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Abstract. In this article, an analytical method is proposed to analyze of the linear
buckling behavior of the FG porous truncated conical shells subjected to a uniform
axial compressive load and resting on the Pasternak elastic foundation. The mate-
rial properties including Young’s modulus, shear modulus and density are assumed
to vary in the thickness direction. Three types of FG porous distributions including
symmetric porosity distribution, non-symmetric porosity and uniform porosity distri-
bution are considered. The governing equations of the FG porous truncated conical
shells are obtained by using the first-order shear deformation theory (FSDT). With the
help of the Galerkin method, the expressions for critical buckling loads are obtained
in closed forms. The reliability of the obtained results is verified by comparing the
present solutions with the published solutions. Finally, the numerical results show the
effects of shell characteristics, porosity distribution, porosity coefficient, and elastic
foundation on the critical buckling load.
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1 Introduction

Structures fabricated from functionally graded materials (FGMs) are usually found in
kinds of engineering applications, such as pressure vessels, nuclear reactors, spacecraft,
submarines, jet nozzles and other such civil, mechanical, aerospace engineering struc-
tures and chemical. The investigations on the stability, buckling, and free vibration anal-
ysis of FGM evaluated by different authors worldwide in the past few decades. Javaheri
and Eslami [1] studied thermal buckling behavior of functionally graded (FG) plates by
using the higher-order shear deformation plate theory. Based on Love-Kirchhoff hypoth-
esis and Sander’s non-linear strain-displacement relation, Najafizadeh and Eslami [2] in-
vestigated the buckling analysis of FG circular plate under a radial load. Using FSDT,
Liew et al. [3] analyzed thermal buckling and post-buckling of thick laminated rect-
angular FG plates. Based on the classical shell theory with von Karman-Donnell-type
of kinematic nonlinearity, Shen [4, 5] studied the thermal post-buckling behavior of FG
cylindrical shell subjected to compressive axial loads and external pressure. In [6], Shen
investigated the thermal post-buckling response of a shear deformable FG cylindrical
shell embedded in an elastic medium. Using the Ritz energy method and the nonlinear
strain—-displacement relations of large deformation, Huang and Han [7] studied the non-
linear buckling and post-buckling responses of FG cylindrical shells under axially com-
pressive load. Duc [8] investigated the nonlinear thermal dynamic behavior of imperfect
FG cylindrical shells reinforced by outside stiffeners and surrounded on elastic founda-
tions using the third-order shear deformation shells theory in thermal environment. The
nonlinear response of thick sigmoid FG cylinder with temperature-independent material
property surrounded on elastic layers and subjected to mechanical and thermal loads
was investigated by Duc et al. [9]. Using both of the first-order shear deformation theory
and stress function with full-motion equations, Duc and Thang [10] studied the nonlinear
dynamic response and vibration of imperfect ES-FGM cylinder subjected to mechanical
and damping loads and surrounded on elastic layers. Dung and Hoa [11] investigated
the thermal nonlinear buckling and post-buckling of FG stiffened cylindrical shells em-
bedded in a Pasternak medium and subjected to torsional load. Based on the Donnell
theory of shells and the von-Karman type of geometrical nonlinearity, Sabzikar Borou-
jerdy et al. [12] investigated thermal buckling behavior of cylindrical shells resting on the
Pasternak foundation with regard to temperature dependency of the constituents. Using
the generalized differential quadrature method and FSDT, Tornabene et al. [13] investi-
gated the static and dynamic of laminated doubly-curved shells and panels of revolution
resting on the elastic foundation. Duc and Quan [14] investigated the nonlinear dynamic
response and vibration of imperfect ES-FGM double curved thin shallow shells on elastic
foundation. In [15], based on Reddy’s higher-order shear deformation shell theory, Duc
and Quan analyzed the nonlinear static and dynamic stability of imperfect eccentrically
stiffened FG double curved shallow shell on elastic foundations in thermal environments.
Sofiyev and Aksogan [16] studied the buckling of a truncated conical shell under a uni-
form external pressure. The shell is asummed to have a meridional thickness described
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by an arbitrary function. Based on the first-order shell theory and the Sanders nonlinear
kinematics equations, Naj et al. [17] investigated thermal and mechanical instability of FG
truncated conical shells. Using the large deformation theory with von Karman-Donnell-
type of kinematic non-linearity, Sofiyev [18] studied the non-linear buckling response
of FG truncated conical shells subject to a uniform axial compressive load. Based on
the classical shell theory and smeared stiffeners technique, Dung et al. [19] presented
the mechanical buckling behavior of an ES-FG truncated conical shells subjected to ax-
ial compressive load and external uniform pressure. Torabi et al. [20] investigated the
linear buckling analysis of a FG conical shell integrated with piezoelectric layers sub-
jected to both thermal and electrical loads. Based on the classical shell theory taking
into account geometrical nonlinearity, Duc and Cong [21] studied the thermal stability
of an eccentrically stiffened FG truncated conical shells in the thermal environment and
surrounded on the Pasternak type elastic foundations. Based on the Donnell shell theory
assumptions consistent with FSDT, the linear buckling problem of nanocomposite conical
shells reinforced with single-walled carbon nanotubes subjected to lateral pressure was
studied by Jam and Kiani [22]. Sofiyev [23] studied the non-linear free vibration of FG
orthotropic cylindrical shells taking into account the shear stresses based on FSDT and
von Karman-type strain displacement relationships. An analytical method was ultilized
by Dung and Chan [24] to analyze the mechanical buckling of FG truncated conical shells
subjected to axial compressive load and external uniform pressure. Duc et al. [25] ana-
lyzed the mechanical and thermal buckling behaviors of FG sandwich truncated conical
shells subjected to both thermal and axial compressive loads.

Porous materials are a relatively new class of engineering materials that can serve
functional and structural purposes. They widely exist around us and play a role in
many aspects of our daily lives. These lightweight materials not only have the typi-
cal characteristics of metals (weldability, electrical conductivity, and ductility), but also
possess other useful characteristics, such as low density, high specific surface area, low
thermal conductivity, great penetrability, energy management, mechanical damping, vi-
bration suppression, sound absorption, noise attenuation, and electromagnetic shield-
ing. Therefore, these materials have increasing applications and have emerged as a focus
of great attention in the material field. Buckling and vibration problems of the porous
structures have been developed by many authors. Zhang et al. [26] studied numeri-
cally dynamic responses of clamped-clamped sandwich beams made of aluminum face
sheets and close-celled aluminum foam cores. There are three types of foam core con-
sidered in this work including homogeneous core, low-high gradient-density core and
high-low gradient-density core. Chen et al. [27] investigated the buckling and static
bending of shear deformable FG porous Timoshenko beams. Expressions of the criti-
cal buckling loads and transverse bending deflections are obtained by employing Ritz
method. Chen et al. [28] also studied the nonlinear free vibration response of the shear
deformable sandwich porous Timoshenko beam with a FG porous core. The beams are
composed of two face layers and a FG porous core which includes the internal pores fol-
lowing different porosity distributions. Fouda et al. [29] investigated the effect of poros-
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ity on the mechanical behaviors of a FG Euler-Bernoulli beam by using the finite element
method. Wattanasakulpong et al. [30] carried out vibration analysis of FG porous beams
using TSDT. The beams have the. Both uniform and non-uniform porosity distributions
across thickness direction of beams are considered in this paper. An analytical method
was employed by Ziane et al. to predict the thermal buckling of simply supported and
clamped-clamped FG box beams [31]. The expression of the critical moment for sim-
ply supported beams under thermo-mechanical loads is obtained by using Galerkin’s
method. Magneto-electro-elastic buckling and vibration behaviors of a sandwich Timo-
shenko beam with a porous core and polyvinylidene fluoride matrix were investigated
by Bamdad et al. [32]. Based on the nonlocal strain gradient theory, She et al. [33] ana-
lyzed the nonlinear bending and vibration responses of porous tubes. She et al. [34] stud-
ied the nonlinear bending behavior of FG porous curved nanotubes. Jabbari et al. [35]
studied buckling behavior of a porous rectangular plate in undrained conditions. Dis-
tributing of the pores including the nonlinear nonsymmetric, nonlinear symmetric, and
monotonous distributions are considered in this paper. Jabbari et al. [36] presented the
buckling analysis of thermal loaded porous circular plate. Khorshidvand et al. [37] pre-
sented the buckling analysis of a porous circular plate bounded with piezoelectric sensor-
actuator patches. Based on higher order shear deformation theory, Mojahedin et al. [38]
studied the buckling bihavior of a saturated porous circular plate. Arani et al. [39] stud-
ied the dynamic response of a porous rectangular plate resting on a Pasternak layer based
on Reddy’s third-order shear deformation theory. The four-variable shear deformation
refined plate theory is proposed by Ebrahimi et al. [40] to analyze the free vibration re-
sponse of porous magneto-electro-elastic FG plates. Using a semi-analytical method,
Zhao et al. [41] provided parameterization study for vibration behavior of FG porous
doubly-curved panels and shells of revolution. Three types of uniform or non-uniform
porosity distributions were considered in this work. Based on the FSDT, Duc et al. [42]
studied the nonlinear dynamic response of FG porous plates under thermal and mechan-
ical loadings supported by elastic foundation. Both evenly distributed porosities and
unevenly distributed porosities assumed as effective properties of FG plates were consid-
ered. Wang [43] investigated electro-mechanical vibrations of FG piezoelectric material
plates carrying porosities in the translation state by employing Galerkin’s method and
the harmonic balance method. Coskun et al. [44] studied static bending, buckling and
free vibration of FG porous micro-plates using a third order plate theory. Three different
porosity distributions were considered and the effects of porosity variations were exam-
ined. In the framework of isogeometric analysis, Xue et al. [45] studied the free vibration
of porous square plate, circular plate, and rectangle plate with a central circular hole. In
this study, the porosity distributions along both the thickness direction and in-plane di-
rection were considered. Nam et al. [46] presented nonlinear buckling and post-buckling
behavior of stiffened porous functionally graded plate rested on Pasternak’s elastic foun-
dation under mechanical load in thermal environment by an analytical approach.

A sinusoidal shear deformation theory and the Rayleigh-Ritz method were employed
by Wang and Wu [47] to investigate the free vibration of a FG porous cylindrical shell



222 L. Hoa, B. Phi, D. Chan and D. Hieu / Adv. Appl. Math. Mech., 14 (2022), pp. 218-247

under different sets of immovable boundary conditions. Li et al. [48] provided a new
semi-analytical method to analyze the free vibration of FG porous cylindrical shells with
arbitrary boundary restraints. Nam et al. [49] investigated the thermal nonlinear buckling
and post-buckling of FG porous circular cylindrical shells reinforced by orthogonal stiff-
eners resting on Pasternak layers and subjected to torsional load. Based on FSDT, Pang et
al. [50] investigated the vibration behavior of the FG spherical shell with general bound-
ary conditions. Rahmani et al. [51] studied vibration behavior of the truncated conical
sandwich shells including temperature dependent porous FG face sheets and tempera-
ture dependent homogeneous core in various thermal conditions. The nonlinear buckling
and post-buckling characteristics of the porous ES-FG sandwich truncated conical shells
under axial compressive loads were investigated by Thai et al. [52].

The above-introduced works about FG porous structures show that they only focus
on beam and plate structures, and investigations involving the application of FG porous
shells are still limited in number. Nowadays, in engineering practices, the shell structures
such as cylindrical shells, toroidal shells and conical shells are widely used in all kinds of
fields in order to match the desired functionality and optimize the structures. Thus, it is
of great importance to analyze buckling, dynamic response and vibration behavior of FG
porous shells. However, to the best of the authors” knowledge, there is no previous work
related to buckling analysis of FG porous truncated conical shells with different internal
porosities.

The novelty of this paper is the first time using the analytical approach to investi-
gate the buckling of FG porous truncated conical shells. The shells are assumed to rest
on the Winkler-Pasternak elastic foundation and subject to a uniform axial compressive
load. Distribution of the porous through the thickness of the structures may be uniform
or non-uniform and three types of the porosity distributions that are symmetric poros-
ity distribution, non-symmetric porosity distribution, and uniform porosity distribution
are considered. Based on the first-order shear deformation theory, the governing equa-
tions, including the equilibrium and stability equations for FG porous truncated conical
shells, are derived and solved by using the Galerkin’s method. Expressions of the critical
buckling loads of FG porous truncated conical shells with simply supported boundary
condition are obtained in the closed-forms. Finally, the results are compared with the
buckling loads of FG porous truncated conical shells obtained in the literature and the
influences of porosity distribution, porosity coefficient, shell characteristics, and elastic
foundation on the critical buckling loads of shells are considered in detail.

2 Kinematic relations and the constitutive laws of FG porous
truncated conical shells
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2.1 Functionally graded porous truncated conical shell

A truncated conical shell is considered. The geometry of the shell is shown in Fig. 1(a),
where L is the length, & is thickness, 8 is semi-vertex angle of the truncated conical shell,
and R inndicate the radii of the truncated conical shell at its small end. Also, xy indicates
the distance from the vertex to the small base of the shell.

Moreover, assuming that the truncated conical shell is made of FG porous materi-
als and distribution of the porous through the thickness of the shell is uniform or non-
uniform and three three types of FG porous distributions [41], namely Type 1 (symmetric
porosity distribution), Type 2 (non-symmetric porosity distribution) and Type 3 (uniform
porosity distribution), as show in Fig. 2. The variation of Young’s modulus E(z), shear
modulus G(z) and density p(z) through the thickness direction of the FG porous trun-
cated conical shell are described by Egs. (2.1)-(2.4) [35,41,48].

Type 1: symmetric porosity distribution

E(z) = Emax [1—eocos<%)} , (2.1a)
G(2) = Gmax [1—e0cos (%)] (2.1b)
0(2) = Pmax [1—6,,&03(%)} , (2.1¢0)

Type 2: non-symmetric porosity distribution

E(z) = Emax [1—60COS<%+%>} , G(z) = Gmax [1—eocos (%4—%)}, (2.2a)
0(2) = Pmax [1—6,,4:05(%4—%)} , E(z) = Emax [1—eosin(%+%>} , (2.2b)
G(2) = Gmax [1—eosin(%+g>}, 0(2) = Pmax [1—emsin<%+g)}, (2.20)

Type 3: uniform porosity distribution

E(z) =Emax(1—eoA), G(z) =Gmax(1—eor), p(z)=pmaxV 1—emA, (2.3)

where z is the coordinate in the thickness direction; e is the porosity coefficient (0<ey<1)
and can be obtained by

Eminzl_Gmin emzl_@/ 0<e, <1.

€= 1— s
Emax Gmax Pmax

Emin, Gmin and pmin are the minimum values of Young’s modulus, shear modulus and
mass density in the thickness direction of the truncated conical shells, respectively; while
Emax, Gmax and pmax are the corresponding maximum values, respectively. When ep=e,;,=
0, it indicates that the special case with no pore exists. And whereas ey =e,, =1 cannot be
achieved in this case because all material property values are reduced to zero. Based on
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(a) Truncated cone model (b) Shell on elastic foundation

Figure 1: FG porous truncated cone embedded in a Pasternak elastic foundation.

the typical mechanical property of open-cell metal foam, the relationship between ¢y and
em and the coefficient A in uniform porosity distribution are defined as

1 1/2 2
em=1—1+/1—e, A:—<\/1—eo+—|—1>
ep eg \TT 7T

The Poisson’s ratio v is assumed to be constant: v = const.
The FG porous truncated conical is assumed to be embedded in the Pasternak elastic
foundation (Fig. 1(b)). The foundation interface pressure is expressed as [8,9,12,13]

2
. (2.4)

Pw 1w 1 2w
qf(x,G)—Klw—Kz(axz+xax+x2sinzﬁ892>/

in which w is the deflection of the conical shells, K; is the Winkler foundation modulus
and Kj is the shear layer foundation stiffness of the Pasternak model.

(2.5)

2.2 Fundamental relations

Using FSDT and the Timoshenko-Mindlin assumption, the displacements at a point are
represented in displacement components u, v, w of a point in the middle surface in the
direction x, 6 and z, respectively [17,20,22,54,55]

Uy=U+2Py, Ug=0V+Z¢Py, U=, (2.6)

in which ¢y, ¢y are the rotations of a transverse normal about the 6 and x-axes, respec-
tively.

The normal and shear strains across the shell thickness of an FG porous truncated
conical shells at a distance z away from the middle surface are

Ex =&xm +ka/ €0 =¢Eom +Zk9/ Yx0 = Yxbm +22kx9/ Yxz = Yxzms, Y0z = "Y0zms (27)
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(a) Type 1: Symmetric porosity distribution (b) Type 2a: Non-symmetric porosity distribution

(c) Type 2b: Non-symmetric porosity distribution (d) Type 3: Uniform porosity distribution

Figure 2: Cross-section of a FG porous truncated cone with different porosity distributions.

where x and 6 are the normal strains, 7,4 is the shear strain, k, and kg are the middle
surface curvature changes and kg is the middle surface twist. In Eq. (2.7) the subscript m
refers to the middle surface of the shell.

The strains, curvature changes, and twist of the middle surface of an FG porous trun-
cated conical shells are related to the displacement components as [17,20, 54, 55,57]

1 1 u _ w
sxm:u,x-i——w,zx, Eom = vg-i—;-l-;cotﬁ-i— (2.8a)

2 xsinf ’
1 - Zao W W
xsinf # x 7 xsinp

2
5, W
2x2sin?B "’

'Yxem = ,)’xzm == w,x +¢x, (28b)
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1
Yozm = iiﬁw'e +¢9/ kx = (Px,x/ (2.8C)

1 1 1
~sinpgPeet L Px kxe=§ Po,x+ x51n/3¢"9 —¢p (2.8d)

xsm,B

where subscript (,) indicates the partial differentiation.

The stress—strain relations for the FG porous truncated conical shells based on Hooke
law are [17,20,57]

E E
o' = 10 extven), 0= (ea-tven), (2.9a)
sh E sh__ ESh h E

_ sh
Ovo= 2(1—|—V) N Yx6r UXZ_Z(l—H/) Yxzms 052_2(1—#1/)’)/927”' (2'9b)

The force and moment resultants are defined as [8, 28]
N;= / oidz, M;= / zaldz =x,0), (2.10a)

Niyp = /2 ho'xedz, M= /2 th'dez Q,= 6/ Ovdz, Qp= 6/ 0p.dz.  (2.10b)
h I - —b

-2

Substituting Egs. (2.6)-(2.9) into Eq. (2.10) yields, after integrating and rearrangements,
the equations for force and moment resultants, and transverse force resultants as

Ny = A11€xm+ A12€gy + Bi1kx + Bioko, (2.11a)
No = A12€xm + A2€gm + Bioky +Baokg, (2.11b)
Nyg = A667Yxom +2Beskxo, (2.11¢)
and
M, = Bi1&xm +B12€gm +D11ky + Diokg, (2.12a)
Mpg = Bi2€xm + Bxegm + Diokx + Dasky, (2.12b)
Mo = Bes"Yxom +2Dgskxp, (2.12¢)
and
1
Qv=AuYezm=Au(Wx+¢r), Qp=As5Y02m=Ass [xsin,B W +4’9] , (2.13)

where the coefficients A;;, Bjj, D;; are given in Appendix A.
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3 Equilibrium equations

The equilibrium equations for the FG porous truncated conical shells embedded in the
Pasternak foundation based on FSDT, are derived [54-56]:

1

xNx,x—f—,ing/g—f—Nx—Ng:O, (3.1a)
sinf3
1
- N9,9+xNx9,x+2Nx9 =0, (31b)
sinf3
2 2 1
XMx,xx +2Mx,x + %Mxe,xe + %Mxe,e + TMG,GG - MG,x - NG COt,B
sin3 xsinf xsin“p
1 1 1
+ [*NxwWx+——Nygwp| + % [NrowWx+———Nowpy
sinf3 » sinp xsinf3 P
Pw 10w 1w
=xKjw—xK) | =—+-——+——> A1
xKyjw—x 2<8x2+x8x 2sin’p 392>f (3.1¢)
(xsinBMy) .+ Mypp— MgsinB—xsinfQy =0, (3.1d)
(xsin,Bng),x—|—M9/9+Mxesin5—xsin5Q9:0, (3.1e)

where () . and () 4 indicate the derivatives with respect to the axial and circumferential
coordinate, respectively.

4 Stability equations

Using the adjacent equilibrium criterion, the linearized stability equations associated
with the onset of buckling are obtained. Based on this criterion and perturbation tech-
nique, the displacement components on the primary equilibrium path are perturbed in-
finitesimally to establish an adjacent equilibrium position. Therefore, there are displace-
ment components related to the primary equilibrium path

u=uo+u;, v=v9+0v;, W=wo+wi, Px=Px0+Px1, Po=Po0+Po1, (4.1)

where the displacement components with subscript 1 are infinitesimal and nonzero dis-
placements.

Analogously, for the force and moment resultants of a neighboring state may be asso-
ciated with the state of equilibrium also are of the form

Ny=Ny+Nyi, Np=Npo+Ngi,  Nyo=Nygo+Nyw1, Qr=0Qx0+Qx1, (4.2a)
Qo=0Qp+Qp1, Mx=Mw+My, Mog=Mop+My, Myg=Mygo+Myp. (4.2b)

After substituting the above equation into Egs. (3.1a)-(3.1e), the incremental values of
stress resultants are obtained. Since the incremental displacements are small enough, the
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stability equations associated with the equilibrium Egs. (3.1a)-(3.1e) are obtained as

1
xle,x+-7Nx91,9+le _N91 :0/ (4-33)
sina
1
——— N1, +xNyg1,x +2Nyp1 =0, (4.3b)
sina
2 2
xMxl,xx +2Mx1,x + %Mx()l,xf) + %Mx(ﬂ,f) + . D M91,99 - MGl,x - N91 cotu
sina xsina in“a
1 1
+ |:XNwa1,x+ -Nx00w1,9:| +——— |:Nx00wl,x+ — Ngow1 9
sinw © sina xsina 0
Pw 10w 1 2w
=xKjw—xK | =—+-—+—o———— |, 43¢
1 2 <ax2 ¥ Ox xzsinzﬁ 002 > ( )
XSin[XMx],x +sinaM,1+ MXQLQ — My sing —xsinaQ,1 =0, (4.3d)
xsinaMygy x +2sinaMyg1 + Mgy g — xsina Qg =0, (4.3¢e)
where

Ny1 = A11€xm1 +A12€9m1 +B11ke1 +Bi2ke1,  No1 = A12€xm1 +Ax€om1 +Bioky1 +Bazker,  (4.4a)
Nyo1 = Ae6Yxom1 +2Bsckxo1, My1 = Bi1€xm1+B12€gm1 +Di1ky1 +Dizkgr,  (4.4b)
Mo1 = B1o€xm1 +Booeom1 +Diokx1 +Dxke1,  Myor = BesYxom1 +2Deskxo1, (4.4¢)
Qx1 =AusYzm1 = Aga (W1 x +¢x1), Qo1 = As5Y60zm1 = Ass L{Sin L WLe +4>91] , (44d)

and the linear forms of strains and curvatures, and twist in terms of the displacement
components are given as

uy  wn (%]
Exml =Ulx, E€oml=——0U19+—+—cota, Yyom1=——U19——+0V1r  (4.52)
xsina x| x xsina x
Yzl =W1x+Px1,  Yozm1 = ——— W10+ Po1, kv = $x1 %, (4.5b)
xsina
1 1 1 1 1
1= — 10+ —0x1, kigi==|Pgp1xt——Pr10——Po1| - 4.5¢
0 xsmafl)e 0 x<l>x k=3 Po1,x xsm“qu 9 x¢9 (4.5¢)

Eq. (4.3) are stability equations of an FG porous truncated conical shells. In Eq. (4.3) the
subscript 0 deals with the equilibrium state and subscript 1 deals with the stability state.
The terms with the subscript 0 are the solution of the equilibrium equations for the given
load.

5 Mechanical buckling analysis of an FG porous truncated
conical shell
5.1 Derivations

For this aim, assuming that FG porous truncated conical shells is subjected to the axial
compressive load of intensity p(N) at x =x(. As can be seen in Eq. (4.3), there are pre-
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buckling force resultants. By solving the membrane form of the equilibrium equations,
the prebuckling force resultants are determined as
pXo

xcosp’

Substituting Eqgs. (4.4)-(5.1) into Eq. (4.3), we get nonlinear stability equations of a FG
porous truncated conical shell in terms of displacement components 11, v1, w; and ¢y,
¢o1 as follows

Ngo=0, Niygo=0. (5.1)

NxOZ_

Ryq (u1)+Ra2 (v1) + Raz (w1) + Rag (1) +Ris (¢e1) =0, (5.2a)
Ro1 (1) +Roz (v1) 4Rz (w1) +Rog (Px1) +Ros (¢e1) =0, (5.2b)
R31(u1)+R32(v1) + (R334 PRag+R37K1 4+ Rag Ky ) (w1) +Raa (¢px1) +Ras (¢e1) =0,  (5.2¢)
Ry (u1) + Ry (v1) +Ryz (w1) + Rag (Pr1) + Rus (¢e1) =0, (5.2d)
Rs1 (1) +Rsp (v1) +Rs3 (w1) + Rsg (¢r1) + Rss (¢e1) =0, (5.2¢)

where P=27pxgsinf and R;; are differential operators that are defined in Appendix B.

5.2 Solution procedure

A FG porous truncated conical shells is considered. Its boundary edges are simply sup-
ported and the boundary conditions are [22]

Na=v1=w; :(P()l:Mxl =0 at x=xq,x0+L. (5.3)

The solution for five Egs. (5.2a)-(5.2e), satisfying the boundary conditions given by Eq. (5.3),
may be assumed as [24,25]

u=Ucos W sinnd, V= Vsinmﬂ(i_xo)cosne, (5.4a)
w= WsinWsinnf), ¢px =Dy cos mn(i— %) sinn6, (5.4b)
1 . mm(x—xp)
=d it
P 2 B sin I cosnb, (5.4¢)

where m, n are the number of half-waves in the generatrix direction and the number of
full-waves in the circumferential direction of the shell. In Eq. (6.5), U, V, W, and &y,
@, are constant coefficients. Substituting Eq. (5.5) into Egs. (5.2a)-(5.2e), then using the
Galerkin’s method, we have equations

X1 U4+ X1V +X13W 4+ X14P1 + X15D, =0, (5.5a)
Xo1U+ X0V + X3 W + X4 D1 4 Xo5P2 =0, (5.5b)
X31U+ X33V + (R334 PR3g + R37Ky + R3gKa ) W+ X34 @1 + X35P2 =0, (5.5¢)
Xy U+ X2V 4 Xus WA Xgy®q + XysPy =0, (5.5d)
X1 U+ X5pV + X3 WA+ X541 + X55Dy —0. (5.5¢)
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Herein, the coefficients Xi]' are constants which are calculated in Appendix C. To get the
mechanical buckling force for the FG porous truncated conical shells, the coefficient ma-
trix of algebraic Egs. (5.5a)-(5.5e) must be set equal to zero as

X1 X X13 X1y Xis5
X1 X2 X3 Xy Xos
X31 X3 (R33+PR3e+R37Ki+RssKy) X3y X35 |=0. (5.6)
X1 Xg Xyg3 Xy Xys
X51 Xs2 Xs3 X54 Xs5

Expanding this determinant and solving the resulting equation for the combination of P
yields

D D

Dy D, 4 5
PX37 = —X31—+ X370 — + X34 — — X35 — — X33 — R37K7 — RagK: 7
37 31 Ds + X32 Ds + X34 Ds 35 Ds 33 — Ra7K1 — R38Ko, (5.7)
where D; (i=1,2,3,4,5) are calculated by
X1 X1z Xuu Xis X1 Xiz Xuu Xis
Xop Xoz Xy Xos Xy Xo3 Xy Xos
D= , Dy, = , 5.8a
! Xpp Xy3 Xag Xy 2T Xy Xz Xa X (>8a)
X5 Xs3 Xsa Xss X51 Xs3 Xsa Xss
X1 X Xu Xis X1 X2 X3 Xg5
Xy Xp Xoy Xos Xy Xp Xz Xos
Ds = , Dy= , 5.8b
3 Xy X Xy Xgs * Xy X X3 Xgs (5:8b)
X517 Xsp Xsq Xss X51 Xsp Xs3 Xss
X1 X2 X1z Xus
Xo1 X X3 Xu
D= = 5.8¢
T Xy X Xg3 X (5-8¢)
X51 Xs2 Xs3 Xsa

Eq. (6.7) is an expression used to determine the critical buckling loads P, for the FG
porous truncated conical shells P, subjected to axial compressive load.

5.3 Numerical results and discussion

5.3.1 Comparison results

To validate proposed approach, we consider a simply supported isotropic truncated coni-
cal shells only under axial compressive load in the absence of elastic foundations. Critical
buckling loads of shell are calculated by using explicit expression (5.7) and compared in
Table 1 with those reported by Naj et al. [17] and Baruch et al. [53]. The comparisons for
the shell with the material and shell properties are as follows: k=0, #=0.01m, R=100xh,

v=0.3, P* =P, /P,, where P,; = w [17]. It is evident that an excellent agreement.

Vv 3(1-1?)
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Table 1: Comparisons with results of [17] and [53] for an isotropic truncated cone. * Buckling mode (m,n).

L/R=02 L/R=05
B [17] B3] P (Present) | [17] B3] P (Presend)
15 [ 1.005(7) 1.005(7) 09962(1,6) | 1.0017(8) 1.002(8) 09979(3,1)
5 | 1.0067) 1.006(7) 09962 (1,6) | 1.00108) 1.002(8) 0.9988(2.8)
10° | 1.007(7) 1.007(7) 09962 (16) | 1.00008) 1.002(8) 0.9985(2.8)
30° | 1.0171(5) 1.017(5) 0.9980 (14) | 0.9870(7) 1.001(7) 1.0000(2.7)
60° | 1.148(0) 1.1440) 1.1267(11) | 1.045(7) 1.044(7) 1.0140(17)

In the following section, the effects of shell characteristics, porosity distribution, poros-
ity coefficient, and elastic foundation on the critical buckling load of a FG porous trun-
cated conical shells are investigated. We consider Emax = 200.10°N/m?2, v =0.3, the geo-
metrical parameters are 1 =0.025m, R=40xh; L=2xR, B=15° and K; =2.5x 10’N/m3,
K;=2.5x10°N/m.

5.3.2 Effect of the R/h and L/R ratios

In this section, the effects of R/h and L/R ratios on the critical buckling load P, of a
FG porous truncated conical shells with symmetric porosity distribution, non-symmetric
porosity distribution, and uniform porosity distribution, respectively, are presented in
Table 2 and Table 3 and Fig. 3. Clearly, for different cases, critical buckling loads P, of
Type 1 is the largest among all the porosity distributions, Type 2 is the second and Type 3
is the smallest. Moreover, the critical buckling load P, strongly decreases when R/h ratio
increases. For example, in Table 2, the critical buckling load P, of a FG porous truncated
conical shells decreases from 6239.40MN to 66.072MN as R/h increases from 10 to 100
for the Type 1. It means that the thinner the shell is, the smaller the value of the critical
buckling load will be. The ratio R/h has a significant influence on the value of the critical
buckling load P, but the ratio R/L has a negligible effect on the value of the critical
buckling load P, as shown in Table 3.

Table 2: Effect of the R/h on the critical buckling load Pr;. * Buckling mode (m,n).

R/h 5 10 20 50 100 200 500
Type 1 | 24394000 6239.400 1585.700 258120 66.072 17.643 3.9251
2,2)* (3,2) 4,3) 71 (101 (141 (231)
Type 2a | 23741.000 6072.600 1543.800 251.386 64.354 17.2199 3.8519
2,22) (3,2) 4,3) 72 (101 (141 (231)
Type 2b | 23747.000 6074700 1544.100 251.460 64373 17.2244 3.8526
2,22) (3,2) (4,3) 72 (101 (141 (231)
Type3 | 23579.000 6031.700 1533.400 249.699 63932 17.1151 3.8343
2,2) (3,2) 4,3) 72 (101 (141 (231)
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Figure 3: Effects of the R/ ratio on the critical buckling load P,.

Table 3: Effect of the L/R on the critical buckling load P.r. * Buckling mode (m,n).

L/R 0.2 05 1 15 2 3 5
Typel | 491419 404557 399.661 400.841 401504 403715 4083771
(L1 (3,2) (34) (6,1) (6,3) (84) (1L6)
Type2a | 471.940 393.463 389.056 389.892 390.920 393.3101 397.3789
(1,1) (1,6) (3,4) ,1) (6,3) (8,4) (11,6)
Type2b | 471.962 393.478 389.089 389.991 391.010 3933921  397.399
(11) (1,6) (34) (61) (6,3) (84) (1L6)
Type3 | 467.737 390.692 386.398 387.218 388.294 390.7032 394.6522
(1,1) (1,6) (34) 5,1) (6,3) (8,4) (11,6)

5.3.3 Effect of angle

The effect of semi-vertex angle B on the critical buckling load P, of a FG porous truncated
conical shells is presented in Table 4 and Figs. 4-8. From these illustrations, we see that
the critical buckling load P decreases when the semi-vertex angle B increases for both
three types of the porosity distributions.

5.3.4 Effect of different porosity coefficients ¢y for various porosity distributions

The influence of different porosity distribution types on the critical buckling load P, of
a FG porous truncated conical shells with the same porosity coefficient is presented in
Fig. 8. The porosity coefficient eg=0.2 is chosen while holding all other fixed parameters.
Itis clear that the Type 1 (symmetric porosity distribution) occupies more stiffness feature
when compared with other two types. Thus the critical buckling loads of Type 1 is bigger
than those of Type 2 and Type 3.
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Figure 4: Effects of semi-vertex angle B on the critical buckling load P, for Type 1.
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Figure 5: Effects of semi-vertex angle B on the critical buckling load Py, for Type 2a.

Table 4: Effect of semi-vertex angle B on the critical buckling load Pr,. * Buckling mode (m,n).

B 1 5 10 15 30 45 60
Typel | 424935 422.811 415.829 401.504 328.044 223399 117.6459
72 ) 64 63 G @H (A
Type2a | 414.131 411.769 404.741 390920 319.484 217.5449 114.757
72 @) 64 63  GAH @) G
Type2b | 414.132 411.791 404.768 391.010 319.620 217.6941 114.8547
72 @) 64 63  GAH @G G
Type3 | 411.349 408.972 401.964 388.294 317322 216.1622 114.0835
72 @) 64 (63 G4 @A G4

233
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Figure 7: Effects of semi-vertex angle B on the critical buckling load P, for Type 3.

The effects of porosity coefficients ey on the critical buckling load P, of a FG porous
truncated conical shells for different porosity coefficients with symmetric porosity distri-
bution, non-symmetric porosity distribution, and uniform porosity distribution, respec-
tively, are tabulated in Table 5 and plotted in Figs. 9-12. They show that by increasing the
value of the coefficient of porosity e, the critical buckling load P,, decreases for all types
of the porosity distribution. For example, in Table 5, the critical buckling load P, of a FG
porous truncated conical shells decreases from 34% to 51.3%, as eg increases from 0.2 to
0.8. This observation can be explained as because the increase of the porosity coefficients
leads to the decrease of stiffness of shell.
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5.3.5 Effect of elastic foundations
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235

Table 6 shows the influence of foundations on the critical buckling load P a FG porous
truncated conical shell with different porosity distribution types. It was found that the
critical buckling loads P, increase when the elastic foundation parameters K; and K»
increase separately or together. In addition, the elastic foundation increases the load-
carrying capability of the shell.
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Figure 10: Effect of porosity coefficients ey on the critical buckling load P, for Type 2a.
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Figure 11: Effect of porosity coefficients ey on the critical buckling load P, for Type 2b.

Table 5: Effect of porosity coefficients ey on the critical buckling load Py,. * Buckling mode (m,n).

e 02 0.3 04 05 0.6 0.7 0.8
Typel | 401.504 379.123 356548 333961 311.051 288.115 265.123
63)" (62 (6,2) (6,2) (6,1) (6,1) (54)
Type2a | 390.920 362.661 333.643 303.654 272.391 239.411 203.4324
(6,3) 6,3) (6,3) (6,3) (6,3) (6,3) (6,4)
Type2b | 391.010 362.796 333.823 303.878 272.660 239.7255 203.6661
(6,3) (6,3) (6,3) (6,3) (6,3) (6,3) (6,4)
Type3 | 388.294 358.551 327.929 296.196 262.998 227.7373 189.2486
(6,3) (6,3) 6,3) (6,3) (6,3) (6,3) 6,3)
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Figure 12: Effect of porosity coefficients ey on the critical buckling load P, for Type 3.

Table 6: Effect of elastic foundations on the critical buckling load P.,. * Buckling mode (m,n).

Type 1 K;=0N/m K,=10°N/m K;=2x10°N/m K;=5x10°N/m
K;=0N/m3 | 397.3231(5,5)* - - -

K;=10"N3 398.6111(5,5)  399.5966(5,5) 400.5821(5,5) 403.1122(6,3)
Ky =2x10"N® | 399.7929(6,3)  400.6357(6,3) 401.4785(6,3) 404.0069(6,3)
K;=5x10"N® | 402.4769(6,3) 403.3197(6,3) 404.1625(6,3) 406.6909(6,3)

Type 2a K;=0N/m K,=10°N/m K,=2x10°N/m K,=5x10°N/m
K; =0N? 387.2294(5,5)* - - -

K;=10"N?3 388.3139(6,3)  389.1567(6,3) 389.9995(6,3) 389.9018(6,3)
K;=2x10"N® | 389.2085(6,3) 390.0513(6,3) 390.8941(6,3) 393.4226(6,3)
Ki=5x10"N® | 391.8926(6,3) 392.7354(6,3) 393.5782(6,3) 396.1066(6,3)

Type 2b K=0N/m K>;=10°N/m K;=2x10°N/m K;=5x10°N/m
Ky =0N?3 387.2434(5,5)* - - -

Ky =10"N?3 388.4037(6,3)  389.2465(6,3) 390.0893(6,3) 392.6177(6,3)
K;=2x10"N® | 389.2984(6,3) 390.1412(6,3) 390.9840(6,3) 393.5124(6,3)
Ki=5x10"N® | 391.9825(6,3) 392.8253(6,3) 393.6681(6,3) 396.1965(6,3)

Type 3 K;=0N/m K,=10°N/m K;=2x10°N/m K,=5x10°N/m
K;=0N?3 384.6328(5,5)" - - -

Ky =10"N?3 385.6877(6,3)  386.5305(6,3) 387.3733(6,3) 403.1122(6,3)
K;=2x10"N® | 386.5824(6,3) 387.4252(6,3) 388.2680(6,3) 390.7964(6,3)
Ky =5x10"N? | 389.2665(6,3)  390.1093(6,3) 390.9521(6,3) 393.4805(6,3)

6 Conclusions

In this research, the buckling of a FG porous truncated conical shells resting on the Win-
kler-Pasternak foundation and subjected to a uniform axial compressive load has been
investigated. Three types of FG porous distributions including symmetric porosity dis-
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tribution, non-symmetric porosity stiff or soft distribution and uniform porosity distri-
bution are considered. The stability equations for the shell are derived based on the first
order shear deformation theory. Those equations are solved by the Galerkin method to
determine the expression of the critical buckling load P.,. The effects of shell charac-
teristics, porosity distribution, porosity coefficient, and elastic foundation on the critical
buckling load were discussed in details. Comparing the results of this study with those

in the literature validates the present analysis.

Appendix A
An=Ap= 15711/2, 1= %,
A44=A55=12(51E_1H/), Age = 2(1]541—1/)’
Bi1=Bn= 1521/2, 812:11/_7522/
B66:2(1Ej_v)/ Dy =Dy = 153;/2,
Dy = 11/_1532, Dee = 2(1E43_1/) .

For FG porous truncated conical shell with porous distributions:
Type 1 (symmetric porosity distribution)

Emaxh ( T — 260)

Ey=—————, E=0, E3= Emaxh® (48¢0—6eorr” + 77°) )
L 1273

Type 2 (non-symmetric porosity distribution)

Emaxh(n—Zeo) EmaXEOhZ(TL’—4)

Type2a: E;= — E,= - ,
By = Enod” (19 ey 4 (19248
1273 ,
Type 2b: Ei= M, Ey=— Emax30h22(7'[—4)
T T
Es= Eaf? (71> —6eor* + (192 — 4877 )eo |
1273 0 0J-

Type 3 (uniform porosity distribution)

Emax (1 —60)\) ]’13

ElemaX(]—EQ)\)h, EZZO, E3: 12
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Appendix B

In Egs. (5.2a)-(5.2e):

R Ay J 1
Rll_XA11@+mW+ 115—1‘122?

1 02 1 9
Rlz—@(Alz‘FAéé)a % xsin,B(Azz—'—A%)@’
R13—cotﬁA12 J —Azzcotﬁf

82 1 82 0 1
Riy4=B —B Bi1=— — By —
nrss 51 2B 66892+ g~ b2,

1 02 1 0
R - el

5= sinf (B12+B(’6)8x86 xsinﬁ(822+866)89'

Rot =~ (Aot Aeg) =+ (Agpt Agg) &

A ginpg 12T o1 0" xsing 22 0% g
02 Ay 02 d 1

Ry A66xax2 +— rsin?f 962 +As6=- x — Age =

Ry = tB—
»7 xsinB PTE
2

1 d
Royy=— . (Bi2+Bes) =—=3 (B22+Bess) =

inf ox 89 xsinf 00’
Ros = Beex 88;2 + xs]fiz 2 aa; +Bes aa B66%r
- (Alzcot,B+Bzzi) aax— <A22cotﬁ—B22)1C> %,
Rsp = (B12+2Bg) 5131,8 axazsag + B2 xzsiln3[% aa; - 22xsi1nﬁ aige
<A22 cotp—Bxn 1 > x511nﬁ aae

2 2

0 1 d 10 1 1
R33—B12C0tﬁa 2+BzzCOt‘B 2 nﬁaGZ BzzCOt‘B Zox <A22COtﬁ—Bzzx)COtﬁx,
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1\ o 1
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X
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1 9 1 0° 1 9?
R35=(D1p+2D D —=—Dp————
=Dt 66)5111,3835289+ 22x231n3/3893 ?2 xsinp 0xd0
1 1 9
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44=Dn ﬁaxz xsing %3¢z T Pu ,Bax 14 2 B,
Ris = (Dya+ Do)~ — (Dap-+ Deg) - 2.,
45= (D121 Des) 5=, 2+ Des) - =4
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51= (P12 Bes) 5~ =0 22+ De6) 55
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