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Mathematical Modeling and Analysis of an
Epidemic Model with Quarantine, Latent and
Media Coverage

Bilal Boulfoul!, Adlen Kerboua! and Xueyong Zhou®?

Abstract Epidemic models are very important in today’s analysis of dis-
eases. In this paper, we propose and analyze an epidemic model incorporating
quarantine, latent, media coverage and time delay. We analyze the local sta-
bility of either the disease-free and endemic equilibrium in terms of the basic
reproduction number Rg as a threshold parameter. We prove that if Ry < 1,
the time delay in media coverage can not affect the stability of the disease-
free equilibrium and if Ro > 1, the model has at least one positive endemic
equilibrium, the stability will be affected by the time delay and some condi-
tions for Hopf bifurcation around infected equilibrium to occur are obtained
by using the time delay as a bifurcation parameter. We illustrate our results
by some numerical simulations such that we show that a proper application of
quarantine plays a critical role in the clearance of the disease, and therefore a
direct contact between people plays a critical role in the transmission of the
disease.
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1. Introduction

For a long time, infectious and epidemics have been a great challenge to mankind,
and people have tried every means to prevent and control them. Therefore, the
analysis of the dynamics of diseases has always been a hot topic in people’s research.
At the same time, the frequent occurrence of HIV (see [34,38-41]), tuberculosis (TB)
(see [19,20,29]), swine flu (see [26,47,49,56]), Avian flu (see [15,24,27,33]), Ebola
(see [6,16,23,59]), human influenza (see [4,27,58]), Zika virus (see [2,3,10,11]),
severe acute respiratory syndrome (SARS) (see [5,7,14]) and COVID-19 (see [12,
30-32,50,52]) in recent years has made people more aware of the importance of
studying the prevention and transmission mechanism of diseases.

Many scholars rely on the transmission mechanism and impact of infectious and
epidemics diseases factors from the perspective of reality, establishing a reasonable
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infectious disease model, and through the specific analysis of each parameter in the
model, the specific measures should be taken so as to theoretically provide a strong
basis for the prevention and control of the occurrence and spread of disease. In
addition, people’s sense of self-protection has a positive effect on the prevention
and control of diseases.

In many parts of the world, the mass media plays an irreplaceable role of chang-
ing public health-related behaviour. For example, in the early stage of a disease
outbreak, the government and the Centers for Disease Control (CDC) can let people
know the harm of the disease and related prevention measures through various me-
dia in a timely manner so as to minimize the chance of catching disease and achieve
the purpose of curbing the epidemic. Therefore, it is particularly important to con-
sider the infectious disease models incorporating media impact. Media reports can
make the behavior of susceptible populations dependent on a continuous change in
the number of cases, which is reflected by a continuous differentiable infection rate
function. In [44], Liu et al. introduced an EIH epidemic model with media effects.
The function of impact factor is f(E, I, H) = e~ “F-al-asl where E I, H are
the exposed, infectious and hospitalized individuals, and a1, a2, ag are non-negative
parameters to measure the effect of psychological impact of media reported numbers
of exposed, infectious and hospitalized individuals. The rationality of the impact
factor in the model was tested by simulating the outbreak of SARS in the greater
Toronto area in 2003. In [43], Liu et al. constructed a novel saturation disease rate
function 8(I) = f1— 75 ill to describe the intrinsic property of the continuous change
in the number of cases reported by media in public behavior, which reduces the pop-
ulation exposure rate to a certain limited level, where S is the contact rate before
media alert, and s is the maximal reduced effective contact rate due to mass media
alert in the presence of infective individuals. The term 75 111 measures the effect of
reduction of the contact rate when infectious individuals are reported in the media
(see [19,42-46,58,61]). The function g(I) = #H is continuous bounded function
which takes into account disease saturation or psychological effects (see [13,58,61]).
Because the coverage report cannot prevent disease from spreading completely we
have 81 > B2 > 0. The half saturation constant m > 0 reflects the impact of
media coverage on the contact transmission ( [19,42-46, 58, 61]). They propose
and analyze a mathematical model of tuberculosis (TB) transmission considering
social awareness effects during an epidemic. Das et al. [19] proposed and analyzed a
mathematical model of tuberculosis (TB) transmission considering social awareness
effects during an epidemic. To quantify the effect of media awareness in disease
transmission rate, they updated the transmission coefficient 8; both in susceptible
and exposed class by S*(I) = 1 — nf'i[[ and B°(I) = B — mﬁfl respectively. Here,
81 > B2, B3. In general, there are two approaches to account the effect of media
awareness: (i) updating the disease transmission rate to accumulate the significant
fall in transmission due to preventive measures (see [19,43,45,46,58]) and (ii) by
incorporating a mass media compartment to represent the public interaction with
mass media ( [17,36,60]).

On the other hand, the delays are in the media coverage. Media coverage of
an disease outbreak can be seen as following two major routes [5,57,61]. The
first route is when the media report directly to the public about the facts, and
the second has public health authorities that use the media or the Internet to
inform about an outbreak. For the second route, the number of infections and the
number of suspected infections reported by media today are often the statistical
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result of yesterday or the day before. Therefore, the effects of media coverage on
the transmission dynamics can be modified as follows 51 — 62%.

Since no specific antiviral agent is available for treatment of the COVID-19
epidemic, and there is no vaccine. A metropolitan-wide quarantine of Wuhan and
nearby cities was introduced on 23-24 January, 2020 [12]. Several airports and
railway stations have started temperature screening to identify people with fevers
[12]. All public transportation was suspended in Wuhan from 10 a.m., 23 January.
After 23 January, strong government measures in all parts of China such as isolation,
quarantine and public closings strongly undermined the transmission of new cases.
In general, quarantine is one of the necessary measures taken by governments to
affect the transmission of other diseases. We give some examples related to the
COVID-19 pandemic as the model has the quarantine class (see [12,31,52] ).

Motivated by the above factors, we propose an epidemic model incorporated
with quarantine, latent and media coverage as follows:

% . (61 . 627'%) ST — dSs,

% —(1—0) (51 - @M} SI—n (/31 —ﬁ2m> Bl - dE,
— e+t ptdl,

W 10 - dq

B s an

1.1
where S(t), E(t), I(t), Q(t) and R(t) are the number of the susceptible, the exp(gsed>7
the infected, the quarantined and the recovered at any time respectively. Thus, the
total population size at time ¢ is denoted by N(t) equals to S(t) + E(t) + I(t) +
Q(t) + R(t).

The meaning of the remaining parameters used in the model is explained as
follows:

e A is the recruitment rate of susceptible population;

e d is the natural mortality rate of the population;

e ¢ is the portion developing active disease directly after the first infection;
e k is the level of exogenous re-infection;

e 11 is the constant death rate which is related to disease;

e ¢ is the quarantine rate for patients;

e 7y is the per capita recovery rate without quarantine;

e 5 represent the cure rate (the per capita recovery rate wit quarantine).

Since the first three equations of system (1.1) are independent of the last two
equations of (1.1), the dynamics of system (1.1) is determined by the following sub-
system:
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(1.2)
For 7 > 0, we denote by X = C([—,0],R?) the Banach space of continuous func-
tions from [—7,0] to R3 equipped with the supremum norm. The nonnegative cone
of X is defined as X = {p € X : ¢(0) >0, 6 € [-7,0]}. By the standard theory
of functional differential equations (for example, see Hale and Verduyn Lunel [25],
Kuang [35]). For any ¢ = (¢1,¢2,¢3) € X', model (1.2) has a unique solution.
From the view of mathematical biology, we consider (1.2) with the initial conditions
in Xar , where

Xg = {p = (¢1,02,03) € XT : 0(0) >0} .

That is,
S(0) = ¢1(0), E(0) = ¢2(0), 1(0) = b3(0),
¢:(8) > 0,0 € [-7,0], ¢;(0) >0,i=1,2,3. (1.3)
Now, we prove positivity of solution of (1.2) with the initial condition (1.3).

Theorem 1.1. Let (S, E,I) be any solution of system (1.2) with the initial condi-
tion (1.3). Then, all S(t), E(t) and I(t) are non-negative for all t > 0, and they
are ultimately bounded.

Proof. Let (S,E,I) be a solution of system (1.2) with initial condition (1.3).
First, we prove that S(¢) > 0, E(t) > 0 and I(¢) > 0 for all ¢ > 0. From the first
equation of system (1.2), we have

ds(t) I(t—71)
— > — — Bo—————= | I(t) +d ) S(¢).
TR ((51 52m+1(t_7) (t) + (t)
Integrating both sides of the precedent inequality on (0,t), we see that

I(s—T)

S(t) > S(0)e” Jo ((B1=B2 7725 ) 1 () +d)ds

Then, from the initial condition (1.3), S(¢) > 0 for all ¢ > 0. From the third equation
of system (1.2), we obtain

L0 _ (e[ -m oD s

dt m—+1I(t—r7)
(81— o D ) B = (o ok ) 1O

which gives after integration on (0, ) :

I(t) = 1(0)eJo (c(B1=B2 525 ) S(0)+r(B1 = B2 555 ) Bs) —(emititd) )ds,
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From the initial condition (1.3), we have I(¢) > 0, for all t > 0. The second equation
of (1.2) and since S(¢) > 0 and I(¢) > 0 for all ¢ > 0 lead to

P (n (51 - @M) 1(t) + d) E(t),

and we have E(0) > 0, which implies

I(s—7)

E(t) > B(0)e™ Jo ("8 557555) 1) =d)ds 5 oy 5 0,

Now, we show the boundedness of the solution of system (1.2). Denote M =
S+ E + I. Then, from system (1.2), we have

M
dd—t:A—dS—dE—(€+71—|—u+d)I

< A—dM.

By using the comparison principle, we obtain

SIS

limsupM (t) <

t—+oo

Define A
G:{(S,E,I)GX+:S+E+I§d}.

By Theorem 1.1, we conclude that for all (¢1, ¢o, 3) € X T :

d((pt((blv ¢2) ¢3)3 G) — 07 t— +OO,

where @, is the semiflow of system (1.2). Then, the semiflow ®, is dissipative, and
the solutions of system (1.2) are ultimately bounded.

The rest of the paper is organized as follows: In Section 2, we calculate the
reproduction number and determine the number of possible endemic equilibrium
by using the Descartes Rule of Signs. In Section 3, we prove that if the basic
reproduction number Ry is less than 1, the disease-free equilibrium is locally stable.
We discuss the existence of Hopf bifurcation around the endemic equilibrium under
certain conditions in terms of delay. In Section 4, we illustrate our results by some
numerical simulations. The paper ends with a discussion.

2. Equilibria and basic reproduction number R,

In this section, the number of equilibria of system (1.2) will be presented. To find
equilibria of (1.2), we solve the algebraic system:

A—(ﬁl—ﬁgm%r])SI—dS:O,

(1-¢ (51—627,%“) SI—n(Bl —527,#]) EI —dE =0, (2.1)
(0(51—52ﬁ>5+1€<ﬂ1—ﬁzﬁ)E—(6+V1+u+d)>I:O.
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If I = 0, then from the first and the second equations of (2.1), we get S = % and
E = 0. System (1.2) admits the disease free equilibrium P, (5°,0,0) with S° = %.

Now, we define the basic reproduction number Ry of model (1.2). The basic
reproduction number Ry is one of the most crucial quantities in infectious diseases,
as Ro measures how contagious a disease is. System (1.2) always has a disease-free
equilibrium Py (807 0, 0) . Inspired by the method in Driessche and Watmough [22],
we define matrices F' and V as:

0(1—1¢)BS° d 0
Fo ( )B1 V-
0 ¢B:5° Oe+m+up+d

The basic reproduction number, Ry, is the spectral radius of the next generation
matrix F'V ™!, where

1 0 (1—¢)B:1 S°
V71 — d , val — €+’Yl+/l(«)+d
0 1 cB1S
e+y1+pt+d et+y1+p+d
Therefore,
S0 A
Ro=p(FV1) = — D1 b (2.2)

T etmtptd detmtptd’

where p represents the spectral radius.

Before investigating the stability dynamics of the system (1.2), it is instructive
to determine the number of equilibrium points of the system (2.1). To do so, let
P* (S*, E*, I*) be any arbitrary equilibrium of (1.2). To find conditions for the
existence of an equilibrium for which the infection is endemic in the population
(i.e., at least one of E*, I* is positive).

Now, assume that I* # 0, from the first equation of (2.1), we have

S* = A (2.3)

(81— Borke ) I+

From the third equation of (2.1) and (2.3), we get
e+m+p+d B Ac
’ﬁ(ﬂl_ﬁb#) ﬁ((ﬂl_ﬁ2$)l*+d)

By replacing (2.3) and (2.4) in the second equation of (2.1), after some straightfor-
ward calculation, we show that

E* = (2.4)

001*4 —|-01]*3 “1‘021*2 -|-03[* +Cy =0, (25)
where

Co =k (e + 71 +u+d) (B — B2)*,
Cy=(B1—B2) [(e+m +p+d) (2Bimk + kd + d) — Ak (B1 — B2)],
Cg = (5 +7t+p+ d) [512777?/‘6 + kd (251771 — ﬂgm) + d(2,81m — 62m + d)]
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Table 1. Number of possible positive real roots of g(I™) for Rop < 1 and Rg > 1

Cases Co C1 Co (C3 Cy4 TRo Number of sign ~ Number of possible
changes positive real roots
1 + + + + + Ro<1 0 0
+ — Ro>1 1 1
2 + — - — + Ro<1l 2 0, 2
+ - — - — Ro>1 1 1
3 + + - — + Ro<1l 2 0, 2
+ + — - — Ro>1 1 1
4 + - + - 4+ TRo<1l 4 0,2, 4
+ - + - - Ro>1 3 1, 3
5 + - - + + Ro<1l 2 0, 2
+ — - + — Ro>1 3 1, 3
6 + + - + Ro<1l 2 0, 2
+ + — — Ro>1 1 1
7 + + - + + Ro<1l 2 0, 2
+ + - + - Ro>1 3 1, 3
8 + — + + Ro<1l 2 0, 2
+ - + + - Ro>1 3 1, 3
—A(f1 — B2) (2kB1m + cd), (2.6)

Cs =(e+m +p+d) [Bim’kd+ d (Bim® + 2dm)|
— AkBim? — Acd (261m — Bam) ,
Co=—d*m*(c+y +pu+d (Ro—1).

From (2.6), it is easy to see that Cy > 0 (since all the model parameters are
non-negative). Further, Cy < 0, if Ryp > 1 (Cy > 0, if Ry < 1). Thus, the
number of possible positive real roots the polynomial (2.5) depends on the signs
of Cy, Cy and C3. We can use the Descartes Rule of Signs on the quartic g(I*) =
Col** + CLI*® + CoI*? + C3I* + C,4 given in (2.5) to find out how many positive
real roots. The various possibilities for the roots of g(I*) are tabulated in Table 1.

The following results (Theorem 2.1 and Lemma 2.1) follow from the various
possibilities enumerated in Table 1.

Theorem 2.1. The system (1.2):

(i) has a unique endemic equilibrium, if Ro > 1, and whenever Cases 1, 2, 3 and
6 are satisfied;
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(i) could have more than one endemic equilibria, if Ro > 1, and Cases 4, 5, 7
and 8 are satisfied;

(i4i) could have two or more endemic equilibria, if Ro < 1, and Cases 2-8 are
satisfied.

Lemma 2.1. The system (1.2) has at least one endemic equilibrium whenever Rg >
1, and could have zero, two, or four endemic equilibria whenever Ry < 1.

3. Local stability of equilibria and Hopf bifurcation
analysis
The characteristic equation of system (1.2) at disease-free equilibrium Py is given
by
A+d 0 B1S0
0 A+d —(1 —¢)B1So =0. (3.1)
0 0 A (e+m+pu+d —chiSo

Theorem 3.1. (i) If Ry < 1, the disease-free equilibrium Py of the system (1.2)
1s asymptotically stable for all T > 0.
(i1) If Ro > 1, the disease-free equilibrium Py of the system (1.2) is unstable.

Proof. At the disease-free equilibrium Py (Sp,0,0), the characteristic equation
(3.1) takes the form:

cp150
A+d)(A+d) | A+ +pu+d)|(l—- —m =0
O (At et d) (12 )
Then, Ay = Ay = —d < 0 and since Rg = =150 _ < 1, A3 = (e +v +p+d)

e+y1+p+d
(Ro — 1) < 0. Thus, Py is locally asymptotically stable, when Rg < 1 for all 7 > 0.

On the other hand, A3 > 0, when Ry > 1. Hence, P, is unstable, when Rg > 1. [
Next, we turn our attention to the endemic equilibrium P* (S* E* I*). The
characteristic equation at this equilibrium has the form:

A—a; O —as — age™
—a3 A—a4 —as— aloefAT =0, (32)
—ag —a7 A—ag—aje
where
a; = —d — 771]*,
as = 77715*7

as = (1—c)mI”,

ay = —d — kI,

as = (1 —c)mS* — km E™,
ag = e I,

ar = rkml",
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ag = —(e+mn +p+d) +emS" +rmET,
ag = m25™,

ao = —(1 — )2 S* + kM B,

a1 = —cneS* — ke B,

_ BaI*
m = /81 m+]—*7
o Bgml*
2 = 7(m+1*)2-

After some calculations, the characteristic equation (3.2) takes the following form:
A2 4 DA% 4 bo X + b3 + (bgA® 4 bsA + bg)e ™ =0, (3.3)
where

by = —(a1+a4+a8),

by = aras + ag(ar + as) — azas — asar,
b3 = arasar + azasa¢ — ajasag — azasarz,
by = —a11,

bs = a11(a1 + a4) — araip — agag,

bG = Q107010 + 40609 — 104011 — G3A709.

When 7 = 0, the characteristic equation (3.3) at the endemic equilibrium P*
takes the following form:

N+ 0N 4 boX + by = 0, (3.4)
where
by = by + ba,
by = by + bs,
2)3 = b3 + bg.

It is hard to verify the signs of the coefficients of (3.4). Routh-Hurwitz criterion
(see [9]) implies that when 7 = 0, all roots of (3.4) have negative real parts, if and
only if the following conditions are satisfied:

Ay =b >0,
AQ = 6152 — i)g > O, (Hl)
As = b3Ay > 0.

Theorem 3.2. Assume Ry > 1. When 7 = 0, the endemic equilibrium P* is locally
asymptotically stable, if and only if (Hy) holds.

Condition (Hp) will be used to determine the stability of P* at 7 = 0. In the
following parts, we will let 7 be bifurcation parameter and investigate Hopf bifur-
cation for system (3.3) and the stability of P* by adapting the method in [51,61].
For P* to become unstable, characteristic roots have to cross the imaginary axis to



Mathematical Modeling of an Epidemic Model 51

the right when 7 increases. Let A = iw (w > 0) be a purely imaginary root of (3.3).
Substituting it into (3.3) and separating the real and imaginary parts, we obtain

biw? — by = (bs — b4w2) cos(wT) + bsw sin(wT), (3.5)
—w? + bow = (bs — byw?) sin(wT) — bsw cos(wr).
Squaring and adding both equations of (3.5), it follows that
WO+ pwt + qu? +r =0, (3.6)
where
p =02 —2by — b2,
q = b3 + 2bybg — 2b1b3 — b2,
r= b2 — 2.
Let z = w?, and then (3.6) becomes
F(2):=224+p22+qz+r=0. (3.7

We give some hypotheses on the parameters, under which (3.7) has at least one
positive root in the following lemma. To proceed, we further denote

A=p?—3q z; = 2LYA o pVA (3.8)

= 3 , 29 =

Lemma 3.1. For the polynomial equation (3.7), we have the following results.

(i) If r <0, then (3.7) has at least one positive Toot.
(i) If r > 0, we have the following two cases:

1) when A <0 or A =0, (3.7) has no positive root.
2) when A > 0, (3.7) has positive roots, if and only if 2§ > 0, and F(z7) < 0.

Proof. (i) If r <0, it is clear that F'(0) = r < 0 and lilil F(z) = +00. (3.7) has
Z—r+00

at least one positive root by the intermediate value theorem.
(ii) Assume that > 0, and we have from (3.7):

F'(z) =322 + 2pz + q,

for which the discriminant is A given by (3.8). Then, we have the following two
cases:
1) If A < 0 or A =0, then the function F(z) is increasing on [0, +00) and since
F(0) =7 > 0. Thus, if r > 0 and A <0, (3.7) has no positive real root.
2) When A > 0, F’(z) has two real roots z; and z5 given by (3.8). On the other
hand, we know that F”(z}) = 2/A > 0 and F"(z5) = —2v/A < 0. That is, 2z} and
z4 are the local minimum and the local maximum of F(z) respectively. Therefore, if
r > 0and A > 0, (3.7) has positive real roots, if and only if 2§ > 0, and F(z7) <0.
O
Without the loss of generality, we assume that (3.7) has three positive roots zj
(k = 1,2,3) with 2z > 0. Then, by the relation of z = w?, (3.6) has three positive
roots:

Wy = \/57 Wy = \/57 w3 = \/z (39)
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From the equalities in (3.5), we obtain

b5w(w3—b2w)—(blwz—bg)(b4w2—b5)
(baw? —bg) 2 +bZw?

b5w(b1w2fb3)+(w37b2w)(b4w27b6)
(baw?—bg)? +bZw?

= Gc(w),
= Gy(w).

cos(wT) = (3.10)

sin(wr) =

Then, for the imaginary root A = iw of (3.3), we have from (3.10) the following
expression for delay 7 :

arccos(Ge(wg))+2m)
~0) _ o » Gulw) 20, (3.11)
k 27r7arccos(Gc(wk))+27rj, GS(W) < 0’

Wi

where j =0,1,2,... and k = 1,2,3. Thus, +iwy, is a pair of purely imaginary roots
of (3.3) with 7 = T]g]). Assuming

0 . 0
m=r) = min {7} and wo =, .12)

i.e., 79 is the minimum value associated with the imaginary solution iwgy of the
characteristic equation (3.3).

From Theorem 3.2, if Ry > 1, the endemic equilibrium P* is locally asymptotically
stable, when 7 = 0. Now, we now consider the following exponential polynomial:

+ (pgl))\"*l + ... +p7(1121)\ +pf})) e

P e ey a4 pOxn=t 4 p@ 3 g p®

+ ...+ (pgm))\”fl + .. +p£:7_1)1/\ +p£lm)) e Am

where 7, >0 (i = 1,2,...,m) and p;i) (i=0,1,....,m; j =1,2,...,n) are constants.

We need the following result in Ruan and Wei [51] to analyze (3.3).

Lemma 3.2 (Corollary 2.4, [51]). As (11,72, ..., Tm) vary, the sum of the order of
the zeros of P(\,e™ 1, ...,e” ™) in the open right half plane can change only if a
zero appears on or crosses the imaginary axis.

By Lemmas 3.1 and 3.2, we obtain the following proposition.

Proposition 3.1. For the third degree transcendental equation (3.3), we have:

(i) If r > 0 and either A <0 or A =0, then all roots of (3.3) have negative real
parts for all T > 0.

(ii) If either r <0 orr >0, A >0, 2z >0 and F(2]) <0, then all roots of (3.3)

have negative real parts for T € [0, 19).

Let
A7) = a(r) + iw(T)
(4)

be the root of (3.3) near 7 = ) satisfying Oé(Tlgj)) =0 and w(r,”’) = wi. We have
the following transversality condition.
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Proposition 3.2. Assume (H;) holds and F'(w}) # 0, when T,éj) > 0 (correspond-
ingly wy for some k =1,2,3). Then, the characteristic equation (5.3) admits a pair
of simple conjugate pure imaginary roots A = iwy and A = —iwy, which crosses the
imaginary axis from left to right if 6 > 0 and crosses the imaginary axis from right
to left if § < 0, where

0= sign{ d(Re))
dr

(,)} = sign {F'(wp)} .
=1’

Proof. First, by differentiating the equation (3.3) with respect to delay 7, we get

dX

[BA + 2012+ by + (2bad + bs)e ™ — 7(baX® + bsA + bg)e ™| =

= A(bgA% 4 bs A + bg)e ™7,

which gives

<d)\)1 324 2bA+ by 2b4) + bs T
=

—_— - —. 1
dr by A2 + bs A + be)e_)‘T + )\(b4)\2 + bs A + b6) A (3 3>

From (3.3), we have
3 2
e_)\,,_:_/\ + b A +b2/\+b3. (314)
baA2 + by + bg

By replacing (3.14) in the equation (3.13), we have

TN T A2 boA £ b3) | MBI  DsA+bg) A

(dA)l _ 342+ by 2b4)\ + bs T
dr

Evaluating (%)_1 at 7 = 7 (i.e., )\(Téj)) = 4wy) and taking the real part, we
obtain

_ 3A2 + 2061\ + by
T A3 512 + bo A + b3)

AbyA2 +bsA +bg) A
2b1w,% +1 (3w,§ — bgb.)k)
wi(biw? — bg + i (w — bowy))
2b4w,% — ib5wk
w}%(b(s — b4wi + ib5wk)
:2bfw§ — 2b1bsw} + 3wl — 3bowi — bowit + b3w?
wi((bhwi — bg)2 + (wi — bQWk)Q)
2b4bew? — 2b3w; — biw?

w2((bs — b4w,%)2 + bgw,zc).

2b4/\ + b5 7':|
/\:iwk

=Re

From (3.5), we have

(brw? — bg)” + (wf — bowy)” = (b6 — baw?)” + b2,
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Thus,

d\\ 1
Re (dq’)

_ w,% [30),% +2 (b% — 2by — bi) (.d]% + (b% + 2bybg — 2b1b3 — b%)]
_ wR((bs = baw)” + b3

(b — baw})” + b3w?

Since z;, = w? and F’(z;) # 0, then

d\\ 7!
Re (d]’)

Meanwhile, noticing the fact

: { d(Re\)
sign
dr

P

212 2,2
s (bs — bawi;)” + biwi

. —1
d\ (4)
} = sign ¢ Re <(Tk)>
T:T,i‘” dr

. F'(wy)
<‘)}Slgn{ 22 4 12,2
T:Tkj (bﬁ — b4wk) + b5wk

= sign {F’(w,%)} .

Therefore,

, { d(Re))
sign ¢ ———=
dr

O
From Proposition 3.1 and 3.2, we have the following theorem.

Theorem 3.3. Assume that Ro > 1, (Hy) holds, and T]gj), wo, and T defined by
(8.11) and (3.12), respectively. Then,

(i) if r > 0 and either A < 0 or A = 0, the endemic equilibrium P* of system
(1.2) is locally asymptotically stable for all T > 0.
(i) if eitherr <0 orr >0, A >0, zf > 0 and F(z7) <0, the endemic equilibrium
P* of system (1.2) is locally asymptotically stable for T € [0, 7).
(#i) if the conditions of (ii) are satisfied and F'(zy) # 0, system (1.2) exhibits Hopf

bifurcation at the endemic equilibrium P*, when T pass through T = ,gj).

4. Numerical simulation

In this section, several illustrative numerical examples are presented to confirm the
theoretical results and to examine the dynamical behavior of system (1.2). Graphs
have been plotted for S, E and I for various values of 7. The parameters are given
in Table 2. Then, we associate systems (1.2) with the following initial conditions:

5(0) =385, E(0)=15 and I(0)=0.6

In Figure 1, we have plotted the contour of the basic reproduction number
Ry in two parameter planes, Figure 1(a) illustrates the contour plot of the basic
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reproduction number Ry with respect to the disease transmission rate [3; varying
from 0 to 0.01 and the quarantine rate € varying from 0 to 1. Figure 1(b) illustrates
the contour plot of the basic reproduction number Ry with respect to §; varying
from 0 to 0.02 and the fraction of susceptible population acquiring direct route to
active disease ¢ varying from 0 to 1. We can see that from Figure 1(a), the decrease
of ¢ and increase (; can significantly increase the value of R, which verifies that
proper application of quarantine plays a critical role in the clearance of the disease.
Whilst, from Figure 1(b), the increase of 51 and ¢ can significantly increase the
value of Ry, which confirms that direct contact between people plays a critical
role in the transmission of the disease. We can see also that in the blue region
(or equivalently Rg < 1), and Theorem 3.1 implies that the disease-free equilibrium
Py(333.3333333, 0, 0) is locally asymptotically stable. Hence, the infection is cleared
and in the region when Ry > 1, and by Theorem 3.3, the disease equilibrium P* is
locally stable for some conditions on parameters of model (1.2).

Table 2. Parameters and values used for numerical simulation of model (1.2)

Parameter  Meaning Value
A Recruitment rate of susceptible 20

51 Disease transmission rate in the absence of media alerts 0.022
B2 Maximal reduction rate in effective contact (transmission)  0.021
m Half saturation constant 0.9

d Natural death rate of the population 0.06
c Fraction of susceptible population acquiring direct route 0.45

to active disease

K Exogenous re-infection level 0.3
€ Quarantine rate for patients 0.8
Y1 Per capita recovery rate without quarantine 0.05
m Disease induced death rate 0.03

In Figure 2, we have plotted the basic reproduction number, R, in (a) as a
function of the parameters ¢ € [0,1], 81 € [0,0.025], and (b) as a function of
e €10,1], B1 € [0,0.025]. Figure 2(a) confirms the results of Figure 1(a), and Figure
2(b) confirms the results of Figure 1(b).

For the model without delay, as predicted by Theorem 3.2 plots of Figure 3 show
that the endemic equilibrium P*(265.2204889, 34.78227204,2.127483342) is locally
asymptotically stable, when Ry > 1. That is, if 7 = 0, S, F and I converge to their
equilibrium, when Rg = 3.510638298 > 1.

Next, we use a same set of parameter values as those in Table 2, but we vary
the value of 7, so that the conditions (ii) or (iii) of Theorem 3.3 are satisfied.
Figure 4 shows that the endemic equilibrium P* is stable for 7 = 0.8, when Ry =
3.510638298 > 1. Figure 5 shows, as predicted by Theorem 3.3 (iii), that if 7 = 0.95,
the endemic equilibrium E* is unstable and the system (1.2) has a periodic orbit,
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when Ry = 3.510638298 > 1. Plots of Figure 5 are the oscillations of S, E and
I. From Figures 3-5, we can find that for Ry < 1, the disease is expected to stop
spreading; the disease can spread and become epidemic if R is greater than 1 [28].
From Figure 6, we can find that the role of media impact is positive, and it can
reduce the number of infectious individuals.

= —
0.001 0002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

8,
d

(a) (b)

Figure 1. Contour plot of Ry in 81 — € and 81 — ¢ parameter plane

Figure 2. Surface plot of the basic reproduction number, Ry, in (a) for combination of the parameters
e €10,1], B1 € [0,0.025] and (b) for combination of the parameters ¢ € [0, 1], 31 € [0, 0.025]
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Figure 3. When 7 = 0, the endemic equilibrium E* is locally stable.
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Figure 4. When 7 = 2, the endemic equilibrium E* is locally stable.
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Figure 5. When 7 = 3, the endemic equilibrium E* is unstable and periodic solutions exist.
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Figure 6. When 7 = 2, the endemic equilibrium E™ is stable for 82 = 0.017, 82 = 0.019, 82 = 0.021.

5. Discussion

In this paper, we investigate a differential equation model of disease transmission
including quarantine susceptible, latent and media coverage with time delay. In
this analysis, the basic reproduction number R is identified and established as
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a threshold parameter. Numerical simulations show that the decrease of £ and
increase (1 can significantly increase the value of Ry, which verifies that proper
application of quarantine plays a critical role in the clearance of the disease. Also,
we have proved that Ry is a increasing function of 7 and ¢ which means that a
direct contact between people plays a critical role in the transmission of the disease.
Stability analysis shows that if the basic reproduction number Ry < 1, then the
disease free equilibrium Py is locally asymptotically stable for all 7 > 0. That is to
say, the time delay in media coverage cannot affect the stability of the disease free
equilibrium. This means that we can ignore the effect of time delay for Ry < 1.
If Rp > 1, system (1.2) has at least one positive endemic equilibrium P* and we
obtain the conditions for the Hopf bifurcation exists such that the time delay is
chosen as the bifurcation parameter, which can destabilize the positive equilibrium
when it increases.
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