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Dynamics of Stochastic Ginzburg-Landau
Equations Driven by Colored Noise on Thin
Domains*
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Abstract This work is concerned with the asymptotic behaviors of solutions
to a class of non-autonomous stochastic Ginzburg-Landau equations driven
by colored noise and deterministic non-autonomous terms defined on thin do-
mains. The existence and uniqueness of tempered pullback random attractors
are proved for the stochastic Ginzburg-Landau systems defined on (n + 1)-
dimensional narrow domain. Furthermore, the upper semicontinuity of these
attractors is established, when a family of (n + 1)-dimensional thin domains
collapse onto an n-dimensional domain.
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1. Introduction

In this paper, we investigate the asymptotic behavior of solutions of the following
non-autonomous stochastic Ginzburg-Landau equations driven by colored noise on

O, with Neumann boundary conditions: for ¢ > 7 with 7 € R and = = (z*, 2,,41) €
O,

8"5
a% — (1 + i) AGE + pi = f(t,2,0°) + G(t, ) + R(t,z,7°)Cs(Ow), @ € O,
ouc
871/5 = 0, x € 805,
(1.1)
with the initial condition
W (r,x2) =4(z), z¢€O,, (1.2)
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where 4° (¢, x) is a complex-valued function on R x Oc. In (1.1), 7 is the imaginary
unit, and pu, p are real constants and p > 0. v, is the unit outward normal vector
to 0O.. The so-called thin domain O, (e small) is given by

O, = {:1: = (", xpy1)| 2" = (21,22, ,2n) € Q, 0 < Tpyy < Eg(x*)} (1.3)

with 0 < e <1 and g € C*(Q, (0,+00)), where Q is a smooth bounded domain in
R™. Since g € C?(Q, (0,400)), there exist two positive constants 8 and S5 such
that

Br<g(a)<fa, VareQ (1.4)

Denote @ = Q x (0,1) and @ = Q x (0, B2) which contain O, for 0 < £ < 1. The
nonlinearity f and the body force G satisfy some conditions, which are to be spec-
ified later. (5(6iw) with 0 < § < 1 is an Ornstein-Uhlenbeck (O-U) process (also
known as a colored noise).

The O-U process is a stationary Gaussian process with zero mathematical ex-
pectation, and the O-U process is the only existing Markovian Gaussian colored
noise (see, e.g. [6] and [23]). Furthermore, the O-U process is also called a col-
ored noise, because its power spectrum is not flat compared with the white noise
(see [2,7,9,23-25,28,30]).

As we know, the Wiener process W can be chosen as a stochastic process to
represent the position of the Brownian particle. But the velocity of the particle
cannot be obtained from the Wiener process because of the nowhere differentiabili-
ty of the sample paths of W. However, the O-U process was originally constructed
to approximately describe the stochastic behavior of the velocity [25,30]. Hence,
it can be further used to determine the position of the particle. Furthermore, as
demonstrated in [23], in many complex systems, stochastic fluctuations are actually
correlated. Therefore, they should be modeled by colored noise rather than white
noise.

During the study of stochastic dynamics, one of the most crucial issues arises
from the modeling of random forcing. To study such a random forcing, we need to
consider the time scale 74 of the deterministic system and the time scale 7. of the
random forcing. The stochastic forcing is modeled in different ways based on the
ratio of 7,./74. If 7. /74 > 1, and the dynamical system is very slow with respect to
the temporal variability of its random drivers. Hence, the random forcing could be
modeled as white noise. If 7,./74 ~ 1, then the dynamics of the system is sensitive to
the autocorrelation of the random forcing, and therefore the random forcing should
be modeled by colored noise. Based on these considerations, the colored noise has
been used in many works to study the dynamics of physical and biological system
(see, e.g. [2,7,12-14,23,25,30] and the reference therein).

As € — 0, the thin domain O, collapses to an n-dimensional domain. In this
paper, we will see that the limiting behavior of the equation is determined by the
following system on the lower dimensional spatial domain Q: for ¢ > 7 with 7 € R
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and y* = (Y1, ,¥Yn) € Q,

oud 1S . .
e~ IS D (g o+ pud = F(ty7,0,40) + Gty 0)
=1
+ R(t,z,u%) ¢ (0w), vy e,  (19)
a 0
8—;‘0 —0, y*€dQ,

with the initial condition
UO(T, y*) = u?(y*), y* e Q, (1.6)

where v is the unit outward normal vector to 9Q. Note that ugi means Ty? in
(1.5) and similar notations will be used throughout this paper.

The study of the asymptotic behavior of deterministic PDEs defined on thin
domains was first initiated by Hale and Raugel [10,11]. Then, their results were
extended to various problems including stochastic problems (see, for instance, [1,
4,5,15,19-22]). However, almost all the studied stochastic equations are driven by
white noise. There are few equations driven by colored noise.

It is well-known that the Ginzburg-Landau equation is an important nonlin-
ear evolution equation, which is used to simplify mathematical models for pattern
formation in mechanics, physics and chemistry. For the deterministic Ginzburg-
Landau equation, the long-time behavior of solutions was investigated in [16,17,32].
For the stochastic Ginzburg-Landau equation, the study of the random attractor
can be found in [18,29,31]. In this work, we mainly focus on the dynamics of the
stochastic system (1.1) driven by colored noise and defined on the thin domain O,
for small €, and explore the limiting behavior of the system as ¢ — 0.

The rest of the paper is organized as follows. In Section 2, we establish the
existence of a continuous cocycle in L?(Q) for the stochastic equation defined on
the fixed domain O, which is converted from (1.1) and (1.2). We also describe the
existence of a continuous cocycle in L?(Q) for the stochastic equation (1.5) and
(1.6). In Section 3, we deduce all necessary uniform estimates of the solutions. In
Section 4, we prove the existence and uniqueness of tempered attractors for the
stochastic equation. In Section 5, we establish the upper semicontinuity of these
attractors.

2. Continuous Cocycles for random Ginzburg-
Landau systems

In this section, we will define a continuous cocycle for the following non-autonomous
Ginzburg-Landau systems driven by colored noise for z € (z*,z,41) € O¢

a g

o — (L i) AG° + pi = f(t,2,0) + G(t,2) + R(t 2, )G (0w), ¢ > T,
ous

671/5 = 0, x € 805,

W (1,2) = 7 (x),
(2.1)
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where 7 € R, 1, p > 0 are constants, and G € L? (R, L°°(0)). (s5(0:w)(0 < 6 < 1)
is an Ornstein-Uhlenbeck (O-U) process defined on the metric dynamical system
(Q,F,P,{0;:}icr), where Q = {w € C(R,R) : w(0) = 0} is equipped with the
compact-open topology, F = B((?) is the Borel sigma-algebra of Q, P is the Wiener
measure, and {6; };cr is the measure-preserving transformation group on  given
by O;w(-) = w(-+1t) —w(t) for all (w,t) € O xR. In this paper, f, R: RxOxC — R

are continuous functions such that for all z € O and t,s € R,

Ref(t, @, u) < —y|uf? + 1 (t, @), (2.2)
’ W <8, (2.3)
’gi(t,x,u) < a(t,z), (2.4)
ReR(t,a,u)i < —ul? + s (t, ), (2.5)
‘zf(t,x,u) <r, (2.6)
‘gf(t,x,u) < ult @), (2.7)

foru € C, wherep > ¢ > 2, v, 8 and x are positive constants, 91,3 € L (R, L>(0)),
V2,4 € L, (R, L>®(0)).

Remark 2.1. One may take f(t,z,u) = (1 +)u[*'u and R(t,z,u) = |u|*?2u
with 0 < 01 < 09, which satisfy the above conditions.

Next, we transfer problem (2.1) into the boundary value problem on the fixed do-
main O. For 0 < € < 1, we define a transformation T; : O, — O by T.(a*, p41) =
(z*, 82’(;3)) for z = (2*,2n41) € Oc. Let y = (y*,Yny1) = Te(x*, 21 1). Then, we
have * = y*, x, 11 = €9(y*)Yn+1. By some calculations, we find that the Jacobian
matrix of T is given by

1 0 0 0
0 1 0 0
J — 8(y17' o 7Zl/n+1) _
a(xlv e a‘rn"rl)
0 0 1 0
_ Yn+1 _ Yn+1 _ Yn+1 1

g I T g v T T g Jun 20y
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The determinant of J is |J| = ﬁ. Let J* be the transpose of J. Then, we have
1 0 e 0 —y"—;lgyl
0 1 e 0 —yrt%gw
JJ* =
0 0 1 g,
_ Ynta _ Ynta . _Ynta i Ynt1 2 + 1 2
g I g Jv2 g Jyn 2\ y: )

It follows from [10] that the gradient operator, the Laplace operator in the original
variable x € O, and the new variable y € O are related by

Vei(z) = J*Vyu(y) and Aga(z) = |J|div, (| J| " TT*V,yu(y)) = édivy(Pau(y)),

where @(z) = u(y), V, is the gradient operator in x € O, A, is the Laplace
operator in x € O, div, is the divergence operator, V,, is the gradient operator in
y € O, and P is the operator given by

JUy; = Gy Yn+1Uy,, 4

GUy,, — Gy, Yn+1Uy,,

n n
- E Yn+1Gy,; Uy, + % (1 + E (5yn+1gyz‘)2> Uy g1
i=1 =1

In the sequel, for © = (z*,2,41) € O, y = (Y*,ynt1) € O and t,s € R, we
denote

us(y):as(x)v f(t7xa5):f(tax*7xn+178)a fo(tay*7s):f(tay*7075)7
fs(t7y*ayn+la S) = f(tvy*7€ag(y*)yﬂ+17 8)7 GE(ta y*vyn+1) = G(ta y*759(y*)yn+1)7
GO(tvy*) = f(tay*v O)a Rs(t,y*vyn+17 S) = R(tvy*agg(y*)yn+1v S),
RO(t7 y*v 5) = R(ta ZJ*7 07 S)
Then, problem (2.1) is equivalent to the following system for y = (y*,ynt1) € O
and t > 7,
ouf
ot
P.u®-v=0, ye€ooO,
wt (1,y) = ui(y) = a5 (T7 1 (y),

. 1 . 15 £ IS5 13
- (1 +1M)§dlvy(Psu )+pu = fa(tvyau )"’ Ga(tyy) +Re(tayau )Cé(etw)a

(2.8)
where v is the unit outward normal vector to 0O.
To write problem (2.8) as an abstract system, we introduce an inner product

() m, 0y on L*(O) by

(u,v)mr,(0) :/ guvdy, for all u,v € L*(0),
o
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and denote by H,(O) the space equipped with this inner product. Since g is a
continuous function on Q, and satisfies (1.4), one can easily show that H,(O) is a
Hilbert space with the norm equivalent to the natural norm of L?(0). For 0 < ¢ < 1,
we introduce a bilinear form a.(-,-) : H*(O) x H'(O) — C given by

ac(u,v) = (J*Vyu, J*Vyv) ©) for u,v € H*(0), (2.9)
where J*Vyu = (uyl - g%ynjtluynﬂ’ T Uy, T gyTnynJrluynﬂ’ éu?hH»l)' Let H51<O)
be the space H'(O) endowed with the norm

2 L 2 :
ull 20y = <|U||H1(0) + €2||Uyn+1L2(O)> : (2.10)

It yields from [10] that there exist positive constants €g, 171 and 7, such that for all
0<e<egoand ue€ HY(O),

mllulF oy < ae(u,w) + [lull 20y < n2llullf o) (2.11)
Denoted by A., the linear self-adjoint operator is
Acu = —édivy(PEu), u€ D(Ae) = {u € H*(O): P.u-v=0o0n 8(9}.
Then, we have
ae(u,v) = (Acu,v) g, (0), Yu€ D(A:), Yv € HY(0). (2.12)

Note that system (2.8) can be rewritten as

ous
ot

+ (1 +ip)Acu® + pu® = fo(t,y,u®) + G(t,y)

F Rty w5 (0w), ye O, t>7,  (213)

ut (1) = ut.

For systems (1.5)-(1.6), we introduce an inner product (-,-) g, (o) on L*(Q) by

(u,v)m,(0) 2/ guvdy*, for all u,v € L*(Q),
Q

and denote by Hy(Q) the space L?*(Q) equipped with this product. Let ag(-,") :
H'(Q) x H*(Q) — C be a bilinear form given by

ao(u,v):/ gVu - Vody™.
Q

Denoted by A, the unbounded operator on Hy(Q) with domain D(Ag) = {u €
H?(Q), 2% =0 on 0Q} is defined by

? 81/0

n

1
Aou = _5 Z(guyi)ym u € D(AO)

i=1

Then, one has

ao(u,v) = (Aou,v) g, (0), Vu € D(Ag), Yv € H'(Q).
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Therefore, systems (1.5)-(1.6) can be rewritten as

bS] 0
37ut +(1+ iM)Aouo + pu® = folt,y™, uo) + Golt,y")

+ Ro(t7y*7u0)<6(9tW), y* (= Q7 t > T, (214)
u’(r) = u.

For the rest of this paper, we consider the probability space (2, F,P). Define
the time shift by

() =w(-+1t) —w(t), weQ, teR. (2.15)

Then, (92, F,P,{0;}1cr) is a metric dynamical system. It follows from [3] that there
exists a {0; }rer-invariant subset of full measure (still denoted by Q) such that

t
lim w(t) =0 for every w € . (2.16)

t—+oo ¢

Throughout this paper, for every w € Q and § € (0, 1], we write
I I
Gw) == esdW = ——/ evsw(s)ds. (2.17)

In addition, this process has the following properties from [8].

Lemma 2.1. For every w € ), the mapping t — (5(0;w) is continuous, and for
every 0 < § <1,

Jim B =0 (2.18)

and
t
lim 7/ Cs(0sw)ds = 0 uniformly for 0 < 6 < 1. (2.19)
0

Lemma 2.2. Let 7 € R, w € Q and T > 0. Then, for every € > 0, there exists
0o = do(T,w, T, €) such that for all0 < 6 < §p and t € [r,7+ T,

/Ot Cs(0w)ds — w(t)‘ <e. (2.20)

By Lemma 2.2 and the continuity of w, one has the following estimates imme-
diately.

Corollary 2.1. Let 71 € R, w € Q and T > 0. Then, there exist §o = 0o(T,w,T)
and M = M(7,w,T) > 0 such that for all 0 < § < dy and t € [7,7+ T,

/t Cs(Osw)ds| < M. (2.21)
0

Note that (2.13) is a deterministic equation which is parametrized by w € Q.
By the Galerkin method, one can show that if f satisfies (2.2)—(2.4), then, for every
we N, 7eRand us € L*(0), system (2.13) has a unique solution u®(-, 7, w,us) €
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C([r,00), L*(0)) N L*((,7 + T), H*(0)) for every T > 0. Furthermore, one may
show that u®(t, 7,w,us) is (F, B(L*(0)))-measure in w € © and continuous in us
with respect to the norm of L?(0). Now, we define a mapping ¥, : RT x R x
Q x L*(O) — L*(O) for the problem (2.13). Given t € RT, 7 € R, w € Q and
us € L*(0). Let

U (t,m,w,ul) =u (t+7,7,0_rw,ul). (2.22)

As stated in [26], the mapping W, is a continuous cocycle on L?(Q) over the space

(Qa */—:a P7 {Ht}tER) .
Let H. : L?(0.) — L*(O) be an affine mapping of the form

(Hea(y)) = (T ty), Vae L*(O.).

Givent € R*, 7 € R, w € Q and 45 € L?*(0.), we can define a continuous cocycle
U, for problem (2.1) by the formula

U (t,T,w,ul) = Hs_l\lla(t,7',w,HEui)7

where . is the continuous cocycle for problem (2.13) on L2(0).

According to the arguments, it is easy to see that system (2.14) generates a
continuous cocycle Wo(t, 7,w,u?) in the space L?(Q). Denote X, = L*(O.), Xo =
L?(Q) and X; = L*(0). For each i =¢,0 or 1, let D; = {D;(1,w) : 7 € R,w € Q}
be a family of nonempty subsets of X;. Then, D; is called tempered (or subexpo-
nentially growing) if for every ¢ > 0, the following holds:

lim e®||D;(r +t,0w)|x, =0,
t——o0

where || D;||x, = sup,¢p, |||/ x,. This definition is a straightforward extension of the
concept of tempered random subsets for autonomous random dynamical systems.
We also denote by D;, the collection of all families of tempered nonempty subsets
of X;, i.e.,

D; ={D; ={D;(1,w) : T € R,w € Q} : D; is tempered in X;}.

The following condition will be needed when deriving uniform estimates of so-
lutions

[ e (1661 < )+ 105wy + (5,2 ) ds < 000 ¥ € R

—0o0
(2.23)
When constructing tempered pullback attractors for the cocycle ¥, , we will assume
for any ¢ > 0 and 7 € R,

lim " / e (G547, )2 iy 11 (557, ) o)+ W57 2 ) s

r——00 o

=0.
(2.24)

3. Uniform estimates of solutions

In this section, we derive uniform estimates of solutions for system (2.13). To get
started, we derive the estimates of solutions for problem (2.13) in H,(O).
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Lemma 3.1. Assume that (2.2), (2.5) and (2.23) hold. Then, there exists €9 > 0
such that for every 0 < e <ep, TER, w € Q and Dy = {D1(1,w): TER,w e Q} €
D, there exists T = T(7,w, D1,6) > 0, independent of €, such that for allt > T,
the solution u® of system (2.13) with w replaced by 0_,w satisfies

0

us (1,7 — t,G_Tw,ui_t)Hzg(o) < 1—|—M1/ s (HG(S—&—T, ')||i°°((5) o)

F U147, | o)+ (547, )2 5 F15 (00) ) ds

and

/—t ep(s_T) (Hue(sa T_t’e—‘rw)vift)H%{;(O) + ||u€(s,7'—t, H—vauift)HI[),P(O)) ds

0
<Ma My [ (1604 e (57 o

—00

(47,2 ) +15(0:) ) s,
(3.2)

where uS_, € Dy(1 — t,0_4w), and My and My are positive constants independent
of T,w,e and Dy.

Proof. Taking the inner product of (2.13) with v® in H,(O) and taking the real
part, we obtain

d .
%HUEH%Q(O) + 2Re(1 +ip)(Acu®, u®) g, o) + 2007, o)

=2Re(fe(t,y,u), u)m,(0) + 2Re(G:(t,y), u%) , (0) (3:3)
+ 2C5 (etw)Re(RE (ta Y, us), UE)HH(O) .
For the second term on the left-hand side of (3.3), applying (2.12), one has
2Re(1 +ip)(Acu, u) g, 0y = 2ac(u®, u®). (3.4)

For the first term on the right-hand side of (3.3), using (2.2) and (1.4), we have
2Re(f-(t,y,u%), u" ), (0) =2Re/ 9f(t,y", gy ) ynt1,u)usdy
o
<- 27/Oglu5|pdy+ 2/(99w1(t,y*,€g(y*)yn+1)dy

< - Z’Yﬁl /O |us|pdy + Cle(ta )HLOO(@)
(3.5)

Applying Holder’s inequality and Young’s inequality, the second term on the right-
hand side of (3.3) is bounded by

2Re(Ge(t,y), u®) i, 0) < 2Ge(t, )|l a, o) |v a2, )

1 2
< §P||UE||§JQ(O) + ;||G€(t,y)||§{g(@)
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1
< sollw o) + el (3.6)

Applying (2.5), (1.4) and Young’s inequality, the last term on the right-hand side
of (3.3) is bounded by

2(5(9tw)Re(R8(t7 Y, us), uE)Hg(O)
< —2>\Ca(9tw)/OgluslqdyﬂL2C<s(9tw)/nglfs(t,y*,sg(y*)ynﬂ)dy
< VB + el Bu)| 75T+ clGo @) + st 2w 5 (3D)
By (3.3)-(3.7), we obtain
d g 3p £ g g g
10,0 + S 1w, o) + 206 (w5, u) + B [[u|}
<c (”G(tv )”200(5) + le(ta )HLOO((5) + ||1/13(t7 )”ioo(@) + n5(0tw)) ) (38)

where ns(0;w) = |C5(9tw)|ﬁ + |¢s5(0,w)|%. Multiplying (3.8) by e and then inte-
grating the resulting inequality on (7 — ¢,7) with 7 > 0, one has, for every w € ,
» T —t

||’LL€(T,T—t,w u; )”%—Ig((’))

-
+ 2/ P a (uf (s, 7 — tw, us ), uf (5,7 — t,w,us_,))ds
T—t

1 4 S—T
g [T o = it oy
- (3.9)
ey T 7 = L) o ds

e Rl B (L0 R PO T
2
(5, )2 ) + 5 (0) ) ds.
Now, replacing w by 6_,w in (3.9), we get

|us (7,7 —t,0_rw, ui%)”%{g(o)

T—t

+ 2/ P a (uf (5,7 — t,0_rw,us_,),u(s,7 —t,0_rw,us_,))ds
T—t
1 T p(s=7)|,,€ € 2
+ ip Tfte Hu (SvT7t70—7wau7——t)”Hg((9)d5

i [ e (s, = 0 )y
T—1

B (3.10)
< o oo [ e (GG )+ lr(smo

(5, )| 5, + (6, 5w) ) ds

0 0
< e syl o) + C/ €15 (0sw)ds + C/ e (”G(S +7)|7
)

— 00

—|—||w1(8 + 7, )||Loo(6) + H‘/’B(S +7, )”im(@)) ds.

=(0)
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Note that u$_, € Dy (7 —t,0_,w) and D; is tempered. We have e*pt”ui_t”%q(o) —
0, as t — oo. Thus, there exists T' = T'(7,w, D1,0) > 0 such that for all t>T,
e‘pt\|ui7t|\%1g(o) < 1. Due to (2.18), the second term on the right-hand side of

(3.10) is well-defined. Then, the lemma follows immediately from (3.10) and (2.23).

O

As a consequence of Lemma 3.1, we obtain the following inequality which is
useful for deriving the uniform estimates of solutions in H}(O).

Lemma 3.2. Assume that (2.2), (2.5) and (2.23) hold. Then, there exists g9 > 0
such that for every 0 < e <eo, T € R, w € Q and D1 = {D1(1,w) : T ER,w e O} €
D, there exists Ty = Ty (1,w, D1,8) > 1, independent of €, such that for all t > T},
the solution u® of system (2.13) with w replaced by 0_,w satisfies

-
/ L <||u6(577—_t7 G—Tw7u7€'—t)||2HEI(O) + Hu6(577-_t7 0—7"*’7“?——15)”2?(0)) ds
—

0

< M; +M3/ ePs <||G(5+T, ')|‘2Lw(6)+|‘¢1(5+77 My (o) (3.11)
+3(s+T, .)||2Loo(6)+776(95w)) ds,

where uS_, € Di(1T —t,0_4w) and M3 is a positive constant independent of T,w,e
and D1 .

The following inequality is needed to deduce the uniform estimates of solutions
u® in H}(0O).
Lemma 3.3. Assume that (2.2)~(2.4) hold. One has, for u € D(A.),

Re(f-(t,,u), Act) i, 0) < M (ac(uu) + [} g )

where M is a positive constant independent of .

Proof. By (2.9) and (2.12), we infer that

Re (fs (t, Y, u)a AEU’)HQ(O) = Re a. (fa (ta Y, u), u)

n
Gy, i Yy U

= RGZ/ <fsyi+fsuuyigyyn+l(fsyn+1+fsuuyn+1)) <uyigyy”+1uyn+1> gdy

i=170
1 _
+Re /(9 %(faval (ta Y, U) + fsu (t, Y, u)uyn+1 )uynJrldy

n

:RQZ/ feu(tvyau)
i=170

n
Gy - Gy -
+Rez nyi (t7yau) - iy’l’LJrlnyTH,l (t7y?u) uyi - LynJrluynH gdy
=1 /O g g

2
gdy

_gyi
Uy, q Yn4+1Uy, 4y

1 _ 1
+Re/ ?fe:y,ﬁl (tvyau)uyn+1dy+/ ﬁfsu(tayau)|uyn+1|2gdy'
0 &%y o0&y
Together with (2.3) and (2.4), one has

Re (fs(ta Z% U), AEu)Hg((Q) - ReaE (fs(ta fl/7 U), U)
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1
< B ac(u,u) +/ 5 |fsyn+1(t’y?u)| |uyn+1’dy
0 €9

+Z_;/O
1

1 1 )
<Baclwn + 5 o) + 5 [ Sl (o) Pody
1 "/
+7
222 Jo

1
<(8+3) aclwn)+clal g,

Gy; Gy
fsyi (taf%u) - %yn+1fsyn+1(tayau) Uy, — %ynJrlUyn_H gdy

gdy

Gy:
nyi (tv Y, u) - %yn+1f€yn,+1 (tv Y, U)

This completes the proof.
O
Similar to Lemma 3.3, we obtain the following lemma for the function R, (¢, y, u).

Lemma 3.4. Assume that (2.5)~(2.7) hold. One has, for u € D(A,),

Re(Re(t, y,u), Aw),0) < M (ac(u,u) + a2 5)

where M is a positive constant independent of .

Lemma 3.5. Assume that (2.2)—(2.7) and (2.23) hold. Then, there exists g > 0
such that for every 0 < e <ep, T € R, w € Q and D1 = {D1(1,w): T ER,w e O} €
D, there exists Ty = Ty (1,w, D1,8) > 1, independent of €, such that for all t > Ty,
the solution u® of system (2.13) with w replaced by 0_,w satisfies

[lus(ry 7 —t,0_rw, ui_t)H%{g(o)
0
SMAL + M4/ eps (HG(S—'—T, )Hi"o(é) —+ ||qb1(8_i_7-7 )||Loo(6) (312)

— 00

+¥s(s+7 )17 ) + 15 (0sw) ) ds,

where u_, € Di(17 —t,0_4w), and My is a positive constant independent of .

Proof. Taking the inner product of (2.13) with A.u® in Hy(O) and taking the
real part, we obtain

1d

2dt

= Re(fe(t,y,u®), Acu®) i, (0) + Re(Ge(t, y), Acu®) 1, (0) (3.13)
+ (5 (0w)Re(Re (L, y, u”), Acu®) g, (0)-

ac(u®, u®) + | Acuf|[3, (o) + p ac(u®, u%)

For the first term of the right-hand side of (3.13), by Lemma 3.3, we have
Re(fe(t,y, u%), Acu)r, (0) < cac(u®,u%) + clla(t, )|} < 5)- (3.14)

For the second term of the right-hand side of (3.13), applying Young’s inequality,
we get

1 1
Re(Ge(t,y), Acu®) m 0) < §||A5UEH12LIQ(0) + §|\Gs(tvy)||%{g(0)
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1
< SIAE By o) +elGE ey (315)
For the last term of the right-hand side of (3.13), by Lemma 3.3, we deduce
G (Orw)Re(R:(t,y,u%), Acu®) 1, 0) (316)
< ¢ |G (Brw)] ac(u, u®) + |G ()| [$a(t, )7 e 5y '
By (3.13)—(3.16), one has
d
7 e(ut,u) + | Acu®|ly, (o) + 2pas (uf, u®) < e (14 |G5(0uw)]) az (u”, u?)
t - (3.17)

e (It )2 ) + 160 0a(E 2 o 5, + 1G5 -
which implies
d € € € €
7 ac(u®,u®) < c(1+[((0w)|) ac(u,u®)
‘ (3.18)
e (20t < ) + 160 11 (8 ) + G 5)
Given t € RT, 7 € R and s € (1 — 1,7), by integrating (3.18) on (s, 7), we have

Qe (UE(T -1 wau‘r t) uE(T -1 w?“‘r t))

<ae (u(s, 7 —tw,ul_y),u (s, 7 — t,w,ul_,))

+c/ (14 ]¢s(0ew)|) ae (us(f, —tyw,ul_,),u (&, T — tw,us_ t)) d¢

2
/ (126 )2 ) + 166 Oe) 1836 M2 ) + IGLE 2 )
Now, we integrate the above with respect to s on (7 — 1,7) to obtain
ac (v (r,7 — t,w,ul_y),u (1,7 — t,w,ul_,))

S/ Qe (ug(s, —tw,us_y),u (s, T — tyw,us_ t)) ds
T—1
+c/ (14 |G (0sw)]) ae (u(s, 7 — t,w,ul_y),u(s, 7 — t,w,ul_,)) ds
T—1

o [ (e By + 1G5 15 ) )+ 1G5 ) .

Replacing w by 0_,w gives
ac (u (7,7 —t,0_rw,u_y),u (1,7 — t,0_rw,ul_,))

§(01+1)/ ac (U (s, 7 —t,0_rw,us_,),u(s,7 —t,0_rw,ul_,)) ds (3.19)
T—1 .

tor [ (W€ By + 18105 M)+ 16 )

where ¢; = ¢1(7,w) > 0 and ¢z = c2(7,w) > 0. Together with Lemma 3.2, we obtain

the result.
O
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4. Existence of pullback random attractors

We establish the existence of Di-pullback attractor for the cocycle ¥, associated
with the stochastic problem (2.13) and Dy-pullback attractor for the cocycle ¥q
associated with the stochastic problem (2.14) respectively. First, we show that the
problem (2.13) has a tempered pullback absorbing set as stated below.

Lemma 4.1. Suppose that (2.2)-(2.7), (2.23) and (2.24) hold. Then, there exists
go > 0 such that for every 0 < e < g9, the continuous cocycle V. associated with
problem (2.13) has a closed measurable D1 -pullback absorbing set K € Dy which is
given by, for every T € R and w € €,

K(r,w) = {uf € L*(0): ||UEH%2(O) < L(T,W)},
where

L(r,w)= M+ M’

0
X / e’” (|‘G(S+T7 )Him(@"‘w’l (8+T7 )HLOC(6)+ ‘|w3(s+77 )||2Loo(5)+776(9sw)> ds,

—0o0
and M' is a positive constant independent of €.
Proof. For uS_, € Dy(r —t,0_;w), by Lemma 3.5, we obtain
lus(ro7 = £, 0w, 45 )32 0y < L(T,w). (4.1)

Therefore, for every 7 € R, w € Q and D; € Dy, there exists T = T(7,w, d, D1) > 1,
independent of €, such that for all ¢t > T,

U (t,7—t,0_w,Di(T —t,0_w)) C K(1,w).

Next, we prove that K = {K(r,w) : 7 € R,w € Q} is tempered. Let o be an
arbitrary positive constant and consider

lim e"||K (1 +r, er)HQLQ(O) < Tgr_noO e’"L(T 4+ r,0,w)

r——00
0 0
= lim M’e’" + lim M’e”/ e”*ns(0s1rw)ds + lim M’e"’"/ e”*ICids
r——00 T——00 — 00 7——00 0

t T
=M lim e”"+M' lim e(”_p)r/ e”*ns(Osw)ds+M'e™ " lim e‘”/ e’ Kads,
—00

r——00 r——00 T——00 —0
where

K1 :”G(S—’_T"_Ta ')|\2Loo(5)+\|1/)1(3+7+7"7 ')||L°°((5)+”¢3(3+T+Ta )|‘ioo(6)’

Ko :HG(S—F’I‘, )||im(5)+||¢1(5+7a ')|‘L°0((§)+H’(/}3(S+Tv )||ioo(6)
With (2.24) and Lemma 2.1, we deduce

. or 2 _
Tgrlaooe K (T + 7, 6,w)[|72(0) = 0.

Hence, K(7,w) is tempered in L?(O0). On the other hand, it is evident that, for
every T € R, L(7,) : @ — R is (F, B(R))-measurable. Consequently, K is a closed

measurable D;-pullback absorbing set for W, in D;.
O
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Lemma 4.2. Suppose that (2.2)-(2.7) and (2.23) hold. Then, for every T € R,
w € Qand Dy = {Di(r,w) : 7 € Ryw € Q} € Dy, the sequence ¥ (t,,T —
tn,0_¢,w,us_; ) has a convergent subsequence in L?(0), provided t, — oo and

us € Di(1 —tp,0_¢, w).

T—t,n

Proof. First, for u¢_, € Di(7 —t,0_4w), by Lemmas 3.1, 3.2 and 3.5, there exist
Ty =Ti(r,w,D,d) > 1 and ¢;(7,w,d) > 0 such that for all t > T,

H\IJE(t’ T —t,0_w, uf—ft)H%{;(O) <cr. (4.2)

Let Ny = Ni(7,w, D, d) > 1 be large enough such that ¢, > T for n > Nj. Then,
by (4.2), for all n > Ny,

Ity =t 0w, )20y < 10 (4.3)

By the compactness of embedding H!(O) < L?*(0), it follows from (4.3) that there
is ¢ € L?(0) such that, up to some subsequence,

U (tn, T —tn, 04, w,u;_;,,) — ¢ strongly in L*(0),

as desired.
O

Theorem 4.1. Suppose that (2.2)~(2.7), (2.23) and (2.24) hold. Then, there exists
€o > 0 such that for every 0 < € < &g, the continuous cocycle V. has a unique D; -
pullback attractor A. = {A.(T,w) : 7 € Ryw € Q} € Dy in L*(0). In addition,
if G, f,1,%s are T-periodic with respect to t with T > 0, then the attractor A. is
also T-periodic.

Proof. From Lemma 4.1, we know that ¥. has a closed measurable D;-pullback
absorbing set K. Applying Lemma 4.2, we get that ¥, is D;-pullback asymptotically
compact in L?(0). Hence, we obtain the existence of a unique D;-pullback attractor
for the cocycle ¥, following from [27] immediately. If G, f, 41,12 are T-periodic
with respect to ¢, then the continuous cocycle ¥, and the absorbing set K are also
T-periodic, which implies the T-periodicity of the attractor.
O
Similar results also hold for the solutions of problem (2.14), and more precisely,
we have the following theorem.

Theorem 4.2. Suppose that (2.2)-(2.7), (2.23) and (2.24) hold. Then, the con-
tinuous cocycle o has a unique Dy-pullback attractor Ay = {Ap(T,w) : T € R,w €
O} € Dy in L*(O). In addition, if G, f,1,1e are T-periodic with respect to t with
T > 0, then the attractor Ay is also T-periodic.

5. Upper-semicontinuity of random attractors
Now, we establish the upper semicontinuity of the random attractor A.. To that
end, we first derive the uniform estimates of solutions.

Lemma 5.1. Suppose that (2.2)~(2.7) hold. Then, there exists eg > 0 such that
for every 0 < e <ep, 7T €R, we Q, T >0 and ui € Hy(O), the solution u® of
(2.13) satisfies, for allt € 7,7 +T],

t
/Wf@nmﬁW@@%éMwwi@
j
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1 / 1G5, M )+ 1155 ) e )+ 1535 15 (s0)) s

where M is a positive constant independent of .

Proof. Multiplying (3.8) by e and then integrating the resulting inequality on
(7,t), we deduce that for every w € Q and ¢ € [r,7 + T1,

t

7)) +2 [ 57, 05), 0 5 w0 s

T

1 t B t B
+§P/ eP(S t)||u€(s77-7w,vi)”?{g(o)ds+7ﬁ1/ eP(S t)||u5(s,7',w,ui)||1£p(o)ds

< eIl o)

t
e / 0 (1G5, )2 ) + 1005, M e ) + I35 )2 )+ m6(6s) ) dis

T

< s llr, o)

T+T
+ C/ (HG(S7 )H2<>c(5) + H’(/Jl(& )HLOC((5) + H’(/}3(37 )Hioo(@) + né(esw)) d57
(5.1)

which along with the same argument as that of Lemma 3.2 completes the proof.
O
Similarly, we can obtain the following estimates.

Lemma 5.2. Suppose that (2.2)—~(2.7) hold. Then, for everyt € R, w € Q, T >0
and u2 € Hy(0), the solution u® of (2.14) satisfies, for allt € [r,7 + T,

t
/ (s, 7,0, 40 212 0y ds < N2, 0
LT / 1G5, M 5y Hr (5. M e 3y s (5, ) )P0 ) dis

where M is a positive constant independent of €.

Given u € L?(0), and let Mu be the average function of u in g, defined by

1
Mu:/ (Y, Ynt1)dYnt1.-
0

The following result on the average function can be found in [10].

Lemma 5.3. Ifu € H'(O), then Mu € H'(Q) and ||u—Mu| g o) < cellullmo
where ¢ is a constant, independent of €.

In the sequel, we further assume that the functions f and G satisfy

| fe(t, -, 8) — fo(t,- )2 (0) < pr(t)e, forallt, s €R, (5.2)

G:(t,-) = Go(t, )l z2(0) < @a(t)e, forallteR (5.3)
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and
||R€(ta K 5) - RO(ta K 5)||L2(O) < 903(057 for all ta ERS Ra (54)

where ¢;(t) € L2 (R) for i = 1,2,3. Since L?(Q) can be embedded naturally into

loc
L?(0) as the subspace of functions independent of y,,, 1, we can consider the cocycle

Uy as a mapping from L?(Q) into L?(O). In this sense, we can compare ¥, and
v,

Theorem 5.1. Suppose that (2.2)~(2.7) and (5.2)—(5.4) hold. Given T € R, w €
and a positive number 7j(7,w), if uS € HX(O) such that |u$ |10y < 7i(T,w), then
one has, for anyt > T,

lim ||V (¢, 7, w,ul) — Wo(t, 7,w, Mud)| r2(0) = 0.
e—0

Proof. Taking the inner product of (2.14) with g¢, where ¢ € H'(Q), we infer

du® - n _ B
0P By 4+ (14 i) / g2 Gy dy” + p / gu°Gdy*
/Q dt ; QMY o)
- /Q of(t,y",0,u)ddy" + /Q GG (t,y" 0)ddy* + C(0w) /Q GR(t,y",0,u")ddy".

If ¢ € HY(O), then fol (W Ynt1)dyns1 € HY(Q). Therefore, for any ¢ € HY(O),

we have

du® L
<dt’€>H ©) T AF Y (4 8) 1,0 2 (428 )

=1
= (F(t.y",0.u"),€) ;o) + (G(£,57,0),8) 11, (0) + Co(Orw) (R(Ey™,0,u%).€) -

Since u is independent of y,,11, the above equality gives, for any ¢ € H'(O) and

0<e<,

du® : 0 0
(dt’§>H + (1 +ipas (u°,€) +p (u ’g)Hg(o)
9(0)
= (f(tv y*7 Oa UO)’ 5) H,(0) + (G(ta y*v 0)7 S)Hg((’)) (55)

G0 (R .00 €) 10y~ (40 3 (2248, iy

i=1 Hy(0)

Due to (5.5) and (2.13), one has, for any ¢ €, H}(O)

du®  du® . 0 0
,(0)
= (el g man, u) = 197, 0,6),€) g o) +(Gells v ynt) =G (7,0, O, o)
+G5(0) (Re(t,y" ynrrsu®) = R(t,y™,0,0%),8) 5 o

n

i) 3 (2l i) (5.6)

=1 9 Hy(O)
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Setting £ = u® — v and then taking the real part, (5.6) becomes

5@”’&5 _ UOHQHQ(O) + ae (ua _ u07u€ _ uo) + p”uf _ u()”%{g(o)
= Re (fs(tvy*vyn-‘rla UE) - f(tvy*a Ovuo)vug - uO)Hg(O)
+Re (GE(tay*uyTH‘l) - G(t y 0) uo) 4(0)
+C§(9tw)Re (Ré(t7y*7yn+17u ) (t y 0,u )’u ) 0)
Cox (9
+Re(1 +1u)z< g g Y1 (g, — Uy )H o (5.7)

=1
By (2.3) and (5.2), we have
Re (fE(ta y*v Yn+1, us) - f(ta y*a 07 UO), ut — U'O)Hg(o)
= Re (f(ta y*7 Eg(y*)yn+la ug) - f(t7 y*7 Eg(y*)yn+la UO); u® — uO)Hg(('))
+Re (f(tv y*v €g(y*)yn+1a uO) - f(tv y*a 07 UO)’ u® — UO)Hg(O)

Bllu =0l o) + o3 (®) + ez (101, o) + 14°031, ) ) - (58)

IN

By (5.3), we obtain
Re (GE(t7 Y* Ynt1) — G(t,y",0),u® — UO)HQ(O)
< NGt y*, yns1) = Gy, 0) a0 0 — w7, o)
< cpa(t)elo = 0%, (o
< cepy(t) + ez (I3, o) + 141, (0 (5.9)
By (2.6) and (5.4), we deduce
<5 (etw)Re (Rs(tv y*a Yn+1, ua) - R(t’ y*v Oa uO)’ u® — UO)HQ((Q)
= (5(0rw)Re (R(tv Y29y )yn+1,u”) — R(E,y",e9(y" ) ynt1, UO)’ u® — UO)HQ(O)
+ (s(0w)Re (R(t, y*,e9(y* )ynt1, u’) — R(t,y*,0,u’),u — uO)Hg(O)

< wlu® = w0y, o) + e<lGa (Bu) P () + eelGo(Bu)? (16 00 + 13,0 ) -

(5.10)
Finally, by (2.10), we get
(g
e(1+ip) Z ( = 2L7yn+1( Uiy — u?}n+1))
=1 Hg(O)
0
1 + 1/'6 Z (gyl y17y"+1 yn+l o uy"+1)) L2(0)
i=1
< celu’ (o) llu® — v’ o)
< ce (I a0 + 1oy ) - (511)
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From (5.7)—(5.11), we obtain, for ¢t > 7,

d
e =l o) < Al = o) + = (Il o) + I o))

+cgz% )+ eslG (O P ) + es(1+ 16 (0) ) (Iwel, o) (5:12)
| |\H9(o>)7

where A\ = 2(8 + k). Multiplying (5.12) by e~** and then integrating the resulting
inequality on (7,t), we deduce

lus(t) = w17, o)

t
< M|us(r) — UO(T)H?HQ(O) + 05/ M) <||U€||§151(o) + H“OH%P(Q)) ds
2 t t
+c€Z/ eA(t*S)go?(s)ds—i—cs/ eA(t*S)|C5(05w)|2<p§(s)ds
=177 T
" A 2 2 2
bee [ AI41G0.)P) (010 + 101 o) ds
t
< NI () = () 0 + e [ (10 Bryco + 1B )

T

2 + t
A(t—T) 2 A(t—T1) 2 2
+ cee g 1 /T ©; (s)ds + cee max, |Cs(Osw)] / 5(s)ds
1=
¢

+ e (14 max, |C5(95w)|2)/ (||UE||§19(0) + HU'OH?JQ(O)) ds.

T

(5.13)

By Lemma 5.1 and Lemma 5.2, there exists a positive constant o0 = o(7,w, p,T")
such that for all t € [7,7 + T|] with T > 0,

() =Dl 0

02 & T+ 2
U@t [ s
i=1vT

T+T
- / (1G5, 5y + W01 (5: M e o) + (s, V2 < 15 (0s0)) ds] :
(5.14)

< Mut (1) = u® (D)7, 0) + 02 |luzll7
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Utilizing Lemma 5.3 and (5.14), for all ¢ € [r, 7 + T, we have

|us (t, 7, w, us) — ul(t, T,W7Mui)”%ﬁ1g(0)

3 T4+T

?{g(g) +Z/ ¢ (s)ds

i=1Y7

< M uz = Muz |} (o) + 05X [IIU?II%Q(O) + M|
+T
+ / (IG5 M w5y + 1105, M) + (5, )12 )+ (60,0)) ds]
3 T+T
< ce?|uz s o) + 05 [IIUiII%gm) HIME @+ [ G
i=1"vT

T4+T
- / (16, M2 3y + 11 (5: M e 3y + I35, M2 ) + M5 (0)) ds] :
(5.15)

By (5.14) and the assumption that ||u3 | g1 (0) < 7)(7,w), we get the desired result.
O
We finally establish the upper semicontinuity of random attractors as € — 0.

Theorem 5.2. Suppose that (2.2)—(2.7), (2.23), (2.24) and (5.2)~(5.4) hold. Then,
for every 7 € R and w € Q,

lim dZ'StLZ((Q)(AE (T, W), AO (7_3 CU)) = 0.
e—0

Proof. Given 7 € R and w € Q, by the invariance of A, and (4.1), there exists
g0 > 0 such that

HUH%Q(O) < L(r,w) forall 0 <e <¢gpand u € A (7,w), (5.16)

where L(7,w) is the positive constant in (4.1) which is independent of . Let K =
{K(r,w) : 7 € R,w € Q} be the D;-pullback absorbing set of ¥. obtained in
Lemma 4.1 and denote Ky = {Ko(7,w) : 7 € Ryw € Q} with Ko(r,w) = {Mu :
u € K(r,w)}. Then, K is tempered in L?*(Q) and hence Ky € Dy. Since Ay is
the Dy-pullback attractor of ¥y in L2(Q), given n > 0, we infer that there exists
T =T(n,7,w) > 1 such that

1
distz2 0y (Yo(T,7 = T,0_rw, Ko(T = T,0_7w)), Ao(T,w)) < 57}. (5.17)

By the invariance of A.(7,w), we obtain that for any xz. € A.(7,w), there exists
Ye € A (17 — T, 0_rw) such that

e =V (T, 7 —T,0_1w,y.). (5.18)
By (5.16) and Theorem 5.1, we obtain
Eli_r}r(l) (T, 7 = T,0_7rw,y.) — Vo(T,7 = T,0_7w, My.)||12(0) = 0.

Hence, there exists €1 € (0,&0) such that for all € < &1,

1
||\II€(T7T - Ta 97Tw7y€) - \IIO(T7T - Tv 9—TW7M3J5)HL2(O) < 577 (519)
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Since y. € A(7 — T,0_qw) and A (7 — T,0_rw) C K(1 — T,0_rw), we know
My, € Ko(t —T,0_rpw), which along with (5.17) implies

1
distz2(gy(Yo(T, 7 — T, 01w, My.), Ao(T,w)) < 50 (5.20)

By (5.19) and (5.20), one has, for all € < ¢4,

dist 20y (Ve (T, 7 = T, 01w, y:), Ao(T,w)) < 1. (5.21)

By (5.18) and (5.21), we deduce, for all € < g1,

dist 20 (2e, Ao(T,w)) <1, for all z. € A.(T,w).

This indicates that for all € < e,

diStL2((9) (.Ae (7-7 UJ), AO (T? w)) < UE

as desired. O
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