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1 Introduction
Consider a wide class of abstract stochastic beam equations with Lévy jump in a separable
Hilbert space H:

uy + A%u + g(u, ug) + m(|B2u|?)Bu = o (u, us) W + / f(u,uy, 2)N(dz, t),
z
u(0) = uyo, ut(0) = uq,

(1.1)

where A and B are positive self-adjoint operators, m is a nonnegative function in C([0, +o0)),
W is a Wiener process, and N is the compensated Poisson measure.
In [1], a model for the transversal deflection of an extensible beam of a natural length !
was proposed as follows:
Pu 0t Lrdun2 . 10%u
AR Y AR 12
ot? + Tt [a + /0 az) o2 (12)

Chow and Menaldil?! considered a stochastic extensible beam equation which describes

large amplitude vibrations of an elastic panel excited by aerodynamic forces. They studied
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a stochastic beam equation as follows:

ou 0O = ou  Ju\ .
= g(t, T, 8—1;, a—Z) —&—;ok(t, x, a—?, a—Z)wk, x €0, 1], t>0, (1.3)

u(t, 0) = u(t, 1) = %(t, 0) = %(t, =0, t>0.

Brzezniak et al.® studied (1.3), gave a wide class of abstract stochastic beam equations,
proved nonexplosion of mild solutions to (1.3), and established the asymptotic stability of
the zero solution when the damping term g is of the form

g(u, ug) = Buy, B> 0.

Recently, the stochastic partial differential equations driven by jump processes have been
studied by some scholars. Albeverio et al.l] studied the stochastic reaction diffusion equa-
tions driven by Poisson random measures, and established the existence and uniqueness of
the solution under growth and Lipschitz conditions. Fournier® used Malliavin calculus to
study the continuity of the law of the weak solution of the stochastic reaction diffusion equa-
tions driven by Poisson random measures. Mueller®! constructed a minimal solution for the
stochastic heat equation driven by non-negative Lévy noise with coefficients of polynomial
growth. Mytnik”! established a weak solution for the stochastic partial equation driven
by a one sided, a-stable noise without negative jumps. Rockner and Zhang!®! studied the
stochastic evolution equations driven by both Brownian motion and Poisson point processes,
and obtained the existence and uniqueness results of the equations.

The purpose of the present paper is to deal with the stochastic beam equations driven
by white noise and Poisson noise. The model describes large amplitude vibrations and rare
events with low frequency and sudden occurrence vibrations of an elastic panel excited by
aerodynamic forces. We prove the existence of global solutions of the system (1.1), by using
the technique of constructing a proper Lyapunov function (see [9]), i.e., we assume that

there exists a Lyapunov function V(u) : H — R of the system (1.1) such that

dv
Ve= inf V(u) 00 as R— oo, — <V,
lul>R dt

and the coefficient of system (1.1) satisfies some conditions, then there exists a global solution
of the system (1.1) for all t > ¢.
The stability result in this paper depends on the form of g(u,u;). We can establish the
asymptotic stability of zero solution when the damping term g is of the form
g(u,u) = Bue + h(|ul*)u, S >0,

where h € C'([0,00)) is a nonnegative function.

2 Notations and Preliminaries

Let H be a separable Hilbert space with the norm and the inner product denoted by || - ||
and (-, -), respectively. Suppose that
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(H1) A:Dom(A) — H and B : Dom(B) — H are self-adjoint operators in H, A > ul
for some p > 0, B > 0, Dom(A4) C Dom(B) and B € .Z(Dom(A), H), where Dom(A) is
= || Az]]

(H2) W is a Wiener process in another real beparable Hilbert space U with a covariance

endowed with the graph norm [|z||pom(a)

operator @, and is defined on a stochastic basis (£2, %, (%;)i>0, P) such that .%; contains
all P-null sets.

(H3) Let p = (p(t)), t € D, be a stationary .%;,-Poisson point process on a measure space
(Z, Z, v), where v is a o-finite measure, and N(dt,dz) be the Poisson counting measure

N(t,A) = > Ialp(s))

s€Dy,s<t

associated with p, i.e.,

Let
N(dt,dz) := N(dt,dz) — dtv(dz)

be the compensated Poisson measure on [0, T] x 2 x Z.
(H4) m € C*(]0, 00)) is a nonnegative function.
To interpret (1.1), we set
Ut = v,
vy = —A%u — g(u,uy) — m(||B%uH2)Bu + o (u, ug )W + / f(u,u, 2)N(dz, t).
z
Then we set
=)<t [[(D)[° = el +

—A% 0

G: A=A, @ - (g(xﬁu) - m(0|B%33||2)BI>’
S — L (RugQz, ), (;) = (0(3?, y))’

rr ()0 (00)

Let X = (u, v) and Xo = (ug, u1). Then (1.1) is rewritten as
X = (UX + G(X))dt + 2(X)dW + / F(X,2)N(dz,t),
z

X (0) = Xo.
In order to obtain the existence and uniqueness of the mild solution to (1.1), we impose

Dom(U) = Dom(A?) x Dom(4), U= ( 0, ! ) :

(2.1)

certain growth and global Lipschitz conditions on the coefficients g, 0 and f of the system
(1.1) in a Hilbert space. We introduce the subspace Uy = Q%U with its natural Hilbert
structure. Let % be the Hilbert-Schmidt operator space.

Suppose that

(H5) o : A — Z£(Uy, H) is Lipschitz continuous on a bounded set in .# and of a
linear growth, that is,

IL, <00, st Vaed, |o@)Q?|us< Lo(1+ ||z]r),
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VNEeN, FL,(N)<oo, st.Va yed, |z |yllwe <N,

llo(@) = o@)Q* a5 < Lo(N) |l ye
where || - ||zs denotes the norm of both % (U, H) and £ (U, ).
(H6) g : s — S is Lipschitz continuous on a bounded set in J# and there exists a
L, € [0, 00] such that

<ya g(x,y)) 2 _Lg(l + ||T||L2%”)7 T = (.’17, y)T S
(H7) f:5¢ — A is Lipschitz continuous on bounded sets in 5% and of a linear growth,
that is,

3Ly <00, st.Vred, / 1f @) | Fsv(dr) < L1+ [lz]3),
Z

VNEeN, FL,(N)<oo, st.Va,yed, |z |yllwe <N,

/Hf Drs < Lo(N) |z — yll%.

From [3] we know that the operators U and —U are m-dissipative, G and F' are Lipschitz
continuous, and there exist nonexplosion mild solutions of (2.1). We define the mild solution
of (2.1) as follows:

X(0) = X0+ [ G+ [ s aw)
0 0
! U(t—r) r \ 2. dr . .
+//Z F(X(r)N(dzdr), >0 (22)

= /OS m(r)dr, H(s)= /OS h(r)dr, 52> 0.

In order to show the stability of the zero solution, the damping term g of (1.1) is of the

Set

form g(u,us) = Buy + h(|u|*)u, B >0, where h € C1([0, 00)) is a nonnegative function. In
addition, assume that ¢ and f satisfy the linear growth conditions, respectively, as follows:
1
F R, <0, st.V7eH lo(MQz2||us < Ro||7|| 22,

IR < o0, st.VTeENR, / lg(™) e p(de) < Ryli7lle.
7

3 Existence of Global Solutions

We first prove the existence of the stochastic beam differential equations in finite dimension,

and then we extend the results to the infinite dimension by the Galerkin method. Define
n

Py:H—H,P,,  y:=> (y, e;)e;, y€H.
i=1
Thus, P, | denotes the orthogonal projector from H onto H,,, and H,, is the space spanned

by {ex}}_,. Define a linear operator A by
Au = —Au, u € Dom(A).
Thus, there exists an orthomornal basis {ex}x=1,2,... of H, which consists of eigenvectors
of A, such that for k=1, 2,---,
Aep = A\peg.
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Then the Galerkin equations associated with (2.1) can be expressed as

dX™ =ux™ 4 p,G(XM™)dt 4+ P, 2 (X™)dw ™
+/ P,F(X™ 2)N(dz,t), (3.1)
A

XM (0) = P, X,
with X(™ = (P,u, Pyu;)".

Theorem 3.1  Suppose that (H1)—(H5) are given above, and X : 2 — . (2.1) admits
a unique global mild solution X on [0, 00). The process X € L>®([0,00); ) is adapted and
cadlag.
Define an energy functional on # by
1 1 1 x
v(x) = SIXIP 4 GarBl?). X = (7) e, (32

Lemma 3.1  Under the assumptions in Theorem 3.1, let X" = (u(™) ugn)) Then there
exist A > 0 and C' > 0 such that

sup EW(X™ (1)) <11+ Ew(X™(0))).
neN

Proof. Applying It6 formula to ¥ (X (™ (t)), we have
PO (0) = w0 + [ (DR, UXO6) + PG 6)
+Tr(P, 2(X ™ (s))"D*w <X<">< )P Z(X ™) (s)))}ds + M (1)

+ M) / / 1D # (X" () P F(X)(5), 2))|Pdsv(d),  (3.3)

where D¥ and D? ¥ denote the first and the second Fréchet derivatives of the functional
¥, respectively,

Do) = X | BEal) (7)) 64
D*W(X) = Ly + 2m'(| B a|?) (A_OBQC) ® (A_on)
miztalt) (4% 0 ). &9
and .
M) = [ (DB, PE () AW () (36)
0
‘(1) = /0 /Z(<DW(X(TL)(S)), PoF(X™)(s),2))u
+ D (X ™ () P F(X ") (5), 2))||*) N (dz, ds). (3.7)

From (3.4)-(3.5) we get
DX ™(s), UX™(s))) = m(|| B2 |*) (B, ™),
DX (s), PaGX M (s))) = —m(| B2 *) ", Ba) — (y™), G,y ™)),
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and
Te(P, 2 (X" (5)" D? 0(X " (5)) P 2(X " (5))) = |1Pa 2 (s, X" ()17,
where
XM = @,y e 2.
Taking expectation on both sides of (3.3), we have

EU(X™(t) = B¥(X"(0) + E / (~(uf(s), g(X$))) + I () s}

+ E/ / | £(X™(s), 2)||*dsv(dx)
< BUXO0) + (5 + 1+ 1) [ (1 BIXO ) as
0

< EW(X™(0)) + (Ly + L2 + L}) /Ot(l + Ew(™ (s))ds. (3.8)
From (3.8) we get
Ev(XM™(t) <1+ Ew(X™(0), t>0,
where
C=Ly+ L2+ L} <o

Proof of Theorem 3.1 From Lemma 3.1 it follows that {(u<">,u§”))}n21 is bounded
in L>(0,T; ). Then we choose a subsequence of {(u<n>,u,§”))}n21, and denote it by
{(u™), ui”k))}nzl, such that

X)) ~ X weakly in L®(0,T;V x H)  as ng — oo. (3.9)
Now we check that X in (3.9) is a weak solution of (2.1). To attain this, we proceed the
following steps:

(i) We claim %X(”k’) - %X in L2(0,7,V*) by (3.9).
(i) We claim A%u(™) — A%y in L?(0,T, V*) Actually, for each n € L?(0,T,V),

/0 (A2 ), / S M), e o, ex)et

k=1

Z Ak (u, eg)(n, ex)dt

0 k=1

T
= / (Au(t), n(t))dt as ng — 0o,
0
where )\, and e, are the eigenvalues and the eigenvectors of the operator A2, respectively,

so that A%e; = Arer, and (u, v)as := > A2%(u, ex)(v, ex).
k=1
(iii) We claim P,g(X ™) (t)) — g(X(t)) in L*(0, T, V*). Actually, for each n € C(0,T;V),

T
/0 (Pag(u™ (1)) — g(u(t)), n())dt
T T
< / (Pag(u™ (1)) — g(u™ (1)), n(t))dt + / (g™ (£)) — g(u(t)), n(t))dt
0 0
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m

T
< Z (P = Dmall (T (1)) S (18O + Clnl - /0 [r(llw = w200 )it

—0 as ng — 400,

where

{ Zmﬁz 1[0, 7] = V; meVﬁzGC(OT)meN}.

(iv) We claim an(||B2u(”k)|| )Bu™) — m(||Bzu|?)Bu in L2(0,T, V*). Actually, by
a proof similar to that of (ii) and (iii) we can get the claim.
(v) We claim P,o(X™)W — ¢(X)W in L*(0,T,V*). Actually,

T
B[ [P x0) ps
0

1
2

IN

' () 2%
EH/ P o(X dWH
sup [ Puo(xm) )

te[0,T]
T
< CE/ Lo(1+ || X2, dt
0
< Constant.
Thus i
/Pna( X)) dW—)/ dw.
(vi) We claim P, / f(XW) (dz,t) — / F(X)N(dz,t) in L2(0,T,V*). Actually, by

a proof similar to that of (v) we can get that

P//f XN dzdt—>//f N(dz,dt).

According to (i)—(v), we take weak limit on both sides of (3.1) as n — oo and we find
that X € L>°(0,T;.5¢) is a solution of (2.1). This completes the proof.

4 Stability
In this section, we prove the stability of solutions to (1.1), which are given as follows:

Theorem 4.1  Suppose that (H1)-(H5) are given above,

R2< B, Vyedt, |oMQ:|us<R.llwer If)we <Rilvlle (4.1)
and there exists an o > 0 such that
ym(y) > aM(y), yh(y) >aH(y), y=>0. (4.2)

Then the zero solution of (1.1) is exponentially mean-square stable with probability one,
e., there exists constants C' < oo, A > 0 such that if X is a solution to (1.1) satisfying
P(Xop) < o0, then we have

E|X(t)|? < Ce™Md(Xy), t>0. (4.3)

We define an operator P (see [3]) by

2 4-2 —2
P (z>H<BA xz+2x + BA y)7
y Bx + 2y
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that is,
P ( B2A72+2I BA2 )
BI 21 '
The operator P is a positive, self-adjoint isomorphism of 7, which has proved in [3].
So we can construct a Lyapunov function @ : 5 — Ry by

8(m) = 3l P+ (Bl + (o), = (7)€ o (14

Lemma 4.1  Suppose that the hypotheses of Theorem 1.1 are satisfied. Then there exists
a constant A > 0 such that if X is a solution of (2.1) with #(X(0)) < oo, then the process
(eMP(X(t)))i>0 is a nonnegative continuous supermartingale.

Proof.  Obviously, ® € C?(#), and we have the first and the second Fréchet derivatives

of the function @, respectively, as follows: for v = (z, y)T,
1 A2Bz A2z
D) = P+ o) (1 P7) e nca (1) (15)
L A72B A72B A2
D*¢(y) = P+ am'(|B2P) (P )@ (7 7T) + () .
0 0 0 0
1 A2B A2 A2
+2m(||Bz|?) ( Do ) +h’(|a:|2)< . "”) ® ( . x) (4.6)

Now, we compute the terms that would appear in the It6 formula for ¢(X(¢)). By using
(4.5), we have

(D®(y), Uy) = =Bl Az + B(y, =) + Blyl> + 2m(| B2z |*)(y, Bx) + h(|2*)(y, x),
(Do (7), G(7)) = =B(x, y) — 28]ly|* = m(| B (2)[|*)(Be, @) — 2m(|| B2x|*)(Bz, y)

= Bh(lz|*)llzl? = h(z[*)(z, y). (4.7)
By using (4.6), we can compute the second derivative

Tr(Q2 £(3)* D*®(7) £(1)Q7) = 2| Z(1)Q* 5.
For the stochastic term, we have

L(y)*Do(y) = o(v)"(Bz + 2y). (4.8)
For the jump diffusion term, we have
F(y,2)"Do(y) = f(7,2)"(Bz + 2y). (4.9)

Brzezniak et al.®] proved that X is a global strong solution to (2.1). As the It6 formula
cannot be applied directly to @(X(t)), we consider the approximating strong solution X,
of (2.1). Let us consider the Yosida approximations U, (n > 1) to V:
Uy,=nUI -U)"t =n*(nl —U)"* —nl,
and introduce the canonical projections
7 : H — Dom(A) — H, (i) =z, mo : & — Dom(A) — H, (:v) — .

Y
For n € N, we consider

da(t) = (Ua(t) + G()dt + S(6)dW (¢) + / F()N(dzt),  z(0) = X(0),
Z

Az (t) = (Unan(t) + G())dt + S()dW (t) + / FON(z,t),  2a(0) = X, (0).
A
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So we can apply the It6 formula to the process e*” ®(x,,(r)) on an interval [s, ¢] to obtain

B(x,(1))eN = B(x,(s5))e® +/ AMIND(2, (1)) + (D D(2, (7)), Upnzn(r))u

S

FDBa(r)), G) + 5 THQE D(aa(r)) DB () P () Q%) Ydr

/ | 31D Blan(s) Fan(r) Pdrv(ao)

// N (DB(ra(s)), Flwn(s)h

+/ e X (2, (r))* D P(x,(r))d
+ | D? (2 () F(zn(s))|*)N (dz, ds).

We have
Dz, (t))eN = B(xn(s))e™ +/ A ND (2 (1)) + (P (r), Upan(r)) + 2m(|| B2 mrz, (r)]|?)

S

X AT Un @ (r), Briz,(r)) + h(||mizn () |2 (m Uz (r), 2,(r))
+ (Bmian(r) + 2maan(r), mf (1)u + | Z(r)QF |}shdr

K 2 K AT *

+ / / V()3 gdrv(dz) + / & 5 (10 (1)) D B (a0 (1)) AW (1)

4 / / A (D B(n(s)), Flan(s)))er + D B(2n(s)F(en(s)P)N (dz, ds).
0 7

By Fatou’s lemma, taking the limit as n — oo, we have
hmbup/ / M (Uny, Prn)d
n— oo s s
< / (=Bl Ama(r)||* + B (max(r), ma(r)) + Bllmaa(r)|*)dr.

Let z(r) = X (r). We obtain
P(X (1) < (X(s))e™ +/ AS(X (1)) = B X(r)|* = Bm(|B2 X (r)]*)

S

X (1) X () = BAX )X (), X () + [0 (X (r)Q¥ [P
/ | U@ Parvan) + [ o(X ) (5X () +2X0)aw ()

/ / w( X(r) +2X0(r) + | FX )P N(dzdr).  (4.10)

By (4.1)—(4.15), we have
() < HX() + [ S0+ B+ B - 9)X ()P

(2 8)mUBEX@IIBEX P + X)) X ()] far
+ / M (a(X (1) (BX (r) + 2X,(r)))dW (r)
n / / A ((F(X () (BX(r) +2X,(r) + | F (X (P)IP) N (dz, dr).
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Choosing 0 < A < 2¢ (8 — R + R}) A af3, from (3.13) we get

P(X (1)) < D(X(s)e A“r/ Mo (X (1) (BX(r) +2X,(r)dW (r)

//'” ()" (BX (r) + 2X,(r) + I/ (X () |2) N (dz, dr).

Choosing k — oo, we have

P(X(t))eN < D(X(s))e +/ Mo (X (1)) (BX(r) + 2X¢(r))dW (r)

//” (M) (BX () +2X,(r) + IF(X (7)) N (dz, dr).

This completes the proof.

Proof of Theorem 4.1 In Lemma 4.1, we have proved that the process (eM®(X(t)))i>0
is a nonnegative continuous supermartingale. We can directly prove our results from the
proof of Theorem 1.4 in [3]. By Lemma 4.1, we have

E®(X(t) <e MEP(X(0), t>0. (4.11)
By using (4.4) and the nonnegativity of M, we obtain
1
§E||X(t)|\?;f < e ME®(X(0)), t>0. (4.12)

This completes the proof.
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