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Abstract. In this paper, we study the free boundary problem of the compress-
ible Euler equations in the Eulerian coordinates. By deriving the evolution
equation of the free surface, we relate the Taylor stability condition to the hy-
perbolicity of this evolution equation. Our approach not only yields exact in-
formation of the free surface, but also gives a simple proof of the local well-
posedness of the free boundary problem. This approach provides a unified
framework to treat both compressible and incompressible free boundary prob-
lems. As a byproduct, we can also prove the incompressible limit.
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1 Introduction

1.1 Presentation of the problem

The compressible Euler equations are
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op+u-Vp+poV-u=0,
(1.1)

atu—t—u-Vu-l—% =0,

where p is the density and u is the velocity of a compressible liquid. The pressure
p is given by the state equation

1
p=rlp)=5(p—1) (1.2)

with 0 <e <1 as the inverse of the sound speed. The method here also works for
more general state equations, but here we choose the linear one (1.2) to simplify
our arguments.

We are considering the free boundary problem (FBP) in the domain

Q= {x: (x, 2%, x%) = (%,x°) : xeT?, 1<’ <f(t,§)}
with the free boundary given by a two dimensional surface
N={ (%)X, =f(15) }.
On the free surface, there holds that
{u-n:V(t,E), (13)
p=0,

where V is the normal velocity of I'; and # is the unit outer normal direction of I';.
Since the free surface separates the fluid and the vacuum, we have the evolution
equation of the free surface

with N=(—91f,—0d2f,1)" and n=|—%. On the bottom of the domain T_={ (%, —1):

x¥€T?}, we pose the slip boundary condition
=0 on I'_. (1.5)

The initial data in
Q= { (x,x%):xeT?, —1<x° <fin}

are given by

0(0,x)=pin(x), u(0,x)=uin(x). (1.6)
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The first goal of this paper is to prove the well-posedness of the problem under
the Taylor sign condition

J
—£2c0>0 (1.7)

for a constant ¢y > 0. A key ingredient is that for the derivatives d;f (i=1,2) of
the graph function, we can derive an evolution equation which is of the form of
water wave equations

D70, f —9np-G(9if )=+ (1.8)

with G as the Dirichlet-Neumann operator and D; = d;+u-V as the material
derivative. Therefore, with all the estimates of the free surface, we can just work
in the Eulerian coordinates.

As the second goal, we shall study the incompressible limit as € — 0. In this
direction, we need to make sure that all the a priori estimates are independent
of €. This is rather nontrivial for the free boundary problem. The pressure term
dup in the free surface equation (1.8) could induce singularities of type 1 due to
the singular state equation (1.2). Here we shall consider the perturbations of the
form

p=1+0(€2), p=0(1), u=0(1).

This will erase the potential singularity in the free surface equation. However,
the resulting hyperbolic system for (o—1,u) = (€?p,u) is no longer symmetric.
Formally, we have

e2Dip+Vou=---,
Du+Vp=---.

This prevents us from getting uniform-in-¢ estimates in the interior of the moving
domain. To cope with this, we have to treat shear waves of the vorticity and pres-
sure waves due to compressibility separately. The shear waves w = curlu satisfy
the transport equation

D w=---,

and estimates are easier since there is no boundary term in the energy estimates.
For the pressure waves, the pressure p satisfies a wave type equation

e’ D p—Ap=tr(Vu)*+---. (1.9)

Setting the scaled material derivative ﬁt = €D, standard energy estimates show
that

Dip)?+|Vp? & | 1
Dt’ tP| ;F| | :(Dtp)-gtr(Vu)z-l-----
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There is a singularity of 1 and the source term tr(Vu)? = O(1). The key obser-
vation is that Dyu = —Vp from the momentum equation. That is, the term D;u is

actually a pressure term. By taking two more D; to the pressure wave equation
(1.9), we have

D32 1D2Vpl2  n 1. L
Dt’ 7| 2| A :Dfp-ngVu-Vu+-~-:Dfp-(DtV2P)~Vu+~-~.

The singularity 1 can be absorbed in the higher order energy estimates! As for
lower order energy, we shall use the elliptic estimates to avoid this singularity.

With the a priori estimates independent of €, we can construct the solution in
the moving domain and prove that the solution to the FBP (1.1)-(1.6) will con-
verge to the solution to the FBP of the following incompressible system:

(04i+1-Vi+Vp=0 in ),

V-ii=0 in Q)

=0 in T,

o f=i-N in T}, (1.10)
=0 on I'_,

1(0,x) =ljn (x) in O,

| £(0,%)=fin(%) on T?

in the moving domain

Q= { (x,x°) :EGTZ,—1<x3<f(t,E)}.

1.2 History of related works

The free boundary problems (FBP) have been studied intensively through history.
For the water wave problems, since the breakthrough works [30,31] by Wu, the
local well-posedness of water wave problems in different scenarios have been
considered: problem with vorticity in [6,22,34], effects of surface tension in [4],
non-trivial bottom topography in [16]. Many other situations were considered
in [3,9,27] etc. See also the low regularity results in [1,2]. There are also results
on the global well-posedness, see [13,17] for a more detailed review.

When taking the compressibility of the fluid into consideration, the FBP is
usually investigated in the Lagrangian coordinates where the evolving domain
can be fixed to the initial domain. Lindblad proved the local well-posedness for
compressible liquids in [20,21] using the Nash-Moser iteration. In [7], Coutand
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et al. used a specially chosen parabolic regularization to derive the existence
and proved local well-posedness and the zero surface tension limit. The incom-
pressible limit was achieved by Lindblad and Luo in [23,25]. See also [7,12] for
the discussion of the case with surface tension and [32, 33] for other fluid sys-
tems. When treating the FBP of compressible gases, more results are involved
(cf. [8,10,11,14,15,24]).

For the FBP of the compressible fluid, to the authors” knowledge, this is the
tirst paper to derive the evolution equation of the free surface and relate the sta-
bility condition of the problem to the hyperbolicity of the evolution equation. An-
other advantage of our approach is that the FBP can be decoupled: after we have
investigated the evolution of the free surface and got the full regularity estimates
of the free surface, the evolution inside the domain can be treated as a problem
in a fixed domain. This is a simplification compared with the Lagrangian coor-
dinates methods. Furthermore, our approach provides a unified framework to
treat FBP’s in both incompressible and compressible fluids. We believe that our
framework could also be applied to the long-time incompressible limit, which is
our future goal. It is also possible to apply this framework to many other rel-
evant problems, such as the flows with capillary effects and two-phase flows.
In [18,19,28,29], the authors used similar approaches to treat the free boundary
problems in incompressible elastic and MHD systems. In the compressible case,
the estimates of the pressure are more subtle, since it satisfies a wave-type equa-
tion. For this, we shall use some good derivatives D;0;f of the free surface and
wave-type estimates of the pressure p to deal with the loss of regularity encoun-
tered in the FBP with vorticity and compressibility.

The rest of the paper is organized as follows. After laying out some prelimi-
naries in Section 2, we shall derive the evolution equation of the free surface and
state the main results in Section 3. The estimates of the pressure waves, the free
surface and the shear waves are in Sections 4-6 respectively. The solution will be
constructed in Section 7 and the incompressible limit will be proved in Section 8.
In the appendix, some analytic tools are listed in Appendix A and some results
on the div-curl system are presented in Appendix B.

2 Preliminaries

2.1 Harmonic coordinates

Given a smooth function f, = f.(X) > —1, we define a reference domain

Q*:{(Y,x3) :EeTz,—1<x3<f*(E)}
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with the upper surface
T,— { (%, f. (%)) :EeTz}.

We shall consider the FBP that lies in a neighborhood of the reference domain
Q... To this end, we define

N (6,%)={ fEH (T2): || f = fullpy <5 ).
For a function f € N'(4,x), set
sz{xzfeqrz,—1<x3<f(y)}, rfz{x:fewz, 3=f(y)}.

Then we can introduce the harmonic coordinates. Define ® Iz Q,—0 fasa har-
monic map

AD;=0 in Q,
@ (X, f«(X)) = (X, f(X)) on T, (2.1)
Or(x,—1)=(x,-1) on I'_.

Given f,, there exists 6 >0 such that @ is a bijection when § <¢y. Thus we can
also define the inverse map @;1 0 F ), such that

-1_ -1 _
q)qu)f —Ide, q)f Oq)f—Ide*

Let us list some basic inequalities about harmonic coordinates without proof.

Lemma 2.1. Assume that f € N'(8,x) with k > 4. Then there exists a constant C =
C(éo, ||f* ||HK(']I‘2)) such that

1. Ifue H*(Qf) with s € [0,x], then

||uoq)f||H5(Q*) §C||”||Hs(nf)-
2. Ifue H°(Q.) with s €0, x|, then

Huoq)leHs(Qf) <Cllullgsq,)-
3. Ifu,v€ H*(Qf) with s € [2,x], then

[uv]| s () < Cllull s () 10l 15 () -
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2.2 The Dirichlet-Neumann operator

For a smooth enough function ¢ = g(¥) on I'y = {(%, f(¥X)) : ¥ € T}, denote the
harmonic extension of g to ()¢ by Hg, that is,

AHg=0 in Qf,
(Heg) (X, f(X)) =g(X) on Ty, (2.2)
(Hsg)(x,—1)=0 on I'_.

Here we use the Dirichlet boundary condition on the bottom I'_ instead of the
Neumann boundary condition as in the usual case. This modification is useful in
the energy estimates in the following sections.

With the harmonic extension (2.2) at hand, the harmonic map @y in (2.1) can
be expressed as

@r(x) =x+(0,0,Hy, (f(%)—fu(X))-

When the harmonic extension H in (2.2) is defined with the Dirichlet bound-
ary condition on the bottom, the definition of the Dirichlet-Neumann (DN) op-
erator should be modified as well. For a smooth enough function ¢ = g(¥) on

Tr={(%,f(x)):X€T?}, define
Grg=(VNHfg) }rf' (2.3)

where N = (—01f,—d2f,1) " is the scaled normal vector on the surface I £ How-
ever, all the regularity properties of the Dirichlet-Neumann operator will be kept
in spite of the modification, as discussed in Appendix A. The same arguments
in [17] yield the following basic properties of the DN operator.

Lemma 2.2. Let f € N (6o, «) with k>4. Then there is a constant C=C (3o, || f« || px(12))
such that

1. Gy is self-adjoint
(G0 9)=(9,Gry), Vo peH(T?).

2. Qf is positive
(Gre.9)=Cligll 3 )

Further quantitative discussion on the DN operator is included in Appendix A.
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2.3 Notations

In the domain );, we use (d,01,02,03) as Eulerian derivatives and Dy =0;+u-V
as the material derivative. We shall also use the following tangential derivatives:

5t=at+7'lf(a £)os3,

| (2.4)
8 =0i+Hs(9jf)ds, j=12.

It is direct to verify that D; = 0t +u'd1+ud, on the free surface by (1.4). The
derivatives d = (91,0;) are tangent to both T'; and T'_. We denote by A= (V) =
(1—A)2 and Y=(3)=(1+|0|?)'/2 for high order derlvatlves The scaled material
derivative D; =eD; is also used to take care of the sound speed 2. 1

The minuscule indices i,j,k are in {1,2} and the capital mdlces J,K are in
{1,2,3}. We shall use the Einstein summation convention, i.e. a repeated index in
a term means summation of terms over the index. To simplify the arguments, we
also omit all the binomial coefficients

on) =

The brackets |s| denotes the largest integer less or equal to s € R.

In the following, to simplify the notations, we shall use H="Hy and G =Gy
if there is no confusion of the function f. Since many elliptic estimates are de-
pendent on the regularity of the free surface f, we shall use the notation L =
£l gp-1/2(r,)- The function C(L) means some continuous function depending
only on L.

3 Reformulation and the main results

Given the state equation (1.2), one can define the enthalpy h=h(p) as

h=h(p):= /f”g )dA_ll 080, (3.1)

which is a strictly increasing function of p >0 such that
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The inverse function p=p(h)= ¢’ is well-defined. Therefore, we can rewrite the
system (1.1) as a first order system of (u,h)

e2Dh+V-u=0,
Diu+Vh=0, (3.2)
]’l|rt =0, u3’r7 =0.

3.1 Evolution of the enthalpy

For the pressure parts of the system, we have a second order wave equation for
the enthalpy h from (3.2) as

2121 Ah— 2
{e Dih—Ah=tr(Vu)=, (3.3)

h|r,=0, dsh|r_=0,

where we have used the boundary condition u3|r_=0.

3.2 Evolution of the vorticity

For the shear parts of the system, we define the vorticity of the flow w = curlu =
V xu. Then the vorticity w satisfies the following transport equation:

Diw=w-Vu—w(V-u). (3.4)

3.3 Evolution of the surface

Given the evolution equation of the free surface (1.4) and the definition of N, we
can rewrite the evolution of I'; as

Dif =us. (3.5)
Taking another material derivative and using (3.2) yields
D?f =Dy’ = —a3h. (3.6)
A direct computation shows that
D70;f =0;D{ f+ [Dy,9;| D¢ f + Dy [ Dy, 9;] f
=5iDt2f—5iuj5thf— Dy (au]g]f)
= ngth - ngtu@]f - 2§1u]Dt5]f
=0;D} f —0iD/0;f +Q; (3.7)
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with -
Qj:=—20;u/D;9;f. (3.8)
By (3.6), the first two terms on the last line of (3.7) are
0;D7 f—0; D)0, f = —0,03h+9;0;h0; f
= —0;03h —aifagh+8i8jh8jf+8if838jh8jf

= —vNaih—l—aivaagh
= —VNqi—l-ag,th'H(aif), (3.9)
where
qi:= aih+7-l,(aif)83h, 1=1,2 (3.10)

with the harmonic extension H given in (2.2). Using the boundary conditions in
(3.3), we can derive an elliptic equation of g; as follows:

A%‘ = aZAh—i-H (alf)agAthZVH(alf) Va3h in Qt,
qi=0 on I7%, (3.11)
83511- =0 on I'_.
The resulting elliptic system has homogeneous boundary conditions. This is
where we need the modified harmonic extension.
Substituting (3.9) back into (3.7) gives us the evolution equation of the free
surface B
D70;f —93hG (9if) = —Vnagi+Qi, (3.12)
where g;,Q; are given in (3.10) and (3.8). The Dirichlet-to-Neumann (DN) opera-
tor G is defined in (2.3) as Gg= (VNHY)|r,-

Remark 3.1. When considering the evolution surface f, we shall use 93/ in (3.12)
instead of 9,/ in the Taylor sign condition. The relation between them is given by

1
——0,h,
VIFIVAE"

where the conditions h=0and 9;f=00onT £ are used.

dsh Vnh+0:foih) =

B 1
i

3.4 Main result

To study the free boundary problem, we need the compatibility condition on the
free surface I';
Dih}rt:O, 1=0,...,k+1 (3.13)

with Dy =09;+u-V as the material derivative.
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The energy of the system is given by

E(t) = ||th||HK7%(rt)+ 1 e o)+ Nl e

K
Ty, apq. ~
+l§5 | (Di'h, DiVh) | ) (3.14)

For some 0 < T <1, denote by

M= sup &(t),

0<t<T

and initially
MO - 5;( (O) .

Now we can state the existence result.

Theorem 3.1. Let k >4 be an integer. Assume that the initial data satisfies the bound
Ex(0) = My < oo. Furthermore, assume that there exists ¢y > 0 such that

1. ﬁn2_1+co;
Nfin
2. _‘Nfln"vpzco-

Then there exists g >0 and T >0 such that, when 0<e <ey, the system (1.1)-(1.6) admits
a unique solution (f,u,h) in [0, T] under the compatibility condition (3.13) satisfying

1. M<C(co,Mp)+(T+€)C(co, M);

€0

2. f>—-14+—;

fz-145
3. ——-Vp>—.
N VP2

As for the incompressible limit, we put back the upper index € to indicate the
dependence of €.

Theorem 3.2. Fix a reference domain Q.. Under the assumptions of Theorem 3.1 for
(fe,us,, hs ), assume further that

1. € — fin in H(T?);

2. uanCIDm—)ﬁmoCI% n HK(Q*)

fi n
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Then (f€,uo®ge ,h€o®ye ) converges weakly in L®(0, T; H*(T?) x (H*(Q))*) and
strongly in C*=3([0, T] x Q) to a limit (f,ﬁod)f, ﬁocbf), where (f,iI,p) is the unique
solution in C([0, T]; H*(T2) x (H*(C))*) of the incompressible system (1.10) with the
initial data ( fi,, Uiy ).

In the following lemma, we shall show that there exist a lot of initial data
satistying our assumptions in Theorems 3.1-3.2. Therefore, the limit of the initial
data (fin, tlin, hin) in Theorem 3.2 can be non-trivial.

Lemma 3.1. If there holds that

[ fin ez (w2) i | 1. () + [ Ptin [ e (g

1 M
—i—EHAhm—i—tr(Vuin)z} 0

1
Hr1(0y) +€_2Hv’uin“HK(Qo) < el (3.15)

for some constant C independent on €, then £(0) < M.
Proof. From Eq. (3.5) we have
IDef (0)]

< M.

H2(12) ™

1
H2(T2) —

Next we consider the time derivatives of h

L (Dl+1h D Vh) (DZH( h),—ﬁ§+1u), 2<1<k.

Di(eh)=—V-u,
Dtu = —GVI’I

{f)f(eh) =eAh+etr (Vu)?,

Since

and

D2u=vV(V-u)+e2(Vu) Vh.
One has by (3.15) that

2H(D2 eh), D}u) (0 < M.

1) (Biten), Br) 0 Mision S

H HK(Q())

By induction, assume that for some [ >2,

1
Y 2 1|(By(eh), Byru) 0)

m=2

<
HK+177H(QO) ~ MO'
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A®=(_gr o)

and w= (eh,u)", one has D;w=A(V)w and
Diflw=A(V)Dlw+ D}, A(V)]w
:A(V)Dlw+l[ﬁt,A(V)}ﬁ§—1w

+Z[ ,[By, A(V)]| B}

Setting

By induction assumption and the fact D; =eD;, we can prove the lemma. O

4 Estimates of the pressure parts

Since D;u = —Vh, the derivatives f)iu with [A)t = €Dy can be viewed as pres-
sure parts. In this section, we shall prove the estimates for the pressure parts
(Dlu,Dln).

The main result of this section is the following proposition.

Proposition 4.1. There exists some €y > 0 such that, when 0 <e < €y,

x+1 1
_HDtuHH" L) +Z e2 HD uHHKH—I(Qt) SC(M)/ (4'1)
K-‘rll
||h||H" +Z HD h} Hr+1-1 Q)<C(M)/ (42)
K
1, , -~ A~
Y- [[(Di 1, DiVh) [ 12,y < C(Mo) +TC(M). (4.3)

=2
The rest of this section is devoted to the proof of Proposition 4.1. The following
lemma implies that we only need to bound D!h.

Lemma 4.1. Assume that 0 <s <k, there holds that

1, ~

D e < bl s () (4.4)
and for 2<1<s+1,

(1Bt

1Dt 1<

1—2
Hs+2— IQt +C<Z HDmh’ Hs+2— lQ)) (45)
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Proof. The momentum equation ﬁtu =—eVhyields (4.4). If | > 2, then

-2
Diu=—eD, 'Vh=—eVD; 'h+e*Y_ D}'[V,D;|D;>"h.

m=0
Therefore,
1,4
1Bl sy < SITDE
+C ( Z H (D\lﬂu,ﬁ;”h) HHs+2—I(Qt)> .
m=0
Then a reduction argument proves (4.5). O

To estimate spacial derivatives of f)ih, we rewrite the wave equation of & in
(3.3) as an elliptic system for D!h with 0<I<x—1 as

AD!h=D!*?h—Dltr(Vu)>+[A,Dl]h in Q,
D!h=0 on T}, (4.6)
93Dlh=1[33,D!]h on T_.

To apply the elliptic theory in the following subsections, we list some computa-
tion here

I_l

NI

Ditr(Vu)*= Y Dl"oju®-D""axu/, (4.7)
m=0
_1 R
=Y D/"[A, DD "h (4.8)
m=0
l_ A~ A~ A~
—c Y Dy {aw -3, D"+ Vul .o, DI~ ~"h }
m=0
-1 m . N N . . N
—c Y Y {Draw-Dy="9; D}~ ~"h+-D} Vul - D"V, DI~ ",
m=0n=0

1= -1
s, D= X DY'o3, DD} i=e X D {aaul-2,D} i}
m=0 m=0

[uny

I-1 m
Z Z D}osu! -D}*~"9; Dy h. (4.9)
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4.1 Estimates of lower order derivatives of /

In this subsection, we shall estimate the lower order derivatives || D/ ys+1-: ()
with 0 <I <s<2. From the compatibility conditions (3.13) [A);?'h|rt =0and

VD h=D}Vh+[V,D#]h
=D?Vh+2eVul -9;Dih—e*0h-Vajh—2e*Vu! -0;uX - 9xh,

we have by the Poincaré inequality that

1~ 1 .
D] 1y < ZCD)VDER]| 2

1, ~
<C(M)+eC (M, 1l HDthHHZ(Qt)) : (4.10)

To estimate Dy, we can use the elliptic system (4.6) with [ =1 and get that

1~ L5
EHDthHHZ(Qt) = C(L){EHD?hHLZ(Qt)—i_ HDttr(vu)zHLz(Qf)

+H[A,thumwmaa,DtJhHHW}

<C(M)+C(M, ||l 3(ry)) - (4.11)
Similarly, the elliptic system (4.6) with [ =0 implies that

1]l 12 ) SC(L){ Hf)'tzhHHl(Qt)+ Htr(vu)zHHl(Qt)}
1, ~
gC(M)—e—eC(M)-E HDchHHl(Qt). (4.12)
Then we can take € <0 small and sum over (4.10)-(4.12) to get that
1,4 1,
i+ o IDH ey + o IDE y SCOO. @19

This proves the lower order estimates of the enthalpy & in (4.2).

4.2 Estimates of higher order derivatives of /

To prove (4.2) for higher order derivatives, we use induction. Assume that, for
some 3 <s <k, there holds that

S
1, ~
P15+ L 2 IDiH i = COM)- (414)
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We shall prove the inequality (4.14) with s replaced by s+1, that is,
s+1 1 ~
||h||Hmin{s+1,K}(Qt) + Z E H DthH HsH1-1(Qy) < C(M) (4'15)
I=1

We remark that one can only get h€ H*+1/2(();) due to limited smoothness of the
free surface. That is why we modify the index from s+1 to min{s+1,x}.
When [ =s+1, we have by the definition of M that

1, ~
(1D | 2,y <M. (4.16)
When [ =s, we have
1,4 1.~
EHDihHHl(Qt)gC(L)'EHVDihHLZ(Qt)
1,4 1 ~
<O LBV + £V, Dill ) f <COM), - 617

by using the definition of M and the assumption (4.14).
To estimate || D!h| ps+1-1(0,) With 1</ <s—1, we need another induction over I.
Assume that we have proved that
s+1 1.~
m=I+1

Consider lih in the elliptic system (4.6),

1Din

@t || Ditr (Vu)?|

Hs—1-1

Hs+1-1(Q)) < C(L){ Hﬁ?—zh‘ He~17H(Qy)

8B+ [%ﬁﬂhHHs_z(Qt)} )

Since [ > 1, we have from the computation (4.7)-(4.9) and (4.14) that
LBl (vu)?)|
€ t Hs—l—l(Qt)
5]
<)
m

=0

<C(M), (4.20)

. 1~
D;ﬂa]MK' —Di_maKu]
€ H =1 ()
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1,0 =
|2 L[
-

< Z Z{HD”AL{] D3y D | gy
m=0n=0

)
+||Dpvul - D"V o; DL |

12 DA v

I-1
<Yy ZHD”Bguf DI "Dy || ey gy, S C(M). (4.22)
m=0n=0

Taking all the estimates (4.20)-(4.22) back to (4.19), one has from (4.18) that

Hs—1-1 Qt)} <C(M), (4.21)

Lin
E HDthHHs-H—I(Qt) < C(M)
By induction in /, we get
s+1 1

Y. <[ Dil

l:1

Hs+1-1 Q ) S C(M) (423)

Lastly, for ||l ys+1(q,) with s <x—1, we can derive from the elliptic system
(4.6) with [ =0 that

1]l o1 0y S CL)|[ AR oo
<CL{ D] s o + (V8P s ) <M. (428)

Together (4.23) and (4.24) yield (4.15). This finishes the induction procedure and
proves (4.2).

4.3 Energy estimates of the enthalpy &

In this subsection, we shall derive the energy estimates for (f)i“h, D!Vh) in (4.3).
From the wave equation (3.3), one has for 2 <[ <x that,
DI*2h—V-DiVh=Dltr(Vu)*~[V-,D}] Vh. (4.25)
Noticing that this conservation formulation is slightly different from the one used
in the elliptic estimates (4.6). As the result,
Dy h?+|Djvh
D;

5 —V-(DiVh-D;:D!h)
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= %ﬁgﬂh.ﬁ,{tr(vu)z _ %ﬁi—s—lh. V., Dl Vh— %f)th, v, D1,

Integrating over () and using the compatibility condition (3.13) and D!dsh|r =
—D!Dy®|r_ =0, we have the energy identity

|Dl+1h|2+|Dth|2

dt 2¢e2

_/ D, ]Dl+1h|2—|—|Dth|2d +/ |Dl+1h]2—|—]Dth]2
2¢2 2¢2

. — D" Ditr(Vu)*dx— lDth- [V-,D}] Vhdx

0 € 0, et t

ﬁH'lh 2 f)l hl?
—/ —DIVh-[V,D/ " hdx+ (V-u)| L |21_2| Vh dx
Qt Qt

— L+ L+ I3+, (4.26)

For I; in (4.26), since [ > 2, we can use (4.7) to get that

o~ 1 ~
1B 10 s Dl

L2(C))

1 1~
ED;”a]uK- EDi—maKuf <C(M).  (427)

L2(y)

Similar arguments can be applied to I and I3 in (4.26) to get that

) R N
Izz_/ Dl“h Z ZD?ajuK-D?“_”aKDi_l_malhdx (4.28)
O € m On=
1A -1 K Lamy Al—1—m
< - ' e o
—GHDt hHLZ(Qt) n; oju eDt Jdx D, drh )
1y ar Si-1-
+~|| DM D”au D" "9 DI "9h =C(M),
eH t HLZ mgi’;l ! L2(On)

and

Lptvn. L 2 ZD” Vul-Dj"~"9;D} "hdx

0 € m On=
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1. !
SEHDiZthHLz(Qt)' >

m=0

'Vuf%ﬁ;“a]ﬁﬁ‘mh

L2(Q)

<C(M). (4.29)

1/\1 ,l S 1’\71 ] Qm-ny Nl-m
+= DV 20, ;OEHGDNL{ D}*~"9;D;"h o

For I4 in (4.26), it is direct to obtain that
L < M|V -ul|=(q,) < C(M). (4.30)
With the estimates (4.27)-(4.30), we have from (4.26) that
L
€

This proves (4.3).

| (Di+'h, DiVh) |20,y < C(Mo) +TC(M).

5 Estimates of the free surface

In this section, we shall prove the following estimates of the free surface.

Proposition 5.1. Under the Taylor sign condition (1.7), there holds that

||th||HK7%( t 11| e (m2) < C(co, Mo) +TC(co, M). (5.1)

T2

Recall the evolution equation of the free surface in (3.12),
D?9;f —3hG; f = —V ngi+Q:. (5.2)
For 0<I<x—1, set \ .
F=Y"" jgif = <5> = Qgif.
Taking Y*—3/2 to both sides of (5.2), we have an equation for F,
D2F —3shGF = —[Y*~3,D2]9;f + [Y*2,05hG|0:f
— YRV g+ Y2, (5.3)

A direct computation shows that

1d

551 o {IDFP—05n|G2F[ faw
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1 5 —
:Q/Tth{|DtF|2—83h!giPyz}dx
1 9 1.02) 51—
+§/Tz(a]u]){|DtF’2_a3h}g2F} }dx
:/ {D%F-DtF—ag;h-Dtg%p.g%p}dy
T2
1 ) 9 5 —
+§/qrz{(af“j) |DtF!2— (ajuj83h+Dta3h) |Q%F|2}dx
= | {ptr-ashgr}Dirdz+ | % 05hD/]F-G}Fa
L F) ) 1.2) o
+§/1rz{(af”f)|D’*F|2_(aj”ja3h+Dta3h)\QZF‘ }dx,

where we have used the fact that G is self-adjoint. Therefore,

1d
qi{ D -asnlGHE [ hex
1 3 —
=3 |1 @) |DFPdx — (@ju;dsh+ Didsh) [ G2 F|” pax

+/T2 [gi,agth]F-g%de—/Tz [Y*~2,D?]0;f-D;Fdx
+ /T [Y3,051G]3,f - DyFdx - /Tr YV yg; DiFdz

+ / Y*=2Q, D;Fd%®
T2
=+ DL+ I3+ 14+ I5+ 1.

For I; in (5.4), since k >4, Proposition 4.1 yields that
12
W SC(M)|[(DtF,G2F)|[ 2 q2) SC(M).
For I in (5.4), we split it into two terms,

L= [ G}ash| DiF-gAFdx+ [ an[G},Di]F-GHFdx
<C(M) | [G2,33h] DAF|| 2 g2y + CM)[[G2, DT El 2
< COM) DBl e + COMIF, . 1 <),

where we have used the commutator estimates (A.26) and (A.27).

429

(5.4)

(5.5)

(5.6)
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Similarly, for I and Iy in (5.4), we have
LSC(M)|| [YK_%rDtZ]gifHLZ(TZ)
SC{[| Y2, D] DAf | 2z + [ D[ 2 DL 2 }
sc{|IDaif| +[[3:f]| }scm), (5.7)
L= [ [Y*3,0:0]GOif -Difdz+ | aah-[Y*3,G]3,f - Difdx
SC(M){ | Y*2,05] GO f | 2 ey + | [YK_%fg]gifHLz(qrz)}
({162, poy B } S CO0D) (5.8)
For Is in (5.4), g; satisfies the elliptic equation (3.11) where one has
AGi = ;814 H (D)3 0h+ 2V H (3, ) - Vash.

H"" (T2) H"“ (T2)

Since Ah=D?h—tr(Vu)? and

18R]l g1 ) < || DR

ant [ tr (Vu)?]

<C(M),

Hx— 1 Hchl(Qt)

we have from (4.2) and (A.4) that
1Agill =20,y SN0l -2 FIHON o5 1938 20
HIVH@AI ||Va3h||H’< 2(qy) SC(M).

As the result, one has
Is < HVN%HHK_g(TZ) IDeF|[ 12 (12)
S Clco, M) [|AG; || g2 () S C(co, M). (5.9)
Using the definition of Q; in (3.8), I in (5.4) can be estimated in the following:

S1Qill ID¢F||2(q2) S C(M). (5.10)

H"“ (T2)

Combining all the estimates (5.5)—(5.10), we have

d)oa i

where we need the constant ¢y in the Taylor sign condition in (1.7).
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As for || f[|;2(12), we use (1.4) to get that

d
3122 < Uf 2o Nl (o, <C(M). (5.12)

Together, (5.11) and (5.12) prove (5.1).

6 Estimates of the shear parts

In this section we shall estimate the vorticity w =V xu first, then recover the
bound of |[ul|gx(q,) by an elliptic estimate. The main result of this section is the
following proposition.

Proposition 6.1. There holds that

[/l = (2 < C(co, Mo) + (T +€)C(co, M). (6.1)

6.1 Estimates of the vorticity w

Take A*~1=(V)*~1 to both sides of the vorticity equation (3.4) to get that

Di(A*rw) =AY w - Vu—wV-u)+[Dy, A Hw. (6.2)
Then
1d k=1, .12
EE/th w|2dx 6.3)
= {DtA"_lw-A"_lw—t—%(V-u)|A"_1w|2}dx
O
= [ A Hw - Vu—wV-u) A" wdx
O
x—1 x—1 1 k=1 2
+ | [De, AN w- A wdx+2 [ (Veu) | A w|*dx
of 2)oy

SC(M){ HA"‘l(w-Vu—wV-u)HLZ(Qt)—i—H [Df'AK_l]wHB(Qt)"'HV'”HLOO(QO}'

Since x >4, one has
d
Slwlcs oy SC(M),

and
||w||HK—1(Qt) <C(My)+TC(M). (6.4)
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6.2 Estimates of u
For the norm ||u|| 12(0;), We use the first order hyperbolic system (3.2). Since

[+ |eh]?

Dy >

+V - (uh)=0,

one has
d 2 2
d [ JuPleh?
dt Jo, 2

2 h2 2 h2
[ p PR g PR
o} 2 o) 2

>+ |eh?
— Vo) TEE
/Qt< w

Therefore, there holds that

dx < C(M)|(,eh) [

[l 12(0y) < C(Mo) +TC(M). (6.5)
For higher order derivatives of u, since
D:9;f =0;Dif + [Dy,0;] f =0ju-N, (6.6)

the elliptic estimates in (B.3) and (6.6) imply that
) SCEI{ IV llgsiay+1 ¥ Xl + DA g+l }

<CL){ €l Dih]|yoos )+ 0551 + | DS

Hsg(rt)}
< {C(co M) +(T+€)C(co, M) } - { €M +C(Mo) + (T-+e)C(M) |
< C(Co,Mo) + (T+€)C(C0,M),

where in the second last step we have used (5.1). This proves (6.1).

7 Construction of the solution

In this section, we shall give a construction of the solution to our problem. This
relies on solving a regularized v-system with a parameter v>>0. The first step is to
use an iteration scheme to construct the solution to the v-system, of which the life-
span TV may depend on the parameter v. In the next step, we shall write down
the v-system explicitly and derive the uniform-in-v estimates of the solution to
the v-system. That is, the life-span is actually independent of the parameter v. In
last step, we shall take the limit v—0 and get the solution to our original problem.
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7.1 The initial data

Assume that we have the initial data for the original compressible system satis-

tying
fin€H(T?),  (uin hin) € H*(Qy ),

and there exists a constant ¢g > 0 such that

1. finZ —1+co;

Ny, , 1 ,
2. —ﬁ~VPin > co with pin = = (eezhm -1).

Let v>0 be a small constant. We first regularize the free surface by setting

fin= fin*1v,

ﬁv(f)zén (%)

and 7 is a mollifier. Define the harmonic mapping ®;_ : () fr= Qy by (21) and
set

where

ul. = Uin od!

vo__1,. v
in ins hin - hln © q)in'

Then
VIfinll vy S W finl e

and
1. flr>—1+3c;
N

2. —
|Ng |

when v is small enough.
The regularized initial data are

fi=finr (0ef)7=uin Npy, (7.1)
W/ =Vxul, o=V, o= /T (@ -ndn, =120 (72)
We define hY € H**1(Q) v ) by solving the following elliptic problem:

AhY = (Ah}) *1y,
i, =0, B 0,

m

(7.3)
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where
1 X
@)=251(7)
and 7 is the mollifier. In addition, we choose a large constant My >0 such that

I f1 ||H’< T2) +v|l ]

+|( wl,e_za}’)‘

i ey THOH T2y HVN @I ey
HKfl(ny)—i_"h]I/"HK(Qf&) <M. (7.4)

n

7.2 Iteration scheme

We choose f, = f} and (), =) fv as the reference region. To construct the iteration
map, we introduce the followmg functional space.

Definition 7.1. Given constants My, M} >0, we define the space X = X (T, M}, M})
as the collection of (f,ws, 0%, at,a®) such that

(f(0),0:£(0),w(0),0%(0),&' (0),4%(0))
_(flf( ff)l/wlfalr“}/“%)/

F =l ey, <0,

and

—_

sup (IOl g

0<t<T, (

| (ws %) (1)]

o IOy

2(T2)

i Tl (O F[2(0)]) < M,

Oiup (Hasz 3 )+H(atw*,e—zata*)\\HK_z(Q*)+\at,le\amZ‘)SMg.

Given (f,w., 0, al,a%) € X(TV, MY, M5), our goal is to construct an iteration
map

(F,W,,Q., A', A?) =F (f,ws, 04,0, a®) € X(TY, MY, M5)
with suitably chosen constants TV, M}, M}. Firstly, we pull back (ws,0:) to the
domain Q) f and set

w:w*oq)]?l, a:a*oCI)le. (7.5)
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Then we can recover the velocity u in )¢ by the following div-curl system:

quzP?in Vu=oc+p in Qf,
u-Ng=0f on I, (7.6)

u-n_] =0, wWdx=do/, j=1,2 onl_,
I T2

where P}iiv is the operator which projects a vector field in Q)¢ to its divergence-free

part. More precisely, Pj‘,ﬁ"w =w— Vi with

A¢:V-w in Qf/
1P|rf=0 83¢|p_:0.

The function B in (7.6) is given by

ﬁ:ﬁ(t):|0—1f|{/Tzatde—/Qfadx}.

It is direct to check that B(0) =0 by the initial data and the fact that u}-n_ =
(tin-n_) o®¥ =0. The existence of u follows from Proposition B.1. Denote by

Dt:8t+u-v. (77)

For the iterations of the vorticity W and divergence Q, we solve the following
evolution equations in ()y:

DW=W-Vu—-W(V-u), 78)
W|f:0:w1[// '
and
€2D?H—AH =tr(Vu)?,
Hlr,=0, 9d3H[r_=0, (7.9)
1
Hl|j—o=hY, DiH|i—o= —ga}/.

The iteration of the divergence Q can be defined as

Q=—€’D;H. (7.10)
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To construct the iteration of the free surface F, we consider the following equa-
tion:

atF—vAFJrZu]ata]-FJru]u B]BkF:—Nth, (711)
Fle=o=f], 9tFlt=0=(9:f)],
where 5t,5j are tangential derivatives along I'; defined in (2.4).
As for the iteration of functions A/ = AJ(t) with j=1,2, we use
Al = —/ u-Vuldx,
_ (7.12)
Al(0)=a].

With the iterations given by (7.8)-(7.12) in ()¢, we can define the iteration map
F(f,wi,00,0",0%) = (F,Wodf,Qody, Al A?) =: (F,W,,Q,, A, A?).  (7.13)

Proposition 7.1. There exist My, M3, TV depending on co, My such that the iteration F
is a map from X (T", My, M3) to itself.

Proof. We check the conditions in Definitions 7.1. The initial conditions are sat-
isfied automatically. Next, for the velocity u defined in (7.6), Proposition B.1 im-
plies that

[l e () < C(MY).

Then, for F in (7.11), Proposition 5.1 implies that

TVC(MY,MY)
Il oy + IR gy < COMoJET M),
Recall that
q)f:yGQ* — XEQf.

Denote by
U* = (qu)f)_l(u* —atCIDf), K= (qu)f)_l

When pulling (W, H, Q) in (7.8)-(7.10) back to (), by @, we have

azq>m
/ (7.15)

_ 2 k!
_tr(Vyu*K) +K1K1Kmay1H*W,
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Propositions 4.1 and 6.1 ensure that
H (W*/€_2Q*) HHK—l(Q*) S C(MO)eTUC(MI{,M]Z/)‘
Furthermore, we have from Egs. (7.8)-(7.11) that

| (3: Wy, e720;Q.) |

w20, |9 F] -} ) <C(My).

Obviously, there also hold that

|AJ| < Mo+TVC(MY), |a:A/|<C(MY),

t
IE=fs HHK‘%(TZ) _/o HatFHH"‘%(W)

As the result, we can take M} >2C(M)p), and then take Mj =C(M]). By choosing
TV sufficiently small, we can conclude that the iteration 7 maps X' (T", MY, M3)
to itself. O

7.3 Contraction of iteration map F

We give a sketchy proof that the iteration map F defined in (7.13) is a contrac-
tion when TV is sufficiently small. Interested reader can consult [28] for a more
detailed discussion.
Let (f“,wi,aﬁ,oc“'l,oc“"z) and (fb,wz,af,ocb'l,ocb'z) be two elements in the space
X(TV,My,M}), and
(F,WE,Q5, A%, A%?) = F(f€,ws, 0,07 ,a%), c=a,b.
We denote by ¢/ =g¢" —g'. For example, f¢= f*— ¥, Wi =W —W?!.

Proposition 7.2. There exists T >0 depending on co, Mo such that

&= sup {[[F)] oy o HIRF g+ (V€200

H-2(0)
0<t<T,
+|Ad’1|—|—|Ad’2|}
! d d d 2 d
SEOE?ETV{IV st orey I g oy + 1 @820 s

1
—|—]ocd'1]—|—]ocd'2|}é§e.
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Proof. By the elliptic estimates, we have

@0 = psll ey SCOMD I = Fll oy o) <Ce

The velocity u® and u” given by (7.6) are defined in different domains. To compare
them, we introduce
ul = ucoCIch, c=a,b.

For a vector fields v, in ()., we define
curl v, = {curl (v o@ﬁl) } 0@, divev,= {div (v o@ﬁl) } oPye.

Then, the div-curl system for u¢ =u% —u! in Q, is

(curl,u? = w?+ (curl, —curl, ) u? in Q,,
div,u? =+ B+ (div, —div,)ul  in Q,,
u?-Npo =04 f14+ul - (Nga— Npb) on T,
ut.e3=0, /r u*’]dx—ocd] j=1,2, on I_.

\

An application of Proposition B.1 yields that
uc]

To estimate F9, since u¢ Ir o= us

Hre— 1Q)§C€.

r, (c=a,b), we have from (7.11) that
3 E? — VAP 2013, ¥ 4 u® 9 9, F
= —2u"1949;F” — (u™ u®* +uI %) 9,0, F?
—Nfo- V= (Npa=Npy ) - VI
We infer from Proposition 5.1 that

Il

CTv
- <C(e*" —1)e.

For (W4, H?,Q%), (7.14)-(7.15) yield that

et 0F

(9:+ U2V, ) W4
=—(uUf-Ub) - v,Wl+ (V,ul K" —tr (V,ulK*) [) W*
+{ (VK e (VK1) — (VK — e (V,ulKO) ) LW,
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€ (3e-+U!-Vy) HI —K'K!*D ;0,4 HY

= _62{ (9 +UL-Vy) (UL-Vy) + (UL-Vy) (9 +UL- V) }HE

+ (Kf]ka - Kf'ijfk)ayjakaf + {tr (VyuiK”)z —tr (VyuZKb)z}

2 xa4,Mm

+ K?'jK?’kK%layz H* fo Kf’jK?,ngélayl HY

" oyioyk

Pl
" oyfoyk

Therefore, similar to Propositions 4.1 and 6.1, we have

(Wi em2Q0)

As for A%, it is direct to verify that

Hchz(Q*)

< C(eCTV —1)e.

a,gAd’f:—/ (u u +ul*putl) dx,
r

and

’Ad,l +’Ad,2

As the result, we have

<CTVe.

e<C(eT —1+T")e.

By choosing TV sufficiently small, the proposition is proved.

7.4 The v-system

439

It follows from Propositions 7.1 and 7.2 that the mapping F has a unique fixed
point (f,a)*,a*,txl,ocz) in X(T", MY, M}) satisfying

3 f—VAF+2u/3.0, f + w39 f = —Nj- Vh,

and
Diw=w-Vu—wV-u

€2D?h—Ah=tr(Vu)?
o= —€2Dth

where u solves the div-curl system

Vxu=w, V-u=c+p
uNf:atf

u-n_=0, / w(x,—1)dx=

I_

in Qf/
in Qf/
ian,

in Qf/
on Ff/

o onT_

(7.16)

(7.17)

(7.18)
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ik

o = —/ u-Vuldx.

with

(7.19)

We shall prove that =0 and the systems (7.16)-(7.19) can be written as a sim-
pler “v-system”. From the equations (7.17)-(7.18), we have

V x (Dyuu+Vh)=Diw—w-Vu+wV-u=0,
V- (Diu+Vh)=DiB— (e Dfh—Ah—tr (Vu)?) =044,
n_-(Diu+Vh)=D¢(n_-u)+n_-Vh=0.
Furthermore, Eq. (7.16) yields that
Ny (Diu+Vh)
=Ny (Ou+u/dju+Vh)
=0¢(u-Ny)+1/0;(u-Nf)—u-0:Ny—u- (wd;Nf)+ N Vh
— 3 f+2u/0.0: f +u/uk;9, f+ Ny Vh=vAf.
That is, the velocity equation of the v-system has the following form:
Diu+Vh=vVyg, (7.20)
where g € H*"1/2(Q)f) solves
Ap=0:p,
{Nf-qu|rf=Af, n_-Velr_ =0.
Since = B(t) with (0) =0 and

mf|at5:/ﬂngo:/Tsz-v¢:0,

we have B=0. As the result, the systems (7.16)-(7.19) can be written as the fol-
lowing “v-system”:

athM-Nf on Tt,
e2Dih+V-u=0  in Qy, 721)
Diu+Vh=vVe in Qy, '
h|rf=0, u3|r_=0
with
{Aqo=0 in Q, 722
Nf-Vgo|rf=Af, n_-qu|r_=0.
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7.5 Uniform-in-v estimates

For the evolution of the surface of the v-system (7.21)-(7.22), we can derive in the
spirit of (3.5)-(3.7) and get that

D%gif = 83 (h —qu)ggif— VNgi (h - U(p) —25,-ujD,g5jf
= 1/{ VNaigo —|—alvaa3q0} +aghg§1’f— ngih — 251u]Dt§]f
— V3,V N+ 13,:9,9+3hGa; f — Vndih — 20,4/ D3, f,

that is,
D3, f —va;Af —33hG; f = vdyfdjp— Vndih— 29,4/ Dyd f. (7.23)

The viscosity term v9;Af can be used to control the term 1/5?]- fdj¢ on the right-
hand side. Therefore, the estimates in Section 5 can be applied to get a uniform-
in-v estimate for f in the v-system.

Inside the domain ()¢, since ¢ is harmonic, the equations of the vorticity w =
V xu and the enthalpy h are

7.24
€2D?h—Ah=tr (Vu)>. 7.24)

{th:w-Vu—wV-u,
These equations do not depend on v. We can use the same estimates in Sections 4
and 6 and get the uniform-in-v estimate for (w,h) in the v-system. As for the
velocity u itself, we have an extra term vV in (7.21). The elliptic estimates in
Lemma B.1 shows that we only need to bound ||u|| 12(q;)- This lower order energy

can be derived directly from (7.21) by the energy method. As the result, we can
prove the uniform-in-v estimates and get a solution to the original problem (1.1)-
(1.6) by taking the limit v — 0.

8 The incompressible limit

When studying the incompressible limit, we fix a reference domain (). so that
we can compare the solutions in different domains. For the solution (f€,u¢,h¢)
to the compressible system (1.1)-(1.5), one can use the harmonic coordinates ®e:
y €Oy x € Qg and derive the system of (f€,us, h$) = (f€,uo®@e, ho D) in Q)
as
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(@S V) = (),
(0t +us -V )uS +V s
= Vyui (qu)fe)_l(at—i—ui Vy)(q)fe —y)
+Vyhi (qu)fe)_lvy(q)fe —y), (8.1)
(Ot +us-Vy)hs+ V- us
=V (V@) "L (@i4uE -V, ) (e —)
e { Vs (V, ) 1V, (@ —y) |

From the uniform bounds of (f¢,u¢h€) in the construction, there is a subse-
quence, where we still use the index ¢, such that

(f6uo®pe, ho®pe) % (F,@,7) in L“(O,T;HK(TZ)X(H"(Q*))4).

Then the uniform bounds of (9 f€,0:u¢,0:h¢) imply that, after extracting a subse-
quence,

(f,u¢o®pe,h0®pe) —s (F,@,7) in C([O,T];HS(TZ) x (HS(Q*))4)
for s <x. Furthermore, there is another subsequence such that
~ 4
(f€,uo®pe h0@pe) — (F,@,77) in C3((0,T]xT2) x (C3(0,T] x)) -

Then we can pass the limit in the system (8.1) to get that (j?, u,p)= (f,zﬁ oCIDng,Eo
CIDle) is a solution to the incompressible system (1.10). The uniqueness of the

solution to the incompressible system implies that this is the only solution.

Appendix A. Paradifferential operators and
commutator estimates

A.1 Paradifferential operators

In this appendix, we shall recall some basic facts on paradifferential operators
from [26]. We first introduce the symbols with limited spatial smoothness. Let
Wk (R?) be the usual Sobolev spaces for k€ N.
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Definition A.1. Given p € [0,1] and m € R, we denote by I'}} (R?) the space of locally

bounded functions a(x,&) on R x R\ {0}, which are C* with respect to ¢ for & # 0
such that for all « €IN% and & #0, the function x—>8‘ga(x,§) belongs to WH* and there
exists a constant C, such that

_ 1
[98a(, &)l yyue < Ca(1+12D™ 1, VIE]2 5.
The seminorm of the symbol is defined as

Mj/(a):=  sup SUPH(H‘|§|)_m+|a‘a%a('1‘:)Hw;tfoo'
0] <3 +1+p2]>3

If a is a function independent of ¢, then
M (a) = ||| yns.

Definition A.2. Given a symbol a, the paradifferential operator T, is defined by

Tau(@)=@m " [ xE-nmaE—nnemitmdr, (A

where @ is the Fourier transform of a with respect to the first variable. x(&,1)€C*® (R x
]Rd) is an admissible cutoff function, that is, there exist 0 < ey <y such that

x(Gm)=1 for [¢]<eln|,
x(Gm)=0 for |[¢]>ealnl,

and

Ax(Em)| <Cop+ln) TV for (&) eRT xR
The cutoff function (1) € C®(R?) satisfies

Yn)=0 for [n]<1,
Y)=1 for [n]|=2.

The admissible cutoff function x(¢,#) can be chosen as

x@,n):égk_g(@)sow),

where (&) =1 for |¢|<1.1, (&) =0 for || >1.9, and
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k(&) =0(27%¢) for kezZ,
Po=C, @x=Ck—Cx—1 for k=1

We also introduce the Littlewood-Paley operators A, Sy defined as

Axu =F! (pif) for k>0,

Ayu=0 for k<O,
Sku=ZAlu for keZ.
1<k

When the symbol a depends only on the first variable x in T,u, we take =1 in
(A.1). Then T,u is just usual Bony’s paraproduct defined as

Tau=_ Sk_salu. (A.2)
k=0

We have the following Bony’s paraproduct decomposition:
au=Tou+T,a+R(a,u), (A.3)
where the remainder term R(a,u) is

R(au)= Y Awdu.
kT<2

Lemma A.1. There holds that

1. IfseRand o< %, then
I Tate | s Smin{ lallz= Nl Nlall e [l g oo llall g ||u||HS+}'

2. Ifs>0and s1,sp € R with s1+s; :s—i—%, then
[R(a,u)||m= S lall g [ g2
3. Ifs>0,s1>5,5p >s and sl—i—szzs—i—%, then
lau|| s S all g [l o2 (A4)

There is also the symbolic calculus of paradifferential operator in Sobolev
spaces.
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Lemma A.2. Let m,m’' €R.
1. IfacTl(R?), then for any s € R,
1Tl ps s pas-m S Mg (4)-
2. Ifacly (RY) and be 1“31/ (RY) for p>0, then for any s€ R,
LTy Tl e ot S M) MY (6)-+ M ()M (),
where

ab= ") dza(x,§)Dib(x,§), Dy=—idy.

|| <p
3. IfaeT}(R?) for p € (0,1], then for any s €R,

I(Te)" =T

SMp'(a),

HS—s Hs—m+p ~

where (T,)* is the adjoint operator of T, and a* is the complex conjugate of the
symbol a.

A direct corollary of the lemma above is the following commutator estimates.

Lemma A.3. Ifs>1+ %, then for o <s,

[, A7]ul| 2 S llal s ]| o (A.5)

A.2 Elliptic estimates in a strip

For a strip domain Q= {(%,x%): X €T?, -1 <x> < f(x)} with 1+ f(X) > ¢y >0, we
consider the elliptic boundary value problem

ACI)—O in O,
( ): on l"f, (A6)
d(x, —1):O on I'_.

Here we have the Dirichlet boundary condition on the bottom. Elliptic theory
shows that for ¢(x)c H'/?(T r), there exists a unique weak solution ®(x)e H' ((y)
satisfying

H

11111 ) < Ceo [l fllwre) ] "y
()

More generally, there holds that
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Proposition A.1. Let ® € H'(Q) £) be a weak solution to (A.6). Then for any s € [0,x],
there holds that
Il

To study the modified Dirichlet-Neumann (DN) operator, we follow the me-
thod introduced in [2]. The idea is to flatten the strip () and decouple the elliptic
estimates into a forward and a backward parabolic evolution equation. The strip
()¢ can be flattened by a regularized mapping

Hs+%(Qf)§C(C01||f||H’<)H4’||Hs(rf)- (A.7)

(%,2) €S:=T*x(-1,0) — (X,05(%,2)) €Qy
with 6 >0 and
0s(%,2) =2+ (1+2)e?IPxl £ (7). (A.8)
It is easy to check that there exists 6 >0 depending on cg and || f|| 1. such that

9.05(%,2) > %0 for (%,z)€S.
Denote by
Y(x,z) =P (%,05(%,2)).

Then ¥ (%, z) is the solution to the elliptic equation

(A.9)

2Y +aAzY +B-Vzd, ¥ — 70, ¥,
Y(x,0)=¢, ¥(x,—1)=0

with variable coefficients

N ) P SR = A
1+|Vzps[?’ 1+ Vxps|*’

_ 1 _ _
v= 300 <8zP5+anp5+/3 anzp5>.

We introduce the following functional spaces:
X° =L ((—1,0);H3(T?)) NL2((—1,0); H 2 (T2)),
Y =LL((=1,0); H3(T%)) +L2((—1,0); H* 2 (T?)).

Proposition A.2. Let ¥ (%,z) € H'(S) be a weak solution of (A.9). Assume that f € H*
for k>2. Then for any s € [3,x], there holds that

IV, 2%l xs-1 < C(co, | fllee) 1l (A.10)



W. Wang, Z. Zhang and W. Zhao / Commun. Math. Anal. Appl., 1 (2022), pp. 410-456 447

To prove the proposition, we first paralinearize the elliptic equation (A.9) as
Y+ Tuls¥ + T V50-¥ =F +F (A.11)
with
Fi=90.Y, h=(Ta—a)AsY+(Tg—pB) Vxo Y.

Then Eq. (A.11) can be decoupled into a forward and a backward parabolic evo-
lution equation
(aZ—Ta)(aZ—TA)T:F'l +Fkh+F:=F (A.12)

with the symbols and F; as

1= (g JanleP - (p27),

5 (e \fanler—(p-02),
= (Tu Ty— T,;(Ay)‘{f— (Tu +Tx —|—T/3 . VY)BZT— TBZAT'

A
F

Denote by I (T2 x (—1,0)) the space of symbols a(%,&;z) satisfying

lac| —m ya
¢

M!'(a)= sup sup sup [|(€)I"a%a(-, 7)) y,m <oo.

z€(=1,0) |a|<r+2|¢|>1
It is direct to verify that if f € H*(T?) for x> 3, then a, A € M} for some § >0 and
Mj(a)+M;(A) < C(co, || flre)-
Here is a lemma about the parabolic evolution.

Lemma A4. Let a €T}((—1,0) x T?) for some 6 > 0 be elliptic in the sense that, there
exists c1 > 0 such that

Ra(x,&z)>c1|d], V(x,&z)eT?xR>x (—1,0).
Consider the parabolic equation
dw+T,w=g, wW|;—,=uwo.
If wo € H® and g€ Y? for s €T, then there exists a unique solution w € X° such that

leollx= < (e1,M5) (lwoll =+ llg =)
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Fix 6 >0 with 6 <max(3,x—2). The symbol estimates in Lemma A.2 yield the
following [2]:

Lemma A.5. Forall s¢c [—%,K— 1—9], there holds that

[Fullys+s <Ceo [l flle) 0¥ [ xe,

1E2lys+s < Cleo, | flme) | Va2 ¥ llxe,

1Bl p2((—1,0)1-1-0) < C(eo, || F [ ) 1902 1 12— 1,001

Now we can prove Proposition A.2.

Proof of Proposition A.2. We shall prove by induction. The case s = % is easy to
verify. Assume that the statement is true for some s € (%,K— 1—4]. We just need
to prove that

IV [l xs-140 < Cleo | fll ) 9]l prsso- (A.13)

Set W=(0,—T,)¥, which is the solution to the forward parabolic evolution equa-
tion

0.W—-T,W=F, W(-1)=(3.—T)¥| _ .. (A.14)
Using a localization argument as in [1, Lemma 2.8], we can prove that
¥ =Dl <Cleo)ll¢ll 1 (A.15)

By the induction assumption and (A.15), it follows from Lemmas A.4 and A.5
that

Wl 105 < Clew | fll ) (IW (D)o + 1 Ellysss)
<C(co, | flmx) (== Ta)¥|,__ Il gsss+ | V=¥ x:)

< C(co, | fllee) 1] - (A.16)
For the backward parabolic evolution equation
Y —TAY=W, Y¥|:—0=9¢, (A.17)

It follows from Lemma A.4 and (A.16) that
[l xs+0 < C(co, [l fll ) (\|4>||Hs+5+HW||L2((

<C(co, [If 1<) @]l oo
Using 0,¥ =T4¥Y+W, we get

190 [ xs-1+5 <C(eo, || f Il ) @] -
The proposition is proved. O

1, ¢
—110);H577+O))



W. Wang, Z. Zhang and W. Zhao / Commun. Math. Anal. Appl., 1 (2022), pp. 410-456 449

A.3 The DN operator

Recall that the DN operator is defined as
qu:N-V’Hcp‘rt.

Noticing that a Dirichlet boundary condition is posed instead of the Neumann
boundary condition on the bottom in the definition of the harmonic extension
H in (2.2). From the discussion of the elliptic problem in a strip in the previous
subsection, we shall prove that this modification does not change the leading
order terms of the DN operator, and hence keeps all regularity properties of the
standard DN operator.

In terms of ¥, the DN operator can be written as

_nel2
Go— (Maﬂ_vm.vx\y)

azp5 Z:O.
Denote the above coefficients by
o T Vaeps) 14| VefP
Cl (x) - - ’
azP(S z=0 azP(S |z:0

02(x) =Vxps ’z:O =Vxf.
It is direct to check that for x> 2,
120 =1l gyt + 2l g1 < C o | Flle)- (A18)

Using Bony’s decomposition, the DN operator can be decomposed as

Gp={0:¥+T, 19 ¥+ Tow(G1—1)+R(G1 —1,0:¥)

—Tigye ¥ —Tvpw- 02— R(G2, VYT)} ’z_o'

Noticing (A.16), we can replace the normal derivative d,¥ by the tangential deri-
vative Ty ¥ by (A.17) and have the following decomposition of the DN operator:

Go=Trp+ Ry, (A.19)

where the symbol A(x,¢) of the leading order term is given by

Mx,8) =\ 1+ VFR)E2— (V£-5)2
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Obviously, A €T}(R?) with the bound

Mz(A) <C(Ifll), Vo€ (0,k-2). (A.20)
The remain term R £ is given by
Rf=Ryf+Ry+Rss (A.21)

with
Rif¢=(Te,Ta—To ) Y|,y Rosp=—T;,(0:—Ta)¥|._,
R3 = {SZ(aZT) +Ty,9(01—1)+R(C1—1,0:%) — va\P'Cz—R(Vy‘Flgz)} ‘Z

-0
Let us recall the following results from [28].
Lemma A.6. If x >3, then there holds that
IRf& s <C(l|fllm)lIgN s, Vs €[1/2,6—1]. (A.22)
Lemma A.7. If k >3, then there holds that
1681 1s—1 <C[ fll )l gl s, Vs €[1/2,x]. (A.23)
In a similar fashion, we can decompose G 1/2 g
g%::rﬂﬂif, (A.24)
where the remainder term R f satisfies that, if k >3,
IR ot e SCleo fllme), Yoe[1/2,x-1]. (A.25)
We have the following commutator estimate.
Lemma A.8. If s> 3, then there holds that
1
(G2, a] HHMHP% < C(”fHHS%) la|| gorr, Voe[-1/2,5—1/2]. (A.26)

In this paper, we need to estimate the commutator [G 172 Dy]. To this end, we
need an auxiliary result.

Lemma A.9 (cf. [2, Lemma 2.15]). Consider a symbol p=p(t,x,&) which is homoge-
neous of order m. There holds that

[Ty, 06+ T V1] 12 S { ME (p) 1l e+ MG (Dep) } 1 -
Then the decomposition (A.24) yields the following result.
Lemma A.10. There holds that

1162, 008)l 2 S (I gl s+ DL 30 ) gy (A27)
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Appendix B. The div-curl system

In this appendix, we give the estimates for the div-curl system
Vxu=w, V-u=o, in Qy,
u-Ng=90, on Iy, (B.1)
u-n_=0, / Wdx=a/, j=12 on I'_.

T2
Firstly, let us recall the existence result in [28] (see also [5,27]).
Proposition B.1. Assume that s €[2,x—1] is an integer. Given (w,0) € H*~(Qf) and

0 € H5~1/2(T?) with the compatibility conditions

/de:/ 0dx, V-a):O,ian, w3dx=0,
oF T2 T

there exists a unique u € H? (Q¢) to the div-curl system (B.1) such that

Il <CL{I@,) 1)+ 101y o e} B2

_1
H2(
with L= ||f||HK—1/2'

The regularity of the solution of the div-curl system can be increased if we use
the tangential derivatives for the boundary condition on the surface I'y.

Lemma B.1. For a vector uc€ H*(QY), there holds that

loell e SC(L){ IV < ull e () + IV -l 1)

+i§2\|aiu.N||H el (B3)

K— % (rt
where L=|| f || gr-1/2-
Proof. Denote the right-hand side of (B.3) by RHS.

Step 1. Since
Au=V(V-u)—Vx(Vxu),

standard elliptic theory shows that it suffices to prove that

IN-Vul| <RHS. (B.4)
H

~3(r)
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Step 2. Set
w=Vu' N=(0,u-N,0u-N,du-N)".

To prove (B.4), noticing that
N-Vu—w=(Vu—Vu')N=(Vxu)xN,

and

IN-Vu—wl 5 <CLVxullpges,

(Te)
we just need to prove that
Jw|| .3  <RHS. (B.5)
H" 2(I)

Step 3. Set
1= (1,0,81f)T, T = (O,l,azf)T.

Then span{t;, 7, N} =RR% and 7;-V = 9; on I';. Consider the projections of w =
Vu' N over directions 7;, i=1,2,

w-T = (aiu—i—aifagu) ‘N :giu'N.
Therefore, to prove (B.5), one just needs to prove that

. = . < . .
fw-Nl, g =INON:Vul 3 - <RHS (B.6)

Using the property of the DN operator G = N-V%H, it suffices to prove that

IGG-N)l 5,

Tt

rt)=||Q(N®N:Vu)||HK,%( <RHS. (B.7)

Step 4. Denote the harmonic extension of N from I’y to ); by Ny. A direct com-
putation shows that

(N®N:V*)u-N=N-V(Ny®@Nyz:Vu)—N-V(Ny@Ny): Vu.
As the result,
G(w-N)=G(N®N:Vu)
= (N®N:V?)u-N+N-V(Ny@Ny):Vu

=1 =11

+N-V{H(N®N:Vu)—NH®NH:Vu}. (B.8)

=III
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For the term Il in (B.8),

|[11]] <CL) lull g1y (B.9)

H’“%(rt)
For the term III in (B.8), set

T=H(N®N:Vu)—Ny@Ny:Vu.
One has T|r,=T|r_=0and

AT e300y < COIT Xl pes(y + 19l -1 o

which implies that

11| <C{ IV % ul g1y + IV ull sy |- (B.10)

3 ()
Step 5. To cope with the term I in (B.8), we use the following relation:

N@N=(1+|Vf)I-1+]02f )t on—(1+[01f ) 2o

+01 /o f(IOTH+TRT).
Since
(®7: V*)u-N=0;0ju-N—0,0;fdsu-N
251' 5]'1/1-N)—5j'5iN—aia]‘fa3u'N,
we have
.72
H(Ti@)T]’.v )uN] HKf%(Tt)
< Ol -
<CW] L I Nlyy o #lalieon |
and
2\1.%72
[+ FDET2)ueN] g
— 2 )
=[|(1+IVfI*)Au NHHK_%(D)
<CL){ IV xull et 0+ IV sl 11 -
Therefore
<
I e ) <RES. (B.11)

Combining the estimates (B.4)-(B.7) and (B.9)-(B.11) finishes the proof. O
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