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Transversal Heteroclinic Bifurcation in Hybrid
Systems with Application to Linked Rocking
Blocks*
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Abstract In this paper, we study heteroclinic bifurcation and the appearance
of chaos in time-perturbed piecewise smooth hybrid systems with discontinu-
ities on finitely many switching manifolds. The unperturbed system has a
heteroclinic orbit connecting hyperbolic saddles of the unperturbed system
that crosses every switching manifold transversally, possibly multiple times.
By applying a functional analytical method, we obtain a set of Melnikov func-
tions whose zeros correspond to the occurrence of chaos of the system. As
an application, we present an example of quasiperiodically excited piecewise
smooth system with impacts formed by two linked rocking blocks.
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1. Introduction

It is very important and interesting in the theory of dynamical systems to investigate
the occurrence of chaos. Common routes to chaos for smooth systems include
period-doubling, intermittency, torus bifurcation and homoclinic bifurcation [26,42].
In particular, for a periodically excited smooth system with a homoclinic orbit,
the perturbed stable and unstable manifolds intersect transversally under some
conditions, which implies the existence of Smale horseshoe chaos via Smale-Birkhoff
Homoclinic Theorem. The Melnikov method is a powerful analytical tool that can be
used to determine whether transversal homoclinic intersection occurs [19,25,26,40].

In recent years, with the development of science and technology, there have been
lots of works devoted to the study of bifurcation phenomena in piecewise smooth
(PWS) dynamical systems [9, 16, 19, 38,39, 46]. This is because many problems
from real applications in fields such as mechanics, electrical engineering and control
theory are modelled by PWS systems. For such systems, a typical route to chaos is
through discontinuity-induced bifurcations, such as grazing, sliding, border-collision
and chattering [2,9,13,16,19,20,32,33,39,46].

In [15,43], Chow, Rand and Shaw studied homoclinic bifurcations for a class
of periodically excited linear inverted pendulum. Their numerical results suggest
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that homoclinic bifurcation can also lead to chaotic motions for PWS systems. In
the last decades, many efforts have been made on extending the Melnikov method
established for smooth systems to PWS systems. To mention only a few of them,
see [2,3,14,18-20,22,31,36,45]. It is assumed in these works that the unperturbed
homoclinic or periodic orbit intersects the switching manifold transversally. In
[1,4,5,7,19], Battelli, Feckan, Awrejcewicz et al. extended the Melnikov method
to sliding homoclinic bifurcation of general n-dimensional PWS systems. Grazing
homoclinic bifurcation for a periodically excited nonlinear inverted pendulum was
also studied in [17]. Calamai, Franca and Pospisil [12,21] investigated homoclinic
bifurcations in PWS systems with the critical point lies on the switching manifold.
In particular, they proved that in this case, the existence of a transversal homoclinic
point does not imply chaos. In [4-8,19], by using a functional analytical method,
Battelli and Feckan proved rigorously that if a certain Melnikov function has a
simple zero, then under some recurrent conditions, a time-perturbed PWS system
with transversal or sliding homoclinic orbit behaves chaotically in the sense that
the system has a Smale-like horseshoe.

In 1988, Bertozzi extended the Smale-Birkhoff Homoclinic Theorem and the
Melnikov method, so they are applicable to heteroclinic bifurcations for smooth
systems [10]. It is natural to ask if the transversal intersections of the perturbed
stable and unstable manifolds of a heteroclinic orbit of PWS systems result in chaot-
ic motions. Unfortunately, the Heteroclinic Theorem of Berttozzi [10] requires the
corresponding Poincaré map to be differentiable. Thus, it cannot be applied to
PWS systems, because this condition is not satisfied by most of the PWS systems.
Nevertheless, the study of heteroclinic bifurcations in time-perturbed PWS systems
has attracted increasing attention. Heteroclinic bifurcations for models of periodi-
cally excited slender rigid blocks were studied in the works of Bruhn and Koch [11],
Hogan [28], Lenci and Rega in [34]. In [23], Granados, Hogan and Seara presented
the Melnikov method for heteroclinic and subharmonic bifurcations in a periodi-
cally excited piecewise planar Hamiltonian system with two zones. The Melnikov
method for heteroclinic bifurcations of a planar PWS system with impacts and of a
general planar PWS system with finitely many zones were developed in [35] and [44]
respectively. Although it is not rigorously proved, numerical simulations on con-
crete examples given in these works suggest that chaotic behavior can be resulted
from heteroclinic bifurcations in PWS systems.

Recently, by applying the aforementioned functional analytic method developed
by Battelli and Feckan in [4-8,19], Li and Du [37] studied the appearance of chaos in
time-perturbed n-dimensional PWS systems with heteroclinic orbit. They derived
a set of Melnikov type functions whose zeros correspond to the occurrence of chaos
of the system. To reduce the complexity, they assumed that the switching manifolds
are supersurfaces intersecting at a connected (n — 2)-dimensional submanifold, the
unperturbed system has a hyperbolic saddle in each subregion and a heteroclinic
orbit connecting those saddles that crosses every switching manifold transversally
exactly once. However, in real applications, discontinuities of a PWS system may
occur on more complicated sets and impacts may occur, when the flow of the system
reaches the switching manifolds. Thus, it is necessary to extend the results obtained
in [37] to systems with other types of switching manifolds and other types of PWS
systems, for example, systems with impacts considered in [23,35].

The aim of this paper is to extend the results of [37] to more general systems,
namely n-dimensional time-perturbed PWS hybrid systems. We assume that the
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unperturbed system has an orbit connecting hyperbolic saddles of the unperturbed
system that crosses every switching manifold transversally. Comparing with the
work of [37], in this paper, we do not require that the switching manifolds inter-
sect each other, and we allow impacts occur when the flow of the system reaches
the switching manifold. Furthermore, the heteroclinic orbit may exit and enter a
subregion multiple times. Consequently, the heteroclinic orbit may connect mul-
tiple hyperbolic saddles in the same subregion. We obtain a set of Melnikov type
functions, and show that their zeros correspond to the occurrence of chaos of the
system. Obviously, the system considered in this paper is more general, and the
results obtained here can be applied to more general situations such as the ones
studied in [23,35].

As an application, in this paper, we study heteroclinic bifurcation and chaos for
quasiperiodically excited system consisting of two slender rocking blocks coupled
by a light spring. The slender rocking block model is an important PWS system
that can be widely used in earthquake engineering and robotics. The single block
model was first proposed by Housner in [30] and its dynamics have been extensively
investigated in the past. See, for example, [11,23,27,28,30]. In [24], Granados,
Hogan and Seara considered a periodically excited mechanical system consisting of
two slender rocking blocks coupled by a light spring. For simplicity, assume that
both blocks are identical. Under the assumption that on impact with the rigid base,
neither block loses energy, the Arnold diffusion of the system was studied in [24]. As
pointed out in [24], such a phenomenon can be seen as one possible mechanism for
block overturning. As in [24], we assume that both blocks are identical. However, we
assume that on impact with the rigid base, and both blocks lose energy. We further
assume that the system can be periodically or quasiperiodically excited, which is
more realistic, because many systems arising from real application are externally
excited by more than one frequencies. We show that the unperturbed system has
a transversal heteroclinic orbit. Then, we compute the corresponding Melnikov
functions and prove that the heteroclinic bifurcation of this four-dimensional system
results in chaos under certain conditions.

Our paper is organized as follows: In Section 2, we present some basic assump-
tions and the main result of the paper, namely Theorem 2.1. In Section 3, we
describe how to prove Theorem 2.1. In Section 4, we discuss chaotic behavior in
time-perturbed hybrid systems whose unperturbed system has a transversal het-
eroclinic orbit. In Section 5, we present an example of quasiperiodically excited
piecewise smooth system with impacts formed by two linked rocking blocks. Some
concluding remarks are given in Section 6.

2. Preliminaries

First, we introduce some notations. Let k,l be positive integers. For two col-
umn vectors vi,vs € RF, (vi,v9) and |v;| are defined by (vy,vs) = vfvs and
|v1] = 4/{v1,v1) respectively. For a k x k real matrix A, ||A|l is defined by
|Al| = max,—; [Az|. The identity matrix of proper size is denoted by I. For
a given linear map L : R* — R, its range and kernel are denoted by RL and N'L
respectively. To simplify notations, without causing confusions, as in [8], we use
the notation || - || for any norm on a Banach space X instead of notation like || - || x.
The boundary and closure of a set E C R¥ are denoted by OF and E respectively.
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The gradient of a smooth scalar function h : R¥ +— R is denoted by Vh, and the
divergence and the Jacobian matrix of a smooth map G : R* — R* are denoted by
divG and DG respectively. Let £>°(R*) be the Banach space:

(>®(R*) = {{xj}jez . x; € RF for j € Z,sup|z;| < oo}
JEZ

with the norm |[{z;};jezll = sup;cz |z;]. Let

(R) = {{a)sez € £<(R): supla —aya| <1
VIS

Then, ¢5°(R) is an open nonempty subset of £>°(R).

Let © C R™ (n > 2) be an open disc in R” and m > 2 be an integer, J =
{1,2,--- ,m}. Assume that Q is split into m disjoint open regions Q1, Qa, -+, O
by the discontinuity sets C;; = Q,NQ; for 1 <i < j < m, where each C;j is either the
empty set, when ; NQ; = 0, or a hypersurface given by C;; = {z € Q: h;;(z) = 0}
with h;; € C?(€,R), when Q; N Q; # 0.

For i € J, let fi € C2(Q;,R"), g; € CZ( x R x R,R"), namely f; and g;
have uniformly bounded derivatives up to the second order on Q; and Q; x R x R,
respectively. Moreover, we assume that their second order derivatives are uniformly
continuous.

Now, we consider the following PWS system defined on 2:

i = fi(z) +egi(w,t,e), € i€J, (2.1)
plus a set of reset maps
z— Rij(x,e), xz€Cy, forl<i<j<mandC;#0, (2.2)

where € € A := (—¢, &) for some ¢ > 0, and for each 1 <14 < j < m with C;; # 0,
Rij € CZ(R™ x A,R"™), namely, R;; has uniformly bounded derivatives up to the
second order and its second order derivative is uniformly continuous. Furthermore,
we assume that R;; maps the set C;; back to itself for 1 < i < 5 < m. Obviously,
the reset maps (2.2) are the generalizations of the impact laws defined on impact
manifolds of an impact system.

In the sequel, we assume that C;; = Cj; and Ry; = Ry; for 1 < ¢ < j < m.
Let D1R;j(x,¢) and DaR;j(x,€) be the derivatives of R;;(x,e) with respect to the
variables z and e respectively for (z,e) € R™ x A.

When e = 0, the unperturbed system of (2.1-2.2) has the following form:

T = fi(x), CL’GQi, iej,
fi(@) 0
z— Rij(x,0), xe€Cy, forl<i<j<mandC;;#0.
Let the following assumptions hold:
(H1) System (2.3) has N (N > 2) hyperbolic saddles p1, pa, --+, py such that,
there is a sequence i1, i, ---, iy € J with p; € Q;; and Cy;;,,, # 0 for
je In:={1,2,---, N}, where for the rest of this paper, we always assume

that i() = iN and ’iN+1 = il.
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(H2) System (2.3) has a heteroclinic cycle I' which consists of 2V branches I'] =

{'yj(t) : tef0,+00)} CQy, I} = {vy(t) : te(—00,0]} C €y, (j € In)such
that

r= G (Ut Urs).

where for each j € Jn, 7;"°(t) are solutions of (2.3) in Q;;, T} and T,
intersect C; 4, , transversally at 7}'(0) and 75, (0) € Cy;,, respectively with
Rijiziq (15(0),0) = 47,1(0) € Ciji; ., - Furthermore,

lim ~7(t) = lim ~i(t) = p;.

t——+o0

Figure 1. A heteroclinic cycle T" of system (2.3) withn =2, N=8and m=7

A heteroclinic cycle T' of system (2.3) with n =2, N = 8 and m = 7 is shown

in Figure 1. As it can be seen from Figure 1 that, in this case, we have i; = 1,
io = 2,13 = 3,14 = 7,15 = 3, ig = 4, iy = 5, ig = 6. Thus, the sequence i1,

iz, -

-, iy € J is not necessarily strictly increasing. Consequently, each zone may

contain multiple saddles, the cycle I' may cross a switching manifold transversally
multiple times. Referring to Figure 1, 23 contains two saddles ps and ps, I' crosses
Cs7 transversally twice. Here, we take v}'(0) and 77, (0) as the same point due to
the reset map R;;,,, for j € Jn. Hence, the system considered in this paper is
more general than the one considered in [37]. Since (2.3) is autonomous without
loss of generality and for the sake of simplicity, we assume that for each of j € Jn,
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the time at which 7;,5(” reaches the corresponding switching manifold is ¢ = 0 in
(H2).
For technical purposes, for each i € J and j € Jy, we extend the domains for
u,s

;" so that they are defined on R and extend the domains of f; and g; such that
fi € CZ(R™,R"), g; € CZ(R" x R x R,R™) and

sup{|f;(z)|: z € R"} < 2sup{|fi(z)|: 2z € U},
sup {|g;(z,t,€)| : (z,t,e) € R"*} < 2sup {|g;(z,t,¢)| : (z,t,e) € U x R x A}.

In the sequel, we use the same notations for the extend functions as the original
ones and assume that up to the second order all the derivatives of R;; and the
extended f; and g; are bounded, uniformly continuous. Those assumptions for the
extend functions have no effect on the results obtained in this paper, because only
the values of f; and g; for x in a compact neighborhood of I" are needed.

Since for each j € Jn, p; is a hyperbolic saddle of (2.3) in €;,, the linear
variational system

i=Df, (O, t>-1 (2.4)

has an exponential dichotomy on [—1,400) with projection P;, constant K and
exponent p > 0 such that

163, (5P (X5, ()71 < Ke ™79 for —1<s<t,
I3, (6)(T = P (X2 ()71 < Kert™) for —1 <1<,

where X7 () is the fundamental matrix solution of (2.4) with X7 (0) = I for t €
[—1,400). Similarly, for each j € Ju, the linear variational system

&= Dfi,(vi(t)r, t<1 (2.5)

has an exponential dichotomy on (—oo,1] with projection P;jﬂ constant K and
exponent p > 0 such that

X ()P (X (s) 7 < Ke P ) for s <t <1,
X3 () = PE)(Xi ()7 < KeP™) for t < s <1,

where X} (¢) is the fundamental matrix solution of (2.5) with X} (0) = I for t €
(=00, 1]. Here, without loss of generality, we assume that K and p of the dichotomies
on (—oo, 1] and [—1,400) for all j € Jy are the same.

For j € Jn, let RY,  :R"+— R" be the projection onto N'Vh;;, ,(7(0))

i6j41
along 44 (0) and R : R" = R™ be the projection onto N'Vhi,i; ,(vi1(0))

1541
along 2, ,(0) and given by
thz H 0 , W
R’f‘iv+1w - w— < J J+1§(’y]+1( ))g > ’.}/;_,'_1(0)7
7 <vhi]‘i]‘+1 (7]-‘,—1(0))7 Pyj+1(0)>
Vth “(0 , W
;Ljijﬂw:w— < JJH(,YJ( )) > y3(0)

- v
<Vhijij+1 (A/Ju(o))?'yf(o» !
for w € R™. Let

S}‘ = ,/\/P;J‘ N NVhiﬂ‘Hl (7;‘(0))7
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Since dim Sy = dim A'P2 ~1, dim S5 = dim RP} ~1, we have dim (RP;,,, + 53 ) <
n — 1. We assume that
(H3) For each j € Iy, R, + 5‘;‘ has codimension one in R™.

Similar to that of [4,5,7,8,19], condition (H3) is a kind of nondegeneracy condi-
tion on I'. By (H3), for each j € Jn, there is a unitary vector ¢;; € (RP; —1—5]”)L
such that '

R™ = (RP;_ + S) @ span(¢y, ).

i1

Let 94, -+ -, ¥i, be fixed in the sequel.
Let P;; be the stable projection of the dichotomy of the linear system @ =
Df;;(p;)x for j € Jy. Let

P
15

(1) = X3 (P (X5 (0)7Y, P(t) = X (=) P (X (=)~
Then, by a result in [41], we have
. HU,S ) _ .
fli,IgOHPZ; (t) Plj” 0, J € IN-
Hence, there is a T' > 1 such that for any ¢1,t3 > T, we have
NP, (1) ®RP!(t2) =R", j€ In. (2.6)

Again, here we assume that the values T for all j € Jy are the same, and let T" be
fixed in the sequel.
For each j € Jy, define

(X7, @) DI =P, )R )y, t>0,
((XZ (t))_l)T(PZ)T(RZz]Jrl )T(DlRij’ij+1 (7‘?(0)7 0))T7~/)ij , 1 <0.

For oo € R, let

(1) = (2.7)

0

Me(a) = /_ BT (r)gs, (72 (r), 7 + 0, 0)dr, (2.8)
+oo

Mj(a) = /0 \Ile(T)gij+1 (Vi1 (7), T+, 0)dr. (2.9)

We define the Melnikov functions by
Mj (a) = 'IZ)ZD2R7JJ-1']'+1 (’7;(0), 0) + M;L(Ck) + M; (Oé)7 (210)

Clearly, under our assumptions, M¥(a), M$(a) and M;(a) are all C* functions.
Consider a planar PWS system as a special case, i.e., n = 2. For each j € Jy,
define

50 = e (= [ s, 036 ).
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530 = e (- [ divs, (36 ).

Fii(t a) = fi; (v (0) A gi; (7] (), £ + @, 0),

25

FP(t o) = fi; (5 (1) A giy (v (8), £+, 0).

Then, similar to the method in [37], we have the following explicit expressions for
the Melnikov functions M;(«) for j € Jn:

M) =1, {((fww;H(o»)L)TDzR%Hw;-%o» 0)

+ <(Vhijij+1 (’Y;L(O»)Lv (DlRijij+1 (’Y;L(O)’ 0))T(fij+1 (FYJS+1(0)))L>

0 +oo
- / FY (r, ) B2 (r)dr + / Fe L, a)Ble(T)dT},
0

—0o0

where II;; = 1/|f;;(7;(0))]-

In this paper, we aim to investigate the chaotic behaviors of system (2.1) near
the heteroclinic orbit I'. For this purpose, we need to look for the solution defined
on R of (2.1) that belongs to a small neighborhood of I'. For this, we have the
following theorem, which is also the main result of this paper:

Theorem 2.1. Assume that for each i € J, f; and g; are functions with uniformly
bounded derivatives upto the second order on Q; and Q; x R? respectively and their
second order derivatives are uniformly continuous. Suppose that the assumptions
(H1 — H3) hold. Then, for given constant cq > 0, there exist constants 6y >
0 and ¢1 > 0, such that for any 6 with 0 < § < dy, there is a &5 > 0 such
that for any e with 0 < |g| < &, for any increasing sequence T = {Ty}rez with
Tys1—Tx > 1—2p L 1n|e| for any k € Z such that, for j € Iy, k € Z and for some
wo = {a}rez € (7°(R) with

Mj (TQNk+2j + a?\,kH) =0 and l?eﬁZ‘ ‘M; (TQNk+2j + a?Vk+j) | > ¢, (2.11)

there exists a unique sequence {ag(T,€) brez := {ak trez € 5°(R) with |ag (T, e) —
| < cile| for any k € Z, and a unique solution x(t, T, e) of system (2.1) such that
forany j € Iy and k € Z,

(1) x(t, T, E) S Qz’j fort € (TgNk+2j_2+aNk+j_1,TgNk+2j+osz+j), x(t:l:,T, 8) S
Cijij+1 with x(t+, T ,€) = Rijij_H (z(t—,T,e),e) fort= ToNk+2j + ONk+j5

(2) let I3, = [Tonk+2j—2 t ONk+j—1, ToNkt2i—1 +ONktj—1]s Jfi = [Tank+2-1+
QONk+j—1, TQN]C+2]‘ + aNk;Jrj]; then we have

sup |z(t, T,e) — 'y;(t — ToNkt2j—2 — aNkJrj,l)’ < 0,
teJg),

s%p x(t,T,e) — ’y;-‘(t — TonNk+t2j — oszH)’ < 6.

te J’.",C

3. Proof of Theorem 2.1

In this section, we describe how to prove Theorem 2.1. For this purpose, we first
discuss the orbits close to the heteroclinic orbit I'.
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Let {T} }xez be an increasing sequence with Ty — Ty > T+ 1, where T is given
in Section 2. For j € Jy, define

P} = X} (Tonktoj—1 — Tanktaj—2 + D) PS(X] (Tonktaj—1 — Tonktaj—2 +1)) 71
= 15{?- (Tonkt2j—1 — Tonky2i—2 + 1),

k= X (onkt2i—1 — Tonkto; — D P (XG (Tonk+2j-1 — Tonk+2) — 1)~

i

P,
= 155. (Tonkt2j—1 — Tonky2; — 1)

Let 6 > 0 be a positive number such that for any ¢t > 0 and j € Jy, the closed balls

B(v;(t),0) and B(v}'(—t),d) are subsets of Q2. Let

N;, = sup {|gi]. (z,t,e)]: (x,t,e) € R”+2} ,

N = sup{ Ji; (x,t,e)|: (z,t,e) € R"+2},
J v
A7 (6) = sup sup [Dfi; (z + (1) = Dfi, (v ()]
|z| <& t>0
AY(8) = sup sup [Dfi, (x + 75 (1) = Dfi, (v (1))] -
|z <5 t<0

By the results given in [4,5,7,8,19], we have the following two Propositions, which
show how to construct solutions near vj'(t) on [Tonk+2j-1+a —1, Tanki2; +a] and
solutions near v5(t) on [Tongi2j—2 + @, Tonki2j—1 +a+ 1] for j € Iy, k € Z and
aeR:

Proposition 3.1. Suppose that the assumptions (H1) and (H2) hold and j € Jy,
ke€Z,a€R. Let § >0 and ( Z”j,gofj,a,s) GNP;; X RP! | % R2 be such that

2K (& |+ |i | +2p7 ' Nyylel) <6, AKp~ (A} (8) + N} |e]) < 1.
Then, equation & = f;, () + £g;, (z,t,¢) has a unique bounded solution xfjk(t) =

af (668 of  a,e) on [Tonkyoj—1+a—1,Tonkioj+a], which is C? in (&, ¢}, a,€)
and satisfies:

2 (£ Tanrrny + 00 €0, 8 €)= 42(0)] < 2K(IEL | + |t | + 207Ny [e]) < 6
for any ¢ € [Tong42j—1 — Tonk+2; — 1, 0] together with

Pz'q;z?j,k(TQNk-l-Zj + O‘?fl’??@z@ﬂav‘?) = fzuja

u u u u — u
Pij,kmij,k(T2Nk+2j—1 +ta— 175”7%]-7@75) = Pi;-

Moreover, x;‘j,k(t +a, & i a, ¢) and its derivatives with respect to ( N EeY €)
are also bounded in [Tong42j—1—1, Tonk+2;] uniformly with respect to ( Z-“j, gp?j , QL E)
and k € Z, uniformly continuous in ( l“J ,gpfj,a,a) uniformly with respect to ¢t €
[TQNkJer,l — 17T2Nk+2j] and k € Z, and satisfy:

337;‘1,C

o€y

ox ok
A

]

(t + O[,0,0,0L,O) = qu; (t - TQNk+2j)(I - P?Z)’

(t+0,0,0,,0) = TZ}l(t,TszHj—l -1),
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u t

zy
R (4 4 0,0,0,0,0) = / T (1, 7)g% (7, 0)dr

e ToNky2j—1—1

ToN k425 9
u,
_/t Tkj (t7 T)g;lk (T7 Oé)dT,
where

95(1,0) = gi; (vj (T — Tonk+24), T + @, 0),
TZ}l(th) = X' (t = Tonpero) P (X3 (T — Toniero;)
Y (6 m) = X{ (¢ = Tonksog) (I = PE)(X{ (T = Tonkiy) ™

Proposition 3.2. Suppose that the assumptions (H1) and (H2) hold and j € Jy,
ke€Z, aeR. Let 6 >0and (&5, a,¢) € RP; X/\/‘P{j,k x R? be such that

2K (1€ | + |95 | + 207 Nijlel) <6, 4Kp™ (A7 (8) + N le]) < 1.

Then, equation & = f;, () + £g;, (x,t,€) has a unique bounded solution xfjk(t) =
.’L'fwk(t, 6:; R (p,fj , E) on [TQNk+2j,2+Oé, TQNk+2j,1+Ot+1], which is C? in ( fj R (p,fj , E)

and satisfies:
|25, (Tonktaj—2 + 0, &, 05 are) =75 ()] < 2K (|€5 | + |98, | + 207 " Nyjle]) <0

for any t € [0, TQNk+2j_1 — TQNk+2j_2 + 1] together with

S .8 s s __ ¢S
}Dij xijvk(TQNkJerfZ +a, gz, ) @17 ) Oy 5) — Siyo

S S S
Pisj7kl‘fj7k(T2Nk+2j—1 +a+ 1751']-7901']-7‘175) = ¥i;-

Moreover, xfj,k(t +a,& ¢, ¢) and its derivatives with respect to ( BN eY €)
are also bounded in [Tong+2;—2, Tank+2;—1+1] uniformly with respect to ( fj , <pfj , QL E)
and k € Z, uniformly continuous in ( fj,gpfj,a,s) uniformly with respect to t €
[TQNkJrgj,Q,TQNkJFQj,l + 1} and k € Z, and satisfy:

Oz}, 4
8§;; (t+a,070,0[,0) = )(,LS7 (t_TQNk‘JerfQ)PZ'Sj,
axfjvk 5,2
8<pfj (t + ,0,0, «, 0) = Tkjj (t, TQN]C+2J‘71 + 1),
8$f k ¢ s,1
—=(t+,0,0,a,0) = / Ty (¢, 7) g5k (T, )dr
e ToNk+2j—2

ToNk42j—1+1 )
S,
-/ T2, 7)gju(r, a)dr,
t
where

gjs'k(Tv a) = Gi; (’Y;(T - TQNk+2j—2)v T+ O)a
TZ’; (t,7) = XJ (t = Tonky2j—2) P (X7 (T — Tonki2j—2)) %,
Tif(t? T) = XZ (t - T2Nk+2j—2)(-[ - ID,LS?)(X,LS? (T — TQNk+2j—2))71-
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Now, let

4nN\ .
g?zoz{{(‘pgl,k?(pfl,kv“' »@?N,ka@fN,kafﬁ,kafZ,ka'" »ng,kaffN,k)}keZ € (R " ) :

Pisw € RPY 1opf 1 ENP & ENPELE L €RPVG € TNk € Z}

be the Banach space with the norm:

) ‘gfj,k|}

p— U S u
0] = Sup max {Isaij,kla |05, 5ls 1€55 &

for 6 = {(@Z)ka Qofl,k;a T 7%0?1\,)]67 cpr,]gaglyl)k;agfhk;a T 751'“1\,)](;75?1\,,]9) }kGZ € @O Let
dg be the largest positive number such that for all j € 7y, the following is satisfied:

4Kp~t

A (80) + N sl <1
i SOTYRN, Y T

Let § € (0,0¢) and €5 = min {SK"]{,_ } For any ¢ € (—¢es,¢5), define
JEIN i
g?s = {{(@Z,kvﬁp‘;,ka T agogN,k7<pr,ka€ﬁ,ka€fhkv e ’gngk’ng»k)}keZ S gzo :
2K (L5 + 6l + 207 Ny Jel) < 8,5 € T, k€ 2}
05° = {(0,w,e) € 3% x (°(R) x (~e5,€5) } -

Then, (57 and £§° are open nonempty subsets of £3° and £7° x (> (R) xR respectively.

We assume that 0 = {(SO;‘UII’]w 501"51,]97 e 790?1\,,]@5 Sﬁf}\],]ﬁ fi’ka gfhk’ e 7§;LN,]97 ng’k) }kGZ’
w = {ay trez for (0, w,e) € £3° in the sequel.

Take an increasing sequence T = {Tj trez with Tpy1 — T > T + 1, where T
is as above. By Proposition 3.1 and Proposition 3.2, for (6,w,e) € £3° and for
each j € Jn, we have solutions xfgk(t) =@} (68 1 PL ks ANkt €), 5, 1 (8) =
xfj’k(t7§fj)k?(pfj,kﬂa]\[k—‘—j—l?s) of + = fij (l‘) + €g¢j (.Z,t,&‘) defined on [TQNk—i-Qj—l +
ank+j — L, Tonkt2j + ank+j]) and [Tonk2j—2 + ANktj—1, ToNk+2i—1 + ANktj—1 + 1]
respectively. Since for any k € Z, Tjo1 — T > T+ 1 > 1 and |1 — ag] < 1, we
have

Tonk+2j-1 + Nkt — 1 < Tonk42j—1 + ONk+j—1 < ToNk+2; + ONEj-

Thus, both xfjk(t) and xfj’k(t) are defined at the time t = Tongt2j—1 + ONk+j—1-
Hence, we can consider the following infinite set of equations for (0, w,¢) € £5°:

G1(0,w@,¢) =0, (3.1)
where G : £5° — (> (R?"N 2N ig given by

QT(G, w, E) =
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S S S
25k (TaNk+2j—1 + ONk4j—1, & s P5, ks ONR+j—15€)
— @} (ToNkt2j-1 + ONk4j—1, 81 ks P s ONK+j 5 €)
s X . S S .
xijﬂ,k(Tsz-s-zj + O‘Nk+j7€ij+1,}c’ Pijpa,kr ENk+3> 5)
“Rijijir (@ (TaNkt2j + ANkt &) 0 O3 ks AN+ €)5 E)

hi_yi; (Hffj,k(TszJrzij + Nk 1,8 10 PF, ke ONE+ -1 €))

Pijisir (@7 o (Tonkt2j + ONk455 & o O3 o AN+ E)) jean ) vea
Clearly, a solution (6, w,¢) of equation (3.1) implies the existence of solutions
xlujk(t) and xfj,k(t) as described above with

i (eNkt2j—1 + anktj—1) = 25,k (ToNkt2j-1 + ONk4j—1)

for each j € Jn, k € Z. From which we can construct a solution x(t,0,w,¢e) of
system (2.1) near the heteroclinic orbit T by setting

S

_ )T,
x(t,0,w,¢) =
u

it 1 (), t € [Tonkt2j—1 + anktj—1, ToNkt2; + ONE+)

L), t € [Tonk+2j—2 + ONktj—1, ToNk+2i—1 + ONk+j—1)s

for j € Jn, k € Z. Clearly, we have x(t+,0,w@,¢) = Rii,,, (z(t—,0,w,¢),¢) for
t =ToNkt2j + ONk+j-

The rest of the proof of Theorem 2.1 is similar to the proof of Theorem 2.1 given
in [37]. We omit it here for the sake of brevity.

4. Chaotic behavior

In this section, we discuss chaotic behaviors of system (2.1). Let the following
assumption hold so that the conditions of Theorem 2.1 are satisfied:

(H4) For any e with 0 < |e| < &, there is an increasing sequence T = {1} }rez
with Tj41 — Tk > 1 —2p ' In|e| for any k € Z and a wo = {a) }rez € (°(R)
with |||l < 1 such that (2.11) holds for each j € Jy.

Let £ be the set of bi-infinite sequences of elements of S := {0,1}. Then,
(€,d) is a totally disconnected compact metric space with the distance d(e,e’) of

e:{...e_l...6_1'60...el...}7e/:{...eLl...eLl_e/O...eg...}egbeinggivenby
— lei — ¢
N _
d(e,e’) = Z ST
l=—00

where for any | € Z, e;,ej € S. The Bernoulli shift 0 : € — £ is defined as o(e) =
{--e_;---e_jeger---e---tfore={--e;---e_1.eg---e---} € E Then, ois
a homeomorphism having (1) a countable infinity of periodic orbits of all possible
periods, (2) an uncountable infinity of nonperiodic orbits and (3) a dense orbit [19, p.
18]

Let 7 and wq be as in (H4). For any e = {---e_;---e_j.eg---e;---} € &, let
{n$}r be a fixed increasing sequence of integers such that e¢; = 1, if and only if
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I =n§. Define T¢ = {Tf}1ez and w§ = {a¥}iez as

Tonng, if | = 2Nk,

TQNTL;-‘,—ly lfl:2N/€+1,
=9

Tonng4on—1, if 1 =2Nk+2N —1,
o agle.

Similar to that of [37], we have the following result:

Theorem 4.1. Assume that for each i € J, f; and g; are functions with uniformly
bounded derivatives upto the second order on €; and €; x R? respectively and their
second order derivatives are uniformly continuous. Suppose that the assumptions
(H1 — H4) hold. Let T, wy be as in (H4) and T¢, wf be defined above. Then,
for any sufficiently small |e| # 0 and for any e € &, there is a unique sequence
{af(T¢ e) ez = {afhiez € (5°(R) with |af — a¥¢| < cile|, for any 1 € Z and a
unique solution x(t, T, e, ) of system (2.1), depending only on e and T, such that:
(1) If for both I = ng and | = Ny 1, €1 =ep =1, then for any j € Jy,

sup

o(t, T ee) =7 (t = Tsnpyoj o — Onpsj_1)]| <6,
teJs”

SIJIP |$(t, T,ee)— Vju(t - TQENk+2j - O‘?\/k+j)} <94,
tegg"

where J53° = [T5np 050 + O3 pg o1 Tonnyzj—1 + Oktj—1)s Tii = [Tsnppoj1 +
ab . Te .+ ab ]
Nk+j—1> L2aNk+2; Nk+jl-
(2) If there is an integer k_ such that ene =1 and e; = 0 for any | < nf_,
then

sup |z(t,T¢¢€) =71 (t — Tonk_42 — ANk_+1)| <6,
teJy"

where Jyj" = (=00, Tsny,_ 4o + %y 41]-
(3) If there is an integer k4 such that ene =1 ande =0 for anyl > nzw then
+

sup  |z(t, T e,€) =1 = Tone,+1) — ON(pp41))| <0

e,s
TS )

where Jip 1y = [Ton g, 1) + Ok, 41y, T00)-
(4) If e = 0, then for each j € Jn and sufficiently small |e|, there is a unique

bounded solution defined on t € R, denoted by x;(t,T,0,¢), of system (2.1), such
that x;(t,T,0,e) € Q;; for allt € R and

sup |z;(t,T,0,e) — p;| < 4.
teR

Furthermore, for 1 € Z, x(t, T4V a(e),e) = x(t, TV, e,e) for any t € R and
e €&, where T = {Tyioni}rez-
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The proof of Theorem 4.1 is similar to the arguments given before Theorem 5.1
of [37]. Thus, we omit it for brevity.

Forl € Z, let S; = {x(Tgl,T(l),e,s) tec 5} C R"™. Define the map F; : S; —
Si+1, so that for & € S;, Fi(§) is the value at time Ty of the solution z(t) of
(2.1) such that z(Ty) = &, ie., Fi(§) = ©(Ta+1). Let ®; : € — S; be defined as
®y(e) = (T, TY, e,¢). Then, for each [ € Z, S; is compact in R”, F; and ®; are
homeomorphisms. Moreover, we have the following result:

Theorem 4.2. Under the assumptions of Theorem 4.1, for any sufficiently small
le] > 0 and for any l € Z, the commute diagram

E 25 ¢

@Ll J/‘I)H—l

5 —t Siy1
holds. Furthermore, ®; : € — S; is a homeomorphism for any l € Z.

Now, we assume that for all i € J, g;(z,t,e) are almost periodic or periodic in
t uniformly in (x,¢). It is easy to see that Theorems 6.1 and 6.2 given in [37] are
still true for system (2.1). Here, we omit them for brevity.

5. Application to linked rocking blocks

In this section, we consider heteroclinic bifurcation and chaos for a quasiperiodically
excited system consisting of two slender rocking blocks coupled by a light spring,
as is depicted in Figure 2. In [24], Granados, Hogan and Seara studied the Arnold
diffusion of this model, when it is periodically excited. They assumed that on
impact with the rigid base, and neither block loses energy. They pointed out that
the Arnold diffusion can be seen as one possible mechanism for block overturning.

The blocks are rigid, of mass m; and my and with semi-diagonal of length R
and Ry respectively. The base is sufficiently flat, so that the i-th block rotates
only about O; for i = 1,2. Let a1, as be the angles formed by the lateral sides
and the diagonals of the blocks. The state variables x; and z3 are chosen so that
ayr1 and asxg are the angles formed by the vertical and the lateral side of each
block. When there is a rotation, x; (respectively x3) is positive for rotation about
Oy (respectively Oy) and ; (respectively 3) is negative for rotation about O}
(respectively O;) For slender blocks, a; < 1 for 1 =1, 2.

As in [24], we assume that both blocks are identical, namely m; = ms and
a1 = az. However, we assume that on impact with the rigid base, and both blocks
lose energy.

Let © = (71,22, 23,24)7 € R, hy(x) = 21 and hy(x) = 3. Suppose that R* is
divided into four disjoint open regions §2; (¢ = 1,---,4) by the super-surfaces Ci2,
C23, C34 and C417 where Cig = {.13 S R* . ]’Lb Z‘) =0,21 > 0}, 023 = {x S R* .
ho(z) = 0,23 < 0}, C34 = {z € R*: hy(z) = 0,21 <0}, Cyy = {z € R*: hy(x) =
0,23 > 0}. Thus, @y ={x € R*: 21 > 0,23 >0}, Qo = {x € R*: 21 > 0,23 < 0},
Q={reR*: 21 < 0,23 <0}, Y ={reR*: 21 <0,23 >0}. According

o [24], the dimensionless form of this coupled two slender rigid blocks can be
modeled by

&= fi(x) +egi(z,t), € i=1,---,4, (5.1)
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Figure 2. Two slender rocking blocks linked by a light spring

plus a set of reset maps
xHRij(xag)a I’ECij, for (7',.7) € {(172)v(273)7(334)7(471)}7 (52)
where for i =1,--- ,4,

gi(x,t) = o(xs — 21)(0, 1,0, —l)T — (041 sinwyt 4 042 sinwst) (0,1, 0, nT.

Moreover,
fi(x) = ($2,$1 —1aq,zs—1)7,
fo(z) = (zo, 21 — 1, 24,23 + 1)7,
f3(z) = (zo,x1 + 1,24, 23 + 1),
fa(2) = (zo,21 + 1, 24,23 — 1)T,
Ria(z,€) = (21,22,0,(1 —er)xy)T,  for z = (21,20,0,24)" € C1a,
Ras(z,€) = (0, (1 — er)zo, x3,24)",  for z = (0,29, 3, 24)7 € Cos.

Raa (respectively Ry41) has the same form as that for Rio (respectively Rog) for
x € Csy (respectively x € Cq1). Here, cp > 0 corresponds to the light spring
constant, 1 —er € (0, 1] is the coefficient of restitution corresponding to the energy
loses of the blocks on impact with the rigid base, ¢;1, 040 for i =1,--- ;4 and wy,
wo are all positive constants.

When e = 0, the unperturbed system of (5.1-5.2) has four hyperbolic saddles
b1 = (LO»]-’O)T € Oy, p2 = (170a71’0)T € Q, p3 = (71,0,7170)71 € Q3 and
ps = (—1,0,1,0) € Q4. Corresponding to pi, the first (respectively second) block
is at the unstable rest position such that its diagonal is perpendicular to O; (re-
spectively Os). Corresponding to ps, the first (respectively second) block is at the
unstable rest position such that its diagonal is perpendicular to O; (respectively Os).
Corresponding to ps, the first (respectively second) block is at the unstable rest posi-
tion such that its diagonal is perpendicular to O/1 (respectively O;) Corresponding
to py, the first (respectively second) block is at the unstable rest position such
that its diagonal is perpendicular to O,1 (respectively Ogz). The eigenvalues \;; for
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i=1,---,4and j =1,---,4 of the coefficient matrix of the linearized system of the
unperturbed system of (5.1-5.2) at p; are given by: A1 = A2 = 1, Njs = Ajy = —1.
The unperturbed system of (5.1-5.2) has a heteroclinic cycle T', which consists of
eight branches T := {v§(t) : t € [0, +00)} C Q;, T¥ := {¥%(t) : t € (—00,0]} C

such that
-U (U Ur).

where ~;"*(t) are solutions of the unperturbed system of (5.1-5.2) given by

Fet) = (1,0,1 —ef, —eDT,  t € (—o0,0],
Yty =1 —-et et 1,007, te]0,+00),
() = (1 —e',—e', —1,00T, t € (—o00,0],
Ya(t) = (1,0, =1+ et —e 9T, te]0,+00),
(L) = (=1,0, -1 + ¢ et)T, t € (—o0,0],
Yt) = (=1+e -t —1,007, te€[0,+o0),
i(t) = (=1 + €' e 1,007, t e (—o0,0],
i) = (=1,0,1 —e f e )T, te0,+00),
with
31'(0) = (0, =D, A47(0) = (1,*1 0,0)",
Y5 (0) = (-1,-1, 0 ,0)T, 45(0) = (0,0,-1,1)7,
¥5(0) = (0 0,1,1)7, 45(0) = (- 171’0 O)T
44(0) = (1,1,0,0)", 43(0) = (0,0,1,-1)".

Furthermore, we have i; = ] for j = 1,---,4, ¥#(0) = ~45(0) = (1,0,0,—1)T

Ci2, 13(0) = 73(0) = (O -1 0) € 0237 75(0) = 75(0) = (_1707071)T € Caq,
~v4(0) = $(0) = (0,1, l,O)T € C41. In the following, to simplify notations, i; is
written as j for j = 1,.-- ,4. Note that when ¢ = 0, all of the reset maps given

in (5.2) are identities. Hence, assumptions (H1) and (H2) are satisfied for system
(5.1-5.2). Since system (5.1-5.2) is of four dimensional, it is not possible to plot the
heteroclinic cycle I' in the phase space.

We smoothly extend the right hand side functions of system (5.1) and ~,;"*(¢)

for i =1,---,4, as is explained in Section 2. Let A, be a 4 x 4 matrix given by
01 00
1 0 0 0
A=
0 001
0 010
Then, the corresponding linear variational systems & = D f;(v;"°(t))z for i =

1,---,4 are given by
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where (5.3) is defined on [—1, +00) for the superscript “s” and on (—oo, 1] for the
superscript “u”. For i = 1,--- 4, the fundamental matrix solutions X:%(t) with
X%(0) = I of (5.3) are given by X;"*(¢t) = X;"*(¢)(X;"*(0))~!, where

Xo(t) = =1, 4
0 e 0 et

Here, X7 (t) is defined on [—1,400) and X*(¢) is defined on (—oo, 1].

For each i = 1,---,4, we found that P"® = Xf’S(O)Pus(XZ”(O))*l, where

P = P? = diag(0,0,1,1). Therefore,

szu = Span {(17 1,0, 0)T7 (03 0,1, 1)T} ;
RP; = span{(1,-1,0,0)",(0,0,1,-1)"}

fori=1,---,4. By direct computations, we have
S = §% = span {(1, 1,O,O)T} , SY=S8%=span {(0,0,1, 1)T} .

It is easy to see that for each i = 1,--- ,4, D1R; j41(mod 4)(7;'(0),0) : Si* — S is an
isomorphism, implying that dim(S*) = dim(S*). Thus, we codim(RP}, | (10q 4)
Sy =1fori=1,---,4.

In summary, the unperturbed system of (5.1 - 5.2) has a heteroclinic orbit T'
that satisfies assumptions (H1 - H3).

In the following we compute the Melnikov functions. The unitary vectors v; €

(RP2+1(mod i S ) can be chosen as

1 1
— b3 = —(0,0,1,1)7, =y = —(1,1,0,0)T.
’(/}1 ’(/}3 \/5( ) 1/)2 1/)4 \/5( )
The projections I 'i4+1(mod )W Rfiﬂ(mod HW fori=1,---,4 are given by

T

)

ow = Ryw = (wy,ws,0,wy — w3
(
(
(

S S
R23w = R41w - 0, w1 + W2, W3, Wy

S s T
Ri,w = R3,w = (w1, we,0,ws + wyq)",
u U T
Rysw = Rjyw = (0, we — wy, ws, wy)"
)T

)

where w = (w1, ws, w3, wy)T € R From (2.7), we obtain

76 t’ _t)7t207

)

0,0
VT (t) =05 (1) =
0707 7et)’ t S 07

W3 () = Wi (t) =

&\H &\H S-S

(
(
(e7t,e7t,0,0), t > 0,
(—et et 0,0), t<O0.



Heteroclinic Bifurcation in Hybrid Systems 35

From (2.8 - 2.10), we have

2
i Z Hii(w;) sin(w;a + 914),

Mi(a) = %r V2o~ — > (5.4)
Ma(a) = %r 4 ?Q - % 2; Has(w;) sin(wia + da,), (5.5)
Ms(a) = —%r V20— % ng,i(wi) sin(wia + 03:), (5.6)
Ma(a) = —%r V20— % gHM(wi) sin(wiar + Vas), (5.7)

where for ¢ = 1, 2 and j = 1,---,4, Hj;(w;) = \/(E;z(wl))z—i— (E;Z(wl))z, Vji =

arctan(Z$, (w;)/Z%;(w;)) and

—c w02 —o1i) 01+ 024
Efi(wi) = T ite? Elilwi) = Tt+w?
i) = P m = FR
=) = TP B =
Sl = 2T, oy ) = SIS

Now, we divide our discussion into the following two cases. In the following, we
assume that € > 0. Hence, o > 0. We denote the set (0,+00) x (0,+00) by R%.

Case 1: System (5.1-5.2) is periodically excited.

Without lose of generality, we assume that 0j; #0 and ojo =0forj =1,--- ,4.
It is easy to see that for all j =1,--- ,4, M,(«a) are all periodic of the same period
27 /wy. From (5.4 - 5.7), we obtain that M;(«) = 0 has simple zeros, if and only if

1
2/ (L) (02 +03) +20 —whonon.  (5.8)

'I"+2Q < Hll(&)l) = m
1

My (a) = 0 has simple zeros, if and only if

1
r+—-o0< Hgl(wl) =

5 - m\/(1+oﬁ)(a§1 +02) +2(1 —wd)onoa.  (5.9)

Ms(a) = 0 has simple zeros, if and only if

r+20 < H3i(wy) = \/(1 + wi)(o3;, +03,) +2(1 —wi)osiou. (5.10)

1+ w?

My (a)) = 0 has simple zeros, if and only if

I — 20| < Hayi(w1) = VU)o + o) +20 —whonoa. (5.11)

1+w%
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Figure 3. The shaded area represents the set H, in the (r, ¢) parameter space.

When (5.8-5.11) are all satisfied, then each of M;(a)(j =1,--- ,4) has exactly two
simple zeros in [0, 27 /w;] and system (5.1-5.2) is chaotic for € > 0 sufficiently small.

For example, take w1 = 1, 011 = 1, 021 = 1.2, 031 = 1.4 and o417 = 0.7, then
(5.8 - 5.11) are all satisfied, if and only if (r, o) € H,,, where

Hy, = {(r, 0) ERY 17 +20 < V1.22,|r — 20| < \/0.745}.

My (o) = ¥ . %—6701 sin (a + arctan (111> ,

V2 VIT0 1
Ma(a) = -~ Tqp St (a + arctan <13>

Ms(a) = —& - 7\5/5 sin (a — arctan (2

5 21
V298 . 3
My(a) = — T (a + arctan <17>> .

Clearly, M;(a), Ma(a), M3z(a), My() are all periodic functions of period 2.
In [0,27], M;(«a) has two simple zeros a1; =~ 0.7193383634, a12 =~ 2.240934516;
M (a) has two simple zeros aoy = 0.3167922441, e &~ 2.671256627; M3(«a) has
two simple zeros a3y &~ 4.044399052, a32 =~ 5.570282321; My(«) has two simple
zeros a1 ~ 2.966920455, ays ~ 6.108513108. Thus, system (5.1-5.2) is chaotic for
€ > 0 sufficiently small.

Case 2: System (5.1-5.2) is quasiperiodically excited.

In this case, wi/ws is irrational and ;1052 # 0 for j =1,--- ,4. Then, M;(«),
-+, My(a) are all quasiperiodic with fundamental frequencies wy, ws.

From (5.4-5.7), we obtain that when

r+20< H11(w1)+H12(w2). (5.12)
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M (a) = 0 has simple zeros, when

1
rtges< Ho (w1) + Haz(ws), (5.13)

M (a) = 0 has simple zeros, when

r+ 20 < H3i(wy) + Hsa(wa). (5.14)
M3 (a) = 0 has simple zeros, when

|r — 20| < Hy1(w1) + Hyz(wa). (5.15)

My (a) = 0 has simple zeros.

0.4
7

Figure 4. The shaded area represents the set Hqp in the (r, 0) parameter space.

As a concrete example, take w; = 1, wy = \/§, 011 = 1.4, 091 = 0.8, 031 = 0.4,
041 =1 and 012 = 4, 095 = 0.5, 032 = 1.1, 049 = 2. For this set of parameters, it is
easy to see that conditions (5.12 - 5.14) hold implies that (5.15) holds. Thus, (5.12
- 5.15) are all satisfied, if and only if (r, 0) € Hyp, where

2v/58 + /301 oL 4\/ﬁ+\/sﬁ}

= R2 : 2
Hap {(r,g)e Tir+20< 50 2g< 20

Please see the shaded area in Figure 4. Take (r, o) = (0.5,0.1) € Hyp. Then,

T2 V65 3
My (a) = 0 " 1o S (a — arctan (ﬁ))

— \/? sin (\/ga — arctan (%)) ,

Mate) = B2 V5 o (o s (1))
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v/181
— 8 sin <\/§a + arctan

W2 o1

Ms(a) = — Y2 Zsin (a + arctan (

20 5

/602
— f(? sin <\/§aarctan

My(a) = —% - ? sin (a + arctan <é>)

—3sin <\/§a — arctan <7\3/§>> .

Clearly, M;(a), Ma(a), Ms(a), My(a) are all quasi-periodic functions of fun-
damental frequencies w; = 1 and wy = /3. Hence, all of them have infinitely
many simple zeros. For example, in [0,27], M;(«) has four simple zeros a;; =
0.6289728376, 1o ~ 2.427783136, a3 ~ 4.942184708, a4 = 5.251063458; Ma(a)
has two simple zeros ag; & 0.4539411143, a9 =~ 1.531829215; M3(a) has four
simple zeros ag1 = 2.524171802, azo ~ 3.006146459, a3 ~ 5.423432222, agy ~
6.099300212; My () has three simple zeros ay; & 2.524171802, a2 ~ 3.006146459,
a3 A2 5.423432222. Thus, system (5.1-5.2) is chaotic for € > 0 sufficiently small.

6. Concluding remarks

In this paper, we extended the results of [37] on transversal heteroclinic bifurcation
of PWS systems. Therefore, it is applicable to more general systems such as sys-
tems with more general types of switching manifolds and systems with impacts like
the ones considered in [23,35]. More precisely, we studied heteroclinic bifurcation
and the appearance of chaos in n-dimensional time-perturbed PWS hybrid systems.
We assume that the unperturbed system has an orbit connecting hyperbolic sad-
dles of the unperturbed system that crosses every switching manifold transversally,
possibly multiple times. Unlike the systems considered in [37], we do not require
the switching manifolds intersect each other at a connected (n — 2)-dimensional
submanifold and impacts are also allowed. By applying the functional analytical
method developed by Battelli and Feckan in [4-8,19], we obtained a set of Melnikov
type functions and show that their zeros correspond to the occurrence of chaos of
the system. Finally, we applied our results to a four-dimensional quasiperiodically
excited system with impacts formed by two linked rocking blocks.

Although there have been lots of works on homoclinic and heteroclinic bifurca-
tions and chaos of PWS systems so far, many problems still need to be solved. For
example, to the best of our knowledge, there are still no results on the study of
sliding or grazing heteroclinic orbits for PWS systems. It is worth mentioning that
in this paper, we assume that the switching manifolds of system (2.1-2.2) are all
of codimension-1. Recently, Hosham has investigated bifurcation of limit cycles in
PWS systems with the phase space being split into four regions that are separated
by codimension-2 manifolds in [29]. Then, it is natural to study homoclinic and het-
eroclinic bifurcations for such systems. In our future work, we plan to investigate
those problems, which are interesting and more difficult.
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