 Viky —1
30 Ifky < %,
1 r?
u =

1 _ _

2% |k + (1 + EA)r + (ko + 2kB)r?|

B 1 ln|1+2ko(1+M)r— V1 =4k
2k/1—4ky 1+ 2ko(1 + kA)r + /1 — 4k

|
49 If ky = 2,
"y (24 3(ko + %ﬁA)r)
(14 3(ko + 2A)r)?

Furthermore, the Abel equation (3.1) is equivalent to equation (3.4).

Proof. As B = (ko + k1A)A, using (3.2) we get vo = —kovs — kvy, i.e., the
functions vg, v1, v, v3 are linear dependent. Taking (Ao, A1, A2, A3) = (0, k, 1, ko) we
get

Aovo + A1v1 + Agvg + Azvg = 0.

By Theorem 3.1 and (3.5) we get
GOZO; ai :k; a2:1+kfl; a3:k0—|—2kB

and ~ B
A =kr+ (1 +kA)r? + (ko + 2kB)r®
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is the reflecting integral of (3.1). Similar to the proof of Theorem 3.2, the first
integral of (3.1) is

/ : :
u = _ _ r

kr+ (1 + kA)r? + (ko + 2kB)r3

calculating this indefinite integral we get the conclusions of the present theorem.
O

Corollary 3.2. If the conditions of Theorem 2.1 are satisfied and p3, + p3, # 0,
then system

9 = —y + x(Py(z,y) + Pa(z,y)) + cos (6, u)A,
% =z +y(Pe(z,y) + Pi(z,y)) + sinfa(0, u)A
has a center at (0,0), where

Py(z,y) = P20 +p112Y+po2y?, Py(z,y) = Paor* +p31 73y +pasz®y? +p13ry®+posy’,

a(f,u) is an arbitrary continuously differentiable 2w-periodic odd function with re-
spect to 0,

0 = arctan %, p =2 +y2 A= p(k+(1+2kPy) p*+(ko+4kPy)p*), u = /A‘ldp7

0 )
Py = Py(cosf,sinf), Py = Py(cosf,sind), P, = / Pydf, Py = / Pydo,
0 0

ko, k are nonzero constants.

Proof. By the assumption and Theorem 2.1, system (2.1) has a center at (0,0)
and P4 = (]CO + 2k1P2)P2, i.e., B = (k() + klA)A, (B = 2P4, A= 2P2), ko, kl are
nonzero constants. Using Theorem 3.3, we get the equation

dp 3 2
— =p° (P, + P,
0g = P (Pt Fap’)
is equivalent to equation
dp _ 4 2
B =F (P2 + Pyp”) + a0, u)A, (3.11)
where
_ _ k
A = p(k + (14 2kPy)p? + (ko + 4kPy)p*), (k = k—l), u= /Afldp.
0
Similar to the proof of the Corollary 3.1, the present conclusion is true. O

Example 3.2. If the conditions of Theorem 2.1 are satisfied and

P13 +p31 =0, p11 =0, pao + pos =0, p20 = 3, p31 = 4,
by the proof of Theorem 2.1, we have Py = Py(ko + 2k P»), here, ko = Pk = %.
By Theorem 3.3, the equation (2.6) has a reflecting integral

2 - 2 =
A =p(2+ (pao + §P2)PQ)(1 + (pao + §P2)PQ)
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and has a first integral
24 (pu+iPR)p®
(1+ (pao + 3 P2)p?)?
Taking oo = 2 usinf cos A, (X is a constant), (3.11) becomes
dp  (P2p® + Pip®)(1 + (pao + 3 P2)p°) + 2Asin 6 cos 0p*(2 + (pao + 5 P2)p?)?
do 1+ (pao + %PQ)pQ ’

it follows its equivalent system

% = P(1+pao(@® +y°) + 20y + 3pu1y®) +ya’@, (5.12)
W = QUL+ pao(a® +y?) + 2xy + 3p119%) + vz

has a center at (0,0), where

P=-y+ :I?(Pz(l’,y) + P4(l‘,y)), Q =z+ y(PQ(w7y) + P4(l‘,y))7

1
O = 2X\(z% + y*) (2 + pao(@® + 3?) + 22y + §p11y2)2.

System (3.12) has a first integral:

H = uez\cosze _ 2 +p40(112 + y2) + 2zy + %plly
(14 pao(® + y?) + 2zy + $p11y?)?

e (22 4 42),

Theorem 3.4. If A;(0) = k;jAs(0)AL (), (j = 3,4,...,n), k; are constants, then
equation
dr

do
has a reflecting integral

A =711+ Ay(0)r +243(0)r* +3A4(0)r> 4 ... + (n — 1) A, (0)r" 1) (3.14)

and has a first integral

= Ay (0)r? + A3(0)r® + ...+ A (0)r™, (n > 3) (3.13)

1
- / r(14 Ag(0)r + 2A43(0)r2 + 3A4(0)r3 + ... + (n — 1) A, (§)r"—1)

Furthermore, if As(6 4 2m) = A3(0) and fozﬂ As(0)dO = 0, then equation (3.13)
and its equivalent equation

dr. (3.15)

ZA 4 a(f,u) A0, ), (3.16)

have a center at v = 0, where «(0,u) is an arbitrary differentiable odd and 2m-
periodic function with respect to 6.

Proof. Since A4;(8) = ijg(Q)fE*Q(G), (j =3,4,...,m), so
(i —1)(i — )AA + (G —1)(j —i)A;A; =0, (i,j =2,3,4,...,n).

By this, it is not difficult to check that function (3.14) is a solution of equation
(3.6). Thus, function (3.14) is the reflecting integral of (3.13). Similar to the proof
of Theorem 3.2, the first integral of equation (3.13) is (3.15). As A; are 2m-periodic
functions , A(6,r) and u(f,r) are 2m-periodic, thus r(f) is 2w-periodic, equation
(3.13) and its equivalent equation (3.16) have a center at r = 0. O
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