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1 Introduction

The effects of singularities, fractal support and long-range interactions of the sys-
tem are involved in numerous applications such as chaotic dynamics [18], ma-
terial science [11], physical kinetics [19], and among other (see, e.g., [8, 9, 15]).
Fractional dynamics equations are just the right tool to describe these phenom-
ena because they are nonlocal, which means they depend on the value of the
whole space from the mathematical point of view, see Metzler and Klafter [6].

The fractional generalization of the Ginzburg-Landau equation was first pro-
posed by Tarasov and Zaslavsky [13]. Its rescaled form is

ou

g=Au—(a+vi)A2"‘u—(b+yi)u|u|2a, (1.1)
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u(x,0)=up(x), (1.2)

where A = (—A)%, and 0 >0,A>0,a>0,b>0,a € (0,1],v,u are real constants.
Actually, this equation can be used to describe dynamic processes in medium
with fractional mass dimension or a continuum with fractional dispersion [12].
It is indicated by asymptotic analysis that an implication of the complex frac-
tional Ginzburg-Landau equation was the renormalization of the transition state
owing to the non-locality of competition [7]. In [10], the Psi-series solution of
the one-dimensional fractional Ginzburg-Landau equation was proposed and
the dominant order behavior and its structure of arbitrary singular solutions are
discussed. In [5], we obtained local well-posedness result for the whole space
case with initial data in LP(R"), 1 < p < oo, C(R") and global well-posedness
result for the periodic case. In [4], we proved that the initial-value problem of
(1.1)-(1.2) with 0 < o <1 is locally well-posed with initial data in W"”(IR") and
WP (T"), T"=R"/Z" if r and p satisfy

n
<a, r=——a<0

1<p<eo, < <
p

W[ R
<=

by contraction mapping principle.

As we learned from [7,12-14,17], very singular initial data such as certain
measures concentrated on smooth surfaces are of real physical interest for frac-
tional Ginzburg-Landau equation, which motivates us to reconsider the problem
of (1.1)-(1.2) containing initial data in the Morrey space. In this paper, we prove
that if 0 <a <1 and up € M, ) (R") with

1<p<oo, 0<A<oo, ﬂ<5,
p o

then the problem of (1.1)-(1.2) is locally well-posed for some T >0 and for suf-
ficiently small initial data the solution is global. Moreover, we prove that the
solution is actually smooth for 0 < ¢ < 1. The precise statement of the results is
presented in Theorem 3.1 of Section 3. For initial data ug(x) € M, ) (R"), we prove
that Eq. (1.1)-(1.2) admits a solution u € BC([0,T);L_/44), and for the global so-
lution u we have decay rate

[u]| = O(£),

[ erd)

The results reduce to those in L7 (IR") theory by taking A =0.

where
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The rest of this article is organized as follows. In Section 2, the definition and
some properties of Morrey space, as well as the solution operator of semi-linear
equations and their properties are given. In Section 3, we demonstrate that the
solution to the initial value problem (1.1)-(1.2) exists globally with small initial
data. And further regularity has been showed in Section 4.

2 The linear equation

In this section, we will introduce some of the basic properties of the Morrey space
and then study the corresponding linear equation on the Morrey spaces. First we
give the basic definition.

Definition 2.1. For 1<p<oo, 0<A <n, the Morrey space M,, » is defined as

MP//\:MP//\(IRH) = {fe L?OC(R}/Z) | ||f||Mp'/\ < oo}l

where the norm is given by

1

fl= swp B[ iPd)’

{xeR",R>0}

M, 5 is the following subspace of My, ):

Mpi={ fEMpAlIf(-=y) = F ()|, —>0as y—0}.

We note that M, ) is a Banach space and Mp, A is a closed subspace of My ;.
For p>1, My o=LP and My =M, where M is the space of finite measures. The
index in the symbol My 2 will be restricted to 1 <p < oo, 0 <A <n, when they
are not specified. Sometimes we consider p = co and then M, ) simply means
L*. Some general properties of Morrey spaces [1] will be used in our article.
More properties of Morrey spaces in another form were presented in [2]. For the
reader’s convenience, they are listed in the following lemma.

Lemma 2.1. For 1<p,q,r < oo, we have

(i) Inclusion relations

Mp,/\CMq,w Zf = ’ qu (2~1)
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(ii) The Holder inequality

1£8lIm,, <1 £l M8 IM, .0 (2.2)
where

1 1 1 A v

_ = — -, —:——i——'

p g9 r p 4q T

(iii) Continuous embedding in weighted Lebesgue space

MP,A%L_%’p for p>1, u>A, (2.3)
where Ls , is the weighted Lebesgue space composed of functions f such that

(1+]x2)iferr

with the norm

e, =|| (1) ]
Now let us consider the linear equation
ot — Au+ (a+vi)A*u=f(x,t), (x,t)ER"x(0,40), (2.4)
u(x,0)=up(x), xeR™ (2.5)
The exact solution of (2.4)-(2.5) is

1= e At (a i)t / t A=) (i) (=D A™ £y g
0

= Mg+ [ ATt — ) (e
£ Uug+Gf, (2.6)

where e~ (+V)IA™ s 5 convolution operator and the kernel g,(x,t) is defined by
Fourier transform

Qe e e
Note that the Poisson kernel and the heat kernel are special cases of g,(x,t). For

a€(0,1], and t >0, |gx(x,t)| is a nonnegative and non-increasing radial function,
and satisfies the dilation relation

Qa(x,t) =t_%g,x (xt_ﬁ,l), Qu(x,1)eLF(R"), 1<p<oo. (2.7)

We now establish estimates for the operators U and G on the Morrey spaces.
We first introduce the space of weighted continuous functions in time. These
spaces was first defined as solving initial value problem for Navier-Stokes equa-
tions by Kato and collaborators [3].
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Definition 2.2. Let 0 <T < oo. For a given Banach space X and a real number >0, we
denote by Cg((0,T);X) the space of X-valued continuous functions f on (0,T) with the
norm

1 fllcs((0,m)x) = sup PN £ (1) || x < oo.
0<t<T

Particularly, Cy((0,T);X)=BC((0,T);X) is the space of bounded continuous
functions (note that Co((0,T); X)#C((0,T);X), the space of continuous functions).
Cp((0,T);X) denotes a subspace of Cg((0,T);X) consisting of all functions f with
lim 4] ]| =0.
%

In the following, the Morrey spaces will play the role of X and the norm in
Cp((0,T);M,,») will be abbreviated as || || g,,1-

For the linear operators U and G, we have the following results.

Proposition 2.1 ([16]). Let 1 <g1 <gp < oo and 0 <Ay = Ay <n. For any t >0, the
operators U(t), W(t)=VU(t) and 9;U(t) are bounded operators from Mg, , to Mg, 1,
and depend on t continuously, where V- denotes the space derivative. In addition, we
have for f € My, z,

£ ) U () L, ,, < Ce | fllm,, 28)
bt D | W fllu,, <Ce | fllmy, o 29)
E R U () Iy, < Ce™ Il (210)
where Y
vi= s Loi=1,2

and constants C depend on «,q1,q2,A1,A2.

Remark 2.1. Although for technical reasons we need A1 =A; in the proof of Propo-
sition 2.1, we can see that it also works for A; # A, satisfying

because of the embedding relations (2.1).

Generally, U(t) is not a Co-group on M, ). In fact, Mp, ) is the maximal closed
subspace of M, on which the U(t) is a Co-group [2]. Therefore, we need an
estimate of the operator G that acts between the weighted continuous function
spaces introduced at the beginning.
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Lemma 2.2. Let u € Cy((0,T); My, ,) and v € C((0,T); My, »,) with

1<q1<00, 1<gp <00, 2—a+l§1, [+2ch < 1.
a1 92
Assume that q and A satisfy 1 <q <oo,
1§2£+l1 0§€:20(n—)x1)+n—/\2_n—)x<2a
g q01 92 7 q2 q
Then
G((b+ip)|u**v) € Cn((0,T); My 1)
and
. 2
|G ((b+ip)|ul UU)HC,,,((O,T);Mq,A)
AL 12
< Ceullci o rymy,ap Pllesomyintyy 0,
where c
m=I14+20h+——1
2

and C is a constant.

Proof. To prove this lemma, we use Proposition 2.1 and Holder’s inequality in
Lemma 2.1

JG(-+in) )
t
< C/O HeA(t_T)g,X(-,t—T)* |u|2av(-,r) HMMdT

t
<CAt/ R 20 dr. 2.11
<Ce O( T) "‘H’u’ U(T)HM 9192 20A1qp+A4 ‘ ( )
200p+q1"  209p+q1

Therefore,
G+l
1
At[,112 - — £ —1-20h
<Ce ||”||C(Z((0,T);Mql,/\l)||U||C,((0,T);qu,,\2)t m/o (1—s)"2s™"""ds

for .
m=I[+20h+——1.
2
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Note that

1P, = 013,
3

The integral in the last inequality can be written as the Beta function
B(1-5-,1-1-20h).
20
Using the fact that the Beta function B(a,b) is finite if >0 and b >0, we have

IG((0+im)[ul*7) |, (01)m

; q,/\)
SceAt“”H%:(;((

0,T);Mgy,2,) o] C((0,T);Mgy 0, ) (2.12)

The proof is complete. O

3 Main results and proofs

We will state the main theorem in this section.
Theorem 3.1. Suppose that 0 <a <1 and ug € My, ) with

—A
ot 3.1
p C
Then there is a 6> 0 such that if ||uo||m, , <&, the initial value problem of (1.1)-(1.2)
admits a solution u(x,t) on (0,T) for some T >0 satisfying

_o(n—=A)
- pa(20+1)

1§p<00, 0§A<OO,

MGCﬁ((O,T);M(ZU+1)p,)\), ‘B (3.2)

Further assume that A=0, then

ue () (1 BC(OT)L x,), (3.3)

‘1<Pk>n—%(n—)\) !

and
uECg(n_/\)_l((O,T);Mp,)\). (3.4)

pa
Moreover, for any p < p' <oco, A=0and t is large,

_ y_(n=A)g (n=A) (1 1Y\
UeY=Cp ((t,T);My ), m= ™ + on P 1, (3.5)
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and u is the unique solution in the class of functions satisfying (3.5) with small norm
[llm,, , for p <p' <oo. Moreover, the mapping

0O: V=Y,

is Lipschitz and V is a neighborhood of uy.

Remark 3.1. For A =0, it can be seen from the proof of the theorem that the
solution is actually global if the norm [|ugl|m,,, is small enough.

Remark 3.2. Note that (3.3) implies that for 1<g <p, u(x,t) = ug(x) in L_x/4,
as t — 0. Generally speaking, we do not anticipate u(x,t) —ug(x) in M, » for any
ug € My 5, since U(t) is not a Co semigroup on M, ).

Remark 3.3. For [lug||m,, <J, (3.5) also tells us the decay rate of u for large ,
namely

[u]| == O(£),

[ erd) ]

We prove this theorem by integral equations and contraction mapping. Ac-
cording to standard practice, we write the fractional Ginzburg-Landau equation
(1.1) as an integral form

u(x,t) =U(t)uo — G ((b+ipe) [uu)

where

t
— U(F)ug— / U(t—T) (b+ip) [u u(7)dT. (3.6)
0
Proof. Let X denote the Banach space

X=Cg ((O,T)}M(Z(H—l)p,/\)

and Xy represent the complete metric space of the closed ball in X centred at 0 and
of radius R, where T and R will be determined later on. Consider the nonlinear
map A on Xy defined by

AGu) (1) =U (o~ G((bip) [u¥u) (1), 1€(0,T).

First we show that A maps Xy to itself and is a contraction. Applying Proposi-
tion 2.1 with

n1=p, =Qc+1)p, M=A=A,
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we obtain
U (E)uollx = [[U(E)uollcy (0,1):Mp 1)) < Colltollm, - (3.7)
Using Proposition 2.1 and (2.2) leads to
G (i) [ul7u) ||

= 1P]|G ((b+-ipe) [ulu)

} } Mg 11)p,a

Stﬁ/otHU(t—T)(bJriy)]ulz‘T it

“ HM(zaﬂ)p,A

t
St'BceAt/O (t—T)_ﬁH |u|ZUU(T)HMp,/\

t
<tbce [[(t—)~F u(x) 37!
0

dt

Meogi1)p

where
(n—A)o

ﬁ:pa(ZU—l—l)'

Therefore
|G ((b+ip)|u[*u) HX

20+1 t
<Ct/3e“”( SI(lp)TﬁHuHMzmpA) /O (t—7) P2 DPdr
Te(0,t

1
< Ctl—/%(2¢7+1)eAt || ” H%((H—l / (1 _S)—,BS—(2(7+1)/3dS.
0
The integral in the last inequality can be written as the Beta function B(1—j,1—
(20+1)B). Using the fact that the Beta function B(a,b) is finite if 2 >0 and b >0,

we conclude that |G((b+ip)|u|* u)||x is finite if T and R are properly chosen.
Furthermore, for any # and u € Xy, since

1
|u|2ffu—|ﬁ|2ffﬁ=/ [(o+1) (u—0)|Z] +o (—10) 22|22 | 2,
0
where Z=Au+(1—A\)ii, we have
1A () = A1) [ x =C[| G(Ju*"u) - G(|a @) |
< CHPREDA (|3 41137 ) [l x

< Ctl_ﬁ(z‘fH)Rz”eAtHu—ﬁ||X.
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Hence, A maps X to itself for some T and R properly chosen and is a contraction,
which means (1.1)-(1.2) admits a unique solution u € Cg((0,T); M(2541)p,1)-
To show that u satisfies (3.3), we first note that

u=Au=U(t)ug—G((b-+in)|u|* u).

For up € My ),

U (£)uo € BC((0,T); M, )

as implied by Proposition 2.1. Moreover, we have

U(t)uo - BC([O,T),L_E q)

p’

for

1<g<p, k>n—%(n—/\)
due to
Mp = Mq,n—g (n=p) 7 L_ kg7
and the fact that U(t) is a Cg semigroup on L_j /4 .-
For the nonlinear term G((b+iu)|u|* 1), we apply Lemma 2.2 with

A=0, M=M=, q1=q=Q2c+1)p, q=p,
o(n—A>A) m_(f(n—/\)

h:l:pzx(Z(r—i—l)' pa

—-1<0

to show that G((b+ip)|u|* u)€BC([0,T); My, ), which means G((b+ip)|u|* 1) —
Oast—0in M, and L_x/p . The application of Lemma 2.2 with

p
A=0, AM=Ar=A, =q2=20+1)p, q=7—,
1=42 N=0=20+)p, q=1

ST Ut B DA UL B
h_l_(Za—i—l)pzx' "= pa 2pa 1<0

shows that G((b—+ip)|u|* u) € Cyy ((0,T); My 1) for g <p, which implies that
G((b+ip)|ul*u) =0 as t—0 in M,,.

We get

G((b+ip)|u/*u) =0 in Lk, as t=0,
k,
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due to the embedding

q/

Mq,/\;)L_kq for k>n—%(n—)\).

We now prove that u satisfies (3.5). The linear term U(t)uy satisfying (3.5) is
an easy consequence of Proposition 2.1. We apply Lemma 2.2 to G((b-+iu)|u|?" u)
with

n—A)o
m/ J1=q2=20+1)p,

\_(n=A)g , (n=2) (1 1 ) L

"= px 20

h=I1=

Py
g=p, M=A=A

and use the fact that u€C (u-1)0 ((0,T);M(2541)p,1) to show that G((b+iu) [u|>u)
pa(20+1)
is in the class defined by (3.5). This conclusion, combined with the uniqueness of
uin C w-e ((0,T);M(2541)p,1) indicates the uniqueness of u in (3.5). The proof
pa(20+1)
of the Lipschitz property is standard and is therefore omitted. O

4 Further regularity

In this section we prove that the solution # in Theorem 3.1 can be of higher regu-
larity, which is actually smooth.

Theorem 4.1. Let u be the solution in Theorem 3.1. Then any derivatives of u can be in
the same Morrey space as u, namely, for any 1 <p <g<oo and k,j=0,1,...

HViueC((0,T);M,,), (4.1)

where V- represents the spatial derivative and C((0,T);X) is the space of X-valued con-
tinuous function on (0,T).

Proof. The smoothness of u can also be proved by contraction mapping argument
and building the regularity index in to the working space. First we consider the
case when k=0. For j=0, (4.1) can be seen from (3.2)-(3.5) in Theorem 3.1. We
now prove that (4.1) still holds true for k=0, =1. We take any ¢; >0 and show
the results for t > ty.
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First, let p <q and X be the space consisting of function u satisfying

MGC([tl,T);Mq’A), VMGC%((tl,T);MM), (4.2)

and Xr be the closed ball of radius R in X. The idea is to apply contraction map-
ping principle to A on Xg with T and R to be determined later. First, we choose
R appropriately such that Uu; € Xg, in which uj = u(t1) is the value of u at #;.
Similar to the proof of Theorem 3.1, we apply Lemma 2.2 to show that for u € Xg

G((b+ip)|ul*?u) € Cy((0,T); M, 1), (4.3)
VG((b-l—iy)|u|2"u)eciﬂ((O,T);Mq,A), (4.4)
where ()
o\n—
v= %] —1.

Notice that -y is negative under the condition (3.1). The relations (4.3) and (4.4)
imply not only Uug € Xg, but also that |G((b+ip)|u[* u)|| in Xg has small factor
(T—t1)~ 7 if T—t; is small.

If T—t; is chosen small and R is set as described above, then A maps Xy to
itself and is a contraction. So A admits a fixed point 1 in X, which solves (2.6).
The uniqueness result in Theorem 3.1 indicates that this u is exactly the original

u obtained in Theorem 3.1. Therefore we have proved that u € C((t;,T);M, ),
which means that u € C((0,T); M, ) due to the randomness of ¢;.
Continuing to implement the same argument for higher space derivatives of
1, we can obtain the result V/iu€C((0,T); M, »). This completes the proof for k=0.
We now prove (4.1) for k=1. It can be easily seen from the regularity result

we have just obtained that

Viu, A*Viu, VI (|ul*u)€C((0,T);Mgn),
where j=0,1,... for any p <g < co. Turning to Eq. (1.1)

3—? = Au—(a+vi)A**u— (b+ui)ulu|>,
and the Holder inequality for the Morrey space (i.e. (ii) of Lemma 2.1), we obtain
forj=0,1,2,... ‘
8iVI0 € C((0,T);M, ).
The result for general k can be established by an inducting process. This com-
pletes the proof of Theorem 4.1. O
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