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Existence of Solutions for Fractional
Integro-differential Equations with Impulsive and
Integral Conditions*

Yanpeng Hao! and Qiaoluan Lib'

Abstract This paper presents the existence of solutions for a class of Cauchy
problems with integral condition for impulsive fractional integro-differential
equations. Based on definition of solution for impulsive fractional integro-
differential equations, the existence theorems of solutions of fractional differ-
ential equation are obtained by applying fixed point methods. Finally, three
examples are given to demonstrate the feasibility of the obtained results.
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1. Introduction

During the past decades, impulsive differential equations have been attracting in-
creasing attention due to their applications in various sciences such as Physics,
Chemistry, Mechanics, Engineering, Biomedical sciences, etc. Moreover, fractional
differential equations have been proved to be valuable tools to model of phenomena,
in both physical and social sciences.

Fractional impulsive differential equations have been extensively studied by
many researchers, in which, fractional calculus, an important branch of mathemat-
ics, has been attached great importance to. For details, see [1-10] and references
therein. For example, Anguraj et al. [2] considered the following initial value prob-
lems for impulsive fractional differential equation given by

°D2(y)(t) = F(t, (1), / Bt 5,9())ds), t € J = I\{t1, ot}
y(tE) =y(ty) + k. uk € R, (1.1)

y(0) = / o(s)y(s)ds,

where 0 < o < 1 and J = [0,1]. They proved the existence results for the above
equation by means of the contraction mapping principle and the Krasnoselskii fixed
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point theorem.
Liu et al. [7] studied the following problem
cDeu(t) = flt,ult),u' (t),u"(t)), teJ =JI\{tr, . tm},
Au(te) = Ap(u(ty,)), AW(tk) = Br(u(ty)), Au(ty) = Cr(u(ty)),

w(0) = Mu(T) + 51/ q1(s,u(s),u'(s),u”"(s))ds,
0 (1.2)

T
W (0) = Aou(T) + & /O 4o (s, u(s), ' (5), 1" ())ds,
T

u”(0) = Azu(T) +£3/0 q3(s,u(s),u'(s),u” (s))ds, N\ #1(i =1,2,3),

where 2 < a < 3. By the use of the well-known fixed point theorems, they obtained
the uniqueness and existence of the solutions for the above equation.

Motivated by the above mentioned works, we investigated sufficient conditions
for the existence of solutions to the following impulsive fractional differential equa-
tions with integral initial condition :

"D (2)(t) = f(t,2(t), / K(t,s,2(s)ds),  t€J = N\t t),
Axty) = Ax(e(ty),  Ad'(ty) = By(a(ty)) (1.3)

where £k = 1,---,m, J = [0,T], 1 < a < 2, °D® is the Caputo fractional
derivative, X denote a Banach space, f : J x X x X — X is a given func-
tion, the functions Ay, By : X — X are continuous, Q = {(¢,s) : 0 < s <t <
TH k:QxX = X, gh € C[0,T], 0 =tg < t1 < - <ty < ty1 =T,
Ax(ty) = z(t)) — z(ty), Ax'(ty) = 2'(t]) — 2/(t;]). For brevity, let us take
Az(t) =[] k(t,s,2(s))ds.

This thesis is composed of four sections. In section 2, we will introduce some
definitions, lemmas and preliminary results. In section 3, we will apply some stan-
dard fixed point principles to yield existence result of problem (1.3). In section 4,
three examples are given to illustrate our main results.

2. Preliminaries

In this section, we introduce definitions and preliminary results which are needed in
this paper. Let X be a Banach space. Let C(J, X) be the Banach space of contin-
uous functions z(t) with z(t) € X for t € J = [0,T] and [|z||¢(s,x) =maxse s|x(t)].
Also consider the Banach space PC(J, X) ={z:J = X : x € C((tk, tk+1], X), k=
0,---,m and there exist z(t]) and z(t; ), k = 1,--- ,m with z(t; ) = x(tx)}, with
the norm ||z|| pc = sup,e ;s [2(t)]. Set J = [0, T]\{t1,....,tm }.

Definition 2.1 (definition 2.1, [3]). The Riemann-Liouville fractional integral of
order a > 0, of a function f € L1(Ry) is defined as

Iaf(t)zI‘(IO[)/Ot(t—s)o‘_lf(s)ds, for >0 and t >0,
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where I'(.) is the Euler gamma function.

Definition 2.2 (definition 2.2, [3]). The Caputo fractional derivative of order o >
0, n— 1< a<n,is defined as

o 1 EEPAC)
(D0+f)(t): F(n—a) /[; (t—S)aindH'dS,

where the function f(¢) has absolutely continuous derivatives up to order (n — 1).

Lemma 2.1. Ifg,h € C[0,T] satisfies g(s), h(s) > 0, max g(t) = My, max h(t) =
te0,T] " te[0,T]

fTT (s — 1) 1g(s)ds, P(t,a) = fTT (s — 1) 2h(s)ds, for T €

My, and Q(T, )
[0,T], then

(i) Q(Ta) < Mye®

(i) = F( 5 < Mye®,

—38)™ 1 s
(iii) fotr(# <l

Proof. The proof is similar to that in Lemma 3 [2]. O

Lemma 2.2. Letf JxXxX — X be continuous, fo s)ds =a; # 1, fo s)ds =
as # 1, fo s)sds = b, fo s—tk)dsfck(kfl,Q,' -,m). Ifx zsasolutzon
of the followmg impulsive mztzal value problem

‘Dla(t) = f(t,x(t), Ax(t))dt, teJ, 1<a<2,

Ax(ty) = Ar(z(ty)), A2(tp) = Bi(a(ty)), k=1,2,---,m

’ (2.1)
T T
z(0) = / g(s)z(s)ds, 2'(0) = / h(s)z'(s)ds,
0 0
then z(t) satisfies the following impulsive fractional integral equation
1 t
Ao+ Mt + —— / (t—s8)* "L f(s,2(s), Ax(s))ds, t €10,t4],
I'(a) Jo
j—1
/\0+>\1t+2Ak tk +ZB;€ tftk) (22)
k=1
I 1
— t—s)*" A d t ti_1,t;
g [ =9 (o), Aas)s & (tyr.ty).
where
1 o i ck(l —ag) + azb
Ao = —a (al Z Ap(x(ty)) + Z Bk(ﬂc(tk))l_—a2
k=1 k=1
b

+ 0= a)l(a—1) /0 P(rya)f(r,z(7), Az(T))dr
1 T
+ @ /0 Q(r,a) f(r,z(7), Ax(T))dT),
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1 % 1 T
A1 (a2 Z Bk(x(tk)) + )/0 P(T,OL)f(T,Z(T),Al’(T))dT),

1—aq = Na-1
T T
P(r,a) :/ (s —7)*2h(s)ds, Q(1,0) = / (s —7)* g(s)ds.
Proof. The proof is similar to that in Lemma 2.6 [7]. O

Theorem 2.1 (theorem 1, [2]). Let M be a closed convex and nonempty subset of
a Banach space X. Let A and B be two operators such that

(i) Az + By € M whenever z,y € M,
(i) A is compact and continuous,
(iti) B is a contraction mapping.
Then there exists z € M such that z = Az 4+ Bz.

Theorem 2.2 (theorem 4.5, [10]). Let X be a Banach spaces and F : X — X be a
completely continuous operator. If the set

EF)={ye X:y=AFy for some X€|0,1]}
is bounded, then F has at least a fized point.

Theorem 2.3 (theorem 4.7, [10]). Let C be a nonempty conver subset of X. Let
U be a nonempty open subset of C with 0 € U and F : U — C be a compact and
continuous operators. Then either

(i) F has fized points, or
(ii) there exist y € OU and X* € [0,1] with y = A*F(y).

3. Main results

Before stating and proving the main results, we introduce the following hypotheses:
(1) f:Jx X x X — X is jointly continuous.
(2) There exists Ly > 0 such that
\f(t, 1, y1) — f(t22,92)] < Ly (|l — 2| + [y1 — v21),
for all z1,y1,22,y2 € X and t € J.

(3) The function k : Q x X — X is continuous and there exist positive constants
k1, ko such that

|k(ta S,.Tl) - k(t,8,$2)| < kl‘xl - I2|7

for all z1,20 € X, ko = sup |k(t,s,0)]|.
(t,s)€N

(4) The functions Ay, By : X — X are continuous and there exist positive constants
Ly, Lp such that

|Ak(z) = Ar(W)| < Lalz —yl,  |Br(z) = Be(y)| < Lplz - yl,
for each t € J and any z,y € X.
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(5) There exist positive constants M4, Mp such that
|Ap(z)| < Ma,  |Bi(z)| < Mg,
for each t € J and any =z € X.

For the sake of convenience, we denote that

T 1—oq
M; =su t,0,0)], = @
s =swlf(L0.0). F(a)<a_a1

(a1 € (0,1)),

ci(l — ag) + asb Qo
01 = T T
1 (1 m, Z|17(L1 0,2)' |17a2|m +ma
b T
05 = + MyeT + —— MeT,
: ('<1—a1><1—a2>' o) M e
m=Lg(l+kT), n=LgkT+ My,
Ta’r]g
01 = O3nT + ——=—
1 3712 +I‘(a+1)’
leoz-H
o= o+ 1, (BT )
2=Omb+ L) T
53:01MA+92MB+51,
Lfk.lTa+1
=6,L 05 L OsmT + L —_
w 1Lba+02Lp+0sm1 + Lyp+ T(a+1)

LT~ n LTk,
IMa+1) T(a+2)

1
Ay =6, M4+ 603Mp + 05LT + 5nggegTQ +
LTk,
a+1)

Theorem 3.1. Let the assumptions (1)—(5) be satisfied. If w < 1, then the problem
(1.3) has a unique solution on J.

Proof. Define the operator F' : PC(J, X) — PC(J,X) by

1

1 ' a—1
No+ Mt + @/0 (t— )L f(s,2(s), Ax(s))ds, t € [0,11],
(Fz)(t) = /\0+)\1t+Jz:Ak (tg) —I—ZBk Nt — t) (3.1)
k=1
+ F(la)/o (t — 5) (s, 2(s), Aw(s))ds, te [ty ty],

where \g, A\; are glven by Lemma 2.2.
Let us fix r > shall show that F'B, C B,, where

B, ={x € PC(J,X):||z|lpc <r, 0<t<T}.
For any = € B, using (1) — (5) and Holder’s inequality, for each t € J, we have
j—1

(Fx)(t) <ol + Mt + Y [Ax(x(tr) |+Z|Bk Dt —tk)|

k=1
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Thus, F maps B, into itself. Let z,y € PC(J, X).

have

|Fx(t) —

+Z\

=1

1—0,1 1—(12)

1 t a—1 x(s S
+@/0 (t = )| f (5, 2(s), Ax(s))|d

1 — al)(l — a2)

y “ft \Z|Bk<x<tk>>\

AT |/ \fm: A (7))\dr
TQT,a
| / )\ f(r,2(r), Ax(r))ldr

1_a2\ [ e, v i

j—1

+Z|Ak($(tk )+ ) 1Br(@(tr))(t — te)]
k=1

k=1

1 ¢ a—1 x(s S
+F(a)/0 (t = )| f (s, 2(s), Aw(s))|d

as) + ash
2(tr) |+Z|Bk #|

T
<O Mos + 0, M + 0 / |F(r.2(r), Az(r)) — (7,0,0)| + |£(7,0,0)|dr

b / (t— )21 (f (s, 2(5), Ax(s)) — £(5,0,0)] + [ F(s,0,0) )ds

I(a) Jo

T
<0, M4 + 0,Mp + 93/ [Lf(m + By Tr + koT) + Mf} dr
0

1 t
+—/ (t = ) (L (] + k1 Tr + ksT) + M;)ds
L(a) Jo

(772 + LfleT')ta
INa+1)

+I%</Ot(ts i ald5>1 N (/ j2(s) Mds) N

ne T (
+(03mT +
F( +1) 3T

<O\ My + 02 Mp + 03T (mr +n2) +

<O.My +605Mp +93772T +

MNa+1)
<é3 + dor
<r.

Fy(t)]
— Ar(y(te))|

17&2 +a2b

(Bi(2(tx)) — Br(y(tr)))|

LykyToH

+pr>r

Then, for each t € J, we
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23 IBue) - Byt + Y Axe(tn) - Auy(te))
k=1 h=1

+ kZ (Bu(o(t)) — Buly(8))) (¢~ 1)
|(1_a1”( | / SO | a(r), As(r) — Fr(r), Ay() | dr
L [ 2D 0(0), Antr) - 17001, A0t |
e [, atr), A7) ~ S, a(0), Au(r)
iy [ = 960, An(6) — Fs.006), A s

T
<61Lalx —y|+0:Lplr —y| + 93/ Li(|lz —y| + [Az — Ay|)dr
0

1 /t 1
to— | (t=95)"""Li(|lz —yl+ kaT|x -yl pc)ds
[(a) Jo !
Lfk.lTa+1
<@:1La+0:Lp)lz — yllpc+0smT ||z — yllpe+ Ll — yllpe+————llz — yllpc
INa+1)
LfleoH—l
<(OnLa+02Lp + 05T + Lyp+ S o -
f< 1Lba+02Lp +03m1 + Lyp+ T(a+1) lz —yllpc

<wllz —yllpc-

And w < 1, which proves that the operator F : PC(J,X) — PC(J,X) is
contraction. Applying Banach contraction fixed point, we deduce that the problem
(1.3) has a unique solution on B,. We complete the proof. O

Theorem 3.2. Suppose that (1) — (5) are satisfied and 61Ls 4+ 02Lp <1, 65 < 1,
then the problem (1.3) has at least one solution.

Proof. Choose r > 1f352 and define on B, = {x € PC(J,X) : ||z||pc < r} the
operators ®, ¥ by

e+ et, te [0 tl]

dx)(t) = =t (3.2)
(®2)(1) co+ert+ Y Ap(x(tr) +ZBk Nt —tr), t € (tj_1,t],
k=1
where

1 (1- b
. (Z m+2m ) el = a2) + asby

1—aq = 1—as

a m
2
e = E B
1—(12
k=1

and
b

(Wz)(t) = d—a)i-m

T
T(a—1) / P(r, ) f(r,2(r), Az(r))dr
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+(1*T/ Q(r,a) f(r,z(1), Ax(7))dT
o a2)tr(a —5 /OT P(r, ) f(r, 2(r), Az(r))dr
iy [ (€ (o), vt (3.3
For any 2,y € B, and t € J, we find that
H¢w+-¢prc
<leo| + lext| +;|Ak a(ty) |+Z\Bk Nt —t1)]
T |/ Plr,a)|f(7,y(7), Ay(r))]dr

+ | / Q(r, )| f(r,y(r), Ay(r))|dr

v
(1—a1)'(a)

t T
e [ PEalf ). Ave)lar

(1—&2
1

+ T / (t— )% (s, y(s), Ay(s))|ds

L kg T
<O M + 0 Mp + O3m0T + A

_— OsmT + ~+———+ L
( +1) (3’71 T Tarn T fp)r
§53+527’

<r.

Thus, ®x + Yy € B,.. It is obviously that ® is a contraction mapping on B,
since

[®x — @y||pc < (1La + 602LB)|lx — yllrc-

On the other hand, the operator ¥ is continuous by the continuity of f. Also,
¥ is uniformly bounded on B, since

¥(z)|[po < 01 + 0

Now we will prove the compactness of the operator ¥. For any = € PC(J, X), s1,
sp € J, tj_1 <s1<sy <tj, we have

|[Tx(se) — Ua(sy)]

w ’ T, T.2¢0(T x(T T
*|1—a2|r(a_1)/0 P(r,a)|f(r,2(), Az(1))|d

i . 52— 8)" 1 — (51— )" s, x(s), Azx(s))|ds
+F(a)/o ((s2 =) (s1 = )27 1)|f(s,2(s), Az(s))|d
1

+ @ /Sl (s2 — 8)* | f(s,x(s), Ax(s))|ds
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(s %X — Sia)) (rm +n2),

5 —
|( 2 1)|Mh€T(7"771T+772T)

which tends to zero as s — s;. This means that W is equicontinuous on interval
(tj—1,t;]. By the means of the Arzela-Ascoli Theorem, we get that operator U is
completely continuous. Hence, by the conclusion of Theorem 2.1, the problem (1.3)
has at least one solution on B,. The proof is completed. O

In addition, we consider the existence of solution to fractional impulsive equation
(1.3) with the following linear growth condition:
(2') There exists a positive constant L such that

|f(t, (1), Az(t)] < L(1 + |2| + |Az]),

for any x € X and t € J.

Theorem 3.3. Let the assumptions (1),(2") and (3) — (5) be satisfied and As < 1,
then the problem (1.3) has at least one solution.

Proof. Consider the operator F' : PC(J,X) — PC(J, X) defined as (3.1). Let
{zn} be a sequence such that z,, — z in PC(J, X). Then for any ¢t € J, we have

|(Fzn)(8) = (F)(1)]

(tr)) — Ag(z(tx))]

3 (I;i——zljzf)? (Bu(an(tr)) — Bil(ty))|

k=1
m j—1
+1g (i?; > | Bil@a(tn) = Bi(e(to)| + D [Ak(@a(tr)) — Ax(z(t))]
k=1 k=1
j—1
+ ) |(Br(@n(te) = Br(z(ts))) (t — tr)]
k=1

b T P(T,a)
+ \(1 (=) |/ — |f(7'7 T (T), Ay (7)) — f(7y2(7), Ax(T))|dT

Q (1, )
il [ 0, (r) Ara(r) - 10, 2(0), Av( i

+ \1 _— |/O e L D |f(1, 20 (T), Az (1)) — f(7,2(7), Ax(T))|dT

L ¢ O f (s (). Ar () — Fls. (). Az(s)lds
F i L € 9T (9 Az (9) = fs.2(s) An(s)la
<(OnLa + 0Ll (0) — ot

T «
wour [ If?fj_f)m, 2a(r), Aza (7)) — f(r,2(r), Ax(7))|dr

1 t ot — f(s,x(s), Az(s))|ds
+m/0 (t—s) [f(s, (), Az, (8)) — f(s,2(s), Ax(s))|ds,
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which means that the operator F' is continuous. There exists a positive constant [y
such that for each x € B« = {z € PC(J,X) : ||z|pc < r*} and ¢t € J, we have

[(Fa) ()]
j—1 j—1

<Pl + ] + 3 [Aw(a ()] + 3 [Bula(t)(t — 1)
k=1 k=1

1 K a—1
+ T / (t — )° 1 (s, x(s), Ax(s)))ds
T
<O, Mos + 02 M + 0 / |F(r,2(r), Ax(r)|dr

1 i a—1
+ T / (t — )21 (s, x(s), Ax(s))|ds

<OLMy + 03Mp + 03LT(1 + r* + kyr* T + ko T)
LT®
(147" + kT + kT
+r(a+1)( Tt T ke T)

:=l1

which means that ||(Fz)(t)||pc < ;. Hence, F is uniformly bounded on B,~. Now,
we will prove the operator F' is equicontinuous. For any x € PC(J, X), s1,82 €
J, tj_l <81 < 8§ < tj, we have

|Fx(sa) — Fa(sy1)]

I3 Bula(ti))(s2 = 1) + 3 [Bila(ta))l(s2 = 51)
k=1 k=1
T o
+\1_1a2|(52*81)/0 I{;C(:’_E)V(T,z(ﬂ,Ax(T)dT
1 ° a—1
+ @/O (s2 — 8) |f(s,x(s), Ax(s))|ds
1 ! a—1
Far [ =T ), An(s) s
<(| = |+ 1)(s2 — s1)mMp + MLTI/CT(SQ —s1)(L+7r* 4+ kyr*T + ko T)
1- a2 |1 — a2|
+ M(l + 0+ kT + ko).

As sy — s1, the above inequality tends to zero. Thus, F' is equicontinuous on Bj.«.
By the Arzela-Ascoli Theorem, F is completely continuous. Let x € E(F) = {z €
By« :x = AFzx for some X € [0,1]}. For ¢t € J, we have

()] < [(Fz)(#)]

j—1 j—1
<ol + At + D [Aw(@(ti)] + > |Br(@(te))(t — )]
k=1 k=1

1 k a—1
s [ =9 als) An(o)las
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T
<00 Mas + 02 M + 93L/ (1+ 2| + |Az|)dr
0

L t — )t T z|)ds
e [ = ]+ sl

T T T
<Oy Ma + 0o My + 65 LT + 93L/ ()| dr + €3L/ / |2 (s)|dsdr
0 0 0

LT n L
I'(a4+1) T

1 t
+ §Lk293T2 + ) / (t —s)* tx(s)|ds
0

(
L /t . /s Lk’g /t .
4+ — t—s)” kilz(r)|drds + —= t—s)* “sds
F(Oé) o ( ) 0 1| ( )| F(Oé) 0 ( )
Lre n LT ko
INa+1) T(a+2)

1
<O M + 0,Mp + 05 LT + 5Ll<;293T2 +

1 2 L ! a—1

+FL(’2)/Ot /0 (t — 5)*Va(r)|drds

1 LTt
<A+ (51T + 50 LT%ka) [l + Lolle]lpe + )

m”fﬁHpc
1 LTty
<A+ (6LT(L+ SInT) + Lp+ L0 )
A1+ (BLT(+ g T) + Lo+ oo ) lelee
<A1+ Az pe,
which implies that
Ay
< —-.
el < 724
This proves that the set E(F) is bounded. Therefore, by Theorem 2.2, we deduce
that the problem (1.3) has at least one solution. The proof is completed. O

In addition, let us introduce two conditions for impulsive fractional differential
equations (1.3) that will be useful in what follows:
(2"”) There exist a real valued function v(t) € C[0,T] and a nondecreasing function
[0, +00) = (0, +00) such that

|f(t (1), Az(t)] < v(t) (u(|z]) +[Az]),
for any t € J and z € X.
(6) The following inequality

,rl

&+ Ea(u(r') + kaTr' + koT)

> 1,

has at least a positive solution ' > 0, & = 01 M4 + 02 Mp, & = 03T + 1“(5711) and
M, = supv(t).
teJ

Theorem 3.4. Assume that (1),(2"”) and (3) — (6) are satisfied. Then the problem
(1.3) has at least one solution.
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Proof. Consider the operator F' : PC' — PC defined as (3.1). It is easy to prove
that F' is continuous and completely continuous. Let A* € (0,1) and = = \*Fz,
then for each t € .J, we have

()] = [N F(t)]

<ol + IAatl + D [Ak(@(t)] + > 1 Br(@(te))(t — )]
k=1 k=1

R (s (ulle \ds
JrF(a)/O (t = )" w(s) (ull=]) + [Ax])d

T
<O Ms + 02 Mp + s / M, (jullallpe) + T lallpe + T2 ) dr
0

1 t L
+ [ (t—29)*""M, )+ Tk e+ Thy)d
F(a)/o (t—s) (n(lallpe) + Tk allpe + ks ) ds

Ta
<O My + M MV( )+ Tk c Tk)(eT 7)
<O M4+ 62Mp + pllzllpe) + Thallzllpe + Tk ) (03 +F(a+l)

<& + &M, (ulelpe) + Tha2llpe + T )
Thus

[2]lpe

&1+ &M, (u(llzllpe) + ki T e + koT)

<1

By (6), there exists a positive constant 7 such that ||z||pc # r .

Let U = {z € PC(J,X) : ||lz|pc < r'}. The operator F : U — PC(J,X) is
completely continuous. From the choice U, there is no x € 9U or \* € [0,1] with
x = N F(z). As a consequence of Theorem 2.3, we can obtain that the operator
F has a fixed point 2 € U, which means that the problem (1.3) has at least one
solution. The proof is completed. O

4. Application

In this section, we will give three examples to demonstrate the feasibility of the
obtained results.

Example 4.1. Let us consider the first fractional impulsive problem

c % _ ‘T(t) 1 ! —(t—s 1
D2z(t) = RG] + E/o e~ =9 |z(s)|ds, t e o, 1]\{5}
1 lz(3)] 1 T
Ax(g) = rj(%)' Az (5) =1+ gsmd(x(g)), (4.1)
z(0) = %/0 x(s)ds, 2'(0)= %/0 2'(s)ds.

Set

f(t,x(t),/o k(t, 5, 2(s))ds) = (H4)2”E§t)+ o +%/O (=9 |(s)|ds,
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|2(3)

|
4+ Jz(z)l

Ap(z(ty) =

lea+1

52 = 03771T + Lf(m

+ p) ~0.124 < 1.

We have
|f(t,z(t), Az(t)) — f(t,y(t), Ay(D))]

|z — y] 1
SET AT RN+ ) 16 Al

1 1
<z — —|Az— A
_16|w y|+16| x — Ayl

and
a+1

Lik,T
=60,L 0> L OsmT + L —— ~0.775 < 1.
w 1Lg+ 0L + 3M + fp+ F(Oé+1)

Hence, according to Theorem 3.1, we figure out that the fractional impulsive
problem (4.1) has a unique solution.

Example 4.2. Let us consider the second fractional impulsive problem

“Dlalt) = 3 jt)t(';f)'m(tm o e Ias)lds, e 0 M),
Ax(%) _ ?m Am’(é) —14 %0083@(%)), (4.2)
m@=$lﬁ@m umzééw@m
Set
fit.ato). [ s = Ol L[ empaoas
and

t
1
Ax(t) = / e~ z(t)|ds, oq = =.
0 2
Obviously, for each ¢ € [0,1]\{3}, we have

7t 0(0), Ax(t)) = (1,0, Ay(O)] < 55l — ol + 5142 — Ayl
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k,lTa+1
_— + ) ~ 0.092 < 1.
r1) 7

5y — 93771T+Lf(r(a

Hence, the conditions (1) — (5) are satisfied with 61L4 + 62Lp ~ 0.601 < 1.
According to Theorem 3.2, the problem (4.2) has at least one solution.

Example 4.3. Let us consider the third fractional impulsive problem

‘D3x(t) = 76(; ffft))' + %0/0 e =9 |2(s)|ds + %t, te o, 1]\{%},
1 lz(1)] o1 1 . 1
Am(g) = Wj(%)l Az (§) =1+ 1 cos‘s(a:(g)), (4.3)
1t , 1/t
z(0) = g/o x(s)sds, '(0) = E/o x'(s)sds.

Let oq = & and each ¢ € [0,1]\{1}, we have

f(t,:r,(t),/o k(t, s, 2(s))ds) :e(gfg))'jull()/o e’(t’5)|x(s)|ds+%t

<31+ lal0)] + |4 (0),

and Ay = ;LT (1 + Lk T) + Lp + LFT(:fl’;l ~0.246 < 1.
Hence, the conditions (1), (2') and (3) — (5) are satisfied. Veiwing from Theorem

3.3, the problem (4.3) has at least one solution.
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