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1 Introduction

In this paper, we consider the two-player zero-sum linear quadratic stochastic differential
games on a finite horizon. The fundamental theory of differential games was given in 1965 by
[1]. Pontryagin’s Maximum Principle (see [2]) and Bellman’s Dynamic Programming (see
[3]) are applied to games. Bensoussan!¥, Bensoussan and Friedman®! studied stochastic
differential games. It is well known that the existence of open loop saddle points guarantees
the existence of the value of the differential games; the existence and equivalence of the
lower and upper values guarantee the existence of the value of the differential games. These
statements can be found, for instance, in [6-8].

Zhang!®! considered the two-person linear quadratic differential games and showed that
the value of the game exists if and only if both the upper and lower values exist. The same
outcomes were proved by Delfour!?! by using another way. Specially, Mou and Yong!*!! dis-
cussed two-person zero-sum linear quadratic stochastic differential games in Hilbert spaces.
The stochastic form of this problem is studied in this paper and we can achieve the same
outcomes: No need of equivalence of the lower and upper values, we can prove the existence
of the saddle point if and only if the lower and upper values exist. Due to stochastic op-
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timal control (see [4], [12]) is concerned, in the present paper we use the Peng’s stochastic
maximum principle (see [12]) to gain the adjoint equation of this stochastic state system.

This paper is organized as follows: Section 2 provides the basic framework. Some results
of payoff function are discussed in Section 3. The main outcomes are characterized in Section
4, where we prove the existence of the saddle point by the existence of lower and upper values
in this differential game.

2 Statement of the Problem

Let {2 be a bounded smooth domain in R™, ({2, F, P) be a probability space with filtration
Ft and W( - ) be an R"-valued standard Wiener process. We assume that
Fl=0o{W(s); 0<s <t}

Let x be a solution of the following stochastic differential equation:

da(t) = (A(t)x(t) + By(t)u(t) + Ba(t)v(t))dt

+(D)x(t) + Cr(H)u(t) + Co(t)v(t))dwy, (2.1)

xz(0) = o,
where x; is the initial state at time ¢t = 0. We call that u(t) € £2(0, T; R™), m > 1, is the
strategy of the first player if, u( - ) is an Ft-adapted process with values in U (a nonempty
subset of R™ (control domain)) such that

e( ' u(tPar ) < .

and v(t) € £2(0, T; R¥), k > 1, is the strategy of the second player.

For any choice of controls u, v, we have the following payoff function:

1 T
Coy(u, v) = iE(F:c(T) ~x(T) + /0 Q(H)x(t) - x(t) + |u(t)|* — |’u(t)|2dt). (2.2)
We assume that F' is an n x n matrix, and A(t), By (t), Ba(t), C1(t), Ca(t), D(t) and Q(t)

are matrix functions of appropriate order that are measurable and bounded a.e. in [0, T].
Moreover, F and Q(t) are symmetrical. We write A, By, B, C1, C2, D and Q instead of
A(t), B1(t), Ba(t), C1(t), Ca(t), D(t) and Q(t) throughout this paper and use the above
assumptions. T' > 0 is a given final time. |x| and x -y are the usual norm and inner product,
respectively.

The more general quadratic structure involving cross terms and different quadratic
weights V1w - w and Nav - v on w and v can be simplified to our model (see [10]).

Definition 2.1  The game is said to achieve its open loop lower value if
v (o) = sup inf Cyo(u,v)
v(t)eL2(0,T;RF) w(t)EL?(0,T;R™) ForT
is finite and is said to achieve its open loop upper value if
o

v (xg) = inf sup Ca, (u,v)

w(t)€L2(0,T5R™) o (1) £2(0,T;R¥)
18 finite.
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Obviously, we always have
v (z) < v (x0).

Definition 2.2 If both v~ (xg) and v (xg) erist and v~ (xo) = v (o), then we say that
the open loop value of the game exists and is denoted by v(xg).

Definition 2.3 A pair of controls (@, ©) € L2(0, T; R™) x £2(0, T; RF) is called an
open loop saddle point of the stochastic differential game (2.1) with payoff (2.2), if for all
(t,z) € (0,T) x 2, w € L2(0, T; R™) and v € L2(0, T; RF),

Cx, (T, v) < Cgy(w, v) < Cg,(u, v). (2.3)
By Definition 2.3, (2.3) is equivalent to
Cg, (u = Cyg,(u, v) = inf C v).
ve£2s(gg“;Rk) o (t: ) z0(® 9) UG'CQ(I(IJ{T;R"") z0(u; )

Definition 2.4  For g € R", we define

V(zo) = {v e £*0, T; R¥); ueLQ(i(rJlngm)Cmo (u,v) > —oo},

U(xg) ={u € £2(O7 T; R™); sup Cyo(u,v) < +00},
veL2(0,T;RF)

J:c_o (v) = uELZ(i(I)lg“-Rm) Ca, (u,v),
Jg () = sup  Cg,(u,v).

veL2(0,T;RF)

3 Some Results of Payoff Function

Since the payoff function (2.2) is quadratic, it is infinitely differentiable. We can prove
dCy, (u,v; w,v) = E(Fx(T) -y(T)+ (Qx,g) + (u,u) — (v,7)), (3.1)
where x is the solution of (2.1) and g is the solution of
dy = (Ag + Byt + Bow)dt 4+ (Dy + Cra + Cyo)dwy,
s

Definition 3.1  Given a real function f defined on a Banach space B, the first directional
semiderivative at x in the direction v (when it exists) is defined as
f(x+tv) - f(x)
; .
The second order bidirectional derivative al x in the directions (v, w) (when it exists) is

defined as

df (w;v) = lim

d?f(z; v,w) = lim df (@ +tw; v) —df(z; v)
t—0 t

According to the definition of directional derivative, we have

dCq, (u,v; uw,v) = lim %[Cmo (u+la, v+10) — Cg,y(u,v)].

=0
According to adjoint equation of (2.1) and (2.2), we can rewrite expression (3.1) in

another form. Therefore, we quote some remarks on the stochastic differential control.



14 COMM. MATH. RES. VOL. 30
We define the Hamiltonian by
d
H(z,u,v,p,K) = (p, Az + Biu+ Bov) + Y (K;, o/(t,x,u,v))
j=1
1 2 2
+5(Qe w o+ [ul? o)
The adjoint equation of (2.1) and (2.2) is
dp+ (A*p+ Qz + (o, K))dt — Kdw; =0, (3.2)
p(T) = F=(T), '
where
o=(c',0% -, 0%
= Dx +Ciu+ Cov € [0,T] x R" x R™ x R".
Moreover, (p( - ), K(-)) € L2(0, T; R”) x (£2(0, T5 R"))* and K = (K, Ko, -~ , Ku),

K(t) = o3 (t,z, u,v)p(t) — ¥"()G(1),
where ¥(t) is defined by
d¥Y = — (Yo, dw) + (Pol, o,)dt — PAdL,
o
and .
/ G(s)dw(s) = E*X — EX
0

with

T
X =" (T)Fz(T) +/0 D% (5)Qx(s)ds,

where @(t) is defined by

A® = ABdt + (o, ®, dw,),
&(0) = I,

and the following property holds
U()D(t)=1=D(t)P(t).

For the above assumptions and discussions about Hamiltonian and the adjoint equation,

see [12] and [4].

Proposition 3.1  According to adjoint equation (3.2), we can rewrite expression (3.1) in

the following form:
dCq, (u,v; w,v) = E(Bip+ CiK +u, u)+ (B;p+ C3 K — v, v)).

Proof. By Ito formula,
d(py) = ydp + pdy + (Cru + Cyv) - Kdt.
Thus

dCq, (u,v; u, )

T
E(Fw(T) 9+ [ Q) 50+ (uwa) - <v,v>)
T

E(p(T)-y(T)+/O y~de—/OTy-A*pdt
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T T
—/ ydp—/ D*K—ydt—i—(u,ﬁ)—(v,f)))
0 0
T T
—E(/ pdg+/ (Dy + Cia + Cyo) - Kdt
0 0

T T
—/ Q~A*pdtf/ D*K - ydt + (u, u)(v,v))
0 0
T

T
:E(/ (Bla+B26)-pdt+/ (Dy + Ciu + Cso) - Kdt
0 0

T
_/ DK - gdi + (u, @) — (v, 'u))
0
= E((Bip, u)+ (B3p, v) + (C3K,u) + (C5K, v) + (u, u) — (v, v))
— B((Bip+CIK +u, @)+ (Bip+CK —v, 9)).

Similarly, the second order bidirectional derivative of payoff function is of the following

form:
d*Cay (u, v; @,%; 4,9) = E(FY(T) - y(T) + (QF. §) + (@, u) — (v, v)),
where
dg = (Ay + Biu + Byv)dt + (Dy + Cia + Cot)dwy,
{ y(0) = 0.
In particular, for all ¢, u, v, w and v,

d*Cy, (u,v; w,9; u,9) = Co(u, D). (3.3)
Namely, the second order bidirectional derivative of payoff function is independent of xg

and (u, v). So we have the following lemma.

Lemma 3.1  The following statements are equivalent:
(1) The map u — Co(u,0) : L2(0, T; R™) — R is conver

(2) For allu € £2(0, T; R™), Co(u,0) > 0;

3 inf C 0) = Co(0,0);

( ) ueL2(1(I)1,T;R"") O(U" ) 0( ) >’

(4) For all v and g, the map u — Cq, (u,v) : L2(0, T; R™) — R is convex.

Corollary 3.1  The following statements are equivalent:
(1) The map v — Co(0,v) : £L2(0, T; RF) — R is concave;
2) For allv € £L2(0, T; RF), Co(0,v) <0;

(

(3) sup Co(0,v) = Co(0,0);
vEL2(0,T;RF)

(4) For all w and xg, the map v — Cqg,(u,v) : L2(0, T; R¥) — R is concave.

Corollary 3.2  The following statements are equivalent:
(1) The map (u,v) = Co(u,v) : L2(0, T; R™) x L%(0, T; R*) = R is (u,v)-conver-
concave. That is, for any v € L2(0, T; RF),

u — Co(u,v)
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is convex, and for any w € L2(0, T; R™),
v — Co(u,v)
1S concave;
(2) The pair (0,0) is a saddle point of Co(u,v):

inf C 0) = Cp(0,0) = 3 Co(0,v);
u€£2(1617T;RM) 0(u7 ) 0( ’ ) veﬁzb(](il;;Rk) 0( 7’0)7

(3) For all zo, the map (u,v) — Cg,(u,v) : L2(0, T; R™) x £2(0, T; R¥) — R is
(u,v)-conver-concave. That is, for any v € L2(0, T; R™),
u — Cg,(u,v)
is convez, and for any w € L2(0, T; R™),
v = Cg,(u,v)

1S concave.

Theorem 3.1  If V(xo) # 0 and U(xo) # 0, then the saddle point of payoff Co(u,v)
exists and it is (0,0).

Proof. By the assumption, there exists a v € V() such that inf Cyx, (u,v) exists,
ueLZ(O’T;Rvn)

i.e., there exists an w € £2(0, T; R™) such that

ueﬂ(i(r)l’fT;Rm)Cmo (u, v) = Cy,(u, v).

Thus
dCq,(u,v; 0,w) = E(B;p+ C5 K — v, w)), w € L30, T; RF).

From the definition of directional derivative one has
d2Cw0 (u,v; 0,w; 0,w)

1
= lim T E((Bip+ C3K — (v+1w), w) — (Bip+ CiK — v, w))

- E((w, w))

<0.
By (3.3), it follows that

0 > d?Cy, (@, v; 0,w; 0,w) = Co(0, w), w e L20, T; R).
By Corollary 3.1 we have

sup Co(0,v) = Co(0,0).
veL2(0,T;RF)
So
inf sup Co(u,v) < sup Co(0,v) = Co(0,0).
w€L?(0,T;R™) e £2(0,T;RF) ( ) vEL2(0,T;RF) ( ) ( )

Similarly, since U (x¢) # 0, by Lemma 3.1, we have

inf Co(u,v) > inf Co(u,0) = Co(0,0).
vegzsigggm)ua?(l&T;Rm) o(u ”)*uem%l,:r;nm) o(u,0) = Co(0,0)
Hence
v=(0) = sup inf Co(u,v)

veL2(0,T;RF) w€L?(0,T;R™)
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Z OO(“’? 0)

inf
u€eL?2(0,T;R™)
Co(0,0)

= sup  Co(0,v)
veL2(0,T;RF)

> sup Colu,v)

inf
w€L(0,T;R™) 4y £2(0,T;RF)
— ot
=v (0)7

which shows that the saddle point of the payoff Co(u,v) exists and it is (0, 0). The proof
is completed.

Now we show the payoff C,, of the game when

u=-Bip-CiK, v=B;p+ C;K

in (2.1).
Theorem 3.2  There exists a solution (x,p, K) of the adjoint system
de = [Ax + (—-B1 B} + ByBj)p + (—B,C} + B.C3)K]dt
+[Dz + (-C1Bj + C2B3)p + (-C,C} + C2C5) K]duwy,
dp+ (A*p+ Qx + D*K)dt — Kdw; =0, (3.4)
x(0) = o,
p(T) = Fx(T).
If
u* ' =-Bip-CiK, v'=B;p+C;K, (3.5)
then
Cy, (u*, v*) = %E(p(()) - xp). (3.6)

Proof. By It6 formula one has

d(px) = zdp + pdx + (Dz + C1u* 4+ Cyv™) - Kdt,

and

T
/ |U*|2—|U*|2dt: (U*7U*)—(’U*7’U*)
0

= (-Bip—CiK, —-Bip—C{K) — (B;p+ C;K, B;p+ C;K)
= (B1Bip+ B:C{K, p)— (B:B3p+ B.C;K, p)

+(C1Bip+ C.iCiK, K) — (C;Bip+ C,CiK, K)
= (—Bju* — Byv*, p) + (—Ciu* — Cyv*, K).

T
E(Fm(T) (1) + [ Q) -alt) + a0 - |v*<t>|2dt)
T

E(p(T) =(T) - x- A*pdt — ' xdp
0 0
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T T
—/ z -  D*Kdt —|—/ lu*|? — v*|2dt)
0 0

1 T T
= 2E<p(0) ~a:0+/ pda:Jr/ (Dx + Ciu* + Cyv™) - Kdt
0 0

T T

f/ m~D*Kdt7/ x - A*pdt + (- Biu* — Bov™, p)
0 0

+ (—C’lu* — Cyv™, K))

1 T T
= 2E<p(0)-wo+/ (Dx + Ciu* + Cyv™) -Kdt—/ x - D*Kdt
0 0

T T

+/ p~B1(fop—CfK)dt+/ p- B2 (Bsp+ C5K)dt
0 0

+ (=Biu" — By, p) + (-Cru’ — Cyv, K))

= SE(P(0) o).

4 Main Results

In this section, we prove the existence of the saddle point of the system (2.1)-(2.3) if and
only if the lower and upper values exist.

Definition 4.1  We define
A(v, zo) ={(p, K); (z, p, K) is the solution of (4.1)},
and
dz = [Az + B1(—Bip — C{K) + Byv]dt
+[Dz + Ci(—Bjp — C{K) + Cyv|duwy,

dp+ (A*p+ Qx + D*K)dt — Kdw =0, (4.1)
z(0) = xo,
p(T) = Fz(T).

The main result in this paper is the following theorem.

Theorem 4.1  Consider the stochastic differential game (2.1) and (2.3). The following
statements are equivalent:

(1) There exists an open loop saddle point of Cyp,(u, v);

(2) The value of the game exists;

(3) Both the lower value and the upper value of the game exist.

The proof of Theorem 4.1 is discussed later. To prove it, some other theorems and
discussions are needed. Firstly, we consider a part of Theorem 4.1: the open loop lower

value of the game.
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Theorem 4.2  The following statements are equivalent:
(1) There exist w* € £2(0, T; R™) and v* € £L2(0, T; RF) such that

Cgpo(u*, v*) = inf Cx,(u, v*) = inf Cqo (u, v); 4.2
0 V)= alB ) Cool® )= B e alB gy Gl W (1)

(2) The open loop lower value v~ (xo) of the game exists;
(3) There exists a solution (x, p, K) of the adjoint system (3.4) such that Byp+C5K €
V(xg), the solution pairs (u*, v*) is (3.5), and the open loop lower value are given by (3.6).

Proof.  To prove this theorem, we need four steps.
(a) We show that if lower value exists, then for any v € V' (zg), one has
Joy = Cao(—Bip — C{ K, v)
1 T
= 2E(p(0) ~aco+/ (v-Bip — |v]*)dt + (Cyv, K'))7 (4.3)
0
where (p, K) € A(v, o).
By the standard stochastic extremal principle (see [4]), (2.1) and (3.2), u* is an optimizer
if
u* ' =-Bip—-CiK.
Similarly to Theorem 3.2, we can get (4.3).
(b) We show that if lower value exists, then the following statements hold:
(i)
A(v, mo) = (p, K)+ A0, 0),  (p, K) € A(v, x9), (4.4)

where
A(0, 0) = {(p, K); (&, p, K) is the solution of (4.5)},
and B _
dz = [AZ + B1(—Bip — C{K)|dt + [DZ& + C1(—Bjp — C; K)]dw,,
dp + (A*p+ Qx + D*K)dt — Kdw; = 0,
z(0) =0,
p(T) = Fa(T);
(ii) For all v € V(0),
E((v, B3p+ C;K)) =0,

and we denote V' (0) = B~ in the sense of expectation;
(iii)
V(xp) =v+ V(0), v € V(xo).
The differential game (2.1) can be written as
x(t) = Sxo + L[Biu + Byv — (Ciu + Cyv)D] + Y (Ciu + Cav),
x(T) = Sxo + ﬁ[Blu + Byv — (Chu + Cov) D] + Y(Clu + Cyv),
where

L:L*0, T; R") — £%(0, T; R"), (Lx)(t) = /t A(s; t)x(s)ds,
0
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L:L£*0, T; R") —» R", (Lz)(t) = [ A(s; T)x(s)ds,
0

S:R" = L0, T; R"), (Sy)(t) = A(0; t)y,

S:R" = R", (Sy)(t) = A(0; T)y,

Y : £%0, T; R™") — £%(0, T; R"), (Yz)(t) = /t A(s; t)x(s)dws,
0

Y : £2(0, T; R") — R™, (V) (t) = /T A(s; T)x(s)dws,
0

T
G:L2(0, T; R™) — £2(0, T; RY),  (Ga)(t) = / A" (=D p(5)ds,
t

=

D L2(0, T; R™) — £2(0, T; R™), (Hz)(t) = / e g (s)dws,
t

M:R" — £*0, T; R"), (Mz)(t) = A" Ty,
and
As; t) = eAt=s),
We denote by R* the adjoint operator of the operator R. Let
W =GQL+MFL, W =GQS+MFS, J=MFY +GQY.

Then (4.1) can be written as

[+ (WBy —WC,D+ JCy)Bf]p

= Wao+ (WBy — WCoD + JCo)v + [GD* — H — (WBy — WC, D + JC,)C{ K, (4.6)

and (4.5) can be written as

[+ (WBy, —WC,D+ JC)Bi]p=[GD* —H— (WBy, —WC,D + JC,)C; K.
Obviously, (p + p, K + K) is also the solution of (4.6). Then

A(v, o) = (p, K)+A(0, 0),  (p, K) € A(v, @),
Given v € V(xy), for all (p, K) € A(v, xp) and (p, K) € A(0, 0), we have

1 T _
Tao = zE(<P<0> +2(0)) - xo + / (v- B3 (p+p) — o)t + (Cov, (K +K>>)

1 T
_ 2E(p<o> wo+ [ (0 Bip—o)ar
0

T (Cov, K)+(0) - w0+ (v, B3p) + (Cov, K))

= Jay + 3 E(0(0) 20 + (v, B3p) +(Cov, K))
So
E(®(0) - xo + (v, B3p)+ (Cyv, K)) =0. (4.7)

For all v € V(0), we have
E((v, Bjp+CiK)) =0.

Let
B={Bjp+ CiK; (B, K) € A0, 0)}.
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We say that V' (0) = B* in the sense of expectation. It is easy to prove that
V(xo) =v+ V(0), v € V(xg).
(c) We show that if the lower value exists, then there exist v € V(xg) and (p*, K*) €
A(v, xo) such that
v=B;p"+C;K",
where (z*, p*, K*) is the solution of (4.1).
Since the lower value of the game exists, there exists a vg € V(xp) such that for any
w € V(0),
dJg, (vo; w) = dCq,(—Bip — CTK, vo; 0, w)
= E((Byp+ CiK — v, w))
= 0. (4.8)
We have Bip + C3;K — vy € V(0)* in the sense of expectation. Since V(0) = B+, there
exists (p, K) € A(0, 0) such that
Bip+C;K —vy=B;p+ C3K.
By (4.4), there exists (p*, K*) € A(vo, o) such that vg = B;p*+C35 K™, and (z*, p*, K*)
is the solution of (4.1). Therefore, (x*, p*, K*) is the solution of (3.4). By Theorem 3.2,
the open loop lower value is given by (3.6).
(d) We show that if v* = Bp+ C5K € V(xg), then

oy = uezzi](%f,T;R) G (1, ) = Ca (w7, )

can achieve maximization at v*.
By assumption v* = Bip + C3K € V(xg), there exists a solution of (4.1) with u* =
—Bjp — C{K as a minimizer by (1). For any v € V(x(), we have

Cgo (U™, v) = Cgy(u*, v*) +dCy, (v, v*; 0, v — V")
1
+ idQCEO(u*7 v*; 0, v—v"; 0, v—v").
By (4.8) and v — v* € V(0) we have
dCy, (u*, v*; 0, v —v™) =0.
According to the definition of directional derivative, we have

d%Cy, (u*, v*; 0, v —v*; 0, v —v*)

1
llin% 7E[(B§p+ C;K — (v'+1l(v—2")), v—v")— (Bsp+ C; K —v*, v —v")]
—

=(v—v", v—v")

Cx, (U, v) < Cyp, (u™,v").

Now we go back to the proof of Theorem 4.2.
It is obvious that (1)=(2).
According to the above (a)—(c), we have (2)=(3).
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(3)=(1). By (d),
Cyo (U, v) < Cgy(u”, v).
So

Cyp,(u*, v*) = inf Cg,(u, v*) = sup inf
zo(u’, ¥7) weL?(0,T:R™) =t v) veL£2(0,TiRF) WELA(0,T;R™)

Czo(u, v).
The proof is completed.

Corresponding to the Theorem 4.2, we have

Theorem 4.3  The following statements are equivalent:
(1) There exist w* € £L2(0, T; R™) and v* € £L2(0, T; RF) such that

Cy, (U™, v") = sup Cyo(u”, v) = inf sup Cx, (u, v);
vEL2(0,T;R¥) ucl (QT?R'”)@GE?(O,T;R’”‘)

(2) The open loop upper value v*(xg) of the game exists;

(3) There exists a solution (&, p, K) of the adjoint system (3.4) such that —Bip —
CiK € U(xy), the solution pairs (u*, v*) is (3.5), and the open loop lower value is given
by (3.6).

Now we give the proof of Theorem 4.1.

Proof of Theorem 4.1 (1)=(2)=-(3) are obvious.
(3)=(1). By Theorems 4.2 and 4.3, there exists a solution (x, p, K) of the system
(3.10). Therefore, the game has a saddle point.
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