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Abstract. In this paper, we establish the strong and weak boundedness of the multi-
linear maximal operator in the setting of the Choquet integral with respect to the -
dimensional Hausdorff content. Our results cover Orobitg and Verdera’s results in [8].
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1 Introduction

The purpose of this paper is to establish the strong and weak boundedness of the multi-
linear maximal operator on the Choquet space. For m-couple locally integrable functions
(fi, -+, fm) onR" x - - - x R", the multi(sub)linear maximal operator M is defined by

M(Fi, - fu) (x) = supﬁ,lQ| [ rwlay, (L)

Q3x i=1

where the supremum is taken over all cubes Q containing x with sides parallel to the
coordinate axes. Very often it is much more convenient to work with dyadic multilinear
maximal function My(f1,- -, f), which is defined by the right-hand side of (1.1), but
the supremum is taken only on the family of dyadic cubes containing x. Clearly, when
m = 1, M is the classical Hardy-Littlewood maximal operator. These maximal operators
are fundamental tools to study harmonic analysis, potential theory, and the theory of
partial differential equations (see, e.g., [3, 5]).
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For E C R" and 0 < & < n, the a-dimensional Hausdorff content of E is defined by

o]

H*(E) :=inf)_4(Qj)*, (1.2)

j=1

where the infimum is taken over all coverings of E by countable families of cubes Q;
with sides parallel to the coordinate axes and ¢(Q) denotes the side length of the cube
Q. If we take the infimum in (1.2) only on coverings of E by dyadic squares, we can
obtain an equivalent quantity Hj(E) called the dyadic a-dimensional Hausdorff content.
In [8], Orobitg and Verdera used the Choquet integral with respect to the a-dimensional
Hausdorff content to extend some well-known estimates for Hardy-Littlewood maximal
opertaor. They proved the strong type inequality

/(Mf)r’ dH* < c/ F|? dH® (1.3)
for a/n < p, and the weak type inequality
H*{x: Mf(x) > t} < cr%/\f\%dH“ (1.4)

for any t > 0 and p = a/n. Here, the integrals are taken in the Choquet sense, that is, the
Choquet integral of ¢ > 0 with respect to a set function A is defined by

/godA = /OOOA{X € R": p(x) > t}dt.

When a = n, both (1.3) and (1.4) become the classical strong type inequality and weak
type inequality, respectively. It is worth mentioning that the Orobitg-Verdera result came
from their efforts to comprehend the special case p = 1 that is first proved by Adams
in [1]-a result of the H'-BMO duality theory applied to the characterization of the Riesz
capacities. In fact, the Orobitg-Verdera’s proof is a modification of arguments due to
Carleson [4] and Hormander [6]. Moreover, Tang [10] generalized the preceding results
and established the boundedness of maximal operators on the weighted Choquet space
and the Choquet-Morrey space.

Motivated by these works, we investigate the strong and weak boundedness of the
multilinear maximal operators in the frame of Choquet integrals with respect to the a-
dimensional Hausdorff content.

Now, we formulate our main results as follows.

Theorem 1.1. Let0<oc<n,0<p§pi<oowithl§i§msuchthat%:%+-~+ﬁ

and & < min{py,-- -, pm}. Then, the following inequality

([t gy < (fapare)’

1

holds for some constant C depending on o, m, n and p;.
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Theorem 1.2. Let 0 < « < min{n,np} and a = a1 + --- + ay, witha; > 0 for 1 <i < m.
Then, the following inequality

/(M<f1f“' fu))! dH® < Cﬂ/!ﬂlf’dm

holds for some constant C depending only on «, m, n and p.

Theorem 1.3. Let 0 < a < n. Then, for some constant C depending on o, m and n, we have that

(Hx: Mali, o fu)() > )" < ST [ 1l dbe, (1.50)
i=1
Hx: Malfi o fu) () > 1} < CY 0P [ |fft ame, (1.5b)
i=1

where B1+ -+ PBm=1land By, -+, Bm > 0.

The rest of the present paper is organized as follows: In Section 2, we will give some
facts and lemmas. Theorems 1.1-1.3 are proved in Section 3. A tacit understanding in the
present paper is that all cubes in IR are cubes with sides parallel to the coordinate axes.
We denote by |E| the Lebesgue measure of the set E C R". The positive constant C varies
from one occurrence to another.

Remark 1.1. In this paper, we merely give the proof with the case m = 2 for the sake of
clarity in writing, and the same is true for m > 2.
2 Some facts and lemmas

We first give some properties of the Choquet integral with respect to the a-dimensional
Hausdorff content.

Proposition 2.1. Suppose that f and g are locally integrable nonnegative functions on R" and
C is a constant. Then we have

/Cde“ - c/de“,
/ FdH*=0 = f=0, H%ae on R",
/<f+g)dH"‘§2</de“+/gdH“>.

In fact, a fundamental method in dealing with Choquet integrals with respect to
Hausdorff content is that, for non-negative functions f;, we have that

/;fidH“ < C;/fidH“
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for some constant C depending on « and 7. This follows from the non-trivial fact that the
Choquet integral with respect to dyadic Hausdorff content is sublinear [1].

The following lemma shows that an inequality, similar to the Holder inequality, holds
for Choquet integrals with the Hausdorff content. In addition, this lemma will play an
important role in the proofs of Theorems 1.1 and 1.2.

Lemma 2.1. Let 0 < p, p1, p2 < oo such that % =
measurable functions on R". Then we have that

(/Ugwa#>;s2</UWdH§%(/deHQé. 1)

Proof. Indeed, it suffices to prove the case of p = 1 by observing that 1 = % + %.

Let A and B be the two factors on the right side of (2.1). If A = 0, then f = 0, H*-a.e.
on R"; hence fg = 0, H*-a.e. on R", so (2.1) holds. If A > 0 and B = oo, (2.1) is again
trivial. So we need consider only the case 0 < A < oo and 0 < B < co. Put

+ Assume that f and g are two

1, 1
p1 p2°

_f 528
F=%, G=2.

This gives
/W%M“:/GWMV:L

Using the Young inequality, we see that

F(x)G(x) < L F(x)P + ~G(x)P 22)
P1 p2

for every x € R". Integrating the two sides of the inequality (2.2) yields that

/FGMV§2(14—1>22
Pir P2
which is exactly the inequality (2.1). O

Using a self-contained and direct argument, Orobitg-Verdera [8] proved the following
strong type inequality.

Lemma 2.2. Let 0 < o < n such that 5. < p. Then the following inequality

[y anr <c [ |7 dne

holds for some constant C depending only on «, n and p.
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A well-known argument in [8] gives the following lemma which is also of great im-
portance in proving Theorem 1.2. Here, we only give the statement of this lemma.

Lemma 2.3. Let x( be the characteristic function of the cube Q. Then for a/n < p, we have

[ Mixo) ar < ce(Q),

where C depends only on a, n and p.

To prove Theorem 1.2, we need the following lemma which can be viewed as a corol-
lary of Lemma 2.1 and Lemma 2.3 as well.

Lemma 2.4. Let xo, and xq, be the two characteristic functions of the cubes Q1 and Q», respec-
tively. If & < p, a1, &2 > 0 and & = aq + &2, then we have

[ Mxa, x0.)) dH < CHQ Q)"

where C depends only on «, n and p.
Proof. The proof is based on Lemmas 2.1 and 2.3. Actually, we conclude that

| (Mo xa)" dH* < [ (M(xa)’ (M(xc.))” dH*

“

<2 ([ (e ) ( [ ey s )

which is our desired result. O

We need the following auxiliary inequality to pass from integration with the Lebesgue
measure to the Hausdorff content:

/f(X)dx < g (/ﬁ dH“)Z (2.3)

for f > 0and 0 < o < n; see [8].
Besides, the key to the proof of Theorem 1.3 is a covering lemma. The version we
need is also the one employed by Orobitg-Verdera [8], and is due to Melnikov [7].

Lemma 2.5. Let 0 < « < nand {Q;}; be a family of non-overlapping dyadic cubes. Then there
exists a subfamily {Qj, }x satisfying the following two properties:

(i) ZijCQ £(Q; )" < 2L(Q)*, for each dyadic cube Q,
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(ii) H* (U]' Qj) <235 6(Qj)™

Based on part (i) of Lemma 2.5, one can show that the following inequality holds with
some constant C independent of f > 0,

y de“gc/U FdH".

k ka k ka

3 Proof of Theorems 1.1-1.3

Proof of Theorem 1.1. Without loss of generality, we assume f; > 0 and f, > 0. Since

MU 2)() =sup o ([ A ay) ( [ s dy)

Q>x

1 1
< (Zgr;‘@ /Qf1(y) dy) (Zglz,Q, /Q f2(y) dy)
=(Mf1)(x)(Mf2)(x),

it follows from Lemmas 2.1 and 2.2 that

</ (M(flffZ))deu‘); < </(Mf1)P(Mf2)P dex> v

co(Jousr )’ (foura)
<cC (/ffl dH“>V1] (/fzpde“>;2.

This finishes the proof of Theorem 1.1. ]

Proof of Theorem 1.2. Without loss of generality, we also assume f; > 0 and f, > 0.
For each integer k, let {Qj‘ i}; be a family of non-overlapping dyadic cubes Q;?/ ; such
that

{x: 2k < fi(x) < 2k+1} C UQ;'(,i/
j

T O(QE)" < 2] {x: 2* < fi(x) <21},
i

wherei =1, 2. Set

gi = 22(k+1)pXAk/jl
k
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where Ay; = U; Q;-‘,i. Thus we have fip < gi.
Assume first that 1 < p. Then a direct calculation yields that

(M(f1, f2)(x SUPH‘Q‘,? (/fz >

Q3x i=1
1 p-1\ P
2 1 b=
<ol (Lo o) ([1e)”)
—sup T2 [ (i)
Tl tIQl Jo Y
=M(f{, f})(x)
<M(g1,82)(x).
Moreover, it can be derived that
(81/82)( )
H(kH1)p
Z‘;E,Hrgr ki [ xn,(0)d
_ o(k+1)po(i+1)p (1 d)(l d)
Z‘;I;’Z; |Q|/Qx/ak,1(y) y |Q|/QxAhz(y) y
1

“ap Ryt (!QI/ZXQ“ )(l |/Q]ZXQ?2(y)dy>
%)

h
— (k+1)pry(h+1)p L . , )
“aupy )2t 22(@\/"% (a1 Jyxe

SZZZ k+l)P2(h+1)P ZZM Xlethz x)_
k h v v
Combining the above two inequalities one can immediately obtain that

(M(fi £) ()" < L2000 ’”“’ZZM (Xt Xy, (%)-

Hence an application of Lemma 2.4 to {M(x X )(th)}v, i,k 1 gives that
v, 1r

/(M(fl,fz))de“ Sczzz(k+l)p2(h+1)l7 ZZ/M(XQﬁl,XQ?Z)dH“
§C222k+1 p2h+1 pZZEQ aig Qh )

SODRLUET (ze o) (Eriasr)
j
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Scz22(k+1)p2(h+l)lexl{x: 2k < fl < 2k+1}HtX2{x: 2h < fZ < 2h+1}
k h

=C (ZZ(k—H)PHM{x: 2k < fl < 2k+1}> (Zz (h+1)p Hﬂz{x 2h < f2 2h+1}>
k

Note that

k+1)PH“1{x: 2k < fl < 2k+1}

)2
k

<Y oWy f; > 25}
k

220
- 1:z“‘—W’ (2P —1)H" {x: f; > 2}
22p 2kp
=5 Z/ H%{x: fI > 2k} dt
22p 2kp
_2p_12/ H{x: f{ > t}dt
22P

= 1/ HY{x: f{ > t}dt

P o
2P—1/f1dH]

By the same approach as above, we can deduce that

Y 2t p g f: oh < o (x) < 201} < <51 /ff dH",
h

Finally, we can therefore show that

[ ats ) ane < c ([ sram) ( f game),

which leads to the proof of the case for p > 1.
Assume now that & < p < 1. Since f; < Y, 25"y A Withi =1, 2, it implies that

M(fi, fo) < 22" Y I M(xgs o xgr,)-
k h v ’ ’

Since p < 1, we deduce that

P
( fl/fZ p ;Xh: k+1 P2 ]’l+1 E (M(XQI;,J’ XQ;{2)> ’

v



50 S.Liu, Q. He and D. Yan / Anal. Theory Appl., 39 (2023), pp. 42-52

and hence

/(M(flsz dHDL <C222 (k+1) p2 (h+1) pZZ( Q Oélg Q )

<C (/fde””) </f2de“2>.

This completes the proof for the case § < p < 1. O

Proof of Theorem 1.3. If one of the two integrals on the right-hand side of (1.5a) and (1.5b)
is infinite, then there is nothing to prove. Hence, we assume that

J 1l an® < oo
for i = 1, 2. Then by (2.3) we obatin that f; € L' (R").

The proof of (1.5a) will be given first. We assume again, without loss of generality,
that fi > 0and f, > 0. Given t > 0, let {Q;}; be the family of maximal dyadic cubes Q;

such that
. 2 </Qj fily) dy) </Qj f(v) dy) > t. (3.1)

{x: My(f1, f2)(x) >t} = UQj-
j

Then we can obtain that

For each j € IN, we deduce from (2.3) and (3.1) that

@< (; (f, o) (f, 2 dy»
ccrt (/ijl" dHa> </ij2n dHfX).

Applying Lemma 2.5 to the {Q;}; we obatin some subfamily {Q;, }; for which we can
write

(H*{x: M4(f1, f)(x) > t})z

(e (02)) ()
el (o) (1))
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<Ct™n ((;/ka fl dm)é (;/ij fi dHa)i)z
p— (/fli‘ dH{x> (/fzﬁ dH«).

This finishes the proof of inequality (1.5a). Next, we give the proof of the second inequal-
ity by using an analogous process.
Given t > 0. Let {Qj i }; be the family of maximal dyadic cubes Q;; such that

1 / .
—_— (y) dy > tFi,
9] Jo, fily) dy
where i = 1, 2. Then we can show that

{x: My(f1, f2)(x) >t} C UUQ;’,;’-
i

In fact, if we choose x such that M;(f1, f2)(x) > t, i.e.,

ZL;};|Q1|2 (/Qfl(y) dy) (/sz(y) dy) > 1,

where the supremum is taken on the family of dyadic cubes containing x, then by the
definition of the supremum there exists a dyadic cube Q > x satisfying

(i L) (g [ amdr) >

|aéﬁ@w>ﬁ

It follows that

or
L / fo(y) dy > B2
QI o
must hold. Then we can deduce from the maximum of Q;; that

XEQCUUQ]‘/Z'.

]

By inequality (2.3), we have that

&
7

1 1 « &
©Q;)* < (/ (y) d > <ctbi [ fFdHe
(Qji) > Qj,if (y) dy erif
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Applying Lemma 2.5 to the {Q;;} we obatin some subfamily {Q;, ;} for which one can
write

H*{x: Ma(f1, f2)(x) > t}
<Y H |UQii| < 22;5(%,:')“
1 ] 1
~Bit 7 dH* i [ 7 dH®
<Cyt ;/ij’ifl dH' < CY [ £ ane

This finishes our proof. O
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