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Abstract. The vanishing viscosity limit of the three-dimensional (3D) com-
pressible and isentropic Navier-Stokes equations is proved in the case that the
corresponding 3D inviscid Euler equations admit a planar rarefaction wave so-
lution connected with vacuum states. Moreover, a uniform convergence rate
with respect to the viscosity coefficients is obtained. Compared with previ-
ous results on the zero dissipation limit to planar rarefaction wave away from
vacuum states [27, 28], the new ingredients and main difficulties come from
the degeneracy of vacuum states in the planar rarefaction wave in the multi-
dimensional setting. Suitable cut-off techniques and some delicate estimates
are needed near the vacuum states. The inviscid decay rate around the planar
rarefaction wave with vacuum is determined by the cut-off parameter and the
nonlinear advection flux terms of 3D compressible Navier-Stokes equations.
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1 Introduction and main results

In the paper, we investigate the vanishing viscosity limit of the three-dimensional
(3D) compressible and isentropic Navier-Stokes equations

pr+div(pu) =0, 1)
(ou)¢+div(ou®@u)+Vp(p) = p1Au+ (u1 +A1) Vdiva, '

where p=p(t,x) >0, u=u(t,x) = (uq,up,u3)(t,x) and p=p(p(t,x)) represent the
fluid density, velocity and pressure, respectively, with the spatial variable x =
(x1,%2,x3) € QCR® and the time variable t > 0. The pressure p=p(p) is given by
the well-known y-law

ple)=Ap” (1.2)
with > 1 the adiabatic constant and A > 0 the fluid constant. The two constants
u1 and Aq denote the shear and the bulk viscosity coefficients satisfying the phys-
ical restrictions

u1>0, 2u1+3A12>0,

and we take
u=u'e, A=2>Neg
where ¢ >0 is the vanishing parameter, and p/,A’ are the prescribed uniform-in-¢
constants.
We consider the viscous system (1.1) in the spatial domain Q) = R x T? with
T?=(R/Z)? denoting the two-dimensional unit flat torus, subject to the follow-
ing initial conditions:

(0,4)(0,x) = (o, #0) (x) = (po, 10, 420, 430) (¥) (1.3)
with the far fields condition of solutions imposed in the x;-direction
(p,u1,up,uz)(t,x) — (p+,u14,0,0) as x3— Foo, (1.4)

where p+ >0, uy4 are the prescribed constants. In the present paper, we are con-
cerned with the case p_ =0, p; >0 such that the end state (p,u7) is connected
with the vacuum state p_ =0 through the 2-rarefaction wave.

Formally speaking, as ¢ — 0, the solutions to the 3D compressible Navier-
Stokes equations (1.1)-(1.3) with the far fields condition (1.4) converge to the so-
lutions to the 3D compressible Euler equations

. _ -
{pt—i—dw(pu) 0, x€Q, >0, (L5)

(ou)i+div(pu®u)+Vp(p)=0
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with planar Riemann initial data
(P—/ul—/olo)/ X1 <0/
roul) (x) = (ohul) (x1) = 1.6
(00,0) (x) = (00, p) (x1) {(p+,u1+’0,0)’ >0, (1.6)

However, the solutions to the multi-dimensional compressible Euler equations
(1.5) and (1.6) develop the singularities, for example, shocks or vacuum, gener-
ally, which make the above vanishing viscosity limit problem is a singular limit
process.

Note that the 3D planar Riemann problem (1.5)-(1.6) is closely related to the
classical 1D Riemann problem (see Riemann ’s pioneer work [34] in 1860)

pi+(ou1)x, =0, x1€R, t>0, w7
(pur)e+ (pui+p(p)),, =0 :
with the initial data
U1 0
r, r 0, — (p ’ul )’ xl < 7 18
(Po Mlo)( X1) { (0s,11,), 2150, (1.8)

It is well-known that 1D entropic Riemann solutions, i.e., shock, rarefaction
wave and their linear superpositions, to (1.7)-(1.8) is a solution to the multi-
dimensional planar Riemann problem (1.5)-(1.6). However, for planar shock Rie-
mann initial data, besides the 1D entropic shock Riemann solution, it is proved
by Chiodaroli et al. [8] and Chiodaroli and Kreml [9] that there exist infinitely
many bounded admissible weak solutions to the multi-dimensional (2D/3D) pla-
nar Riemann problem to Euler equations satisfying the entropy condition by us-
ing the convex integration method as in De Lellis and Szekelyhidi [11]. Then, the
results in [8, 9] are extended by [3,32] to the multi-dimensional planar Riemann
initial data with planar shock composited by contact discontinuity or rarefaction
wave. On the other hand, the uniqueness of the uniformly bounded admissible
weak solution was proved in [4,13,14] for the multi-dimensional planar Riemann
data containing only planar rarefaction wave even connected with vacuum states,
which is in sharp contrast with the multi-dimensional planar shock. At the same
time, the results in [4,13,14] hint that the planar rarefaction wave even with vac-
uum is more stable than the planar shock for the multi-dimensional compress-
ible Euler equations (1.5), at least for the planar Riemann data, which promote
us to justify mathematically the vanishing viscosity limit of the 3D compressible
Navier-Stokes equations (1.1)-(1.4) towards the planar rarefaction wave to the 3D
Riemann problem of the compressible Euler equations (1.5)-(1.6). Very recently,
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Li et al. [27,28] proved the zero dissipation limit to the planar rarefaction wave
tor the 2D compressible isentropic Navier-Stokes equations and 3D full Navier-
Stokes-Fourier equations when the planar rarefaction wave is uniformly away
from the vacuum states. The goal of the present paper is to prove rigorously the
vanishing viscosity limit to the planar rarefaction wave connected continuously
with the vacuum states for 3D compressible Navier-Stokes equations (1.1)-(1.4),
that is, p— =0 for planar 2-rarefaction wave, and the new ingredients and main
difficulties come from the degeneracy of vacuum states for the planar rarefaction
wave in the multi-dimensional setting.

Precisely, when p_ =0, the 2-rarefaction wave with vacuum is the unique en-
tropic solution to the 1D Riemann problem, i.e., the one-dimensional (1D) Euler
equations (1.7) with the one-side vacuum Riemann initial data

=0, x1 <0,
(P0U30) (0,%1) = { Po ! (1.9)

(p+/u1+)/ x1>0,

which is also the unique entropic admissible and bounded weak solution to the
3D planar Riemann problem (1.5)-(1.6) with p_ =0, that is, the one-side vacuum
planar Riemann initial data

r—
(po,up) (0,x) = { Po=0, 1 <0, (1.10)

(P+/u1+/010)/ X1 >0.

The zero dissipation limit to the basic wave patterns, including rarefaction and
shock waves and contact discontinuity in 1D case, has been studied extensively
in literature and one can refer to [2,7,15-24,31,35-38] for the 1D compressible
Navier-Stokes equations or 1D hyperbolic conservation laws with artificial vis-
cosities, and [1,5,6,10,12,26,33] for the other related results. However, compared
with the 1D case, the multi-dimensional vanishing dissipation limit has been less
developed and more challenging difficulties are encountered, such that there ex-
ist only a few results [25,27-29] on the vanishing dissipation limit to compressible
Navier-Stokes equations as far as we know.

As pointed out by Liu and Smoller [30], only the rarefaction wave can be con-
nected to the vacuum states, among the two nonlinear waves, i.e., shock and
rarefaction waves to the 1D compressible isentropic Euler equations (1.7). Huang
et al. [18] proved the zero viscosity limit of 1D compressible isentropic Navier-
Stokes to the rarefaction wave connected by vacuum states and the inviscid decay
rate is obtained with respect to the viscosity. On the other hand, Li et al. [27,28]
proved the zero dissipation limit to the planar rarefaction wave for the 2D com-
pressible isentropic Navier-Stokes equations and 3D full Navier-Stokes-Fourier
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equations when the planar rarefaction wave is uniformly away from the vacuum
states. Motivated by [18,27,28], the goal of this paper is to prove the vanishing
viscosity limit to the planar rarefaction wave with vacuum states for 3D com-
pressible Navier-Stokes (1.1) and obtain the inviscid decay rate. Remark that due
to the multi-dimensional perturbations around the planar rarefaction wave with
vacuum states, there are essential differences from the one-dimensional invis-
cid limit in [18], the hyperbolic waves are crucially needed to recover the viscous
terms of the 3D compressible Navier-Stokes equations due to the inviscid rarefac-
tion wave profile and the insufficient decay rate (with respect to the viscosities)
of the error terms, which is originated from [21] in 1D case and [27,28] for multi-
dimensional case. However, the hyperbolic waves here are degenerate near the
vacuum states of the planar rarefaction wave and the cut-off of the vacuum states
are needed.

Now we give a detailed description of the planar rarefaction wave connected
by the vacuum to the 3D compressible Euler equations (1.5), (1.10), which is a 1D
solution to the compressible Euler equations (1.7), (1.9). The Euler system (1.7) is
hyperbolic for p >0 and has two real eigenvalues

M(pur)=u1—1/p'(p), A2(p,u1)=u1++/p'(p)

with corresponding right eigenvectors denoted by 1 (p,u1),72(p, 1), such that the
both two characteristic fields are genuinely nonlinear, i.e.,

Vo hipu1) ri(p,u) £0, =1,
for p> 0. The i-Riemann invariant (i=1,2) can be defined by

Y (o ur) =ug+ (1) / P—””S’(S)ds, (1.11)

such that
V(P,ul)Z(Plul) -ri(p,u1)=0, i=1,2

1
for p>0. Without loss of generality, we only consider the 2-rarefaction wave with
vacuum. Since 2-Riemann invariant Y ,(p,u7) is constant along the 2-rarefaction
wave curve, we can get u;_ =Y »(p4,u14) being the velocity from the vacuum
state to non-vacuum region. The 2-rarefaction wave connecting the vacuum p_ =
0 to (o, u1+ ) is the self-similar solution (p"2,u?)(¢),(&=x1/t) of the Euler equa-
tions (1.7) defined by

p2(6)=0, <A (0u1-)=u1_,
Ao (0" uf) =1 ¢, U1 <E<Ay(p4,u14), (1.12)
AZ(:O-Hul—F)/ €>/\2(p+/u1+)/
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and
Zz (prz (‘:)/ugz (5)) = Zz(olul—) = Zz (p+/u1+)' (113)
Define the momentum of 2-rarefaction wave by
, ro u72 , ro > 0’
n(E) = {S @@, 2> o
, p2=0.

Note that in the vacuum region, the fluid velocity can not be defined, but the mo-
mentum is uniquely determined as 0. Since the Riemann problem (1.7)-(1.8) has 2-
rarefaction wave (p2,m3?)(x1 /1), then the planar rarefaction wave solution to the
3D compressible Euler equations (1.5) -(1.6) can be defined by (0'2,m?,0,0)(x1/1).

Theorem 1.1. Let (p"2,m?,0,0)(x1/t) be the planar 2-rarefaction wave to the 3D Euler
system (1.5) defined by (1.12)-(1.14) with one-side vacuum state and T >0 be any fixed
time. Assume that 1<« <19 in (1.2), then there exists a small positive constant &g such
that for any e € (0,&9), the 3D compressible Navier-Stokes equations with initial values
(3.2)-(3.3) has a family of 3D smooth solutions (o, m*:=p*u®= (mj,m5,ms5)) up to time
T satisfying

(0f —p"2,m§ —m2,ms,m5) € C°((0,T];L2(Q)),

(Vpe, Vm®) e CO([0,T];HY(QY)),

V3mt e L?(0,T;L*(QY)).
Furthermore, for any given positive constant h, there exist positive constants Cj, t and
Cr independent of €, such that

sup H (p%,m5)(t,x1,%2,x3) — (prz,mgz) (%) Hoo < Cy,7e" |Ing|,

h<t<T
7y+1
sup || (m3,m5)(t,x1,%2,%3)|| , < Cre®|Ing|~ "2~
0<t<T
with the positive constants ay,a, given by
( 3 5

—, 1 <=z,

3426 " T=3
1 5

PYNI 2 a <2,

2747 3°7S
3 5

—{ ———, 2<y<> .
NN 719 STy (1.15)

3 5

O~ 1 14’ A <3,

914’ 275
3

= 1

| 117 +8’ 3<y<19,
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and
5 7y+18

a aj.

2= A
As the viscosities approach zero, i.e. € — 0+, (p°,m®) = (p°,m{,m5,m%) converges to the
planar 2-rarefaction wave with one-side vacuum (p'2,my?,0,0) pointwisely except at the
original point (0,0), i.e.

(1.16)

X1

t)' ae in Rt xRxT2

(o, m ) (861 %2,%5) = (2, m72,0,0)
Remark 1.1. Theorem 1.1 is proved in the case v € (1,19), which including the
most physical cases of the y—law fluids. Moreover, the vanishing viscosity limit
can also be justified for v > 19 by the using the similar methods, but the inviscid
decay rate might be slower.

To prove Theorem 1.1, we first employ the cut-off to the planar 2-rarefaction
wave around the vacuum states to overcome the degeneracies. More precisely, for
any v:=¢"|Ing| > 0 to be determined, the cut-off 2-rarefaction wave will connect
(v,u1y) and (p4,u14 ), where uy, is uniquely determined along the 2-rarefaction
curve. In the current framework, a; given by (1.15) is optimal. Since the cut-off
2-rarefaction wave is only Lipschitz continuous, we need to make a smooth ap-
proximation to the cut-off 2-rarefaction wave as in [18, 37]. Next, the hyperbolic
waves are needed to recover the physical viscosities for the inviscid approximate
wave profile as in Huang et al. [21] and Li et al. [27,28]. Here the estimates of the
hyperbolic wave depend on the cut-off parameter v, which means that the hyper-
bolic waves also have the degeneracies around the vacuum states. Then we will
carry out the uniform (in viscosities) estimates for the 3D compressible Navier-
Stokes equations around the solution profile consisting the approximate cut-off
rarefaction wave and hyperbolic wave in the original non-scaled spatial and time
variables. Our final inviscid decay rate in terms of viscosities is determined by
the cut-off parameter and the nonlinear convection flux terms for the 3D limit.

The rest of the paper is organized as follows. In Section 2, we first conduct
the cut-off to the planar 2-rarefaction wave around the vacuum states and con-
struct the approximate cut-off 2-rarefaction wave and hyperbolic waves, and then
present the solution profile. In Section 3, we reformulate the compressible Navier-
Stokes equations around the perturbation of the solution profile and prove Theo-
rem 1.1 based on the uniform a priori estimates. Finally, in Section 4, the a priori
estimates will be justified by the fundamental energy methods.

The following notations will be used in the paper. Denote by H'(Q)(1>0,/€Z)
the usual Sobolev space with the norm ||.||;, and L?(Q) := H%(Q) with the norm
II.] :=|-]|o- We denote by C a generic positive constant that does not depend on
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¢,v,0,T, denote by Cr a positive constant that does not depend on ¢,v,6 but may
depend on T.

2 Construction of the solution profile

In this section, we first conduct the cut-off 2-rarefaction wave and construct its
smooth approximation, the hyperbolic waves and finally get the solution profile.

2.1 Cut-off 2-rarefaction wave

As mentioned in the introduction, we will cut off the 2-rarefaction wave with
vacuum along the rarefaction wave curve to overcome the degeneracies near the
vacuum states. Precisely, for any v >0, the cut-off 2-rarefaction wave will con-
nect (v,u1,) and (p4,u14), where uy, is uniquely determined by the fact that
2-Riemann invariant is constant along the rarefaction curve. Then the cut-off
2-rarefaction wave (p;?,u72,)(¢ =x1/t) to the Euler system (1.7) is expressed ex-
plicitly by

Mvuy), <A (vuy),
Ar (0 u) =4 &, Ao (V,uy) <E<Aa (o4, u14), (2.1)
Aa(p4,u14), &>Aa(p+, U1y ),

and
Y, (02 (@),u (8) =), (vury) =) ,(0+ 111, (2.2)

where ) , is 2-Riemann invariant defined in (1.11). Correspondingly we can de-
fine the momentum of 2-rarefaction wave by m?, (&) =p:? (§)u (¢). Note that the
cut-off 2-rarefaction wave (0,?,m?)(x/t) converges to the original 2-rarefaction
wave with vacuum (p"2,m}?)(x/t) in the sup-norm as the cut-off parameter v

tends to zero.

Lemma 2.1 ([18]). There exists a constant vy € (0,1) such that for ve (0,vp), >0,

[ (02, m2) (./8) = (02, m2) (./1)]] ;- < Cv. 2.3)

2.2 Approximate cut-off 2-rarefaction wave

We will construct a smooth approximate cut-off 2-rarefaction wave to the Euler
system (1.7), since the cut-off 2-rarefaction wave is only Lipschitz continuous.
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Consider the Riemann problem for the inviscid Burgers’ equation

Wit wwy, =0,

w_, x1<0, (2.4)
w(0,x1)=
w4, XxX1> 0.
If w_ <w., then the self-similar rarefaction wave fan w’ (t,x1) =w"(x1/t) is given
by
X1
w_, T <w-_,
x X X
w’ (%) = Tl’ w-_< 71 <W+, (2.5)
x
Wy, 7;>MU+

Asin [18,37], the approximate rarefaction wave can be constructed by the solution
of the Burgers’ equation

Wit wwy, =0,

B (x_ wotwy | wo—wy X1 (2.6)
w(O,xl)—w5(x1)—w( 5 ) = + > tanh( 5 ),

where § =¢"1 >0 is a small parameter (depending on ¢) to be determined. The
following properties can be proved by characteristic method, see [18,37].

Lemma 2.2. The problem (2.6) has a unique smooth global solution wi(t,x1) for any
0 >0, which has the following properties:

(1) w- <wi(t,x1) <wy,0x,wj(t,x1) >0 for any x1 €R,t>0,6>0.

(2) The following estimates hold for all t >0,6 >0,p € [1,00]:

141
[0, wj(t, ) || 1p < Clws —w- )P (6+1) 71,

i
Haxlx1w(5 HLP<C(5+t) 15_14—%/
192,15 (8, HM<C(5+t) 1572,

—E)xlwg(t,xl).

‘axlxlwg(t/xl)‘ S 5

(3) There exists a constant 6y € (0,1) such that 6 € (0,0p],t >0,

ng(t,.)_w’ (E) HLw <Cot ' [In(141)+|nd|].
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Now the approximate cut-off 2-rarefaction wave (g, 5,11, 5)(x1,t) of the cut-
off 2-rarefaction wave(p;?,u72,)(E=2x1/t) to the compressible Navier-Stokes equa-
tions (1.1) can be defined by

w+:/\2(P+/u1+)/ w—:)\Z(V/ull/)/
W (t,x1) = A2 (Py,6,010,5) (£,X1), (2.7)
Y2 (Pv,o,t1y,5) (EX1) = Lo (V,tt1y) = Yo (04,414 ),

where wi?(t,x1) is the smooth solution of the Burgers’ equation in (2.6) and
Y »(p,u1) is the 2-Riemann defined in (1.11). For simplicity, the subscript of the ap-
proximate cut-off 2-rarefaction wave (p, 5,1, 5) will be omitted as (g, ), which
satisfies the 1D Euler system

pt+(_a1)x1 :0/
‘ﬁl)f+(pﬂ%+p(p) =0, (2.8)

0,
The following properties is directly from Lemma 2.2.

Lemma 2.3. The approximate cut-off 2-rarefaction wave (p,ii1) to the Euler equations
(2.8) satisfies the following properties:

(1) v<p(t,x1) <p, iy (Ex1) =2(w§ )5, / (v+1) >0 for any x1 €R, t >0,
P =p_(3_7)/21711x1 and Ox;x :p_(3_7)/2a1x1x1 + (3_’)’)p2_ly(a1x1)2/2'

(2) The following estimates hold for all t >0,6 >0,p € [1,00]:

ey () 1p < Clws —w )T (648) 7,
i1y, (4) [0 <C0+£) 16717,
|12y, (8 ) || 7 < Co+1)~1672%,
|12,y () |7 < C(541) 716737,

_ —15—4+1
Hu1x1x1x1x19€1(t/')||LpSC(5+t) 15 +p'

(3) There exists a constant 6y € (0,1) such that 6 € (0,09],t >0,

[(p— 02,81 —u2) (t,)]| oo < C8t " [In(1+£) +|Iné]].



X-X. Bian, Y. Wang and L-L. Xie / Commun. Math. Anal. Appl,, 2 (2023), pp. 21-69 31

2.3 Hyperbolic wave

As mentioned in [27,28], the hyperbolic waves are needed to recover the phys-
ical viscosities for the inviscid approximate cut-off 2-rarefaction wave profile in
the multi-dimensional vanishing viscosity limit. The hyperbolic wave (d1,d>) is
constructed through the linearized hyperbolic system around the approximate
rarefaction wave

dyp+doy, =0,
172 21
dot+ <— p—zldl +p'(p)d1+ 71012) = (2p1+ M)y, vy (2.9)
X1
(dl,dQ)(O,Xl) - (010 ’

where 1711 := pii; represents the momentum of the approximate cut-off 2-rarefac-
tion wave. Then we solve the hyperbolic equations (2.9) on the fixed time interval
[0,T]. Diagonalize the system (2.9) as

&) 0la]), L aneom |

where

and

satisfying
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where L= (I1,I;) T, R=(71,72) and I is the 2 x 2 identity matrix. Set
(DllDZ)T = E(dl/dz)—l—/

then i
(d1,d2) " =R(Dy,D2)"

and (D1,D,) satisfies the diagonalized system

o D1\, : s5( D1 ) _ { 0
=LR +Ly, AR +L _ . 2.10
t ( D> ) b ( D (2]/[1 +/\1)u1x1x1 ( )

Since the 2-Riemann invariant is constant along the approximate cut-off 2-rarefac-
tion wave curve, we have

Li=—AsLy,, (2.11)

which is utilized to decouple the strongly coupled hyperbolic system (2.10). Use
the relation(2.11) to simplify the diagonalized system (2.10) as

( 5 V2 +1
Dy +(MD1)y, = > (2p1 4+ A1) 2,2, — %ﬂlxl Dy, (2.12a)
. V2 _ 3—7_
Dy +(A2D3)y, = > (2p1 4+ A1) T2, 2, — 5 ’yulxl Dy, (2.12b)
\(DlzDZ)(lel):(OIO)' (212C)

The equation of D is decoupled with D; due to the relation (2.11). Therefore, we
have the following estimates for the hyperbolic wave (dy,d>).

Lemma 2.4. There exists a constant Ct independent of 6 and e such that

2 €2
|(D1,D2)(t,.)]| SCTﬁ/
ok 2 €2
"W(DllDZ)(tl') SCTW/ k=1,2,3

with & >0 and a > (57 —23) /4.

Remark that due to the degeneracy of the vacuum states, the estimates of the
hyperbolic waves in Lemma 2.4 depend on the cut-off parameter v.
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Proof. The proof consists of the following four steps:

Step 1. Multiplying the Eq. (2.12b) by D; yields

D2 _ D2 +1 \/E 3—
<72> + (/\272> +74 wD3= (21 +/\1)7f71x1x1D2—T7ﬁ1x1D1D2'
t x

Integrating the above equation over [0,f] X R, it holds that

Zd —|— //ulxlDzdxldtl

ﬁ _ v [t
27(2ﬂ1+/\1)/0 /RulxlxlDzdxldtl——’Y//ulxlDlDzdxldtl

[ D t +1
S/0 /]R?deldtl—i_cgz/o Hf‘lxllezdflJrry / / ulxlDzdx1dt1

t
+C//ﬁ1xlD%dX1dt1,

//deldtl‘F -|—C//u1xlD1dx1dt1,

it holds from Gronwall’s 1nequa11ty that

CTE

52
In order to estimate the second item in the rlght—hand side of (2.13), multiplying
the Eq. (2.12a) by D1 (2 >0)

D2 . D? +5 V2
(75) +(Pn5) (42 Yo b= e sy
t X1

Integrating over [0,t] X R,

/ ldx —|—([X—|——)/ /p ﬂlxlD%dxldtl

V2 bro
:7(2“1/114—)L1)/0 /]RulxlxlpaDldxldtl

2 ! 2 ! D%
<Ce / s, | dt1+/ /p“deldtl

< // 1wwh

1Dz DzH dh < =55~ +Cr | ”1x Dl” dty. (2.13)
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using Gronwall’s inequality, we can obtain that

3 2 +5 a1 Cre?
‘PZDlH +(a+L)/ )pzuf ‘ dt1 ;2 , (2.14)
due to a >0, we can take « =0 and combinate (2.13) and (2.14),
2 [H L 2 Cre?
|(D1,Dy)|| +/0 Hu{-xl(Dl,Dz)H dh <=5 (2.15)

Step 2. Applying the operator dy, to the Eq. (2.12b) and multiplying the resulting
equation by D,,, yield

D%x 3 D%x 3(7'1'1)— 2
<Tl>t+<M ) T ma
X1

V2 ] +1
= —(2]/[1 +/\1)u1x1x1x1D2x1 - r)/z

3
2 ’)/ (ulxlxl Dl +M1X1 Dlxl) szl

ﬁlxlxl DZ ' D2X1

Integrating the above equality over [0,¢] x R implies that

D3 3(y4+1) [t
/]R 2X1dx1_|_ 1 /O/]RulxlD%deldtl

V2 b +1
27(2V1+/\1)/0 /]RulxlxlxlD%cldxldtl_ry—//u1x1x1D2 Doy, dx1dty

— t
/0 /]R (ﬂlxlxl D1+ﬂ1x1 Dlxl) 'Dledxldtl

! D%x t C t
2 1 2 7 2. 12
S/O /]R > Ldxidt, +Ce /0 120, 2y, | dt1+5—2/0 /]R”‘lxl (D3+ D) dx,dty

3 +1 t _ t _
M /0 / iy, D3, dxydty +C / / fiyy, Dy dxydty

// ledxldtﬁ—CT -I—C//ulxlDlx dxldtl,

by using Gronwal’s inequality, we can obtain

CT€2

2
51 dty. (2.16)

ulx szl

1
dt1 < gy, Dix,

t
+Cr
0
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Then applying the operator dy, to the Eq. (2.12a) and multiplying the resulting
equation by p* D1y, (« >0) give

D} - D3 11—\
(p z“)f(p e IR (e LN
X1

V2

=7 (201 + A1) 13y 22, 0" D1xy — 20122, D1 D1y -

If «>0and a+(11—)/4 >0, then integrating the above equality over [0,#] xR
implies that

/ 1dx1—|—<lx—|—7)/ /p M1x1D1x1dx1dt1

V2 b _ o
Z—(2M1+)\1 //ulxlxlxlpaDlxldxldtl_z/ /P“ulxlxlDl'Dlxldxldfl

// 1dx1dt +Ce / Hulxlxlle dt1+ //p ulxlDldxldtl
11
+2< 7)/ /p ﬂlxlDlxldxldtl

Cre?
// 1dx1dt1-|— ;; ,

using Gronwall’s inequality leads to

CTE

« 2 11 @ 1
] piD1,, <a+—7) / ] pia?, Diy, 2it < 2.17)
Combining (2.16) with (2.17), we have
t 1 2 CT€2
||(D1/ ulle(DllDz)xl dtl SW/ (218)

ifa>0and a> (y—11)/4.

Step 3. Applying the operator dy,x, to (2.12b) and multiplying by Dy, yield

Doy x ZzD%xx 5(’)’+1) _ 2
(Ogm)  (5) 15500,
x1

V2 ] +1
:7(21/[1 +/\1)u1X1X1X1X1D2X1X1 ryz
3_ - —_— —_
- TI)/szlxl (u1X1X1X1 Dl +2u1x1x1 D1x1 +u1x1 D1x1x1 ) .

D2X1X1 (u1x1x1x1 D2 +3u1x1x1 D2X1 )



36 X-X. Bian, Y. Wang and L-L. Xie / Commun. Math. Anal. Appl., 2 (2023), pp. 21-69

Integrating the above equality over [0,¢] x R implies that

D3 LoD s
/]R ;mld 1 /O/RulxlD%xlxldxldh

V2 o
:7(2]/[1—1_)\1)/(; /]RulxlxlxlxlDZJclxldxldtl

t +1 _ _
—/O /]R |:7TDZX1X1 (u1X1X1X1D2+3u1X1X1D2X1)

3— _ _ _
+ T7D2x1x1 (u1x1x1x1 D1+ 2011y, x, D1y, +11x, Dlxlxl)} dx1dty

t D%xx 2 t _ 2 5(r)/_|_]_) t B )
3/0 /]R 21 tdxydty +Ce /o 11 2121, | dty +——g— /(J/]RulxlszlxldX1dt1

t C
7] 2 - 2 2
+C/0 /]RulxlDlxlxldxldtl"i‘é_Q/o /]Rulxl (D2x1+D1x1)dx1dt1

C t
—|—5—4/0 /]Rﬁlxl (D%—l—D%)dxldtl

t D%x Cre? t
1X1 T - 2
<y ot 4 +C [ f i D diades,

using Gronwall’s inequality implies that
CTE
g6
In order to calculate the second item of right side in the above inequality, apply-

ing the partial operator dx, x, to (2.12); and multiplying the resulting equation by
0% Doy, x, yields that

D2 Diy 17-3
(%) (%2 4 (s,
t *1

V2 _ _ o
= 7 (2,1’[1 +/\1)u1X1X1X1X1PIXD1X1X1 _Zplxulxlxlxl D1D1X1X1

11—
- TP ulxlxl D1x1 D1X1X1

2
dh < s+ Cr | ‘i @219

t 1
5 1
||D2x1x1|| +/O HulleDZJclxl ulx D1y, x,

If x>0 and & >max{(y—11)/4,(3y—17)/4}, then integrating the above equality
over [0,f] x R implies that

D? 17-3
/]szx 1;1x1dx1—|—(tx—|— ry)/ /P ﬂlxlD:lelxldxldtl
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V2 tro _
:7(2V1+/\1)/(J /]Rulxlxlxlxlp“Dlxlxldxldtl

t e 11 _
_/ / [zpaulxlxlxl D1D1X1X1 + T,thxulxlxl D1x1 D1x1X1:| dxldtl

/ / ”“”dx 1t +Ce / 1,30, [P+ / / iy, D2dxdty

1 17-3
_/ /plxﬂlxlDl)quldtl‘i_E([x"i_ ’Y)/ /P ﬂlxlDlmxldxldtl

<) for s G

from Gronwall’s inequality, it holds that

_a 2 17—-3 _a 1 C 82
’pz[)w1 -|—<¢x 7) / ’ 0217, D1y, dtlg%. (2.20)
Combining (2.19) with (2.20), we have
Cre?
(D1, ,(D1,D2) dtlsﬁ, (2.21)

ifa>0and zx>max{(’y—11)/4,(37—17)/4}.

Step 4. Applying the operator dy, x,y, to (2.12b) and multiplying by Doy, x,, yield

DZxxx 3 D%xxx 7('Y+1)

( ) (A2 ) S D,
X1

\/_

2
2

(2]’11 +/\1)u1X1X1X1X1X1 D2X1X1X1

oyt

2
3—v _ _ _ -
- TDlexlxl (u1x1x1x1x1 Dl +3u1X1X1X1 D1x1 +3u1x1x1 D1x1x1 +u1x1 D1x1x1x1 ) .

Integrating the above equality over [0,¢] x R implies that

D3 ’y—I—l
/O L // Dy o dxydhy

V2 _
7(2V1+/\1)/0 /]RulxlxlxlxlxlD2x1x1x1dx1dt1

D2X1X1X1 (ulxlxlxlxl DZ +4M1X1X1X1 D2X1 +6u1x1x1 D2X1X1)
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+1
,}/ / / D2x1x1x1 (u1X1X1X1X1 D2 +4u1X1X1X1 D2x1 +6u1x1x1 D2x1x1)dx1dt1

2 /0 /]R Doxyxyxy (a1x1x1x1x1 D1+311x,x,x, Dix,
+ 312y 5 D1y g F 15 Dlxlxlxl)dxldtl

D}
< / / BN ey 4 Ce / LY
+1)
,Y // D2x1x1x1dx1dt1
C rtr_ ) )
52/ / i, D2x1x1+D1X1x1)dx1dt1+ﬁ/o /]Ru1x1 (D2, + D1y, )dxidty
t
S [ [ (D3 Dzt ¢ [ [ 1D did

! D%x x1x Cre? b )
S/O /]R%dxldtl t eS8 +C/0 /]Rulxl D1X1X1X1dx1dtll

it implies from Gronwal’s inequality that

C

ST 2 2 t
_3 TE _
||D2x1x1x1‘|2+/0 Hulle szlxlxl dtl < a8 +C/O /]RulxlD%mmxldxldtl' (2-22)

Then applying the operator dy,x,x, to (2.12a) and multiplying the resulting equa-
tion by 0% D1y, x,x, (>0) give

D2 . D? 23—5
(P“%) +<p%%> +<oc+ 1 V)P“ﬂlxlD%xlxlxl
t X1

V2

— =X — ~
- (2]/11 +)\1)u1x1x1x1x1xlp D1x1x1x1 _2P u1X1X1X1X1 D1D1X1X1X1

2
15—y ,_ 2137

- 2 p ulxlxlxl D1X1 D1x1x1x1 - 2 p ulxlxl D1X1X1 D1X1X1X1 .

If « >0 and a > max{(y—11)/4,(3y—17)/4,(5v—23)/4}, then integrating the
above equality over [0,t] xR implies that

D 2
/IRP[X 12"1’“1 dxldtl—i_(“—i_ = 57)/ /p[xﬂlxlD%xlxlxldxldtl

V2
2

t
(2]’[1 +A1)[) /]Rﬁlxlxlxlxlxlp_[xDlxlxlxldxldtl
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t
_2/ /p[xﬂlxlxlxlxlDlDlxlxlxldxldtl
15
r)// /p u1X1X1X1D1X1Dlxlxlxldxldtl
21-3
- ry/ /plxﬂlxlxlDlxlxlDlxlxlxldxldtl
1
// x1X1X1dx 1dt;+Ce / 1y 3y 3y 03 || AL
23 5y o C rtr .-
—|—§<[X )/ /p“u1X1D1x1x1x1dx1dt1+ﬁ/o /]szxulxlD%dxldtl
+£ P D2, dxidh+ < [ oty D2, dxydt
54 Jo P Ty My BA1UET 52 Jo ]Rp 1x1 P 4 A1UEL
1X1X1X1 CT&
/ / SR gy iy 4
it implies from Gronwall’s inequality that
. 2 23-5 a1 2 Cre?
}plexlxlxl +<(X+ r}/)/ ‘ 021 12 D1xyxix dtlg%' (2.23)
Combining (2.22) with (2.23), we have
Cre?
H (Dlr Dl/DZ)x1x1x1 dtl “58 ’ (224)

if a>0and a >max{(y—11)/4,(3y—17)/4,(5y—23)/4}=(5v—23) /4. Therefore,

from (2.15), (2.18), (2.21) and (2.24), we obtain Lemma 2.4.
The proof is complete.

Lemma 2.5. There exists a constant Ct independent of 6 and € such that

2 82
<Cr—————, k=0,1,2,3

H g(did2)(t,.) (V2 o2)k+1’

with o =y —11if 1 <7 <19. Therefore, it holds that

A —(d1,d2)(t,.)

<cp—°
8x1

Lo — (1/”‘52) 2k+3 4

sup k=0,1,2.

0<t<T

O



40 X-X. Bian, Y. Wang and L-L. Xie / Commun. Math. Anal. Appl., 2 (2023), pp. 21-69

Proof. We use Lemma 2.4 to obtain the estimation of dy,d,. Since

- C
|(d1,d2)|*= (D1,D2)R"R(Dy,D5) " sp(f))uDl,Dz)F Lr(Dl,Dz)rZ,
we first have )
€
||(d1,d2)\|2§CTW.
Due to
2 )| =2 (DD RTRL (D D)+ (DLD) 2R 2R (D, )T
1,42 _axl 1,22 aX1 1,22 1,22 8x1 aX1 1,22
C |0 2 Cr )
< S _ T
e I
C|o 2 Cr )
Sy’r—l a—xl(Dl’DZ) +m|(D1,D2)’ :

Whena>y—1and a > (57y—23)/4, i.e., takea=y—1>(57y—23)/4 (if 1<y <19),
we obtain the first order derivative estimates
2 2

i <Cy I3 e < I3 ‘
3x1 pr=1+ags p2(r=1) 54 — 2054
Similarly, for the higher order derivative estimates, we get
2

<Cr

2 2

(d1,d2)

+Cr

ak 2

a Iy k

€

(dlrdZ) W/

k=2,3.

Therefore, Lemma 2.5 is proved. ]

2.4 The solution profile

Now the solution profile (g, ) to the compressible Navier-Stokes equations (1.1)
can be defined by

p(t,x1)=(p+dr)(t,x1), 1a(t,x1)=(m1+dp)(t,x1):=piy(t,x1), (2.25)
satisfying the following system:
pr+(pir )x, =0,
(1) + (P11}
= (2p1+A1) iy
+(p(p) -

+p(0)),
o+ (B — i+ Ty — 211 dZ)x1 (2.26)
p(ﬁ) p'(0)d1)x,

HI\)H
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with the initial data
(0,111)(0,x1) := (Do, i10) (x1)- (2.27)

Since v<p <4, ||d1]|ec < Cr(e/ (v*62)3/4) (if 1 <y < 19) and by (3.9), we can get

where 8 is a small positive constant. Thus, p/p=14d;/p~1, i.e.

!
Pl

<Cr <Créf,

V%a—kl(g%

f~p and %<ﬁ<2p+. (2.28)

3 Reformulation of the problem

To prove Theorem 1.1, the solution (p®,u{,u5,u5) to the system (1.1) is constructed
as the perturbation around the solution profile (g,71,0,0) defined in (2.25)-(2.27).
Set the perturbation (¢,'¥)(,x1,x2,x3) by

=p°(t,x1,%2,x3) —p(t,x1),
(1P1/1P2/1P3)(f/x11x21x3) 3.1)

= (u1/u2/u3) (t/x1/x2/x3) - (ﬁl,O,O)T(t,X1),

:

Y=

where (o°,uf,u5,u5) is the solution to the 3D compressible Navier-Stokes equa-
tions (1.1) with the initial data

(0f,u,u5,u5) (0,x1,%2,%3) := (Po,10,0,0) (x1) + (o, P10, Y20, ¥30) (X1,%2,%3),  (3.2)

and the initial perturbations (¢, {10, 120,130) satisfying

1
(i)

For the simplicity of notation, the superscript of (0% uj,u5,u5) will be omitted as
(p,u1,uz,u3) from now on if there are no confusions. Reformulate the system for

2 4—i
—0(1) ), =012 (3.3)
V7a+357+z
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(¢, ¥) as
( pi+pdiv¥ + iy, +uV+1p1py, =0, (3.4a)
p¥ 1 +pur ¥, +pur ¥, +pus¥, + (09111x,,0,0) " +p () Vop

' O i Uty x T
+ <(P (P)—EP (ﬁ))ﬁxlzolo) + <(2V1 -I-M)#CPIO,O)

.
—dqii1+d
=AY+ (1 +2A) Vdivy + ((2y1+A1)< 1u~1+ 2) ,0,0>
p X1X1
2 2 2 T
_((ﬁﬁl—Pﬁ1+ﬁ1—2ﬁ1d2)xl,0,0)
.
~((p(@)~p(@)—P'(p)eh),0.0) (3.4b)

with the initial perturbation

(¢o,Y0)(x1,x2,x3) = (0,10, P20, P30) (x1,X2,X3) (3.5)

satistying (3.3). Note that the solution to (3.4)-(3.5) will be sought in the function
space I'1(0,t1) defined by

\

v

I1(0,4) = { (¢,%) ] (p%2 Vig,pr V) €C((0,h]i12(Q)),
V”‘TeLZ(O,tl;Lz(Q)),i:O,l,Z}, Vvt € (0,T).

To carry out the stability analysis, we need to introduce more accurate a priori
assumptions

14
sup [[(¢,¥)]1 =g, (3.6a)
0<t<ty(¢)
sup |[(Vo,VF)| <e¥|lne| 7L, (3.6b)
OStStl(S)
sup ||(V2¢,V2¥)|| <e|ine| !, (3.6¢)

0<t<t(e)
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where [0,t1(¢)] is the time interval of existence of solutions and by,b, are positive
constants to be determined. From a prior assumptions (3.6a) and (2.28), we can
get |¢/p|<1/4,and then3/4<p/p=1+¢/p<5/4, therefore p~p~p and 3/8v<
p<5/2p+. The bound of the density p with respect to € guarantees that the global
strong solution to (1.1) exists.

Note that the above a prior assumptions (3.6) with more accurate rates are
crucial to control the nonlinear terms for justifying the zero viscosity limit. To
prove Theorem 1.1, we need the following proposition.

Proposition 3.1 (Global existence and uniform estimates). There exists a positive
constant £1 <1 such that if 0<e<ey, then the perturbation system (3.4)-(3.5) has a unique
global solution (¢,¥) €I1(0,T) satisfying

2
=2 1 =2 1 11
o H(P TPt H +/ ( T i, ¢,pzu%x1¢1) +s\|V‘I’H2] dty
0<t<T
2 1 2 CT€4
5 2 52
C‘ (po %'po%) yha+3 g7’

s (6570 oto )0

0<t<T
o8l o+
2 CT€4—1'

1
5 2 2 1
<c| (s viuaivn) | + 25

with o =y—1and 1 <+ <19 and the constant Ct > 0 is independent of €,0,v, but may
depend on T.

1

1
021l 12 (v Lpl/vl hPXl)

y=2 L
Ao 2 l
Pz 1x,

2 .
| —i—sHVHl‘I’HZ} it

i=1,2

Once Proposition 3.1 is proved, we have

2
¥)|| < Cr——, 3.7
(@) <Cr Taroog] (3.7a)
3
£2
< —_— .
[(Vo, VY| < CTVZHSW (3.7b)
V2, VW) || < Cr—— 3.7
[(Vie, V|| < Crrs (3.70)
with
{z 1<y<3,
So=4 3 72
§+T, v >3.
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Note that v=¢"|lne|,d =e",a =y —1 (if 1 <y <19) defined previously, in order
to close the a prior assumptions (3.6b)-(3.6c) with (3.7b)-(3.7c) and control the
nonlinear terms in (4.10) and (4.15), we obtain

3 3 7

—_< <_ — .
4_b 5 <4a+4+so> ai, (3.8)
1 51 7 9

g < <1—1 = — .
4+4 1<b<1 <4oc+2+so)a1 (3.9)

with s; defined later in (4.15). From (3.8) and (3.9), it is necessary to establish that

3 3 7

< —— | =

155 (4oc+4+so) ai,

1 s 7 9
g <1-=1 = _
4c4—4c11_1 (4a+2+50)a1,

we observe that the first inequality can be derived from the second, then we ob-
tain aq <3/(7y+4s¢+s1+11), which means

(

—_ 1 <2,
29+7’ <Ts

IN

a 2<y<3, (3.10)

7y+19’

v >3.

[ 9y +13’
To control the nonlinear terms in (4.9a) and (4.9b), it is crucial to hold that

3 2 1
— — >
5+5b1+ bz 552 a1 = 0,

where

o 4(2—7), 1<vy<2,
o v—2, v >2.

Substitute the upper bound of by,b; from (3.8) and (3.9) into the above inequality,
it follows that
6

<
= 14y +8s9+s5,+21"
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which implies

(6

—_—, 1 <2,

107145 TS

6

<l %  acn<3, 11
=9 15,135 STs (3.11)

L >3

| 197123 77

Similarly, in order to control the terms in (4.17a) and (4.17b), it follows that
by +by—1—s3-a1 <0,

where

o 2(2—7), 1<vy<2,
T v—2, v >2.

Substitute the upper bound of by,b; into the above inequality,

3
ai S 7
77+4s90+2s3410
which means
(3 1<y<2
371260 =T
3
< — 2 <3, .
1 < Oy 114 <7< (3.12)
3
—_, 3.
T8 77

Therefore, combining (3.10)-(3.12), it is optimal to take a; defined by (1.15),

3 7 7 9
b1—§—<10€+4+50) ai, b2_1_<1“+§+50) ai.

Finally, we check the rest of the a prior assumptions in (3.6), by Sobolev’s inequal-
ity in 3D and (3.7), we have

1@ )l <C (I )2 (Te, V)2 +1(V9, V)]V, V28)]2)

a1

3 1%

<C

T < =.
V%/X—&-soél{ 8
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Therefore, for any given positive constant /, there exists a constant Cj, + which
is independent of ¢,v,d such that

sup Hp 0| oy < sup. ||P ollL=(qy+ sup [1p—plli=(r

0<t<T

+ sup 16 =07 | Lo )3 |7? P”HLmaR)

a1

& & -1
<
_(j]"1/Z[X_~_S()5147 +CTV%“5% +Ch 5|1n5|-|—Ch,T1/,

sup [|my—mp{| ) < sup [lmy =] pe(o)+ sup [ — ||k

h<t<T 0<t<T 0<t<T
+ sup |ty = [| )+ sup Hmii—m?HLw(R)
h<t<T h<t<T
—dyiiy+d
<C sup [, ¥ o0 +C sup | (4, ~H5ER)
0<t<T 0<t<T P L®(R)
+C sup |[(p—pi?, 11 —uP, HLOO +ChT1/
h<t<T
el €
< -1 <
_CTU%“'FSO&% +CTV%“+15% +Ch (51n|5|-|—Ch,T1/_Ch,T1/,
et
sup |[|(m2,m3)| =) <C sup |[[(¥2,9¥3)lr=2 ) SCr
h<t<T 0<t<T virt2s
— Crel "0 g7,
if 1 <7y <19, which completes the proof of Theorem 1.1. O

Now it remains to prove Proposition 3.1. Recalling the local existence and
uniqueness of the classical solution to the hyperbolic-parabolic equations (3.4)
with (3.5), which is standard and hence its proof is omitted, it is sufficient to
obtain the following uniform a priori estimates.

Proposition 3.2 (A priori estimates). Suppose that (¢,'¥) €I1(0,t1(¢))is the solution
to (3.4)-(3.5) for some t1(¢) € (0,T), there exists a positive constant e, > 0 which is
independent of €,0,v,t1 (&) such that ¥ 0 <e <ejy, it holds that

s (7 oote) 0 [ (r ek oot )

0<t<tq(

(Po2 $0,0; 11’0)

2

+£||V‘I’||2] dh

2 CTE
V%tx+357'

<c|
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2

e esivef

sup p
0<t<ti(e)
t( - ' . | | i |
+/1 |: 2 11 \VA& ’ —|—’ % 12 (vllplrvl_lTxl)’ _i_guvl—}-lxyuz}dtl
i 1. 2 Cret—i
< _T 52 1 Ti .
<c| (s ) ol

with x =7y —1and 1 < <19, and the constant Ct >0 is independent of €,6,v, but may
depend on T.

The next section is devoted to the proof of Proposition 3.2.

4 A prior estimate

We now give a proof of Proposition 3.2 for the uniform H? estimates. In Subsec-
tion 4.1, we derive the lower order L2-estimates in Lemma 4.1. Then in Subsec-
tions 4.2 and 4.3, the first-order derivative estimates and second-order derivative
estimates are proved in Lemmas 4.2 and 4.3 respectively. Let Q=R x T?,a:=—1.

4.1 Lower order estimates

Lemma 4.1. Under the assumption of Proposition 3.2, there exists a positive constant
Cr such that VO<t<t(e),

sup

P (6" 9.02¥) (1)
+/” {
(i)

Proof. First, multiplying the Eq. (3.4b) by ¥ gives

i

2 12
st +]

1.1 2 2
it | +el T2

2 CT€4
V%tx+357'

(4.1)

2 v |2 ) -
<p| 2| ) +div (Pu%—ﬂl%wliﬂr(ﬂl +/\1)‘Pdw‘¥) iy 1

[ VEP+ (4 A [diVER 4 () Vg ¥+ (p'@)—%p’(ﬁ))ﬁxlwl
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—dqit1+d R _
=(2V1+A1)(#) 1P1—<Pu%—fm%+u%d1—2u1d2> 1
X1X1

X1
Uiy, PP
1 ~
14

1 !/ =
(ﬁﬁ%—ﬁﬁ%+ﬁ%d1—2ﬂ1dz)xl¢¢1—5(p(ﬁ)—p(p)—p(p)dl)xlcp%. (4.2)

Define potential energy by

a(pp):= [ s o (p(0)=p(0) =1 ()0,

Direct computations yield

—p'(0)Ve-¥— (P’(p)—%r)’(ﬁ))ﬁm%:o- (4.3)
Note that
pw%ﬁ1x1 :plp%ﬁlﬁﬁ +P¢%

o
and due to ||(dy,dz2)| 1=, ||¢||L> <v/4, we have p~p~p, then

and

Using the above relations and integrating (4.2) and (4.3) over [0,t] x (2 yield that

|0 w)w [ (Joehaol
INAL

2 1
72 _5
1

1 2
+ ot | elvy i) a

(2u1+A1) P

X1X1

<[ (7 o0pta) | +C (~45)
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_(2]/l1+)t1)ﬁ1x1x1¢1/)1 (ﬁﬁ%_p—ﬁ%+ﬁ1‘i~1 2u1d2) P
(p(@)—p(E)—p' (P)d1), o1, (—d1 Ty +d2)
— ~ -1 | ———

Y Y X
- (@) <p<p>—p<p>—p'<ﬁ>¢>] dxrdxadxadt

= CH (sz_zfl)ozﬁé‘f()) 2

For I;, by Lemmas 2.3 and 2.5, it holds that

L<C / // (2p1+A1) ( d1”1+d2) prdxrdxadxsdt
p X1X1
CE —dq 11 +d> 1
() g
1/2 0 o XX
2
1 _1 2 T€2 —dq 11 +d>
<1—6O sup p2tp1H + sup <%
0<f§f1(8) 0<f§f1(8) p X1X1
1 112, Cret
<o sup ||p2¢r) + /
1600§t§t1(6) H y3a+356

where we use the facts that
<—d1ﬂ1 +d2> _ (=it +do )y, _2(—011171 +d2)x,fx,
ﬁ X1X1 ﬁ pz

+(—d1iiy +da) ( p;“‘l +2p"1>

p°
and
d2x1x1 €
’ ‘5 —||d2x1x1||_ T 3“+153
dlxlalxl < S

P

< ;Hﬁlm [ dx || < Croig

49

(4.4)
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dlalxx _ €
% _;||u1x1X1||L°°||d1||SCT7V%+153/
d2x1ﬁx1 C C €
5 < gl s lldon 1+ 77 e [ lldox, || < Cr iy
dlalxlﬁxl C 2 C — €
P < %H||u1x1||Loo||d1||+v—2||ulx1||L°°||d1x1||L°°||d1||SCTTH(Sy
203, C €
| < el 35 oy [ e < Cr— S
dap cC . C ,_ C
pﬁm SV%+1||u1x1x1||||d1||+m||u1x1||%°°||d2||+ﬁ||d2||L°°||d1x1x1||
€
<
_CTV%tx+153’
therefore,
—dqii1+d> €
—TR) <ort
p X1X1 V7“+ 53

Similarly, we estimate the second term I, as

t
L<C ‘/ // ﬁﬁ% —pﬂ% +L_t%d1 —2111{12) LpldxldedXQ,dt‘
X

( d1M1+d2)) l[)ldxlliX2dX3dt‘
X1

< C [ () oty
2 Jo P Y
2
— 2
1600<t<t (e) Voo<t<ty(e) P X1
1 CTE
<

where we use the following facts that:

C_mm+@y) _Cdimtda)y, (—diin+da)*py
p X1 ﬁ p2
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d2d2x1 €2
_ 0 < R
5 ||d2||L [dox, [| <Cr Tarig)’
d%alﬁlxl 82
= 00 o < —_
5 ||u1x1||L ld1]|zeld1]| <Cr Garigy’
d3px C e
ﬁzl < tx+1||u1x1||L°°||d2||L°°||d2||+ 2||d2||L°°||d2x1||<CT Tarig]’
and so,
—dqity +dy)? 2
Chntd)) oo £
o “ virtlss

To estimate I3, it follows from Lemmas 2.3 and 2.5 that

t
<C 0///Q(p(ﬁ)—p(ﬁ)—p’(ﬁ)d1)xltp1dX1dxzdx3dt‘
C [ty, o
§—1/ [(p(@)—p(p)—p'(P)d),, |t
v2 J0
1 2 N _
<= sup [pgr| +=L sup [(p(p)—p(p)—p'(p)d1),,|I
0<l’§l’1(€) Ogtgtl(s)
L su _%lp HZ CT€4
=160 o I T a7

where we use the facts that
(p(ﬁ)—p(ﬁ)—i?’(ﬁ)dﬁx =(p'(0)—p'(0)—p"(p)d1)px, +p" (0)d1d1x,,
1
H "(p)—p'(p)—p" (P)d1)px ||

2
||u1xlHmudlumndln+Hd1xlHLwnleLdelH<CTW
2
Hp d1d1x1H< [dx [ lldr | £ Cr——— a1l
and thus, &2
|(P@) =P () =F (P} || < Crrrr.

For I, it holds from the Young's inequality that
; _
L<C ‘ / / / / (241 —I—Al)ulx%;qb%dxldxzdxgdt
0 JJJa
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<k

'y__, 2
_160/‘ : ”1X1¢H dt+uw+252/‘

Due to ||¢||r~> <v/4 < and the estimate of I, I3, then

Y-
2

1 1
0211 12 Hdt

o7, 9| Jo

11 2
i, ¢1H dt.

4

I+ 11e S Cr—

For Iy,Ig, it follows from Lemmas 2.3 and 2.5 that

¢ e
| [[ [[[Lovt (F252) dxldxzdx3dt'
—dq1i1+d> H
Y

= sup
T Uit ochet (o)

l=c| [ JI]. (5 dluﬁdz)xl(p(p)—p(ﬁ)—p(ﬁ)¢)dx1dxzdx3dt

<cr H (5

Cre
sup
viHs3 ocpey, (¢)

<Cr

sup
L>0<t<t(e)

4

sup
X1 L°°0§t§t1 (E)

where we use the facts that

(—d1ﬁ1 +d2) _ (cdiiti+dy)y, (—diii+do)px,
x|

o o A
and
dle C S
Zall <= .
5 oV ||d2x1||L <Cr 51x+1(55'
dlalxl S
_— b (] OQ<
5 S ||u1x1||L ldz ]l <SGy
d2ﬁx1 C C S
< 1 {ee] {eo] A [ee) OO< - =
72 Lw_y%ﬂnulleL 2|+ 75 i [l ]2 sCry
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thus,
I3

<Cr—

—dq114 —|—d2)
% 4tx+152 )

p
LOO
Substituting these estimates into (4.4) and using the inequality (3.9), then all the
nonlinear terms can be controlled, thus the current lemma is proved. Note that

the inviscid decay rate depends on the estimate of the nonlinear advection flux
error terms I and I3. O

4.2 The first-order estimates

Lemma 4.2. Under the assumption of Proposition 3.2, there exists a positive constant
Cr such that VO <t <ty (e),
sup

P (67 V.02 v¥) (1, )H2
+ /“ [
SCH(POT V%ﬁéV%)

Proof. Applying the operator V to the Eq. (3.4a) and multiplying the resulting
equation by p’(p)/pV¢ lead to

Vol . Vol /
G%z%) +div <,ﬂ 2| (P| —p7” 1V1/J14>x1) (P () VyiVe)

+= p”’ 2y, |V 407 21y, ¢y [P+ (0) VOAY

oo+

priny, (¥, V1) +e||v2‘1’||2}

2
Cré3
e

(4.5)

V%zx+358'

=—Tp”‘2!w|2div‘f’ —07 oy Py divE + (7= 2)0" %0, VOV i1

~(r=1)p" 00 ¥, Vo= 0" VoV i,
_p7_2ﬁ1x1x1 ¢x1¢_97_2pxlx14)x1 %}
::](t/x11x21x3)- (46)
Multiplying the Eq (3.4b) by —AY yields

VY2 : VY] -
(p| 2| )t+dlv (pu| 2| —pl/l]tVI/J]—PuzLP]x,vw]—i_(V1+A1)dIVTAT

— (]ll + A )diVTVdiVT —Pl1x, P lel)
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Y P (-4 A1) Vi E Pty ¥, +pita, [V~ p' (o) Vo
N T .
N _vpv¢j| <¢jt+uv¢j+ (lplulxl’olo)f ) _pulxlxllplxllpl_PVLP]'V(/JNP]'X;'
+(p'(p) - 5}9'( ) Py A1 — (21 4+ A1) 1x;)x1¢ "

N o(5)— o (5)d
(p(p) P(p)p r'(p) 1)"1pAL/J1

n (ﬁﬁ%—pﬁ%—Fﬂ%dl —2111[12)
0
—dqii+d
~mera) (THHER)  ag,
p X1X1

:K(i’,xl,X2,X3), (47)

oA+

where we have used

VoV i1ty +oAP11iy,
=div (lepl)Lplﬁlxl
=div (o Vi1 9r1il1y,) — pl1x, | V1 | — 01y x, P1v, Y1
Adding (4.6) and (4.7) together and then integrating the resulted equation over

0,£] x Q) and using the elliptic estimate ||AY || ~ || V2Y¥],[|Vdiv¥ | ~ || V2¥], we
can get

el

b (e v el w22 dr
i, (Ya, Vip1)|| +e]l I

2

=2 1
<c| (r? Vst vo)

J(t,x1,x2,x3) +K(t,x1,%2,x3) | dx1dxodx3dt ’ (4.8)

By Lemmas 2.3, 2.5 and a prior assumptions (3.6), we first estimate J(¢,x1,x2,x3)
as follows:
f1<y<2,

p7_2 |V ¢|>div¥dx;dxodxsdt

o7 V|| IVl sl V¥ ] st

v
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<[]
< — 2 -3 —é(2—7)/ 5 2 2
_160/0 V¥ de+etu=3e [ g vglf v fa

P V¢H (4.92)

o' T V|- IVl IVl IV e

t
gi/ IVF |3t 4 Cre 350802y =327 |ing| % sup
160 Jo 0<t<t(e)

Ify>2,

7_2|V¢|zdiv‘lfdx1dx2dx3dt‘
Q

Bl Laz2
<C [ o V|| IVl 1V ¥ st

T . : . :
SC/O HP ’ v‘PH-|IV<PII4|IV<1>II VY| 4| VY|t

€ t
(v=2)
§—160/0 |V¥|3dt+e5v3 /H V4>H NS TR

t
Si/ ||V‘I’||1dt—I—CTs_3+5b1+5b2U_3 7-2) |lns|_5 sup va
160 Jo 0<t<t(e)

chH (4.9b)
Using the Holder’s inequality, the Young’s inequality and Lemma 4.1, we have

p7_2ﬁx1¢x1 div‘deldxzdxg,dt'

=2 1 =2 1 _1
/ 1, I3 |6 f P A A g
y=2 1 2 1 2
< 5T 1 2dt—l— sup pTV‘I’H
160/‘ iy, V%zx o
2 1 CTEZ 1 2 &3
< T sup pzvﬂ +Cr
160/’ Ix 1/;“5 0<t<t(e) V2 +358

and

”1x1x1 $x, @ dx1dxpdxsdt ’

¥—2

1
. pTﬂlle(])l Hdt

=
2

)—‘ Nb—-

—5/\

p
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101 +d>
5| el = ¢de
P XX
< / 7Tl v ¢H dt+— /) 57 ¢H dt+—— sup p”T_zvcpﬂz
=773 Uiy, 1x Te0
].60 0 52 1600<t§t1(8)
—dyiiy+d 2
s (g) sup
P x1x1 HLP0<t<tq(¢)
1 iy a2 1 1 12 2 e &
<[ |p=az v H dt+—— v H Crs
—160/0 P ¥ M VO S SUP NP VOl OIS g
2 2
€ 7=
+Cr— sup pT¢
2“+2570<t§t1(s)
where we employ the facts that
d2xx 3
— LS ||d2x1x1”L°°<CTT+15
dlxlﬂlxl €
= \|u1x1||L°°||d1x1||L°°<CTW
dlﬂlxlxl C,_ €
T LOOS;Hu1x1x1||L°°||d1||L°°§CTW,
d2x ﬁxl C _ &
ﬁlz MSF”L[lmHLdeZXlHL“’ 7_||d1x1||L°°||d2x1||L°°<CTW
dlalxlﬁxl 1 _ 2 C _
—7 Loo_CTFHMIJQ||L°°||d1||L°°+ﬁ||”1x1||L°°||d1x1||L°°||d1||L°°
€
gCTMI
dop cC . _ cC . _
2| < Crmpp I el g e el
C €
+ﬁ||d1x1xl||L°°Hd2HL°°SCTWI
i 2 €
‘ ‘53X1 Lw—CTWHu“l”Lw”dZ”Lm 3Hd1x1HL°"Hd2HLm<CTT15
therefore,
—dq1i1+d
<71u~1+ 2) <CT : 7
p X1X1 Lee V4a+15§
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The other terms of J(t,x1,x7,x3) can be estimated similarly and the details will be
omitted for brevity. Now we estimate K(t,x1,x2,x3). By Lemma 2.5 and a prior
assumptions (3.6), we have

A QlePlePilpjxidxldXQdXQ,dt‘
t

<c,|
0
T 1 3

sc/ |2 vy vyl vyl Far

<155 [ IV9lRdt+Cre [yl sup

0<t<t(e)

Si/ HVLPH dt+C s_3+4b1|lns] —4 sup
160 Jo 0<t<t(e)

o2 V|1V 2idt

poof

pvapH (4.10)

Using the Holder’s inequality, the Young’s inequality and Lemma 4.1, we can
obtain

)) pxlA¢1dx1dx2dx3dt'
-2 1
_/‘ ”Talz ;vzwm /||d1x1|m\ 57 g [Vt
2
< v? dt+/”zz 4L [ sup [|p™
<sig 17l [ ool s G e [l
82 83

< :
- 160/0 IVl dt+CTV%“+358+CT1/%’X+1§4 yhut3ss

Using the Young’s inequality and the estimates similar as in the proof of Lem-
ma 4.1, one has

( 0 F ))ﬁxlvpv¢1dxldedX3dt‘

/0 ///Q(PH—ﬁ”‘z)pxl¢1x1dx1dx2dx3dt'
+‘/t///(2(p7—2 il )levﬁbvll)ldxﬂxzdxg,dt‘

1/25/‘

<

1
Pz al Lplxl dt

v 1
~12 3
p2 i, ¢
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o[l

el

1

12
2 2

Iy

_r=
2

C [t 2
g ||d1xl||m}

+ / lolli=||o

52 % thlHdt

1
oz [ 10l 16770 |- |25 9
13 =2 1
_160/ ‘p”‘l P1x dt+—va52/0 ‘P 7y,
1 2 A1, |70
+— sup +CT7H 1xl4||L sup p%ﬂ
1600<t<t ( ) V5 o<t<ty(e)
2, 1 2 2 ld 2 2
v 0<t<t(e)
<— | |lpza2 &
- 160/0 ’ P* i Y1 dt+v“5 %zx+3(58 160,k
e ||¢H2oo ! 2
+CTV5a+4510 sup P /’pz iy, chH dt
nggfl(s)
||<P||zoo e
s ZV%H
v3 §a+2(550<t<¥)() f

By Holder’s inequality, Young’s inequality and Lemma 4.1, then
t 0112 — pit2 +ii2dy —2il1d
/ / / (piy—p ”1“5 1= 20d2)x, VpVLpldxldxzdxgdt’
= / /// ( d1u1+d2) ) vawldxldxzdxgdt'
0p X
/ /// ( d1u1+dz) )
QP

p( dl”“LdZ)) V(j)thldxldxzdxgdt‘
x

IN

ﬁxl l[)lxl dxldX2dX3dt'

X1

Q

(( dlu;+d2) )

+ ||d1x1||L°° /t ( _1+d2
3 ~
V2 0 P

C

+
T(Sz

<

1 %
|2 U, ¢1X1

1
P2 Lplxl
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S [ (C8) | i fpon
—160/‘ %al% P1x dt+(1/”ng15+CTHdJ;ClHZOO)OSBE(S) Cﬁllai%dﬂz)xl |
} 2
+%0<?‘<1f()‘PZVIP1H i 'X+2 ((_dlul17+d2)2)xl L<>°0<i’l<lg(e)‘p,YTVLIJ1H
S%/o ‘ﬁ%ﬂ%xl%xl de'CT (%+V%p¢i254)v%af358
+1i600<i’3f() PZV%H +Cr 5;4(58 fgf() (M)xl 2’

where we utilize the facts that

2dyd> &
20200, Lw_?||d2||Lw||d2xllle§CTm,
2421111y Ci :
it b 55} §—||u1x1||L°°||d1||L°°<CT 3a+1
F . y Vztx+ 54
d%ﬁxl C ) 5 C 2 82
= SV%H||u1x1||L°°||d2||L°°+V2||d1x1||L°°||d2“Lm§CTm,
LOO

and therefore,

~ 2 2 2
(—d1u1—|—d2) C €
R =T 2a+1s4
X1 L®
Similarly,
=\ N _ (=
P ‘O)ﬁ P (p)dl)x1 vawldxldxzdxgdt'

pp)— ﬁ) p'(p)d1)x

B, Y1, dxldxzdxgdt‘

p —P(p)h >x1ngth1dx1dx2dx3dt‘

< / H p(p) p'<p>d1>xlu-!



60 X-X. Bian, Y. Wang and L-L. Xie / Commun. Math. Anal. Appl., 2 (2023), pp. 21-69

+£ I i = (p() — () — P (P)) . |-}
- gcﬂ/tH (P(O)—p(P) =P (P)eh) , |||
_160/‘

Cr  Crlldiy |7 -
+<v,xf15+ ——L2) sup [[(p(p)

dt—l—i su ‘
160, P

el
N—
=_
—
el
N—

=
=
SN—

=

A3 2
Zul ¢71X1
3
v 0<t<t (e)

C ~ _
+ 2l (p@) = p(P) =P (P)t1) [ sup
dt—l—i sup

0< t<t()
t
SL/ ’
160 0 1600<t§t1(8)

+or [ S+ 2 3 1C ¢ Y H
T\ve ™ Sut2ga ) Gut3ss Tv5“+4580<t F() ¢ -

1 1
p_fﬁfxl 1y, p_ZVIpl

where we use the facts that

H —p"(p)d1) P, || 1o

2
&

© el B+ 2||d1X1||Lw||d1||Lm<CT—3W4
€2

9" ()i o < g sl 1 < Crirg,

then

2
~ - _ €
I(p(@)=p(P)=P' (1) |l = < Cr g
The other terms can be estimated similarly and the details will be omitted for
brevity. Then Lemma 4.2 is obtained if we substitute the above estimates for
J(t,x1,x2,x3) and K(t,x1,x2,x3) into (4.8) and use the inequality (3.9) with a; de-
fined in (1.15). 0

4.3 The second-order estimates

Lemma 4.3. Under the assumption of Proposition 3.2, there exists a positive constant
Cr such that VO <t <t;(e),
_ 2
sup | (9" V202 V%) (1)
nggfl(s)




X-X. Bian, Y. Wang and L-L. Xie / Commun. Math. Anal. Appl,, 2 (2023), pp. 21-69 61

el

r-2 1
<C H (ﬁ02 V20,0 VZ‘I’O)

oo |

P21y, VTxl,V (4] H +€HV3TH }

2 CT€
+ 7 .

(4.11)

Proof. Applying the operator d;; to the Eq. (3.4a) and multiplying the resulting
equation by 9;;¢(p’(0)/p), we can obtain

2| V79| 4’|2 : 72| ‘P’Z 2 o2 ()0 b3
p +d1V P (P)v (PV Y ( (P) kz(P I]ka)x].

‘|‘IY—P7 2” x1|vz¢|z+zlﬂ 2ﬁ1x1|v¢xl|2+P (o) V2PV AY

=— %1()7_2|Vnglzdiv‘I’—2p7_28i]-¢8i4>a]-div‘]?—2p7_2ﬁx1 Ve, Vdiv¥
=07 Py Py AV =207l 1, Voo, Vo — 07 21l 2, 101y Py
—pY720;i0;; ¥ Vp— 207 20;ip0; ¥ Vi p— 07 21y x, Py, Py
— 0772 (Px, 91011+ 20x, 5, Ve, V1 4Py vy, Py 1)
+ (Y —1)p" 2004901+ (7 —1)p7 ~*Px, 0ijp0s 1
— (7 =1)p"20j0kipdijx — (Y —1)07 P, Ok pditpir,

:=N(t,x1,x2,%3). 4.12)

Applying 9;; to (3.4b) and multiplying the resulted equation by pd;;'¥ yield

2y|2 12
(P12 i (g2 G vaivrvay
t

—(m +A1)VdiV‘I’V2div‘I’>
— 3 (0i(rfinx, )01 +pitas, | V291 |+ 2001, | V¥, 2
+ 11 [VAY P+ (1 + A1) [ V2AivE > — p' (o) VPV AY
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— 0Ty vy Pl 91+ (Y —2)07 29,0V 9N +p7 %0,V 300, ¥
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+ (7 =2)p" 0Py, (0,00i91 +p2iAP1) + (v —2) (07 > —p7%)p3,
X (0j00 P15, +PAP1x, )+ (07 =7 ?) Py x, (0,001, + A1y, )
N ( (ﬁﬁ% —pﬂ% +L_l%d1 —2111612) ;

g
((p(ﬁ)—p(p)—p’(p)dl)x
+

: ) (0j00; P12, +0AY1y,)
X1

: ) (a]'pa]'l[)1xl +pAYP1y, )
X1

i
+(2p1+A1)9; ( x;j;lcp) (0j00;jh1+p9; M)
1/ —dqiiq+d
+(2p1+A1)9; <(—) #) )(ajpaij¢1+PaiAlP1)
X1X1

:=M(t,x1,x2,X3). (4.13)

Integrating the above two equations over [0,t] x Q) together and using the elliptic
estimates | VAY|| ~ || V3¥ ||, || V2div¥]|| ~ || VY|, we can get

(¢ o)
[

SCH <P02 V2¢O,p5V2‘PO)

o722k, 92|+ |k, (v, 920)| +e||V3‘I’||2]

i' ,X1,X2,X3 —|—M(t xl,xz,xg)]dxldxzdxﬁt‘ . (4.14)

For N(t,x1,x2,x3), first we have

/ /// 07" 2|V2¢|2d1v‘1’dx1dx2dx3dt’

< /O o 2| 19 1t

t
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2
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1
gCTgi(bl“LbZ)]lns]_l sup
0§t§t1 (E)

PV 4’H 160/HV3‘FH &

14y Sl 4 122
+Cre 37302073 |Ing| 73 sup T V2

Ogtgtl(s)

(4.15)

where

o 2—y, 1<y<2,
"o,  >2.

By Holder’s inequality, Young's inequality and Lemma 4.2, it follows that

p”‘zﬁxl Vo, Vdiv¥dx dxodxzdt ‘

0

C [tz 1 12
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Similarly, one has

20y, Py div‘I’dxldxzdx3dt‘
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A T e
=160 16011 (o
e €2
+Cr v H2 +V%IX+256) V%D&+359.
Also, it holds that
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The other terms of N(t,x1,x2,x3) can be estimated similarly. Next, we estimate
M(t,x1,%2,x3) as follows:

If1<y<2,

pv_zai(l)vq)aiAdelded)%dt’
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Ify>2,
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By Lemma 4.2, it holds that
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Using 3D Sobolev inequality || f||;s <C||f|l1, we obtain
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3
By 3D Sobolev inequality || f||;+ <C||f|| 3 |V£ll{, we have
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By Lemma 4.2, we have
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By the Holder’s inequality and Lemma 4.1, we have
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=2 % 1.1
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11 2 112
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Substituting the above estimates for N(t,x1,x2,x3), M(t,x1,%2,x3) into (4.14), we
proved Lemma 4.3. O
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