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Dynamical Property Analysis of a Delayed
Diffusive Predator-prey Model with Fear Effect*

Xiao Zhao'! and Ruizhi Yangh'

Abstract In this paper, we study a delayed diffusive predator-prey model
with fear effect and Holling II functional response. The stability of the pos-
itive equilibrium is investigated. We find that time delay can destabilize the
stable equilibrium and induce Hopf bifurcation. Diffusion may lead to Tur-
ing instability and inhomogeneous periodic solutions. Through the theory of
center manifold and normal form, some detailed formulas for determining the
property of Hopf bifurcation are presented. Some numerical simulations are
also provided.
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1. Introduction

In recent years, reaction-diffusion models have been widely and profoundly applied
in biomathematics. Many scholars have paid attention to them and studied their
dynamics [13,14,16,25-28]. It was found that changes in population density depend
not only on time, but also on space. The predator and prey are non-homogeneous
in space. Thus, diffusion is a phenomenon that cannot be ignored. In [26], a cross-
diffusive predator-prey model with pack predation-herd behavior was considered.
Yang, Zhang and Yuan primarily investigated the Turing pattern caused by cross-
diffusion. In [16], Peng, Li and Zhang studied a toxin producing phytoplankton-
zooplankton system with prey-taxis. They mainly discussed prey-taxis induced
Turing instability and the local existence of the nonconstant positive steady state.
These papers show that diffusion may lead to Turing pattern and spatial inhomo-
geneous periodic oscillation, which are worth investigating. Motivated by them, we
also introduce diffusion terms into our model.

The purpose of this article is to investigate the stability of the positive equi-
librium, Turing instability and Hopf bifurcation of the new system. This paper is
organized as follows. In Section 2, we give a detailed description about the forma-
tion of our model. In Section 3, we analyze the stability of the positive equilibrium,
Turing instability and the existence of Hopf bifurcation. In Section 4, we study the
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property of Hopf bifurcation. In Section 5, some numerical simulations are shown.
Finally, a conclusion is presented in Section 6.

2. Model formulation

In this section, we will introduce the process of model formulation. Let us lay the
foundation for investigating the global dynamics of the system.

In the current study, a logistic equation is often used to model the growth of the
prey population in the absence of a predator. Suppose that the functional response
of predator-prey interaction is Holling type II. Then, the population densities of prey
and predator at the time T" are denoted as X and Y respectively. First, consider a
two-dimensional Rosenzweig-MacArthur [18] predator-prey model with the form

- X CAXY
X_ROX(l——KO)— je 2.1)
- AXY ’
YfmiDY.

All parameters are positive and their biological meanings are shown in Table 1.

Table 1. Biological description of parameters in the paper

Parameter Definition Parameter Definition
X Prey density Y Predator density
Ry Prey intrinsic growth rate Ky Prey carrying capacity
A Maximum predation rate of predator B Half-saturation coefficient of predator
c1 Conversion efficiency of predator D Natural mortality rate of predator
E Density restriction of predator K Fear parameter

With the development of the biomathematics, various predator-prey models have
been studied in [2,8,9,11,23,24]. They found that the fear effect plays a crucial
role in the ecosystem. The physiological feature or behaviors of the prey population
may change due to the fear of predators, including the alteration of foraging [1],
breeding [4], inhabiting [17] and so on, which further affect their growth rate. Then,
consider the modified growth rate of the prey 7 fféy. Moreover, the prey needs some
time to evaluate the predation risk for the perception of the dangers, and then it
makes the above changes. Hence, the fear effect does not reduce the growth of the
prey population instantaneously, but it needs time delay. Based on (2.1), Panday et
al. [15] proposed the following model and studied the permanence, local and global
stability, as well as Hopf bifurcation of this delayed differential equation

- o
X = 1+KY (T—Ty)

s _ AXY
Y =gix - DV

X CAXY
X(1=15) = Bix (2.2)

As a matter of fact, many factors may affect the dynamics of a system such as
time delay, diffusion terms, density restriction and competition [3,6,7,10,20,21]. Tt is
well-known that when predator population becomes too large, a density restriction
may exist due to the intraspecific competition denoted as E. After introducing
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diffusion terms, time delay and density restriction term to model (2.2), we obtain

X X CAXY
T — =D1AX + 1+KY(T Tl)X(l - 70) T B+X (2.3)
Yy AXY

o7 = D2AY + X — DY — EY?2.

Here, D1 and D4 are the diffusion coefficients of prey and predator respectively. This
model is closer to reality and better reflects natural regulation. For simplicity, the
non-dimensionalized model (2.3) is obtained by using the transformations: u = X

Ko’
v = % and t = RyT. Then, we obtain the following model with the form

6u(9c,t) = diAu+ u(1+k1&;i_7_) — 1_?_‘Eu)’ € (0,lm), t >0,
av(l’ t) _ dQAU + v(1+[3u — YU — 6) T € (O, ZTI'), t> O7 (2 4)
UCD(Ovt) = vz(ovt) =0, um(lﬂ—vt) = vw(lﬂ’t) =0,t>0,

u(z,0) = uo(z,0) > 0,v(z,0) = vo(x,0) >0, z€][0,in],0 € [—-7,0],

where

AK EK, D KK, D D

076_ = 0,6:77k:70,d1:71 _42
CRy Ry C
and 7 is the time delay. dy and ds are still the diffusion coefficients of prey and
predator. All parameters involved in our model are non-negative.

3. Analysis of the characteristic equations

Here, we only consider the positive equilibria of system (2.4), which are the positive
roots of

1—u —
u(1+kv - 1+Bu) 0 (31)

(15 —w—0)=0.

By direct calculation, it is easy to get
_(a—=pBou—4¢
(1+ Bu)y
Hence, when G_LB& <u<1,a> B4, v>0holds. From equation (3.1), we get

G(u) = syu* + sou® + szu® + squ+ 55 =0, (3.2)
where
51 = 753,727
52,2
S2 = ﬁ Y (B - 3)a
s3 = @?B(2k6 — ) + af?5(y — k6) + 387*(8 — 1) — &k,
54=?(2ké — ) +72(36 — 1) + 2aB8(y — ko),
s5 =72 + ayd — kad?.

After that, G(2° /35) o (ZE Béﬁ)‘i 9 can be obtained. Then, we derive the following

lemma.
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Lemma 3.1. For system (2.4), when u € [%55, 1], the following statements are
true.
(i) (0,0) and (1,0) are two boundary equilibria.
(ii) If 6 < ﬁ, then there is at least one positive equilibrium.
(i) If <1 and 6 < ﬁ, then there exists one positive equilibrium.
)

(iv) If 8> 1 and ggg;ig <0< ﬁ , then there exists one positive equilibrium.

(v) If>1,6 < ggg;; and k > (afﬂé)z(a(ﬂfl);Z(zﬁ(i);))z(oé(fil;sﬁgﬁw7ﬂ(ﬁ+1)6)
) a ~2(a—B6— ’
then system (2.4) has one positive equilibrium.

Proof. Suppose u € [a_im, 1]. Through the first equation of (3.1), we define

Mi(u)=v = % (—a + Va2 —dak(Bu2 + (1 — f)u — 1)) , (3.3)
Msy(u) =v = % (—a — Va2 —dak(Bu? + (1 — Bu — 1)) . (3.4)
Through the second equation of (3.1), we let
v (a—Bou—19
Ju) = v = (3.5)

Figure 1. The graphs of Mj(u), M2(u) and J(u) for the values a = 5,8 = 1,7 = 0.6,6 = 0.4,k = 1,
and =55 ~ 0.0869, u € [0.0869, 1]

Then, the positive equilibrium (ug,vo) is the intersection point between the
curves My (u) and J(u) , or Ma(u) and J(u) in u — v plan. Let o > 86 + 0. It is
easy to show that

M, (a—éﬁé) —;<a+a\/1+W> >0, M(1)=0,
(

Mg(a_éﬂé)z (—a—a\/1+w><07 My(1) = —ar < 0,

DN | =

a— f36)?

5o\ a-ps-0 B—1\  af—a—p6—p%
J(a—ﬁé)‘o’ T =" >0 J( 2 )‘ B+ B) (‘)
3.6
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Figure 2. The graphs of M;(u), M2(u) and J(u) for the values « = 1.5,8 =2,7=0.6,§ = 0.4,k = 2.1,
~ 0.5714, u € [0.5714,1]

and - 75

Figure 3. The graphs of M;(u), M2(u) and J(u) for the values « = 5,8 = 2.6,7 =0.6,§ = 0.4,k = 2.1,
and =255 ~ 0.1010, u € [0.1010, 1]

Moreover,

ka(l — B+ 2up)

Miw) =~ Va2 —dka(Bu? + (1 - Bju—1)
o ka(1 — B + 2uf) 3.7
J/(u) — W > 0.

Case 1. When § < 1, we have M{(u) < 0 and My(u)’ > 0. Hence, M;(u) is
monotonically decreasing, and My () is monotonically increasing in [a_im, 1]. For
Ml(afﬂé) > J(afﬁ(s)7 we know that the curves Mj(u) and J(u) will intersect at
(uo,v0). Due to My(1) < J(5=5;), then the curves M (u) and J(u) will not inter-
sect in [%557 1]. Thus, there ex1sts a unique positive equilibrium. The numerical
simulation is shown in Figure 1, Which completes the proof.

Case 2. When 8 > 1 and - 66 > 223 , from M (u) = 0, we get u, = 81

2p
Then, M (u) is monotonically decreasmg in [a_ 55 1]. Similar to Case 1, there exists
a unique positive equilibrium (see Figure 2).
Case 3. When > 1 and —= ﬁ 5 < g 251, then M;(u) is monotonically increasing

in [afﬁ 5 52—;], and is monotonically decreasing in [B—ﬁ 1], and the monotonicity
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of My (u) is opposite to My (u). J(u) is monotonically increasing in [52—?31, 1]. Under
the condition of Lemma 3.1(v), we have J(%—_ﬁl) < Ml(%ﬁa). For Ml(%ﬁ(;) >
J(%ﬂé), M;(1) < Ji(1) and the values of Ma(u) are always less than J(u). Then,
there is only one intersection point between the curves Mi(u) and J(u) for u €
[BT?, 1]. Thus, system (2.4) has only one unique positive equilibrium (see Figure
3). O
Next, we are going to discuss the stability of the positive equilibrium P(uq,vp).
Denote
uy(t) = u(-,t), ua(t) =v(-,t), U= (u,uz)?,
X =C([0,17],R?), and %, := C([-,0], X).
Linearizing system (2.4) at P = (uo, vo), we have
U =DAU(t) + L(U). (3.8)

Here,

di 0 T 2 2
D= , dom(DA) = {(u,v)" : u,v € C*(|0,In], R*), uy, v, = 0,2 = 0,Im},

0 ds
and L : %, — X is defined by
L(¢1) = L19(0) + Lao(—7).
For ¢ = (¢1,¢2)" € ¢, with

a a 0c
L={""], Ly =
b1 bsy 00

$(t) = (¢1(t), 62(t))", $(t)(-) = (¢a(t+ ), p2(t + )T

S 1 —2ug _ avg I —Qug <0
P T4ku (T4 Bu)® 7T 1+ Bug (3.9)
avg kUO(UO —1) .
by =———=>0, by:=—y <0, ¢c:=———-=.
LT (1 + Buo)? 2 o (1 + kvg)?

From Wu [22], we know that the characteristic equation of linear system (3.8) is
Ay — dAy — L(e*y) =0, y € dom(dA), y#0. (3.10)
It is obvious that the eigenvalue problem
—¢" = pp, x € (0,lm); ¢'(0) =¢'(Im) =0
has eigenvalues i, = n?/I1?> (n =0,1,---) with the corresponding eigenfunction

@n(x):cos?, n=01,---.

Substituting
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into the characteristic equation (3.10), it follows that

din> Y
a; — Sz ag +ce” 7 Yin \ Yin 0.1
= , n=U,1,---

d 2
by by — S5 Yon Yon

Hence, the characteristic equation (3.10) is equivalent to
A\ T) =N+ A, + B, — bice T =0, (3.11)

where

2 4 2

n n n
A, = (d1 +d2)ﬁ—a1—b2, B, = dldglj—(dlbg-f—dgal)f

2 +a1by —asby, C, = byc.

Then, we make the following hypothesis
(H) ay+by<0, a1by — asby — bic > 0. (3.12)
3.1. Non-delay model
When 7 = 0, the characteristic equation becomes
AN —T,\+D, =0,n¢eN, (3.13)
where

Ty = a1+ by — (di + d2) ¥,
D, = dldQ%j — (dyba + a1d2)%2 +a1by — azby — bic,

and the eigenvalues are given by

_ T,+./T? 4D,

A (r) = 5 , neN. (3.14)
Define the parameters
d1b2 + d2a1 2 \/m
=——"-""m=(diby+d —4d,d bo —agsby — b =q+t ——.
q 2drds ,m = (d1ba + daay) 1da(a1by — asby — bic),p+ = q 2drdy

Theorem 3.1. Suppose that dy = dy =0, 7 =0 and (H) hold. Then, the equilib-
rium (ug, vo) is locally asymptotically stable.

Theorem 3.2. Suppose that dy >0, do >0, 7 =0 and (H) hold. Then, for model
(2.4), the following statements are true.

(

) If ¢ <0, then the equilibrium (ug, vg) is locally asymptotically stable.
(ii) If ¢ > 0, m < 0, then the equilibrium (ug,vo) is locally asymptotically stable.
ii)

i

If ¢ > 0, m > 0, and there is no k € N such that 7—22 € (p—,p+), then the
equilibrium (ug, vo) is locally asymptotically stable.

(iii
2

(iv) If ¢ > 0, m > 0, and there is a k € N such that Jx € (p—,py), then the
equilibrium (ug, vg) is Turing unstable.
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Proof. By calculation, we have T,, < 0 and D,, > 0, for ¢ < 0. Therefore, all
eigenvalues have negative real parts. Then, the equilibrium (ug, vg) is locally asymp-
totically stable (statement (i) is true). Similarly, statements (i)-(iii) are also true.
If the conditions in statement (iv) hold, then there exists at least one eigenvalue
root with positive real part. Then, the equilibrium (ug,vg) is Turing unstable. [

From the above analysis, we have found that § is related to the stability of the
positive equilibrium. Diffusion can induce Turing instability, which further affects
the dynamics of the system. Thus, we choose § as the bifurcation parameter and
find the propers d; and ds to investigate our system. Fix the following parameters

di =0.001, dy=5, a=5 =2 ~7=06, =04, k=2.1. (3.15)

Then, the equilibrium is P(ug, vg) ~ (0.12,0.16), and (H) is satisfied. If 5 = 2,
we know that P(ug,vg) is Turing unstable (shown in Figure 4). Biologically, our
results indicate that the diffusion terms and half-saturation constant will break the
equilibrium state and lead to a spatially inhomogeneous population distribution.

u(x,t) v(xt)

Figure 4. The numerical simulations of system (2.4) with 7 = 0 and the initial condition at (0.12,0.16).
Left: component u (stable); Right: component v (stable)

3.2. Delay model

Assume that one of conditions (i-iii) in Theorem 3.2 and (H) hold. Thus, we obtain
A,(0,7) = B, — C,, = D,, > 0. Then, we have the following conclusion.

Lemma 3.2. Suppose that one of conditions (i-iii) in Theorem 3.2 and (H) hold.
Then, A = 0 is not a root of equation (3.11) for any n € Ny.

Our purpose is to find the critical value of 7, so that there is a pair of simple
purely imaginary eigenvalues. Suppose that iw(w > 0) is a root of (3.11), we have

—w? 4+ iwA, + B,, — Cp(coswt —isinwr) = 0.
Then, we obtain
—w?+ B,, — C,, coswt =0,
wA, + C, sinwt =0,

which leads to
w* +w?(A2 —2B,)+ B2 - C2 =0. (3.16)
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Letting z = w?, then (3.16) becomes
22 +2(A2 —2B,)+ B2 - C2 =0, (3.17)

which has the roots

e = % (42 —2B,) + /(42 = 2B, = 4(B - C3)|.

Provided that one of conditions (i-iii) in Theorem 3.2 and (H) hold, we have

) ’}’L2 2 77,2 2
As — 2B, = dlﬁ—a1 + dQZT—bQ + 2a9b1 > 0,

B, —C, =D, >0,
4 2

B, +C, = dldz% — (d1b2 + dgal) 2 + a1by — asby + brc.

Define
S = {n € Nylequation (3.17) has positive roots}. (3.18)
Then, the following lemma holds.

Lemma 3.3. Suppose that one of conditions (i-iii) in Theorem 3.2, (H) and S # ()
hold. Then, (3.11) has a pair of purely imaginary roots tiw, (n €S) at

. 29
=T+ 2, =012, (3.19)
where
L arccos(Veos), Vsin = 05
0= wn (Veos) - (3.20)
w%[%r — arccos(Veos)], Vain < 0.
B, — w2 \/02 _ (Bn _ w2)2
Vios = 7"7 Vain = n 3.21
o Cn (321
and
1
wy = \/2 {—(A?L —2B,) + /(A2 —2B,)? — 4(B2 — C%)] (3:22)

Assume that A\, (7) = o, (7) +iw, () is the root of (3.11), which satisfies a, (77) = 0
and w,(77) = w,, when 7 is close to 74. Then, we calculate the transversality
condition.

Lemma 3.4. Suppose that one of conditions (i-iii) in Theorem 8.2 and (H) hold.
Then,

; dA
an(r) = 5

>0 for neS and j € Ny.
dr

T=T},

Proof. Differentiating two sides of (3.11) with respect 7, we obtain

AT 204+ A, 4 7Che
dr n ACre= '
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After that,
-1
A% — 2B, + 2w? A2 —2B,)? —4(B2 - C2
dr ) _.i c? c?
Thus, o/, (17) > 0. O

Find 7J, = 7%, for some m # n may occur. In this paper, we do not consider
this case. Namely, we consider

reD:={rl: 75 #£1F, m#n, mnesS, jkecNo}.

Define 7, = min{r € D}.

According to the above analysis, we have the following theorem.

Theorem 3.3. For system (2.4), suppose that one of conditions (i-iii) in Theorem
3.2 and (H) hold. Then, the following statements are true.

(1) If S = 0, then the equilibrium P(ug,vo) is locally asymptotically stable for
T>0.

(2) If S # 0, 7 € [0,7.), then the equilibrium P(ug,vo) is locally asymptotically
stable, and unstable for T > 7.

(3) 7 =17 (j € Ny ) are the Hopf bifurcation values of system (2.4), and the
bifurcating periodic solutions are spatially homogeneous, which coincide with
the periodic solutions of the corresponding FDE system. When T € D/{7f :
k € No}, system (2.4) also undergoes a Hopf bifurcation and the bifurcating
periodic solutions are spatially non-homogeneous.

4. Direction and stability of spatial Hopf bifurca-
tion

Next, we will investigate the property of Hopf bifurcation by the theory of center
manifold and normal form [12,19,22]. For fixed j € Ny and n € S, make 7 = 7.
Let u(x,t) = u(x,7t) —ug , 0(z,t) = v(x,7t) — vo. For convenience, we drop the
tilde. Then, system (2.4) becomes

ou _ 1—(utuo) (v+vo)
9 =T {dlAu + (u + UO) (1+k(v(?,3)0+v0) - 1$512u$;0))} ;

(4.1)
Q=1 |:d2AU+('U+U0) (% — (v + ) —6)} :
For z € (0,1m), t > 0, suppose
T=F4pu, u(t)=u(-t), us(t)=wv(-t) and U = (ug,us)’.
Under the phase space € := C([—1,0], X), (4.1) can be written as
dU(t
WO _ 2DAU() + Ls (U0 + F(Ue ), (12)

where

L,(6) = a1¢1(0) + a2¢2(0) + cp2(—1) (4.3)
! b191(0) + b2p2(0) ’ ‘
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F(¢,1) = pDA¢ + Ly (6) + f(¢, 1), (4.4)
with
F(@, 1) =(F + p) (Fr (¢, ), Fag, )",
_ $1(0) + uo) a(¢2(0) +vo)
F1(¢7/JJ) _(¢1(0) +u0) <1 + k( 2( ) +v0) - 1 +5(¢1(0) +u0))
— a1¢1(0) — a2¢2(0) — cga(—1),
Fa(6.1) =(020) + ) (G 3 (62(0) + 10) - O
— b191(0) — b2¢2(0)
respectively, for ¢ = (¢1, ¢2)T € €.
The linear equation is
‘”{TE” — FDAU®) + L+ (U)). (4.5)

Based on [12,19,22], the solution of (4.2) on the center manifold is given, and
the normal form of the system (2.4) is calculated. The detailed calculation process
is shown in appendix. Finally, we obtain the following quantities, which determine
the direction and stability of bifurcating periodic orbits with the form

. 2 e(c
@10) = sz (oo —2on — M50 b aen i = RIGT 0)
Ty = — [T (0)) + Im(N (), B2 = 2Re(cr(0)).

Theorem 4.1. For any critical value 7, we have that

(i) po determines the directions of the Hopf bifurcation: if pus > 0 (respectively
< 0), then the Hopf bifurcation is forward (respectively backward). That is,
the bifurcating periodic solutions exist for T > 1) (respectively T < 7).

(ii) B2 determines the stability of the bifurcating periodic solutions on the center
manifold: if By < 0 (respectively > 0), then the bifurcating periodic solutions
are orbitally asymptotically stable (respectively unstable).

(iii) To determines the period of bifurcating periodic solutions: if Ty > 0 (respec-
tively Ty < 0), then the period increases (respectively decreases).

5. Numerical simulations

In order to explore the influence of time delay, we choose time delay as the bifur-
cation parameter, and some numerical simulations are presented by using Matlab.
Referring to [15], for system (2.4), choose the suitable parameters

di =2 d=2 a=5 B=1,v=06, § =04, k=2.1. (5.1)

Then, we know that ug ~ 0.11, vy ~ 0.15, S = {0} # ) and (H) hold. From (3.20)
and (3.22), we obtain 7. = 7§ &~ 1.7455 and wg ~ 0.5839. By Theorem 3.3, we find
that the equilibrium P(ug,vg) is locally asymptotically stable, when 7 € [0,7),
which is shown in Figure 5. Then, we choose 7 = 1, and the initial condition is
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(0.11,0.15). At this moment, the predator and prey can coexist. They tend to the
interior equilibrium P(0.11,0.15) over time. Then, we increase the delay parameter
to investigate the rich dynamics of model (2.4). By Theorem 3.3 (iii), we know
that the equilibrium P(ug, vg) will lose its stability, and Hopf bifurcation will occur,
if 7 crosses 7. Then, the predator and prey may show oscillatory behavior. By
Theorem 4.1,

fis & 323T.AT >0, Ba A~ —117.955 <0 and Tp ~ 121.168 > 0.

Therefore, the direction of the bifurcation is forward, and the bifurcating period
solutions are locally asymptotically stable. Moreover, the period of bifurcating
periodic solutions increases, which is shown in Figure 6. Then, we choose 7 = 2,
and the initial condition is (0.11,0.15). In this case, the predator and prey can also
coexist. However, they coexist in the way of periodic oscillation. Hence, we confirm
that time delay has an impact on the stability of the positive equilibrium. A large
delay can cause periodic oscillation in a delayed diffusive predator-prey system with
fear effect.

u(xt) V(xt)

Figure 5. The numerical simulations of system (2.4) with 7 = 1 and the initial condition at (0.11 —
0.01sin(z),0.15 — 0.01cos(z)). Left: component u (locally asymptotically stable); Right: component v
(locally asymptotically stable)

u(x,t) v(xt)

Figure 6. The numerical simulations of system (2.4) with 7 = 2 and the initial condition at (0.11 —
0.01sin(z),0.15 — 0.01cos(z)). Left: component u (stable); Right: component v (stable)

6. Conclusion

Predator-prey model has always been a hot topic in biomathematics. Fear effect
is widespread in nature. Rich dynamic behaviors appear among prey population
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due to the scarcity of predators. Diffusion may result in Turing instability and the
non-homogeneous bifurcating periodic solutions. Hence, in this paper, we analyze a
predator-prey model with diffusion terms, density restriction and fear induced time
delay.

First, the existence and stability of the positive equilibrium can be known
through the characteristic equation. The conditions which lead to the Turing in-
stability are also derived. Second, by studying the delay model and regarding time
delay as the bifurcation parameter, we get the existence conditions of Hopf bifurca-
tion based on the Hopf bifurcation theory. Next, by the theory of center manifold
and normal form, we obtain some formulas to decide the direction of bifurcation and
the stability of the bifurcating periodic solutions. In fact, Hopf bifurcation occurs,
when time delay is larger than the critical value. At this moment, predators and
prey coexist in the way of periodic oscillations. Finally, some numerical simulations
are given to illustrate the above conclusions.

7. Appendix

Here, we will investigate the property of Hopf bifurcation by the theory of center
manifold and normal form [12,19,22]. For fixed j € Ng and n € S, we denote 7 = 7.
Let a(z,t) = u(z,7t) — ug , 0(z,t) = v(x,7t) — vg. For convenience, we drop the
tilde. Then, the system (2.4) becomes

ou 1— (u+up) __a(vtw)
?—T dlAu+(u+“0)(1+k(v(t—1)+vo) 1+ﬁ(u+u0)>}’ (7.1)
87::7- daAv + (v + vg) (m_’Y(U-FUO)_(S

for z € (0,im), t > 0. Suppose
T=F4u, u(t) =u(-t), ua(t)=v(,t) and U = (uy,u2)”.
Under the phase space €, := C([—1,0], X), (7.1) can be written as

%ﬁ” — FDAU) + L (U) + F(Us, 1), (7.2)
where
L(6) = a1¢1(0) + a2¢2(0) + cp2(—1) 7 (7.3)
b191(0) + b2p2(0)
F(¢,p) = pDA¢ + L (¢) + f(¢, 1), (7.4)
with

F(@, 1) =(7 + p)(F1(6, ), Fa (¢, )7,
B #1(0) + ug) a(p2(0) + vg)
Fi(¢, p) =(1(0) + uo) (1—|—k( 21( )"’(')UO) 1 _|_5(2¢1(0) +0u0))
)

—a191(0) — a2¢2(0) — cpa(—1),

F(¢, 1) =(62(0) + vo) (1 3%:25

—0191(0) — b292(0)

) 6a(0) + ) 0
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respectively, for ¢ = (¢1, ¢2)T € €.
Discuss the linear equation
dU(t)

S = FDAU() + La(Uy). (7.5)

From Section 3, we know that A,, := {iw, 7, —iw,7} are the characteristic values of

da(t) . on? )
i _—TDl—Qz(tH-LT(Zt)- (7.6)

By Riesz representation theorem, there is a 2 X 2 matrix function n"(0,7) —1 <
o < 0, whose elements are of bounded variation functions such that

2

n 0
~IDL60) + Lelo) = [ d(o,7)0(0),

-1

for ¢ € C([—1,0], R?).

Choose
TE, o=0,
n"(o,7) =40, o¢€(-1,0), (7.7)
—7F, 0 = —1,
where
2
a1 —d1 % a 0c
p=| " P ), F= . (7.8)
by by — da 7 00

Suppose that A(7) is the infinitesimal generator of semigroup included by the
solutions of equation (7.6). Then, A* is the formal adjoint of A(7) under the bilinear
pairing

0 o
(6, 6) = $(0)6(0) — / [ vl oy (o Potepae
—1Je= (7.9)

0
= $(0)$(0) + 7 / e+ DFOE,

for ¢ € C([-1,0],R?), ¥ € C([-1,0],R?). A(F) has a pair of simple purely imag-
inary eigenvalues +iw,7, and they are also the eigenvalues of A*. Let P and
P* be the center subspace. That is, the generalized eigenspaces of A(7) and
A* are associated with A, respectively. Then, P* is the adjoint space of P and
dimP = dimP* = 2.

We can prove that pi(o) = (1,€)Te“n™ (o € [-1,0]), p2(c) = p1(o) are the
basis of A(7) with A,,, and ¢1(r) = (1,7)e ™" (r € [0,1]), ga(r) = qi(r) are the
basis of A* with A,,, where

. 2
¢ = by n:—zwn—i-dl%—al.
1Wn —5’2-1-612%27 by
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Letting ® = (&, ®5) and U* = (U%, ¥3)T with

pi(0) +p2(o) [ Re(e™n)
(o) = = o
2 Re (§e“""”)
cos (w, 7o)
B — d2n2 —_ ~ . ~ )
(B2 hyeta? (%2 b2) cos oTwy, + wy, sinoTwy,)
_pilo) —pa(o) [ Tm(en77)
CI)Q(J) == -~ = ‘ )
24 Tm (gezwnfg)

sin (w, 7o)
)

b1
oz
(257 )2 ve

for 6 € [-1,0], and

~ 2 . ~
—Wn, n 28— by) sinoTwn,
( cos oFwy, + (£ ba) )

Ui(r) _qu(r)+q(r) [ Re (e m™)
1 - - L
2 Re (ne—zwnfr)
cos (W, 7T)
- din®—aql? ~ w . ~ ’
P COSTTWy — Tr SINT"TWnp
x q1(r) — ga2(r) Im (e~n™)
Ws(r) = =

21 Im (nefiwn‘?r)

— sin (w, 71)

=n cos riw, — Ani=al’ gy e ’
by n 25, n

for r € [0, 1], by (7.9), we can compute

D} o= (U3, ®y), D} = (U5, ®y), Di = (U5, &), Df = (U5, dy).

Dy D;

Let (7, @) = (¥}, @) = 1 7
D3 D4

and

U= (U, 0,)7 = (0", @)~ 1o,

Then, (¥, ®) = I,. Furthermore, define f,, := (3%, 32),
where

n
1 [ cosTT B 0

n - ’ n - n
cos Tx
We also define

c fn= clﬂ}L + 026,21, for ¢ = (Cl,Cg)T € %6.
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Thus, the center subspace of linear equation (7.5) is given by Pon%1 ® Ps%, and
Ps%, represents the complement subspace of Poy%) in 41,

lm I
1 _ 1 .
< U, >i= — wvrdr + — U Vadx,
l7T 0 l7T 0

for u = (ur,uz), v = (v1,v2), u,v € X and < ¢, fo >= (< ¢, fd >, < ¢, f& >)T. Let
Az be the infinitesimal generator of an analytic semigroup induced by the linear
system (7.5). Equation (7.1) becomes

dU(t
Tg ) — AU, + R(UL ). (7.10)
where
0, 0 e[-1,0);
R(Uy, p) = (7.11)
F(Ut,u), 0 =0.
Then, the solution is
x
U= " fu+ h(zr, 22, 1), (7.12)
Z2
where
x
' :(\I}5<Ut7fn >)
T2
and

h(x1, w9, 1) € Ps€1, h(0,0,0) =0, Dh(0,0,0) = 0.

In fact, the solution of (7.2) on the center manifold is given by

z1(t)
Ut =& fn+h($1,$2,0). (713)
z2(1)
Let z = 1 — tx2. Then,
1 zJQrE 1 e
o fn=(P1,P2) i(e—2) In= 5(1712 +DP12) fu
T2 5

and

Nz oi(sz
h(xl,xg,())zh(z ! z)l(z2 2’)70).

Hence, equation (7.13) can be written in the following form

z2+7Z i(z—z)’())

1 -
Ut—z(plz+plz)fn+h< 5 T 5

(7.14)

1
= 5(p1z +D12) fn + W(2,2),
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where

Wi, )_h<z—;—z’z(22 z)’0>.

From [22], z satisfies

Z=iwn Tz + g(2,%), (7.15)
where
9(2,2) = (¥1(0) — i¥4(0)) < F(Uy,0), frn, > . (7.16)
Letting
22 z2
W(z,z) = W205 + W12z + W023 + (7.17)
52 52
9(2,z) 292054—9112?4—902?4---- ) (7.18)

then, we have

1 2

zZ

2
nx
u (0) = 2(Z+z)cos( l >+W2(0)( )= +W1(11)(0)Z§+Wé;)(0) : Feen,
=2
z
v (0) = (£z+£Z)cos( 2) W 05 S we (OZ+WH O+,
1 o ) 2
up(—1) :§(zeﬂwf+zelw”)cog( ; )+W2( )(— 1)%+Wﬁ)(fl)zz

W (D5 +
2
ve(—1) :%(fze’i‘””% + €ze™7T) cos (nTx) + W(Q)( 1)% + Wl(lz)(—l)zf
@) E
+ Wo (_1)5 +-
and
— 1
Fy(U,0) = ;Fl =y u; (0) + aut(0)v:(0) + azus(0)ve(—1) + oz4vt( 1)
+ asu3(0) + agu2(0)vy(0) + aru?(0)v,(—1) (7.19)
+ aguy (0)v7 (—1) + agvf (—1) + O(4),

FoUe,0) = 2 B> =B1u3(0) + s (0)0e(0) + 507 (0) + Baei (0)

(7.20)
+ Bsui (0)v:(0) + O(4),
with

o = afug B 1 g — « vy = —k + 2kug

(14 Bug)® 1+ kv’ (1+ Bug)?’ (1 + kvg)2’

= k*(1 = uo)ug s = — af?vg o = af = k
(1+ kvg)3 (14 Bug)*’ (1+ Bug)3’ (1 + kvg)?’

e — k2 — 2k2, e — k3 (up — 1)ug B = aBug By = o
8T U tkve)®” 7 (Itkv)t TN T T+ Bu)® TP (1 + Bug)?’

2
fs=—7, Ba= a5 55——L

(1 + Bug)*’
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Hence,
— nT 22 z2
F1(U,0) = cos? (T) <2X20 + ZzZx11 + 2X20)
(7.21)
n 2%z nx " 2’z 3 NT "
— COS — — cos”® — e
D) I S11 B) I S12 )
— nx z2 72
Fy(Uy,0) =cos? <T> (2020 + zZo11 + 2920)
(7.22)
+ 2z cos = + 2z cos® - +
22 cos — jadiind i
9 I 21 2 I G22 s
2
:%% Al e e B
020 011 (7.23)
=2 2- P
+%% X20 F+%% e
020 K2
with
1 I
I'=— cos® (ﬁ) dx,
Z7T 0 l
1 —iFw 2 —2iFw,
x20 = (1 + a2 + age™ " + auée "),

2
X11 = % (201 + 2(§ 4 &) + 20488 + e Tm a3 (§e*T 4 €))
s11 = W (0) (2a1 + axé + a3§e_ﬁw”) + W32 (~1) (043 + 20&4{6_“:“}")
+ %WQO(O) (201 + € + ag&e’™n) + %Wfo(O)az
+ 1W220(—1) (Olg + 2a4€eﬁw") + W121(0)O[2,
S1g = (3a5 + ag(26 + &) + ar (e 4 26 Twn)
+ag(26€ 4 E2e72Tn) 4 BageEem ), (7.24)
020 = 5(51 + Ba& + B3€?),
o1 = (261 + B2(6 + E) + 258),
o1 = W1 (0) (261 + B28) + W1 (0) (B2 + 285¢)
S WA(0) (281 + Baf) + 5WE(0) (B +2658)
o2 = (364 + (26 + ),

I I
1
K1 = cll—/ cos® dac +§12f/ cos? nm) dx,
l'/T 0 l

I 1 [ nx
Ko = §21* cos? dac + Gag— cost ) dzx.
lﬂ— 0 l
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Denote
U1(0) —iW2(0) := (11 72)-
Finding
l;/olﬂcos3 (?) de=0, n=1,2,3,---,
we have

(V1(0) —iW2(0)) < F(Ut,0), fr >=
2 ~ _ R EQ B B .
(71x20 + 72020)07 + 2Z(7v1x11 + y2011)T7 + ?(’Yleo + Y2090)I'T

T(y1k1 + Y2k2) + -+ .
(7.25)

Then, by (7.16), (7.18) and (7.25), we have go9 = g11 = go2 =0, forn =1,2,3,---.
If n =0, we have

920 = Y1TX20 + 72T020, 911 =NTX11 727011, o2 = M7 Xa0 T V2T 020>

and for n € Ny, go1 = T(71K1 + Y2K2). Now, a complete description for go; depends
on the algorithm for Wa(6) and Wi1(0) for 6 € [—1,0], which we shall compute.
From [22], we have

W(Z,E) = Woozz + W112Z + WuZ?-F Wog?é + e,

=2

2
A:W(z,%Z) = A%Wzo% + A:Wi12Z2 + A%WOQ% +o-

and
W(z,%) = A:W 4+ H(2,%),
where

22 z2
H(Z,z) = Hg()? + Wllzf—i— HOQ? + -

= XoF(Uy,0) — ®(V, < XoF(U,0), fn > -fn)-

(7.26)

Thus, we have
(2iwn7~' — A-}'—)WQO = HQ(), — A-,”—Wll = ]'?[117 (—inn% — A.,:)WOQ = HOQ. (727)
That is,

Wag = (2iw,7 — Az) " Hag, Wiy = —AZ Hyy, Woa = (—2iw,™ — A7)~ Hoo.
(7.28)
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By (7.25), for § € [-1,0), we have
H(sz) = @(0)\1!(0) < F(Ut70)7fn > fn

2

:_(p1<9>+p2(9>,p1<9)2—ip2(9)> («Inw)) OO £ =

,(0)

=- %[pl(e)(q)l(()) —i®5(0)) + p2(0)(®1(0) + i®2(0))] < F(U,0), fr. > -fn
1 22

— = 5 | 01O+ 22052 + 1Ol + (O3

+(p1(0) 902 +p2<a>g%)z2] L

Therefore, by (7.26), for § € [-1,0),

H (9) o Oa nGN
" —3(p1(0)g20 + P2(0)To2) - fo, n =0,

0, n €N,
Hu(0) =4

—3(P1(0)g11 +p2(0)g11) - fo, n =0,

0, n €N,
Hp(0) =4
—5(P1(0)go2 + p2(0)g20) - fo, n =0,

and
H(Z’Z)( ) (Uta ) (\II <F(Ut’ ) fn >)'fna
where
T X20 cos?(2E), neN,
020
HQQ(O) =
- [ X20
T — 3(p1(0)g20 + p2(0)Fo2) - fo, n = 0.
020
T xn cos?(2E), n €N,
011
Hy1(0) =
- X11
7 — 5(p1(0)g11 + p2(0)g11) - fo, n = 0.
011

By the definitions of Az and (7.27), we have

WQO = A:zWoo = 2iw,, TWoqy + 2
That is,

1

Wao(0) =

g20p1(0) + gﬂpz(g) o+ By e2ionTO,
21w T 3

(7.29)

(7.30)

1
=(p1(0)g20 +p2(0)Goa) - fn, —1<6<0.
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where
W20(0)7 n:172737"' )
Wao(0) — 2icjn7~' (920171(9) + E%Qm(e)) - fo, n=0.

By the definitions of Az and (7.27), for —1 < # < 0, we have

(9202?1 (0) + g§2p2(0)> : fo)

B =

Jo2 -
- + 702 fo+ By —A: | ——
(gzopl(o) 3 pz(O)) fo + 2iw, TE, T<2wn%

? o2 Qiwn 70
—_ A-,"—E — L7"— — 0 e 0 - fn E n
1 (anr (920101( )+ 3 P2 )) fn+ Ere )
~ | X20 1 _
=7 = 5 P1(0)g20 + p2(0)go2) - fo.
020
As
Azp1(0) + Lz (p1 - fo) = iwop1(0) - fo
and
Azpa(0) + Lz(p2 - fo) = —iwoep2(0) - fo,
we have
Qiwn By — Az Ey — Lz Eye®™n = 7 X20 cos? <E> , n=0,1,2,---
l
020
That is,
E,=7FE 20 cos? (nTa:) ,
020
where .
20w, T + dl’;—; —ay —ag — ce”2WnT
—by 20w, T + dz%; — by

Similarly, from (7.28), we have

~Wii = (p1(0)g11 + p2(0)g11) - fr, —1<6<0.

2w, T
That is,
Wi1(0) =

i ,
ST (P1(0)g11 — p1(0)g11) + Eo.

Similar to the procedure of computing W5y, we have

E, =7E" AL cos? (%) ,
011
where .
dl%z —ay —ag —cC
—b oy — by

Therefore, us, B2 and T can be calculated.

E* =
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