Journal of Nonlinear Modeling and Analysis http://jnma.ca; http://jnma.ijournal.cn
Volume 3, Number 4, December 2021, 617-646 DOI:10.12150/jnma.2021.617

Nonlocal Interaction Induces the Self-organized
Mussel Beds*

Guiquan Sun>?t, Shumin Liu?, Li Li**, Jing Li® and Zhen Jin?

Abstract Mussel beds are important habitats and food sources for biodiver-
sity in coastal ecosystems. The predation of mussel on algae depends not only
on the current time and location, but also on the quantity of algae at other
spatial location and time. To know the impacts of such predation behavior on
the dynamics of mussel beds well, we pose a reaction-diffusion mussel-algae
model coupling nonlocal interaction with kernel function. By calculating the
critical conditions of Hopf bifurcation and Turing bifurcation, the conditions
for the generation of Turing pattern are obtained. We find that the diffusion
rate and predation rate of mussels have effect on the structure and density of
spatial pattern of mussels under the nonlocal interaction, and the predation
rate of mussels can produce different pattern types, while the diffusion rate
plays a more important role on the pattern density. Moreover, the nonlocal in-
teraction promotes the stability of the mussel beds. These results suggest that
the nonlocal interaction between mussels and algaes is one of the important
mechanisms for the formation of the spatial structure of mussel beds.

Keywords Nonlocal interaction, Mussel-algae system, Hopf bifurcation, Tur-
ing pattern, Multi-scale analysis.
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1. Introduction

Mussel beds provide an important habitat of biodiversity and food source of ma-
rine ecosystem, and the stability of mussel beds play an important role in marine
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ecosystem. Therefore, it is of great significance to mussel beds [20, 22,23, 27, 45].
Mussels that accumulating in soft sediments usually survive by feeding on algaes
which in the lower water layers [38,42]. Since mussel is largely dependent on the
density of the algae for their survival, and the low density of algae maybe leads
to the depletion of the mussel beds [8]. In addition, in order to compete for the
algae, the mussel usually tend to cluster in the water where the algae gathers [23].
Given that the algae is the main food source of mussel population, many ecolo-
gists and mathematicians have thus focused on the interaction between mussel and
algae [3,23,30,40].

Experimental studies have shown that mussel gathers to form different spatial
distributions due to competition and survival [30], and such phenomenon is called a
self-organizing behavior, which is of great significance to the stability existence and
restoration of ecological environment [12,18,21,32-34,44]. In fact, mussel population
develops self-organizing patterns in two different spatial scales: mussel population
forms linear clusters driven by individuals’ aggregation behaviors in small spatial
scale, which is a rapid process, namely about a day [22,25]; while mussel population
produce large, regular zones perpendicular to the flow of water in large spatial scale
based on the ecological feedback mechanism (local promotion of algae and large-
scale competition of mussel) [30]. The coupling of two forms of self-organization
enhances the persistence and robustness of mussel beds compared to non-organized
river beds. Therefore, it is necessary to study pattern formation mechanism of
mussel beds [30]. Van de Koppel et al. studied the mussel-algae system by using
the reaction-diffusion-advection equation [23] for the first time:
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This paper mainly reported regular spatial pattern of young mussel beds on soft
sediments in the Wadden Sea [24]. It has been also proposed that the scale depen-
dent mechanism leads to the spatial self-organization of mussels, which provides a
possible explanation for the spatial pattern. Based on this model, Wang et al. ana-
lyzed the differential-flow instability conditions that cause the formation of spatial
patterns and the influence of parameters on the spatial pattern, and it has also been
found that the spatial pattern is the result of the interaction of nonlinear terms [40].
The following literature mainly considered that movement of the algae depends on
the flow of water, while ignore the random diffusion of the algae. Thus, a new model
with respect to random diffusion of the algae was proposed by Cangelosi et al. [3]:
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the interaction between the young mussel beds and algaes has been studied by
using the weak nonlinear diffusion instability analysis method, and the transverse
diffusion coefficient of algae which introduced in this system has been obtained by
using the spectral analysis method [3].

In fact, many scholars have studied the spatial pattern formed by biological
interaction, which has important significance for exploring the possibility of coexis-
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tence, persistence and stability among species [14, 19, 35,36, 39]. Many factors that
influencing the type and formation mechanism of the spatial pattern have been s-
tudied and considered, such as: time delay, noise, spatiotemporal delay, nonlocal
effect and so on [2,6,17,26,46,47]. As for the mechanism of mussel’s spatial pat-
tern due to self-organizing, there are two possible explanations. The one is scale
dependent mechanism, which was proposed by Koppel et al. in 2005. He pointed
out that short distance can promote each other between mussels protection from
the impact of waves and currents, and long distance is beneficial for high density
mussels to compete algae so as to induce the spatial pattern [23]. The other one
is sediment accumulation mechanism, which was proposed by Liu et ai. in 2012,
indicating that there is a positive feedback effect between sediment accumulation
and mussel growth [1,25,27,43]. The prediction of self-organized spatial pattern
and study of its formation mechanism have important influence on the improvement
of ecosystem productivity and the maintenance of biodiversity [40].

Above all analysis and researches are under the effect of local interaction, in
fact, due to the dispersal of the population itself and movement under the action
of the wave, the nonlocal effect is very common in the coastal ecosystem. In fact,
nonlocal interactions between populations have been introduced and studied not
only in coastal systems, but also in many systems [10, 28,29, 31,41,48]. As we
know, mussels move in all directions of space to feed on the algae. Therefore,
in this paper, we will introduce the nonlocal interaction item in the mussel-algae
system to describe the spatial dynamics of mussels so as to describe the interaction
between them from the more perspectives. Meanwhile, it provides more possibility
explanations for the study of the spatial pattern.

The rest of this paper is introduced as follows: In the second part, a new mussel-
algae system with nonlocal interaction is constructed. In the third part, we carry
out the dynamics analysis to give the occurrence conditions of Hopf bifurcation
and Turing instability. In the fourth part, we use the multi-scale analysis method
to obtain the amplitude equation under different conditions of Turing instability.
In the last part, numerical simulations are utilized to verify the above theoretical
results. Besides, various Turing patterns are shown.

2. Mathematical model

In this section, we introduce the nonlocal interaction term into the mussel-algae
system proposed by Van de Koppel et al. [23] and construct a new model. Then,
we further analyze the conditions for the system to giving rise to Hopf bifurcation
and Turing instability.

It is well-known that the nonlocal reaction-diffusion equation can reflect the in-
teraction between populations more accurately and objectively [4,13,15,37]. Non-
local interaction is common in coastal ecosystems. The previous analysis and re-
searches considered that algaes are captured by mussels at the same location and
time. In fact, it is worth noting that the mussels feed on algae are not only related
to the current position and time, but also depend on the density of algae on the
whole space at different time, and that is mussels can prey on algae at different
time throughout the whole space. As shown in Figure 1, the mussels can not only
feed on nearby algaes, but also prey on other algaes in the lower layer through
self-diffusion and water flow. Now, we describe the phenomenon by the following
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nonlocal interaction term:
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and the kernel function is
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we use the above kernel function to describe the spatial nonlocal interaction of the
mussel at the time of ¢ — s and the position of x —y capturing the algae at the time

of s and the position of y.

r ;g Algae with an average

o P O 5 density of Ay in the upper
:'L_ 'y R oo
L 4
] — @
(] ® ® Algae with an average

@ — 5 density of A in the lower
‘ layer

|
T e

[ Soft Sediment Layer }

Figure 1. Algae distributes in the lower layer water, the mussel does not only prey on the algae in the
local area due to local action, but also may prey on algae in other parts of the space.

In order to depict the non-local predation of the mussel for algae in whole space
and at different time, we introduce a nonlocal interaction term into the mussel-algae
system proposed by Van de Koppel et al. [23]:
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(2.1)
where M is the density of mussel, A is the density of algae, A = %4‘%’2 represents
Laplace operator of classical random diffusion, e is a conversion constant relating
ingested algae to mussel biomass production, ¢ is the consumption constant, ds is
the maximal per capita mussel mortality rate, kj; is the value of mussel at which
mortality is half maximal, A, describes the uniform concentration of algae in the
upper reservoir water layer, is the rate of exchange between the lower and upper
water layers, H is the height of the lower water layer, V is the speed of the tidal
current assumed to be acting in the positive X-direction and Dj; and D4 are the
motility and lateral diffusion coefficients of the mussel and algae.

To analyze the dynamics of the spatial pattern, we transform a two-dimensional
system into a three-dimensional reaction-diffusion system by using the method de-
scribed in literature [5,7,9,11] to deal with nonlocal interaction term. Let

t
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and then system (2.1) is transformed into the following form:
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To reduce the parameters and simplify the system, we introduce dimensionless
variables and parameters in the system (2.2),

[ w 1 1 1
(xvy) ( ) ) DA’ S MU, m kM ) a Aup ) v Aup )
with w = C’“TM, and
Oz—ﬁ ﬁ_% o 1 ’I“—ECAup _Djy[ U = 1
W o VT A 27 6Dy’

the system (2.2) can be rewritten as
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In the system (2.3), all parameters are not less than 0 based on the actual
biological significance. Next, we mainly carry out dynamic analysis on system
(2.3) to obtain the existence conditions for generating Hopf bifurcation and Turing
instability.

3. Dynamic analysis

3.1. Local stability at equilibrium point Fj

When there is no diffusion, the ordinary differential system corresponding to the
system (2.3) is

am _ ™

dt 1+m’

le—(z = %(1 —a)a — %vm, (3.1)
W= ra—o)

We get two equilibrium points of system (3.1): Eg = (0,1,1), E* = (m*,a*,v*) =
{:alw rh’fg), T%I_O‘;) ), where Ey represents exposed coastal rocks without mussel-
s, and the equilibrium point E* is the coexistence of the mussel and the algae.

From a biological point of view, the densities of the mussel and the algae cannot be

(a
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negative. Therefore, if the condition (J;) 0 < a < land 1 <r<2i;or (J) a>1
and é < r < 1 is satisfied, the m*, a*, v* are all greater than 0. Then, we know
that E* is a positive equilibrium point.

Next, we analyze the local stabilities of equilibrium points Fy and E*. The
Jacobian matrix at Ej is

r—1 0 0
Te = | <3 <4 0
0 v =

The characteristic equation corresponding to this matrix is

A=r+1)A+ %)(A-ﬁ-v) =0.

We get the characteristic roots Ay = r — 1, Ay = —% and A3 = —v, only when
the condition Js is satisfied, all eigenvalues have negative real parts. Then, Ej; is
locally asymptotically stable. However, Ey becomes unstable when J; is satisfied.
According to the actual biological meaningful, the study is more meaningful, when
FEy becomes unstable. Then, we mainly analyze the condition .J;.

3.2. Local stability at equilibrium point E£*

For the system (2.3), we can get the linearized model at equilibrium point E* as
follows:

19}
8771? = buim + bioa + bizv + 1 lAm,
1
% = b21m + b22a + b23'U + BAay (32)
ov
a = b31m —+ b32a + b33'U + ﬂZAv,
where
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bi=— o bp=—0, by =il
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bz1 =0, b2 =, bz = —7.

Next, we analyze the spatiotemporal dynamic behavior of system (3.2) by con-
ducting nonuniform perturbations at equilibrium point E*:

m m* C}

%
a|l=1|a"|+te|C?|exp(At+ iw - C)+ece +o(e?), (3.3)
v v* C3

where A is the growth rate of perturbations in time ¢, 4 is the imaginary unit
satisfying 1> = —1, ks - 5, = k% and k is the wave number (kK may not be an
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integer), ¢ = (x,y) is the spatial vector in two dimensions. Then, we can obtain
the characteristic equation:
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which is equivalent to
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Further, we can give

bi(k) - ba(k) — b3(k) = ysk® + y2k* + y1k* + yo,
where
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It can be drawn from the practical biological significance of the parameters:
y3 > 0.
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When we don’t consider space diffusion, namely & = 0, we can get

b1(0) :ﬁ((ofﬁ —2af+ B)y+a® =202 + (12 —r)Ba’ + (1 + (—r + 1)B)a),

b2(0) = oz 1)22(0” my (2Byr 4+ 13 — o?Byr? + oPyr — o®r? — 2a87yr?
—3a’yr — a+ 2a°r + 3ayr + Byr + ar — By — qr — 2a°%r% + 2a8yr),

b3(0) :a(ar - 1)(r— 1)7.

Ala—1)

Let f(k) = by(k)-ba(k)—bs(k), and then we can get: f(0) = b1(0)-b2(0)—b3(0) =
Yo-

Next, we analyze the local stability at the coexistence equilibrium point E* of
system (3.1). Through calculation, the corresponding characteristic equation of the
Jacobian matrix at E* is:

A%+ by (0)A% + ba(0)A + b3(0) = 0.

Theorem 3.1. For the system (3.1), if
(Hy) (@®B8 —2aB+ B)y +a® —2a2 + (r2 —r)Ba? + (1 + (—r + 1)B)a > 0; or
(HQ) (Z) hy > 0, hi > 0, ho > 0, h% — 4hohg > 0, and v e (O,—FOO), or

— /h2—
(#4) hg >0, ho <0, and v € (W,—i—m); or

(ZZ’L) ho >0, hy <0, hg >0, h% — 4hohg > 0, and
O 7h17\/h%74h2h0 7h1+\/h§74h2h0

v € (0, T YU ( he ,+00);0r
(ZU) ho > 0, ho > 0, h% — 4hohg < 0 and v e (0, +OO), or
(v) ha >0, hg > 0, h? — 4hahg = 0 and v € (0, — L) U (=22 400); or

" 2hq " 2hg
_ /h2—
(vi) he <0, hg >0, v € (0, W); or
—hqi— 2_ — 2_
(vid) hy < 0, ho < 0, h3 — dhohg > 0, and 5 € (—2VgA=Hehe TV EI TRy

or
both of the above two conditions Hy and Hy are true, then the coexistence equilibrium
point E* of system (3.1) is locally asymptotically stable.

Proof. From Hi, we can get b1(0) > 0, and from the conditions of the existence
of E*, we know b3(0) > 0. However, the sign of f(0) is uncertain. Then, we mainly
discuss the sign of f(0) in the following:

(i) If he > 0, hy > 0 and hg > 0 hold, it is easy to get f(0) > 0 for any v > 0
(see Figure 2(a));

Suppose that the roots of the quadratic function f(0) = 0 are y; = Zhity/hizdhaho

2h2
—h1—y/h2—4hzho

and o = s

(ii) From the second condition in Hs, we know +/h? — 4haho > |hq|, and then
Y2 < 0 < 7 is obtained. Therefore, we get f(0) > 0 because of hg < 0 and v > 73
(see Figure 2(b)).

(iii) From the third condition in Hy, we know 0 < 75 < 7;. According to the
properties of quadratic function, we get f(0) > 0, when ~ € (0, VA S M) U

2ho
_ 2__
(w7+oo) (see Figure 2(c)).

2hs
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(iv) From the fourth condition in Hs, we know vy = 79 = fzh—,llz.

ho > 0, we get f(0) > 0, when v € ( ,—2’1712) U (—2%7—1-00) (see Figure 2(d)).

(v) From the fifth condition in Ha, there is no intersection point between quadrat-
ic function f(0) and x-axis. Then, f(0) > 0 holds for v > 0 because of hg > 0 (see
Figure 2(e)).

(vi) From the sixth condition in Ha,, we can give \/h? — 4hahg > |h1|, which

—h144/ h%f4h2ho

means vz < 0 < 1. Therefore, when v € (0, s ), we get f(0) > 0 due
to ho > 0 (see Figure 2(f)).
(vii) From the seventh condition in Hs, we get 0 < 2 < 7y;. Therefore, when

e h2_ _ VT
VA e L e R VAL 4h2h°), we get f(0) > 0 because of hg < 0 (see

7 € ( 2hs 2hs
Figure 2(g)).

Through the above analysis, as long as one condition in Hs holds, one can obtain
f(0) > 0. Then, E, of system (3.1) is locally asymptotically stable based on the
Routh — Hurwitz criterion. O

Based on

1(0) f(0) f(0)

) 1) (0)

0] ki 0 Y . Ol
-h,/2h, -h,/2h, 2 7"

1(0)

(2)

Figure 2. Schematic diagrams of the quadratic function f(0) in Theorem 3.1: (a) he > 0, hy > 0,
ho > 0, h? — 4hohg > 0; (b) he > 0, hg < 0; (¢) ha > 0, hy < 0, hg > 0, h? — 4hahg > 0; (d) ha > 0,
ho > 0, h? — 4hahg = 0; (e) ha > 0, hg > 0, h? — 4hahg < 0; (f) ha < 0, ho > 0; (g) he < 0, ho < 0,
h? — 4hohg > 0.

3.3. Conditions for the generation of Hopf bifurcation and
Turing instability

Theorem 3.2. When system (3.1) satisfies both of the following conditions:
(Hy) (@®B8 —2aB+ B)y +a® —2a2 — (r2 —r)Ba? + (1 + (—r + 1)B)a > 0;
(H3) = hoy® + hiy + ho = 0;
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then system (3.1) undergoes Hopf bifurcation at the coexistence equilibrium point
E*.
Proof. b3(0) = % > 0 holds due to the conditions for the existence
of E*. If condition H; holds, then b;(0) > 0. From condition Hj, we can get
f(0) = 0. According to the theorem in literature [9,17], when b;(0) > 0, b3(0) > 0
and f(0) = 0 are satisfied, the Hopf bifurcation can be generated at E* for system
(3.1). O
Meanwhile, we can get the critical bifurcation line H: fy = hoy2 +hiy+ho = 0.
Next, we study the influence of space diffusion on the coexistence equilibrium
point E* of system (3.2). According to the condition of local stability in Theorem
3.1, then by (k) = (u1 + % + p2)k? + b1(0) > 0 holds. However, the signs of b3 (k)
and f(k) are uncertain. Then, we analyze these two expressions in the following.
Let z = k? and Fy(z) = b3(k), and then

Fi(z) = f32° + fo2® + fiz + fo, (3.6)
where
g Z%muz,
I2 =ﬁ(a3u1uz + P par® + o’y — 207 ppe — o por — 2ayp1 + i pe — apor
+ oo + p1),
fi= - (@®rap + &®ypar — a’pory + &y — 3o’ yuar — o’r®y — 207 ppr?

(a —1)2B(ar — 1)

+ 2a2u2r + 3ayurr — 2cwr2 + 2097 + apor — YT — Qs + YT — ),
_ya(r —1)(ar — 1)
- Bla=1)

Theorem 3.3. If condition

(Hy) : f1 <0, and 2T fo f3 + 6f1f36 + 3 — 9f1fafs — 256 < 0; or

fi>0, fo <0, f22 —3fsf1 >0, and 27f0f§ +6f1f30 + fg —9f1faf3 —20 <O0; or
fi=0, fo <0, and 27f0f32 + 6f1f36 + fg —9f1fofs — 20 < 0;

1s satisfied, then there exists some k, so that the coexistence equilibrium point E* of
system (3.2) is unstable.

fo

Proof. It is easy to get f3 > 0 and fy > 0, so is for the cubic function F(z), we
know lim,_,» F1(2) = +00. We can calculate the first order derivative of the F}(2):

dhi(z) 3f322 4+ 2f22 + f1. Then, the two extreme points of F(z) are

dz
—fa+9 —fa—6
= — 6 — 2 3
211 3f3 ) A12 3f3 ’ ( m), Z11 > 2192,

(i) if f1 < 0 holds, then we can get 217 > 0 > z12. fo > 0 and 27fof2 + 6f1 3 +
3 = 9f1f2fs — 28 < 0 indicate F1(0) = fo > 0 and Fy(z11) < 0 respectively (see
Figure 3(a));

(i) if f1 >0, fo <0 and f2 — f3f1 > 0, it is easy to derive 211 > 212 > 0. fo >0
and 27fo f2 +6f1 f30 + f3 — 9f1 f2f3 — 26 < 0 hold, which shows F;(0) = fo > 0 and
F1(z11) < 0 (see Figure 3(b));
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(iii) if f1 = 0, fo < 0, and then z3; > 212 = 0 holds. Moreover, the expressions
fo>0and 27fof2 + 6f1f30 + f3 — 9f1f2f3 — 20 < 0 are satisfied, which indicates
F1(0) = fo > 0 and Fy(211) < 0 (see Figure 3(c)).

The above analysis shows that z17 is the minimum point of F3(z), and then we
can obtain Fj(z) < 0 for some z > 0, which indicates that b3(k) < 0 for some k.
According to the Routh — Hurwitz criterion, E* of system (3.2) becomes unstable
for some k. O

(a) (b) (c)

Figure 3. Schematic diagram of the cubic function F(z) (fi3 > 0 and fi0 > 0). (a) f11 < 0; (b)
f1 >0, and f2 < 0; (¢) f1 =0, and f2 < 0.
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Figure 4. The relationship between the coefficient of the characteristic equation (3.5) and the square

of the wave number k2. For the Figure (a), the parameters we select are: a = %, g =2, r=105,

5
p1 = 0.025 and po = 0.05. For the Figure (b), the parameters we select are: a = 4 8= %, r = 1.05,

5
p1 = 0.025 and p2 = 0.05.

In Figure 4, the relationship between the characteristic equation (3.5) and the
square of the wave number k? is depicted. As is seen in Figures 4(a) and 4(b), there
exist k2 > 0, making b3(k) < 0 and by (k) - ba(k) — b3(k) < 0.

Now, we consider the sign of f(k) = by (k)ba(k) — b3(k). Let e = k%, and then

fle) = yze® + yae + yie + yo.

It is obvious that y3 = (“1+“2)([3“§;'1)(B”1+1) > 0. Based on condition Hs in Theo-
rem 3.1, one can obtain yo > 0.

Theorem 3.4. If condition

(Hs) y1 <0, and 27yoy3 + 6y1y3\/y3 — 3193 + U5 — 1y2ys — 2/¥3 + 3y1ys < 0;
or

1 >0, y2 <0, y3 —ysy1 > 0 and 27yoy3 + 6y1y3/y3 — 3y1ys + ¥3 — Iy1y2ys —
2 y% + 3y1y3 < 0; or
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y1 =0, y2 <0, and 2Tyoy3 +6y1ys/y3 — 3y1ys + 5 — I1y2ys — 2v/y3 + 3y1ys < 0;
is true, then the coezistence equilibrium point E* of system (3.2) lose stability for
some k.

Through some analysis, we know that bs(k) and f(k) satisfy similar conditions
and structures. Therefore, the proof of the Theorem 3.4 is similar to that of Theorem
3.3, and the reader can verify it by yourself. According to the above analysis, we
give the Turing bifurcation line:

27fof3 + 6f1f3\/f3 —3f1fs + 13 —9f1fafs — 20/ 3 +3f1fs =0;
27yoy;3 + 6y1y37\/ Y3 — 3y1ys + ¥5 — Iy1y2ys — 24/y3 + 3y1ys = 0.

In summary, the conditions for system (3.2) to give rise to Turing instability
are:

or

(3.7)

H1 and HQ,
Hy or Hs.

4. Nonlinear analysis

In this section, we apply the multi-scale analysis method to obtain the amplitude
equation based on the following three assumptions for the spatiotemporal dynamic
behaviors near the Turing bifurcation point. Assume (1) that the wave vector
near the bifurcation point is |k;| = kr, 7 = 1,2,3; (2) the pattern of the system is
described by mode of three pairs of wave vectors (k;, —k;); (3) the angle of the three
pairs of wave vectors is 2% [3,11,16,22]. By calculation, the amplitude equation can
be obtained in the following form:

0A _
To—t = VA + WAy Ay — [91] A1) + ga(|A2|* + |A3]*)] Ay,

t
DA _

7o 8t2 = vAy + hA1 Az — (91| A2 + g2 (JAL* + |45 A4, (4.1)
dAs _ , . )

Ty = vAs + hAi Ay = [g1] As| + go(|A1 | + | Af*)] A

To consider perturbations of the k around k7, we need to find the critical
wavenumber kr. The conditions for generating Turing instability are: I,,(Ax) =0
and R.(\g) =0 at k = kr # 0. For the b3(k) = 0, we get the critical wavenumber

kr = 75?:5, where § = /f2 — 3f3f1. Then, we derive the critical value vz of

parameter 7 by inserting k = kr into b3(k) = 0. In the following, we shall give the
solution process the amplitude equations. System (2.3) at E* is rewritten as the
following form:

0

877: = ulAm -+ b11m + b12(1 + b13’U + Nl(m, a, ’U),

da 1

a = EAa+b21m+b22a+b23v+Ng(m,a,v), (42)
v

E = ‘LLQAU + b21m + bgga + b23'U + Ng(m, a, ”U),
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where ( )3 ( )4
1—ar 9 1—ar 3
Nl(m,a,'l)) = Wm +rom — Wm s
1
Ny(m,a,v) = —Bmv,
N3(m,a,v) =0.

Since near the bifurcation point v = -7, the solution of system (2.3) can be
expressed as:

m AT
%
U=\ a :Ele A¢ exp(i-ﬁg-().
v AY

7

Let U = (m,a,v)T, N = (N1, N2, N3)T| the system (4.2) can be rewritten as:

oU
— = LU + N(c.c), (4.3)
ot
where
b11 + MlA b12 b13
L= bo1 bao + %A ba3 ,
b31 bzz b33+ A
3 4
(61_,62:))3 m? + rmv — ((11:0;3)4 m3
N = —%
0
Let
L = LT —|— (’}/T — ’}/)]\47 (44)
where
bip +mA b, 13
Lr = by b+ %A b33 ,
b3, bi b33+ A
C11 C12 C13
M = | co1 €22 com1 | >
€31 C32 C33
and
. (1I—-ar)a(r—1) . . ar(r—1)
L= T g o 20 8= TG
1—ar o' alr—1)

M RGBT TR BT



Nonlocal Interaction Induces the Self-organized Mussel Beds 631

b§1 = Oa b§2 =T, b;S = =T,

bi1 — b] byo — b} bz — b*

C11 = 7117 Ci2 = 212 12, C13 = e 13,
Yr —° Yr —° Yr —°
ba1 — b5 boo — b boa — bE

C21 = 7217 Co2 = 222 22, C23 = 28 % 237
Yr —° yr —° Yr —°
b3, — b3 bgo — b han — bt

g = —24, €32 = 225 2, €33 = =258
Yr —° Yr —° Yr —°

For using the multiple scale analysis, let

yr — 7 = ey +2y0 + 393 + 0(54), (4.5)
m mi ma ms
U=|a|=c¢ a1 —i—gQ as +53 as +0(E4)7 (4 6)
v U1 V2 U3
N = %hy + €3h3 + o(e?), (4.7
0 0 0 0
= +e=— +e2— +0(?), (4.8)

ot~ 9T, ' " oT, Ty

04 _ 04,04
ot oT, Ty

+o(e%), (4.9)

where Ty = t, Ty = et, To = £2t. According to the the expressions (4.3) and (4.4),
we get

ou
E:(LT+(’YT—’YM)U—&—N:LTU—F(')/T—V)MU—&-N. (4.10)

Taking (4.5)-(4.8) into (4.10) , we get

mq mo ms mq mo ms
0
2 3 2 3
& g aq + e as +e€ as - LT € ap +e€ as +e asg
U1 V2 U3 U1 V2 U3
my ma ms
2 3 M 2 3
+Ent+eatern)Mx el a |+ | ax |+ | ag

U1 V2 U3

+ e%hy + 3h3 + o(eh),
(4.11)
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where

mq mo ms
9 2 3
ot €l a | +e¢ ay | +¢ as
U1 (%) V3
mq mo maq
0 0
_ 2 3 0 3 0 4
“San || tan ||t | @ | TE)
V1 V2 (%1
By comparing the coefficient of € in (4.11), we get
my
Lr | a | =0 (4.12)
U1
By comparing the coefficient of €2 in (4.11), we get
mq mo mq
0
—_— ai =Lt as =+ ’ylM a + hg. (413)
0Ty
U1 (%) (%1
By comparing the coefficient of €3 in (4.11), we get
ma ms m2 my
0 + 0 _ L +vmM + oM +h (4.14)
T, ao Ty = L7 | a3 71 as V2 ai 3. .
V2 U3 V2 U1

Since Ly represents the linear operator of the system near the critical bifurca-
tion point, (m1,a1,v;)T is the linear combination of eigenvectors corresponding to
eigenvalues of 0. For solving (4.12), we have

mi lo
ar | = |1 | Wy et ke g Wy et k2t W ethe ) 1ce, (4.15)
v 1
where
L s G )

(8 + fa) — 2f3b%, 2 foyr
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For the equation (4.13), we can get

mao my my
Lt | ay ZaiTl a; | —mM | ay | — he
(%) (%1 (%1
5 my c11my + ciza1 + ¢zt ((111‘23); mi + rmyvy
= oty ap | =71 | caimy + ca2a1 +c23v1 | T —%mwl
vy €31M1 + C32a1 + 3301 0
Fm
= EI/
K,

(4.16)

According to the Fredholm solvability conditions, the vector to the right of
equation (4.16) must be orthogonal to the zero eigenvector of LJTr (adjoint operator,
also called conjugate operator), and there is a nontrivial solution to equation (4.16).
We can calculate the zero eigenvector of L; is

Iy
1| +ce,(j=1,2,3),
Iy
where
- 2 f3b5, - d — fa — 2B f3b55
p1(6 — f2) — 2f3b7; 28 fsyr

Then, using the orthogonal string theorem

P

(I, 1,03) | Fi | =0, (4.17)
Fi

v

where F! | F! F! represent the coefficients corresponding to e**i¢ in F,,, F,, F,,
which means

Fp F F2 F3
Fa — Fl eikl‘c + F2 eikz'C + F3 eikS'C.
F, Fl F2 3

v
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According to (4

.15) and (4.16), we get

F} lo %?«/11 lociiWh + l3c12W1 + c13W3 2 ((11__0,‘;))33 13 +2rly
El =11 %‘;"/11 =1 | lacoai Wi + l3coa Wi + cosWy | — *%12 WoWs,
Fvl %lefll 12031W1 + 13632W1 + 633W1 0
(4.18)
Fgl ZQ %‘gﬂ? 12611W2 + 13612W2 -+ 013W2 2%[% —+ 27’12
Fg =11 %‘;{12 =1 | lacoi Wa + l3¢ooWso + cosWo | — —%lg W1W3,
F? %‘% loc31 W + l3c30Wa + c33Ws 0
(4.19)
F;:’L lo %?:;3 loc11 W3 + 13c10W3 4+ c13W3 2 ((111();7"))33 l% + 2rly
3l =11 %‘3‘{3 =M1 | locoit W3 + I3c00W3 + co3W3 | — —%lz WiW,
F{? %‘;{13 l2031W3 + lgngWg + 033W3 0
(4.20)
Substituting (4.18)-(4.20) into (4.17), we get
’ ’ an ’ ’
(laly + 13 + 13)Tﬂ =m1[ly(laci1 + l3c12 + c13) + lacor + l3caa + oz + I3(l2ca1
(1 — OL’I‘)s / ’ 1 —_
+ l3c30 + 033)]W1 + leQZQ + 2’/‘1212 — QBZQ]WQW?,,
’ ’ aWQ ’ /
(laly +15 + lg)?ﬂ =71 [ly(lac11 + lzc12 + c13) + lacar + l3c2a + c23 + U3(lacs
(1 — OéT)S ’ ’ 1 — =
+ 13032 + C33)]W2 + [2Wl2l2 + 27”1212 - 2BZQ]W1W3,
’ ’ aW ’ ’
(laly + 13+ 13)671“13 =71 [ly(lac11 + l3c12 + c13) + lacar + l3caa + c23 + I3(l2c3:
(1 — 047')3 ’ ’ 1 —_ =
+ l3c30 + 033)]W3 + [2Wl2l2 + 27‘12[2 — 23[2]W1W2.
(4.21)
Then, substituting the equation (4.15) into (4.16), we calculate
ma My 3 M; 3 M;; Mo
8 I S 5 o] IR PECERS o P P PV RS
i=1 i=1
U2 o Vi Vii V12
Mas M3
+ A23 6i(k27k3).c + A31 6i(k37k1)-C + c.c.
Vas Va1
(4.22)

The coefficients in equation (4.22) are obtained by solving the linear equation
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corresponding to €0, g72ki ¢ giki ¢ eilki—km)-C Therefore, we obtain
MO mo
Ao | = | a0 | (WP + [W2]? + [W3]?),
Vo Vg
Mi; mi1 Mij mij
M; = Z2Via Az = ZS‘/Z" A” = ail WiZa Aij = ;5 Win-
Vii v11 Vij Vij
For the equation (4.14), we get
mg c11my + ci2a1 + C1301 C11M2 + C12a2 + C13V2
Ly | ag | = =72M | coymq + caoar + cogvy | — 1M | corma + ca2a2 + co302
U3 €31M1 + €3201 + C33V1 €31M2 + C32a2 + C33V2
1— 3 1— 4
) ma Q%mlmg + rmyve + mavy — %m?
+ 87T1 as | — —%(mﬂ)g + mgvl)
(%] 0
mi Hm
+ 0 =|H
oT, | M| T | e
U1 HU
(4.23)

Similar to the above analysis, we take e?*1°¢, etk2:C ¢3¢ of H, and H,, H, in
system (4.23), and we get

H} 12 37 I G 15C11 +13C12 + Ci3
H; =11 g% + |3 %‘g{; =1 | 1909 4+ 13Co + Cos | V1
ik % 83%1 15C31 +13C33 + C33
15C11 +13C12 + Ci3 Gu|W1? + Gra(|[Wa]? + |[Ws]?)
— Y2 | 12C%1 4 I3Co0 + Cas | W1 + G21|W1|2+G22(|W2|2+|W3‘2) Wi
15C31 + 13C32 4 Cs3 0
2U=anl 12 | i, 2 (=013 4 21l
- —25ls WyVs — —241 W5V
0 0

(4.24)

The remaining two equations can be obtained by changing the subscript of W,

3 3 _ 4
and G11 = 28:3;2 lamo + 28:3332 lamay + rlavg + rlaviy +mo + ma1 — ((11,(27;)41 3,
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—ar)d —ar)? —ar)?
G2 = 2873)2 lamg + 2873)3 lamag + rlavg + rlaviz +mo +mi1 — ((11,7(2))41%7
G21 = %(ZQUO + l21]11 + mo + mll)?

Gaz = 5 (l2vo + l2v12 +mg + mi2).
Similar to the second section, by using the Fredholm solvability conditions for
(4.24), we get equations as follows:

% + 8W1)

o1y 0Ty

=(mVi+ ’72W1)[l/2(52011 +l3c12 + c13) + (Iaco1 + lzca + co3) + l;,(12031 + l3c32
+e33)] = BIGU Wi + Gra([Wal? + [W3[2)][ Wi — [Gor|[Wi|? + Gao(|Wa?

(1—ar)?

(1-a)?

(Loly 4 Is + 13)(

1 _ o
+ [Ws2)W1 + [2 124 2rly — 2512)](W2V3 +WsVs).

(4.25)

The remaining two equations can be obtained by changing the subscripts of W
and V.

Let A; = I3A™ = [5A% = I5l3AY be the coefficient of ¢*i¢(i=1,2,3), and then
we get

AT I I
Ar | =ce |l [Wite® |15 | Vit+o(e®), (i=1,23). (4.26)
AY 1 1

According to the (4.21) and (4.25), and using (4.9), (4.26) to merge the variables,
we can obtain the corresponding coefficients in equation (4.1):

B = 1/2(12611 +l3c12 + c13) + (lacor + l3can + co3) + l;,(lzcsl + l3cs0 + c33),
baly + 15 + 1y
=
yrB
. ~20,2 013 + 21l + 281,
— poy s ,
Z;Gn + G
9 =————"—"F7
yrB
_ 1bGra+ Ga
92 = —————F—
yrB
__r=7

T
(4.27)

5. Main results

5.1. Pattern selection

The amplitude equation has same form for different systems, but the difference is
that the coefficients of each term are different. Next, we use the amplitude equation
to analyze the dynamical system near the unstable point. A stable Turing pattern
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corresponds to the steady-state solution of the system (4.1), and each amplitude
in (4.1) can be decomposed into a phase angle ¢; and a mode p; = |A;|. Then,
by substituting (4.1) with A; = p;exp(jp;) and separating the real and imaginary
parts, we can get four real variable equations in the following form:

¢ _ _,P1rs + pirs + pipd sino,
ot p1P2pP3

)
To = Vp1+ hpapscosp — 9107 — 92(p3 + p3)p1, 65)

dp2
Toa—pt = vpy + hpipscosp — g1p3 — g2(pT + p3)p1,

Ops
Toa—pt = vps + hpipacose — g1p3 — g2(pT + P3)p1,

where ¢ = 1 + @2 + 3. The system (5.1) has five pattern types and the stability
range, which can be obtained by calculation:

(7) The stationary state: p; = pa = p3 = 0, and when v < v5 = 0, the stationary
state is stable.

(#4) The stripe pattern: p; = , /gl17 and pa = p3 = 0, which exist when v > 0.

2
When the stable range is v > vz = 29 the unstable range is v > vs.

(92—g1)
. b+ h2+4v(g1+292) o |h|—+/h24+4v(g1+2g2)
(7i1) Two spots pattern: pi = S ICTEST™) , P = (o1 792) ,
which exist when v > 1y = m. For the py, the stable range is v < vy =

(%LL;_;?Z h? and p_ is always unstable.

_ 2
(iv) The mixed state: p; = gzlflgl , P2 = p3 = \/%, which exist when v > vs,
and the pattern always is unstable.

v

[ 0.5
b
,'.- 0.4
}.4
3
- 0.3
L)
=
(d)e o2
Figure 5. Corresponding mussel spatial distribution reaches steady state with the change of p;.

(a) p1 = 0.005; (b) p1 = 0.015; (c) p1 = 0.025; (d) p1 = 0.035; (e) p1 = 0.045; (f) p1 = 0.05. For the
other parameters, we choose puz = 0.05, 8 = %,r =1.32,a = %,'y = 0.45.

Table 1. Simulation parameters in Figure 5
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Order “1 H2 a B r ¥ h v Scope of v
1 0.025 0.05 % 1% 1.39 0.5 —10.047329821  0.39504331002 (v2,vs)
2 0.05  0.05 % 1% 1.35 0.167 —0.41790322403  0.07283500764 (v3,v4)
3 0.04 0.05 % % 1.32  0.286  —0.88340742031  0.04807945028  (v4,+00)

5.2. Within a certain range, the higher the v, the smaller the
average density of mussels

Next, we carry out numerical simulation for the spatiotemporal dynamic analysis
of the system (2.3). By analyzing the dynamics of the system and searching the
literatures, we obtain the conditions to occur the Turing instability and the values
of each parameters. After the parameters are determined, we simulate the spatial
distribution pattern of the mussel in the system (2.3), and study the influence of the
value of the parameter on the spatial pattern of mussels. In order to better display
the simulation effect, the forward difference scheme is adopted based on Neumann
boundary condition. Parameters such as time interval and step size are selected
as follows: the space area is [0,50], the time interval of T is [0,5000], the space
step is Ah = 1 and the time step is At = 0.005. The initial value is the random
perturbation value of the coexistence equilibrium point £*. With the setting of the
above parameters, we get the following results.

Figure 6 describes the evolution process of the spatial pattern of mussels over
time. In this process, the mussel gradually aggregates into a connected strip distri-
bution (see Figure 6(b)) from the initial irregular scattered distribution (see Figure
6(a)). Then, it continues to evolve into a mixed distribution of square and short
strips (see Figure 6(c)), and finally forms a mixed distribution of short strips with
a small number of clusters (see Figure 6(d)), when it reaches the steady state.

2 . ATy =S » ™ ™ N0.13
"‘{ - t"""‘ o ..")‘s“ 0.125
W et ] R Faty e I
p;:‘ f." ot LA B :\ w012
g 2 Ao el | 10.111
' "‘. 2 f..:! J?: po f- .' v | 0115
{ e T A o bt -
AL ET P ) ."‘. y pon
e ,.,‘1,4- = Mo.110
:‘7»'?‘ : "'-.’:"' ' hd ’
ol wde My 0.11 - A
p—) 7
6
5
4
i
2
1

Figure 6. Describe the evolution of mussel spatial pattern over time. (a) t = 10; (b) t = 300; (c)
650; (d) t = 5000. For the other parameters, we choose pu; = 0.025, us = 0.05,3 = %,a = %,
0.45,r = 1.05.

t
v

Figure 7 depicts the relationship between the spatial mean density of mussels
and parameter 7. Combined with the actual biological significance, y represents
the spatial distance parameter between mussel and algae. From Figure 7, we find
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that with the increase of spatial distance v, and the average density change rate of
mussel gradually approaches 0, because the nonlocal item has influence on pattern
formation of mussels within a certain range. When spatial distance parameter
continues to increase, nonlocal effects between mussels and algaes will become very
small. at this time, other parameters, such as mussel diffusion rate and predation
rate, affect the spatial pattern of mussels.

Spatial average density of mussels

0.5 1 15 2 2.5

Figure 7. The density of mussels at steady state change with the parameter . For other parameters,
we select av = %, B = % and r = 1.05, p1 = 0.025, us = 0.05.

5.3. The r and pu; respectively affect the pattern type and
average density of mussels

We take the parameter v between (0,0.5). When the nonlocal effect on mussels is
obvious, the influence of other parameters on the pattern of mussels is analyzed.

= N W b OO N

Figure 8. Corresponding mussel spatial distribution reaches steady state with the change of pu;.
(a) p1 = 0.005; (b) p1 = 0.015; (¢) p1 = 0.025; (d) p1 = 0.035; (e) p1 = 0.045; (f) p1 = 0.05. For the
other parameters, we choose puz = 0.05, 8 = %,T =11,a= %and'y = 0.45.

Firstly, the influence of parameter p;, which represents the diffusion rate of
mussels in the actual biological sense, and on the formation of mussel bed was
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simulated. Figure 8 describes the spatial structural change of mussels when reaching
steady state with the change of the mussel’s diffusion rate while other parameters
are quantified. As is seen from Figure 8(a) to Figure 8(f), with the increase of py,
the "maze” spatial pattern of mussels which composed of irregular and dense strips
gradually forms short strips and square "new mixed” pattern, and finally forms
regular square pattern. An interesting phenomenon here is the emergence of a new
type of “square” pattern in addition to strip, spot and mixed patterns. For “square”
pattern, they are similar to regular spot pattern on a small scale, but because of
the increased diffusivity, intraspecific competition is reduced, thus forming a more
stable square pattern. In large scale, the “square” distribution is closely related
to the “strip” distribution. Due to rapid diffusion, intraspecies competition and
intraspecies dependence were weakened and a discontinuous square pattern was
formed. Considering that there haven’t square pattern been found in previous
studies, we infer that the nonlocal interaction between mussels and algaes leads to
the generation of “square” pattern in the mussel beds.

In addition, it is worth mentioning that when the diffusion rate of mussels is
very high. If the nonlocal interaction is not taken into account, the predation of
mussels will be limited by space. Due to the influence of the nonlocal interaction,
the mussels can keep still predation and survive in space, which will not become
extinct.
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Figure 9. Depict the evolution of the spatial mean density of the corresponding algaes and mussels
over time when different values of pu; are taken. For the other parameters, we chose: ps = 0.05,8 =
Z,r=11,a=2v=045

Figure 9 describes the change of the spatial mean density of algaes and mussels
with time when g is different. It can be seen from these two figures that the average
density of mussels decreases when they reach steady state, while the density of
algae increases with the increase of pq, which is consistent with the normal density
inhibition relationship between predation and prey. The reason for the decrease
of mussel density may be related to the structural characteristics of mussel itself.
Mussels depend on byssus for feeding and locomotion, when the diffusion rate of
mussels is lower, the mussel is essentially fixed to the sediment, which causes byssus
to be able to feed more fully. However, when the diffusion rate is higher, there is
less byssus available for feeding, which leads to the decrease of mussel density.

Next, we simulate the influence of parameter p; change on the spatial distribu-
tion structure of mussels when r = 1.32. As is seen from Figure 10(a) to Figure
10(f), the spatial distribution of mussels gradually evolves from the initial irregular
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Figure 10. Corresponding mussel spatial distribution reaches steady state with the change of puj.
(a) p1 = 0.005; (b) p1 = 0.015; (¢) p1 = 0.025; (d) p1 = 0.035; (e) w1 = 0.045; (f) p1 = 0.05. For the

other parameters, we chose: pus = 0.05,8 = %, r=132,a= %, v = 0.45.

“maze” pattern to the “flower clusters” pattern (see Figure 10(c)) and eventually
evolves into the regular ”strip” pattern (see Figure 10(d), Figure 10(e) and Figure
10(f)). Parameter r can be understood as the predation rate of mussels to algaes.
With the increase of predation rate, intraspecies competition and intraspecies de-
pendence are enhanced, which leads to form a “strip” structure. By longitudinal
comparison with Figure 8, it can be found that predation rate is the main factor
that affects the pattern structure of mussels when r is different. That is because
although g7 is also changing, the change of r leads to the change of pattern type.

In Figure 11, we still study the variation of the spatial average density of algaes
and mussels corresponding to different parameters p; over time. Considering the
high density of mussels at p; = 0.005, the isolation mapping and analysis are
therefore carried out. On the whole, the changing trend of the average density
of algaes and mussels is consistent with Figure 9, Figure 11(a) and Figure 11(b),
showing that the mussel have a better living environment due to its small diffusion
rate and high predation rate. Although the predation rate of mussels increases, the
larger diffusion rate still results in a decrease in mussel density.

Figure 12 analyzes the effect of predation rate r on the spatial distribution
structure of mussels. With the change of r, in addition to “new mixed” pattern
and “flower clusters” pattern, “hole” distribution pattern also appeared, as shown
in Figure 12(e). It can be seen that with the increase of predation rate, the mussel
aggregation degree gradually form from small clusters to short strips, then to long
strips, and finally to a larger “hole” aggregation degree. The intraspecies competi-
tion increase with the increase of predation rate, mussels gradually form strip and
band structures. As the predation rate continues to increase, due to the inhibitory
relationship between mussels and algaes, the band structure of mussels is destroyed,
and the uniform hole distribution is formed under the nonlocal interaction. It can
be seen that the change of parameter r has a great influence on the formation of
different pattern types of mussels in space. In addition, the nonlocal interaction
ensures the survival of mussels when the predation resources are limited.

From the above analysis, it can be seen that under the nonlocal interaction, the
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Figure 11. Depict the evolution of the spatial mean density of the corresponding algaes and mussels
over time when different values of p; are taken. For the other parameters, we choOse: pz = 0.05,8 =
Z,7r=1.32,a = Zandy = 0.45.

predation rate of mussels has a great influence on the type of spatial pattern, while
the diffusion rate mainly affects the average density of mussels.

6. Conclusions

As an important habitat and food source of coastal ecosystem, the study of mussel
beds is of key significance. Many studies have simulated and analyzed the formation
mechanism and spatial structure of mussel beds, and obtained important theoretical
results, but these studies only consider the local effect, while in fact, mussels can
prey on algae at all locations in space, not just the current location and the current
time. Based on the model proposed by Van de Koppel et al., this paper introduces
the nonlocal interaction between mussels and algaes into the system, which hope to
study the spatial structure of the population from the internal relationship between
the populations. Through the dynamic analysis and simulation of the new system,
it is found that the nonlocal interaction can induce the generation of self-organizing
mussel beds. The effects of parameters on the spatial distribution of mussels are
studied under nonlocal interaction. The results show that the diffusion rate and
the predation rate of mussels have a great influence on the new pattern structure
of mussels. In addition, we also study the effects of nonlocal interaction parameters
~ on the spatial structure of mussels, and find that nonlocal interaction plays an
important role in the sustainable survival of mussels, which will help to study the
stability of mussel beds.
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Figure 12. Corresponding mussel spatial distribution reaches steady state with the change of r.
(a) » = 1.05; (b) r = 1.19; (¢) » = 1.25; (d) r = 1.32;(e) » = 1.39; (f) » = 0.05. For the other
parameters, we chose: pus = 0.05,8 = 12—5, pn1 = 0.025, a0 = %, v = 0.45.

Based on the original system, this paper introduces a new action term and
combines the data for simulation analysis, we conclude that nonlocal interaction is
another mechanism for the spatial pattern of mussel beds. Compared with previous
studies, we find more pattern types, such as “square” pattern and “hole” pattern,
which will be helpful to study the ecological functions corresponding to the pattern.
However, we don’t take climate into account in this paper, and in fact, given the
high temperatures that mussel beds are now experiencing, climate is one of the
factors that needs to be taken into account. In addition, we haven’t analyzed and
studied the ecological function corresponding to the patterns for the time being.
In the future work, I hope to continue my research on mussel beds, and combine
the above problems with the model and practice to conduct more research so as to
make my research more meaningful and connected with the reality.
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