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Abstract. In this article we are concerned with a simplified Ericksen-Leslie sys-
tem on R?, whose bounded domain case was considered in [Lin et al., Arch.
Ration. Mech. Anal. 197 (2010), 297-336]. With a study of its vorticity-stream
formulation, we establish a global existence result of weak solutions when ini-
tial orientation has finite energy and initial vorticity function lies in L!(IR?).
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1 Introduction

1.1 Background and motivation

Ericksen-Leslie system is a hydrodynamic system modeling the flow of nematic
liquid crystals. Proposed in [7,19] and references therein, it is a continuum the-
ory without molecular details of a liquid crystal material. Recently some re-
search works have been devoted to studying the relationships between the the-
ory of Ericksen-Leslie and two other favorable theories (Doi-Onsager theory and
Landau-de Gennes theory) for nematic liquid crystals. In [30] the Doi-Onsager
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theory (see [6,25]) is connected with the Ericksen-Leslie theory by taking the Deb-
orah number to zero. As a hydrodynamic Landau-de Gennes model, the Beris-
Edwards system (see [4]) was studied by the authors in [26,27,29]. Particularly
in [30], a Hilbert expansion was obtained for solutions of the Beris-Edwards sys-
tem with which a well prepared initial data is supplied. When elastic constants
are small, their work rigorously shows that the Ericksen-Leslie system serves as
the limit of the Beris-Edwards system before the first singular time. For the static
theory of liquid crystals, readers should be referred to [1,24] for important con-
nections and differences between the Landau-de Gennes theory and the Oseen-
Frank theory. As far as the Ericksen-Leslie system is concerned, many research
works have been established on its well-posedness. In 2-D case, the existence of
global weak solution for a simplified Ericksen-Leslie equation has been obtained
by the authors in [20], where the domain is supposed to be bounded and smooth.
The associated uniqueness problem was later studied by Lin-Wang in [21]. In [14]
the author considered the same simplified Ericksen-Leslie equation but on the
whole space IR>. When the spatial domain is R? and the model is not restricted
to the simplified one studied in [20], the global existence of weak solutions for
the Ericksen-Leslie system with general Oseen-Frank energy are also well stud-
ied (see [15,16]). Amongst all the works in 2-D, global weak solutions have finite
energy and are smooth except possibly at finitely many singularities. Compared
with the 2-D case, our knowledge on the 3-D Ericksen-Leslie system is limited.
In [28] the authors established the local well-posedness of the general Ericksen-
Leslie system. For the sake of describing its maximal existence time interval,
a blow-up criterion (same as the one in [17]) is given. With this criterion, the
authors proceed to prove the global existence of the general Ericksen-Leslie sys-
tem under the assumption that initial data is small in some Sobolev spaces. The
spatial domain in [28] is R®. For the bounded smooth domain in IR3, the authors
in [23] also established a global existence result for weak solution of simplified
Ericksen-Leslie equation. Different from [28], the consequence in [23] does not
rely on the smallness of initial data in Sobolev spaces. Instead Lin-Wang made
a geometrically small assumption in [23] for their initial data. More precisely by
supposing that initial macroscopic orientation takes its image on the upper hemi-
sphere, the simplified Ericksen-Leslie equation studied in [20] admits a global
weak solution on any bounded smooth domain in R?, where initial data is only
required to be in the natural energy space. For more detailed mathematical stud-
ies of nematic liquid crystals, readers are referred to [22].

Without macroscopic orientation, the Ericksen-Leslie system is reduced to the
pure Navier-Stokes equation. It is well-known that the Navier-Stokes equation
admits a vorticity-stream formulation (see [5]). For the 2-D viscous fluid, taking
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curl of the Navier-Stokes equation leads to the following vorticity equation:
Jiw+v-Vw=Aw.

Here v is the velocity of fluid, w = curlv is its vorticity. In [2] and the references
therein the global existence of the above vorticity equation is studied in R?, where
the velocity v is recovered by the Biot-Savart law. Initial vorticity is assumed to
be in the L!-space. In [12] (see also [3]), the regularity of initial data is slightly
weakened. The global existence of the vorticity equation in 2-D is shown to hold
with given initial data in the Radon measure space on R?. Besides the global ex-
istence result of the vorticity equation, the stability problem associated with the
Navier-Stokes equation in 2-D is also considered with the use of the above vortic-
ity equation (see e.g. [9,11,12]). In [12] the authors studied the long-time behavior
of the vorticity of the 2-D Navier-Stokes equation. With a smallness assumption
on the Reynolds number of initial vorticity, it is shown that solutions of the vortic-
ity equation approach to the so-called Oseen’s vortex as t — co. The convergence
is algebraic in ¢. Still in [12], this result was further applied to study the stabil-
ity of Burger’s vortex for 3-D Navier-Stokes equation. Later in [9,11], the authors
considered the long-time behavior of vorticity and its stability for the 2-D Navier-
Stokes equation from the point of view of dynamical system. Finally, in [11] the
authors dropped the smallness assumption used in [12] for the Reynolds num-
ber of initial vorticity. A global stability result is obtained by LaSalle’s invariance
principle and the theory of Lyapunov. Some stability results on the 3-D Navier-
Stokes equation can be read from [10].

1.2 Vorticity equation of Ericksen-Leslie system

In this article we are concerned with the simplified hydrodynamic system for
nematic liquid crystals studied by Lin et al. [20]. The spatial domain is supposed
to be IR2. With all parameters in the system normalized to be 1, the equation is
written as follows:

0ip+v-Vo—Ap=|Vp|*p in R?x (0,c0), (1.1a)
0;0+0-Vo—Av=—Vp—-V-(VpoOV¢) in R*x(0,00), (1.1b)
V-v=0 in R?x (0,00). (1.1¢)

In (1.1) ¢ is an S?>-valued macroscopic orientation of a nematic liquid crystal,
v:IR? x (0,+00) — IR? represents the velocity of fluid, p is the pressure function,
V¢ © V¢ denotes the 2 x 2 matrix whose entry on the i-th row and j-th column is
given by d;¢-dj¢. As one can see, system (1.1) is a coupled system between the
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non-homogeneous incompressible Navier-Stokes equation and the transported
flow of harmonic maps. Since early studies of fluid dynamics, problems asso-
ciated with singular objects have been intriguing a lot of attentions from both
mathematicians and physicists. These singular objects include point vortices and
vortex filaments in fluid dynamics, which are related to vortex phenomena of
a fluid. Usually a system with such singular objects might not have a finite ki-
netic energy, or equivalently square integrable velocity. Explicit examples can be
given by the so-called Oseen vortices (see [11]). For some rigorous proof one may
refer to [5], where the authors show that for an incompressible velocity recovered
by the Biot-Savart law (vorticity has compact support in R?), it has finite kinetic
energy if and only if the total vorticity equals to 0. Thus, to study some vortex
phenomenon associated with (1.1), it is more convenient to consider the equation
of vorticity instead of velocity. In light of the above arguments, now we take curl
on both sides of the Eq. (1.1b). Still using Biot-Savart law to recover velocity from
vorticity, we can rewrite (1.1) in terms of the vorticity of v. That is the system

0ip+v-Vo—Ap=|Vp|*p in R?x (0,c0), (1.2a)
v=Kxw in R?x (0,00), (1.2b)
0iw+v-Vw—Aw=—-VxV-(VpOV¢) in R?x(0,00). (1.2¢)

In (1.2), the asterix * denotes the standard convolution operation on IR?. For all
x=(x1,x2) €R?, K(x) is the Biot-Savart kernel given by
1 xt
(x)= 27t |x[2
where x —x2,x1). Note that V-K=0 implies the incompressibility condition

V-v=0. In the remaining of the article, (1.2) is referred as the vorticity equation
of the Ericksen-Leslie system (1.1).

L=

1.3 Main results and organization of the article

Our first theorem is concerned with the local existence of classical solutions to
(1.2). Before we state the result, some notions should be given. First of all we
introduce some functional spaces in Definition 1.1, which will be used to control
velocity field v recovered by the Biot-Savart law. Since v=Kx*w for some vorticity
function w, the decay of w at spatial infinity plays important roles in estimat-
ing the Holder norm and the kinetic energy of v. However, the standard Holder
norms and L” norms are not strong enough to control the decay of w at spatial in-

finity. Therefore, we introduce the following C;;’k[I | and Ch (R?) spaces, in which
functions decay exponentially at spatial infinity.
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Definition 1.1. Suppose that f takes value on some Euclidean space. Given a positive
constant B and a finite time interval I, we say f € C/’g[I | if f is continuous on R?x I and
satisfies

[x]
1£1lg:=sup { | F(xD)le P : (1) R x 1} <o,
lI-1llg;1 defines a norm on the space C*B[1]. Equipped with this norm, Cg[I] is a Banach

space. Given a k € IN, we denote by Cz’k [I] the function space so that for all f € Cz’k[I ],

it satisfies V' f € Cil1]. Here the index i runs from 0 to k. Cz’k [I] is also a Banach space
with norm given by

k .
|||f|||k;ﬁ;1 =) IV £ll g;1-
i=0

Similarly, we define C;;(]RZ) to be the space so that for all f € C;;(IRZ), it holds

x|g

I£llg:=sup{|f(x)le * : xeR?} <co.
Equipped with this norm, C/’g(IR2) is a Banach space. Given a k€N, C;;’k(l[{2) denotes

the function space so that for all f € C;g’k (R?), it satisfies V' f € C;;(IR2). Here i runs
from O to k. The space Cz’k (IR?) is also a Banach space with norm given by

k .
£ M= IV £l -
i=0

In Section 2, we are concerned with some important properties associated
with the functional spaces given in Definition 1.1. With these properties, the fol-
lowing theorem is shown in Section 3 by a fixed-point argument. Notice that in
Theorem 1.1 below, we call (¢,w) a classic solution of (1.2) on R? x [0, T] if on this
domain (9¢¢,0:w), (Vi¢,Viw),i:0,1,2, are continuous and satisfy (1.2) in a point-
wise sense.

Theorem 1.1. Suppose that wy € Cy*(R?) and ¢o is an S*-valued function with

Ppo—e € CT’4(]R2). Then there exists a T, > 0 such that (1.2) admits a classic solution
on R?x [0,T,] with the given initial data (¢o,wp). If we denote by (¢p,w) the classic
solution, then we also have

(p—e,w) €CH[0,T.] x CH2[0, T

Here e €S2 is a constant unit vector in R3.



Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356 309

Our next theorem is about the local existence of solutions for (1.2) with initial
data (¢,wp) € H! (R?;5%) x L (R?). Here for a given e € 52, H! (IR?;5?) denotes the
space given below

H; (R%S?):={¢: ¢(x) €S? for almostall xe R? and p—ecH'(R?)}.

Approximating (¢p—e,wp) by a sequence of smooth pairs with compact support,
we can find a sequence of solutions of (1.2) whose initial data equal to the smooth
pairs. In Section 4, we show that these solutions exist in a uniform time interval.
Thus, by appropriate compactness arguments, we can show

Theorem 1.2. Suppose that (¢g,wy) is an initial data in H!(R?*;S?) x L1(IR?). Then
there exists a T, >0 and a smooth solution, denoted by (¢,w), of (1.2) on (0,T%) so that
the following properties hold:

(i) Ast]0, we have
(p(,)—ew(-t)) — (do—ewpy) strongly in H'(R*) x L'(IR?).

Let (LY(R?)NLP(IR?))* be the dual space of L' (IR?)NLP (R?). Then as t .0, the velocity
v=Kxw satisfies

o(-t) — vp=Kxwy stronglyin (L'(R*)NLP(R?))" forall p>2.

Here we equip the space L' (IR?)NLP (IR?) with the norm defined by ||- |1+ ||| ,- More-
over, we also have

(p—e,w) €L ([0, T.;H (R?)) x L= ([0, T, ;L1 (R?)).

(ii) Fixinga t€(0,T) and denoting by @ the unique mild solution (see [3, Chapter 4])
of the following initial value problem:

{atw—Aerz?Vw:O on R2x (T,00), 13)

w(,7)=w(,T1), 7=Kx@,

then we can decompose the velocity field v into the sum
v=0+0v" on R*x[r,T.]. (1.4)

The velocity field v* lies in the space L (|7, T«|;L?(R?))NL2([t, T.];H! (R?)) and sat-
isfies the global energy inequality given below

tr
*ZVZ//V*ZA Vo 2o
Sy PP HITOP [ 7 [V [Ag+ VP

%)
<oxp{c[CIVal | [, 1 P+IToP (15)
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Here ¢ >0 is an universal constant. t| and t, satisfy T <ty <ty <T,. Moreover,as t| T,
0*(-,t) converges to 0 strongly in L2,

(iii) If wo€LINLYF for some p>1, then T in part (ii) can take value 0. The decomposition
of the velocity field v in (1.4) holds on R? x [0, T.].

We are also concerned about the global weak solutions of (1.1). Notice the
decomposition of v in (1.4). 7 already exists on the time interval (7,c0). Therefore,
to extend v globally in time, we just need extend v* to IR? x (T,00). In light of the
global energy inequality (1.5), such extension of v* is expected. As a consequence,
we have

Theorem 1.3. Given (¢g,wo) €H. (R?;5?) x L1 (IR?), there exists a global weak solution
of (1.1) in the sense given as follows:

(i) For some Ty >0,(¢,0) is a smooth solution of (1.1) on R?x (0,T,). Moreover,
parts (i)-(ii) in Theorem 1.2 hold for (¢,v,w), where w is the vorticity of v.

(ii) Let (@,0) be the same as in part (ii) of Theorem 1.2. Then on R? X [t,00),v can be
decomposed into the sum v=0+0v*. (¢,v*) satisfies the global energy inequality (1.5) for
all t1 and t, satisfying T <t <ty <oo. Moreover, (¢,v*) is a global weak solution of the
following system:

0ip+0* - Vp—Ap=—0-Vo+|Vp|>p on R?x (T,00),
0;v* +v*-Vo* — Av*

=—0*-Vi-0-Vo*—Vp*—V-(VpoOV¢) on R*x (1,00),
V-v*=0,

together with the initial condition

((,b,v*)‘t:T = (¢(-,7),0).
More precisely it holds

[ fo-entwr [ o Vo [ [ gvy:ve
=1(0) [ oo -ew)- [ [ @Vomn+ [ [ Vol 0m)

T T T
x ./ % « .
_/T /]R2<v 2 90>+/T /W(v Vo ,17g0>+/T /]Rz”v” Vo
T T T
:—/T /IRZ<U .VUIU@_/T /]R2<v.Vv ,7790>+/T /Rziyv(p@vqa;vgo



Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356 311

for all T € [t,00],3p € HY(R%;R3), 9 € HY, (R%R?) and i € C*[t,T] with (T) =0.
Here

Hclzliv(]Rz}le):closure of C§°(1R2;1R2)ﬂ{v:divz;:0} in Hl(le;le).

1.4 Notations

In this article we use L7, W*? and C** to denote the standard LP-space, Wkip-
Sobolev spaces and C*#-spaces on R?. The corresponding norms are denoted by
[ [Ip/ Il [lx,p and [|-[|cka, respectively. For the Holder space C*, we also use [-],

to denote its semi-Holder norm. If p =2, then we use HF to denote the Sobolev
spaces W¥2. On the space-time R? xI, where I is an arbitrary time interval, we
say a function is C*/2# if it is C*/2-Holder continuous with respect to the time
variable and C*-Holder continuous with respect to the space variables. Some
times we also use |-|g; to denote the L®-norm of a continuous function on R? xI.
Letting X be a functional space on R? with norm |||/, usually we denote by
L?(I;X) the space so that for all f € LP(L;X), f(-,t) lies in X for almost every ¢ €1
and ||f(-,t)||x is LP-integrable on I. If g(-,¢) is a continuous mapping from I to X
with topology on X induced by ||-||x, then we call g € C[I;X]. Moreover, in this
article A < B means that there is a universal constant ¢ so that A <cB. If we
want to emphasize the dependence of ¢ on parameters a and b, then we use the
notation A S, B.

2 Preliminary results

This section is devoted to studying some basic properties associated with func-
tions in C;’k [I] and CZ’k(]Rz) (see Definition 1.1), where k is a non-negative integer.
When k=0, the spaces C;’O[I ] and CE’O(]Rz) coincide with C[I] and CZ(]Rz), re-

spectively. The first lemma is about solution of a nonhomogeneous linear heat

equation with nonhomogeneous term in C;; [0,T]. Throughout the article we use

G to denote the standard heat kernel in R?.

Lemma 2.1. Suppose that B and T are two positive constants, and « and 6 are two
constants in (0,1). Given g a function in L*([0,T];C*(IR?)) nCs [0,T], we define

CID[g](x,t)=/Ot/]RzG(x—z,t—s)g(z,s)dzds, V(x,t) €R?x [0, T]. (2.1)
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Then ®[g] is a solution of the following nonhomogenous Cauchy problem:

f—Af=g in R?x[0,T], 22)
f=0 at t=0. '
Moreover, ®[g] satisfies the estimate given below
1 21
28I 510,71+ T2V RIS ;10,77 S &M 50,7y TP - (2.3)
The second-order derivatives of ®[g] can be estimated by
V20 < 101 gll6 0 T2 B 24
19218101y o max (8GO elppomT = e . @4)

Proof. By [8, Chapter 1, Theorem 12], ®[g] is a solution of (2.2). Moreover, ®[g],
0;®[¢] and Vid[g], i=1,2, are continuous on R? x [0, T]. Thus, we are left to show
(2.3) and (2.4). Let f denote the function ®[g]. By (2.1) and the norm |||-[4;(0,7)
given in Definition 1.1, f(x,t) can be estimated as follows:

1 _lx—2? z\z _ Izl

t
|f(x,t)|§|||g|||/3;[o,T]/o Rzme S 4lt=s)e B dzds.

Applying the change of variable { = x—z to the integral on the right-hand side
above, we get

t 1 - _[e=xfrlel [l
£t <ligllgon [ /Rm—_e WwaeT B eF deds

<lsllpome ? [ [ gy ™ 0 deds

Now we let 277 =&/ (t—s)!/? and reduce the last estimate to

o

2

2
£ Sgllpome / [ s

+
Sliglligomte (ard (2.5)

The first derivatives of f can be represented as follows:

1t _
Vf(x,t)zi/o /]RZG(x—z,t—s)g(z,s)%dzds. (2.6)
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Similarly, to the above arguments for f, the following estimate holds for V f:

\—z\z _lzl |x—z]

VA gl | e e F b dads

Slellggor [ [pe e 7 Fef Ll dza
. e - Pe S
~ 8 B;[0,T] 0 Jr2 ( )

< e /3// ~lp P+ 7] — 1 _dnds
H|8W/3[0T R? (t s)% U

+
<H|§W/3[0the 7 ”. (2.7)

MH

In light of (2.6), the second-order derivatives of f can be represented as fol-
lows:

Gfen) =y [ [ Glzt=)lg(zs) ~glxs)
y {(Zi—xi)(zj—xj) Sij
2t

] dzds, (2.8)

where 517 is the Kronecker delta. Therefore, we can estimate ai]' f as shown below

|9ijf (x,1)]
</ 6 1o [lz—x[> 1
< | [ Gle=zt=s)lg(zs) —g(xs) Ig(zs) g (x| (i) e
2

S ma [3(0]17 [ [ Glat=9) EL U008 (g —) )l
_ _6lx[ 2102

< b 1-6 9. t(l 0)a +/32

Ne,zxtfer}g);}[g( o N8llgomt = e

The third inequality above holds by similar arguments as in the derivations of
(2.5) and (2.7). The proof is then finished in light of (2.5) and (2.7) and the last
estimate. O

In the next lemma, we present an L°CP-estimate for the second-order deriva-
tives of f, where f€ (0,a) and f=®][g] as in Lemma 2.1. Since the proof is similar
to the proof of [13, Lemma 4.4], we omit it here.

Lemma 2.2. Under the same assumptions for g as in Lemma 2.1, V> f lies in the space
L ([0,T);CP(R?)) forall B< (0,&). Here f=3®[g] is a solution of (2.2). Moreover, V2 f
satisfies the estimate given below
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NIR
NI

2¢¢. ¢ < - )T
max [V2f(, )}ﬁwa,/stg}%[g(, )]

As for the initial value problem for the homogeneous linear heat equation, we
have

Lemma 2.3. Suppose that ¢ € CX(R?) with k € NU{0}. Moreover, we assume that
Vkge Cg (R?) for some B> 0. With the function g, we define

¥lgl(xt)= [

]RZG(x—z,t)g(z)dz, V(x,t) €R? x [0, T].

Then ¥[g] is a solution of the following initial value problem:

0{F—AF=0 in R*>x[0,T],
F=g¢ at t=0.

Moreover, for all T >0,¥[g] satisfies the estimate given below

2T
va‘ﬂg]ﬁ;[o,ﬂ ’H S vagmﬁeﬁz '

Proof. For simplicity we use F to denote the function ¥[g]|. By making derivatives
k times, it holds

VFE(x,t) = /

]RZG(x—z,t)ng(z)dz, V(x,t) €R?x [0, T].

Since Vg€ Cg (R?), we then have

_ Ll
IVEE(x,8)| < [ Vgl /R Glx—zt)e ? dz.

The proof then follows by a similar argument as the derivation of (2.5). O

Now we consider some embedding properties associated with CZ [I] and
C5(IR?).
Lemma 2.4. For any p € [1,00) and B> 0, the space CE(]RZ) is embedded into LP (IR?).
Moreover, for any f € CZ(]Rz), we have

1l Sps £l

In the same fashion C [1] is embedded into the space C(I;LF (R?)). Here I is a finite time
interval. For any f € C4[1], the following estimate is satisfied:

1l (e w2)) Sp.sllflll g1
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Proof. The proof of the estimates in this lemma is simple in that f is exponentially
decay at spatial infinity if f € Cg[I] or C/’g(IRZ). We only need show that f(t,-)
is a continuous mapping from I to L¥(R?) if f € CE[I ]. Let t, be an arbitrary
sequence in I which converges to some to € I. Since f € CZ 1], it holds

x| _ x| \

F (b ) F(to )| S (bl Fe F | flto,x)leF e F Sl fllgpe * -

The most right-hand side above is LP-integrable on R?. Thus, the continuity of the
function f and Lebesgue’s dominated convergence theorem imply that f(t,,-) —
f(to,-) in LP, as n — co. The proof is finished. O

This lemma combined with the Calderon-Zygmund estimate leads to the fol-
lowing result.

Lemma 2.5. [f weCy (R?), then for all p€ (2,00),v=Kxw lies in WP (R?). Moreover,
by Morrey’s inequality, we have

llci-2e Spllolly Sp il 2, +lewllp Sppllewlls

Here the first inequality is Morrey’s inequality. The second inequality above is the
Calderon-Zygmund estimate. The last inequality uses our Lemma 2.4.

In the end we study the continuity of v=Kxw with w € C[0, T].
Lemma 2.6. If weCj [0,T], then v=Kxw is continuous on R? x [0,T].

Proof. Suppose that (xo,tp) is an arbitrary point on R?x [0,T] and {(x,,t,)} C
IR? x [0,T] is an arbitrary sequence which converges to (xo,t9). By the definition
of v, we have

v(xp,ty) = / ZK(z)w(xn —z,t,)dz. (2.9)
R
Inlight of w € Cg [0,T], it holds

| —z| | —2]

K(z)w(xy —z,t)| < |z|_1|w(xn —z,ty)|le P e

lz|

1 =&
Sﬂ,maxn|xn||||w|||,8;[0,T]|Z’ e F.

Here we have used the boundedness of the sequence {x,}. Since the function
on the most-right-hand side above is integrable on R? and w is continuous on
IR? x [0,T], then by (2.9) and the Lebesgue’s dominated convergence theorem, we
have v(xy,t,) —v(xg,ty) as n— co. The proof is finished. O
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3 Existence of short-time classic solutions

In this section, we prove Theorem 1.1.

3.1 Sketch of the proof and some preliminary lemmas

Our proof is based on a fixed point argument in the functional space X given
below

X::{ (¢'w) : ’”4)_4)*”|2;1;[0T +|HV3CP—V3CP*H|2;[O’T +|HOJ—CU*|H1;2;[0’T]
+]| V2w — V2w, | 4, o<1 and (p,w)|,_, (4)0,w0)} (3.1)

where with the operator ¥ defined in Lemma 2.3, (¢x,wx) := (¥[¢o], ¥[wo]) is
a solution of the following initial value problem:

{afcp*—Aqb*:o, dw.—Aw, =0  in R?x(0,00), (3.2)

¢+ (-,0)=¢o(-), wi(-,0)=wpo(-).

Since we are studying local existence of (1.2), T can be supposed to be as small as
possible.

Now we sketch the proof and make some preliminary lemmas for later use.
Letting (¢,w) be an arbitrary element in X and v=Kx*w, we denote by (¢, w) =
S(¢,w) the solution of the following Cauchy problem:

3 —Ap=F(¢,w) :=1(|¢]|) [ } in R2x (0,T),
oiw—Aw=—v-Vo-VxV- (Vo V) in R2x (0,T), (3.3)
v=Kxw, 9(0,-)=¢o(-), w(0,-)=wo().
In (3.3) 17 is a non-negative smooth cut-off function defined on IR which satisfies
7=1on (1/2,00) and 7 =0 on (0,1/4). Moreover, ¢ =¢/|p| is the normalized

vector of ¢. If the operator S has a fixed point in X, then by (3.3), the fixed point
must solve the following initial value problem:

3¢ —Ap=F(¢p,w) in R?x(0,T), (3.4a)
dw—Aw=—0v-Vw—-VxV-(VpOV¢) in R?x(0,T), (3.4b)
v=Kxw, ¢(0,)=¢o(-), w(0,)=wo(:). (3.4¢)

A simple maximum principle yields that solutions of (3.4) with the images of ¢
in 52 is a solution of (1.2). Therefore, the proof of Theorem 1.1 is then reduced to
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show that S is a contraction mapping from X to itself. To do so, we substract (3.2)
from (3.3) and get the following Cauchy problem satisfied by (i — ¢, w—w.):

U (Y—¢s) —A(p—¢.) =F(¢,w) in R?x(0,T), (3.5a)
0 (w—w,) —ANw—wy)=—v-Vo—-VxV-(VpoVy) in R*x(0,T), (3.5b)
IP(O/')_(P*(O/'):O/ w(O/')_W*(O/'):O' (3.5¢)

Now we should prove (,w) € X. Thus, we need

Lemma 3.1. There exists a positive constant M so that for all (¢,w) € X, we have
IIF(9,0) 1+ I V2F(¢,0) o < M.

Here M depends on |||-|||4,1-norm of ¢po—e and |||- |||2,.2—n01fm of wy.

In this lemma and the remainings of this section, if the space-time is IR? x [0, T],
we always use |-|o to simply denote the L®-norm of a given quantity on R? x [0, T].
To show that S is a contraction mapping, the following lemma is required.

Lemma 3.2. There exists a positive constant M depending only on the |||-|||4.1-norm of
Ppo—e and ||-|[[o.,-norm of wo such that for all (¢;,w;) € X, j=1,2, we have

(

[F(¢p1,01) —F(¢2,w2)| MZW ¢1— Vo] + <Z|V¢z ) [01 =02, (3.6a)

V(@) - VF(ss) MZW@—WH(ZW@»)

i,j=1

X (Z |Vio; —vivz\), (3.6b)

i=0

3 ) ] 2 , .
|V2F(¢1,01) — VZF (¢, w2) o SM Y| V'ip1—Vign|,+ ) |Vior— Vi, (3.60)
\ =0 i=0

Here vj=Kxwj,j=1,2, are two velocity fields recovered by the Biot-Savart law.

In the remaining of this section, we finish the proof of Lemma 3.1. With (3.9)
and (3.11) below, the proof of Lemma 3.2 can be easily obtained and hence, is
omitted for brevity.
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Proof of Lemma 3.1. Under the assumptions made for (¢o,wp) in Theorem 1.1,
Lemma 2.3 implies that

lps—elll 1,101 < llpo—elll41*", (3.7a)
T
lwslllaz0,1 S lllwolll 27 (3.7b)

In view of the definition of the space X in (3.1), we have w € C;?[0,T] and ¢ €
C;’e’ [0,T], which yield, by Lemma 2.6, the continuity of v, Vv and V20 on R? x
[0, T]. Therefore, we know that V'F(¢,w),i=0,1,2, are all continuous on R? x [0, T].
We are left to show the estimate in Lemma 3.1.

For any p>2 and t€[0,T], it holds

IV ()0 Sp IV (1) 1+ I Vi (1), i=0,1,2.

Taking supremum over all t€[0,T] and using Lemma 2.4, we can reduce the above
estimates to

Vol SIIViwllafor), =012 (3.8)
Employing (3.7) and the definition of X in (3.1), we can show
o —ellloiior+ I Vllap0m Sllido—elly+1, (3.9)
o lll+2;0,7 + V2w |llg;p0,1) S Nlewolll 0 +1- (3.10)
Thus, by (3.8) and (3.10), it holds
2 .
Y | Vivlp< M. (3.11)
i=0
Here and in what follows M is a constant depending only on the ||-|||4,1-norm of

¢po—e and |||-|||2.2-norm of wy. In light of the definition of F(¢,w) in (3.3), by (3.9),
(3.11) and direct calculations, we can show that

[F(p,w)| SIVPP+[0]| V),
[VE(p,w)| Sllol+ Vol [IVOI+ V2] + [[o*+[Vol][Vel, (3.12)
|VZE(¢,w)]o <M.
Using (3.9), (3.11) and the first estimate in (3.12), we get
F(¢,w) e < |V 2l - ]olo|Vle <M,  V(x,t) eR?x[0,T].

Taking supreme over IR? x [0,T], we obtain the desired uniform boundedness of
F(¢,w). Same arguments can be applied to show that VF(¢,w) is uniformly
bounded from above by M in C;j[0,T]. Here one just needs (3.9), (3.11) and the
second estimate in (3.12). O
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3.2 Proof of Theorem 1.1

Now we proceed to the proof of Theorem 1.1.

Proof. In the proof we still use M to denote a large positive constant depending
only on the ||| |||41-norm of ¢p—e and |||-|||2,2-norm of wy.

Step 1. Let (¢,w) be an arbitrary element in X. (¢, w) =S(¢,w) is the solution of
(3.5). The |||-||1;1-norm of 1 —¢. can be estimated by Lemma 2.1. With (2.3) and
the (3.5a), one can show that

1
9 =sllls; 0,1+ T2V =V ullly; 0,17 S TUF(P ) 150,77
Applying Lemma 3.1 to the right-hand side above implies

1
o=l + THIVE— Vel o Su T (3.13)

Making spatial derivative one more time on both sides of the Eq. (3.5a), by Lem-
mas 2.1 and 3.1, we can derive that

1
V9=V ulllyon T2V = V2Pull0n STIVE@ )l 0r SMT-  (3.14)

Moreover, in light of (2.4), V3§ — V3¢, can be estimated as follows:

1990l S6T* max [VF(.) (I TF )

P 1
< T4 F B2,
SaM 4tg}3>T<][V (P,w)(-1)]

>
14;10,17

Here we take 6 =1/2 and p=1 in (2.4). « is a constant in (0,1). In light of
Lemma 3.1, by interpolation inequality, we can show that

max [VE($,w)(- D) T IVE(@w) o+ [V2E(¢,w)]y <M. (3.15)

Thus, the above two estimates imply that
IV =20l 0,17 Sam T (3.16)
Combining this estimate with the first estimate in (3.7), we have

’HV3WH2;[0,T] =M. (3.17)
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Furthermore, by (3.14) and the first estimate in (3.7), the following boundedness
holds:

|||VLP|||1;[O,T}+}HV2LIJ’H1;[0,T] <M. (3.18)
In light of (3.10)-(3.11) and (3.17)-(3.18), one can easily show that
llo-Veo+V x V- (V0 V) 07 < M. (3.19)

Applying this estimate and Lemma 2.1 to the Eq. (3.5b) yields

1
llw—=csllloo,r)+ T2 [V = Veou|lp0m SmT- (3.20)

Taking one more spatial derivative on both sideds of Eq. (3.5a), by (3.15) and
Lemma 2.2, we can show for any B € (0,«) that

max [V3ll)(',t) —Vop. (1)]

te[0,T] p
a_Pp a_Pp
S“/,B trer}(?,);"] [VF(CPICU) ('/t)]tx T272 S(X,,B,M T272,

By an interpolation inequality, the first estimate in (3.7) yields

30.(-,8)] . <M.
max [V2gu(1)] 4 <

Thus, the above two estimates imply that

Viu(-, )], <z M. 3.21
g VYOl o

In light of this estimate, (3.10)-(3.11) and (3.17)-(3.18), by interpolation inequali-
ties, it can be shown that

n}(?)T(][U-Vw—I—VXV-(V¢®V¢)]/3§/3M. (3.22)
telo,

Using this estimate, (3.19) and (2.4) in Lemma 2.1, V2w — V2w, can be estimated
as follows:

| V2w — V2w, <pmax [v-Vw+Vx V- (VYo V)]

te[0,T]

X|[[o-Vw+V xV- (Vo Vi)

’Hé};[O,T]

= NI

IS

[

B
SpmTE. (3.23)

Here we used the Eq. (3.5b). In light of (3.13)-(3.14), (3.16), (3.20) and (3.23), if we
take T depending on M and B to be small enough, then (¢,w) € X. This shows
that S is an operator from X to itself.



Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356 321

Step 2. This step is devoted to showing that S is a contraction mapping. In the
remaining of this step we let (¢1,w1) and (¢, w) be two arbitrary elements in X.
For j=1,2, we denote by v; the vector field Kxw;. If (¢;,w;) =S(¢j,w;),j=1,2,
then by (3.5) it holds

0 (1 —12) —A(Y1 — ¢2) =F(¢p1,w1) —F(¢p2,w2) in R?x(0,T), (3.24a)

Ot(w1 —wa) —A(wy —wa) =~ [v1-Vw; —0p- V|
—[Vx V- (Vp10VY1) =V x V- (Vip,oVir)] in R?x(0,T), (3.24b)
#1(0,-) =92(0,) =0, w1(0,-) —w2(0,-) =0. (3.240)

The |||-|||1,1-norm of ¢; — 1P can be estimated by Lemma 2.1. With (2.3) and the
Eq. (3.24a), one can show that

1
92l 0,7y + T2 V1 = Vipalll 10,7y S THIF(P1,w01) = F2,w2) 100,77
Using the estimate (3.6a) in Lemma 3.2 and (3.9), we have

1E(pr1,w1) =F(d2,02)[Il1;10,7) Sm |1 = P2lll1,1;0,7 101 =020

The last two estimates imply that

1
1 =2lll1,0,7+ T2V 1= V2l 1,10,y SM T [l 91= P2l 1.1,(0,7 + [01 — 210 ] -
Moreover, by Lemma 2.5, this estimate can be reduced to
1
H|¢’1—1P2|”1;[0,T]+T2 |||V1P1—V1P2|H1;[O,T]

SmT[|lle1 = P2|l1;1;0,7 F llewn _w2|||2;[O,T]]
<TI||(¢1— 2,01 —w2)llx- (3.25)

Here we used ||| (¢1 —¢2,w1 —w2)|||x to simply denote the sum
|||<P1—¢2|||2;1;[0,T}+\HV3<P1—V3<P2H\2;[O,T}+|||w1—w2|||1;2;[0,T]+\HV2601—V2602H\4;[0,T}-

Making spatial derivative one more time on both sides of the Eq. (3.24a), by Lem-
ma 2.1, we have

1
V1=V [l 10+ T2 ]HV‘lel—Vzlsz}l;[QT]
ST|VE(¢1,w1)—VE(¢2,ws) l4;(0,77-
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In light of the second estimate in Lemma 3.2, by Lemma 2.5, it holds

|HVF(¢1’w1)_VF(¢2'w2)Hh,-[o,ﬂ
1 ; .
Sumller=alllzagom + 2 | Vier = Viea
i=0

Smlllr—d2lllo,0,1 + llwr —w2llly o0, 7 (3.26)

The last two estimates then yield

1
IV 1=Vl 0,7+ T2 IV 91 = V22| o SM T (91 =2, 01— w2) [l (3.27)

The third-order derivatives of ¢; —1» can be estimated by (2.4) and (3.26) as
follows:

V41— v31/)2’Hz;[0,T] SamT tgl[g,)T(} [VE(@r@)(-1) _VF((PZ’WZ)("‘L”%

< (1 = 2,01 —w2) |2 (3.28)

Here we take 6 =1/2 and =1 in (2.4). « is a constant in (0,1). In light of the
second and third estimates in Lemma 3.2, by interpolation inequality, we can
show that

max [VF(¢1,w1)(-,t) — VEF(¢2,w2)]a
te[0,T]

2 . .
SY | VE(¢1,w01) = V'E(¢,w2) |,
i=1

S i})Vf¢1—vi¢z}o+i}\v"vl—vivz}o-
i= im
By Lemma 2.5, this estimate can be reduced to
max [VE(¢1,01)(-t) = VE(¢2,w02)]a Sm || (91— 2,01 — w2 [ x- (3.29)
Thus, (3.28)-(3.29) imply that
13952l 0,1y St TE (1= @2, 01 —c02) |l - (3.30)

Direct calculations show that

[V X V- (V10 V) =V x V- (V0 V2) |||
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SIVL 19741 = V42 g 1y [ V22 ol V91 = V42l
IVl [Vl 192l
Therefore, by (3.17)-(3.18), (3.27) and (3.30), this estimate can be reduced to
IV XV -(Vr0V1) =V x V- (V0 V) llo40 1

Sem T4 (@1 — 2,01 —w) | x-
On the other hand using Lemma 2.5 and (3.10)-(3.11) yields
llo1- Ve —UZ'VW2H|2,-[0,T]
Slor=v2lol[Vawlly 01+ 1v2loll[ Vwr = Veawa |01
Sllewr=wallly 07 IV wrlllo; 0,1+ 0210l Vewr = V|50 7
Su [l —w2lllyz0,71-

The last two estimates then imply that

IRHS 01y Sl (91— f2,01 ). (331)
Here we used R.H.S. to simply denote the right-hand side of the Eq. (3.24b). Ap-
plying this estimate and Lemma 2.1 to the Eq. (3.24b), we get
1
llews =201+ THIVeos = Vel 0 1 S Tl (91— pror -2l (332)

Taking one more spatial derivative on both sideds of Eq. (3.24a), by (3.29) and
Lemma 2.2, we can show for any B € (0,«) that

3 3
max [V291(,0) =V, )]

Sap max [VE(¢1,w1) (- t) = VE(¢2,w2) (-, )] T

B
2

NI=

a_pB
Sapm T2 2|[[(P1— 2,01 —w2)|[ x-

Using this estimate, (3.17)-(3.18), (3.21), (3.27) and (3.30), by interpolation inequal-
ities, we have

[nax VXV (Vr0Vi) =V V- (Vo V)],

Sapm T [(p1— 2,01 —w2)|llx,
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where 7 is a positive constant depending on « and . The Holder estimate for
v1- Vw1 —vy-Vwy can be estimated as follows:

Vw1 —12-V
trew%;t)T(} [01-Vwy—v2-Vawalg
S |Vw1 |0tI€I’[lg)T(] [7)1 —02]/3+ |”U1 —02|0 max [le]’g

t€[0,T]
Vw -V Vw—V
Ve =Vewalo max [02] g+ [02]0 max [Vewr =V

S|l —W2|||1,-2,-[0,T] + H’vz“’l ~Vw; W4;[0,T]'

To derive the above estimate, we used (3.10)-(3.11), Lemma 2.5 and various in-
terpolation inequalities. Combining the last two estimates, one can easily show
that

trer}%[ I Spm (91— 2,1 —w2) |||k

In light of this estimate and (3.31), the following estimate holds by (2.4) in Lem-
ma 2.1:

FNGCN

1
V201 = V2ws | 1 7 N;atrer}g% RHS); pIIRHS |07 T4

N TZ|||(¢1—472IW1—W2)|||X- (3.33)

By (3.25), (3.27), (3.30) and (3.32)-(3.33), it holds

B
(1 =2, w1 —w2) [ Sp.m T (1 — 2,01 —w2) | -

Therefore, S is a contraction mapping from X to itself, provided that T is small
enough.

Step 3. Now we choose T to be small enough By the contraction mapping theo-
rem, S admits a fixed point in X. Denotin gby ¢,w) the fixed point, we know that
(¢,w) is a solution of (3.4). Since ¢ € C;°[0,T], by Lemma 3.1 and the Eq. (3.4a),
we have ;¢ € C{[0,T]. It then turns out that

t
[P < Ipxt) ol < [ [osp(x,s)]ds
<tlagllior, ¥(xHER2x(OT).
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If t <Ty <T, where T, is sufficiently small, then |¢(x,t)| >1/2, for all (x,t) €
R? x (0,T). In light that =1 on (1/2,00), the Eq. (3.4a) can then be reduced to

p—Ap=|VP|*$p—v-V$ on R*>x(0,T.).
On the domain IR? x (0, T, ), this equation yields
9o —Bp=-2|V9—V§[>, where p=|p—¢[>
A standard maximal principle implies that o =0 on R? x (0,T). In other words

on R?x (0,Ty), (¢,w) is a solution of (1.2) with || =1.

Step 4. In this step we show that (¢,w) € CI’4 0,T,] xC32[0,T,]. Taking spatial
derivative one more time on the both sides of the Eq. (1.2a) and using ¢ in (3.2),
we have

0¢(3jp—0j¢p+) —A(0jp—9jpx)
= —8jv-ng—v-Vaj<p+2(V4):Va]-gb)<p+ |V<p|28]-4>. (3.34)
In light of (3.15) and Lemma 3.1, by Lemma 2.1, it holds V3¢ — V3¢, € C;; 0, T]

for all B€ (1,00). This result and the estimate (3.7a) imply that V3¢ € Ca 0,T,] for

all B (1,00). Taking one more spatial derivative on both sides of (3.34) and using
¢« in (3.2), we have

0¢(9;0jp — 9;0j¢p«) — A(9;0j¢ — 9;0¢p+)
=—0;0,0-Vp—0-V0,0j¢p+2(Vp:V0,0;)p+Lovt., (3.35)

where l.o.t. is a quantity containing all the lower order terms on the right-hand
side of (3.35). It can also be shown that l.o.t. lies in the space C}[0,Ts]. Applying
(2.3) to the above equation, we obtain

I1V0:0;¢ —V0,0,¢: [ g;j0,7.
1
ST2 (190001, +1Velojo,1.)) IIVO:di8l g0, 7.
+|v20|0;[0,T*]|||V‘P|||ﬁ;[0,T*}+|||1-0't-|||/3;[0,T*}/ BE(1,00).
Employing (3.9) and (3.11), we can reduce the last estimate to
1
109l g;10,7.] S 1V 9i0j | ;10,7 + MTZ [V 0i9;9 |l ;10,7
+ MVl g0, + lIL-0-t-ll ;10,1
1
SIV0i0iplllv;0,7,) +MTE(IV0:9;lll 0,1
+ M|V olll+0,7,+ Lot ll4;10,7,-
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Thus, if we choose T small enough depending on the constant M, then it follows
that

19830l S 1 V030 o . - MUVl + Lot oz (3:36)

Taking B— 1 yields that V3¢ € C;[0,T.].

In light of (3.10), V2w € C;[0,T,]. Then by Lemma 2.5, V2v has finite L*C"-
norm on IR?x [0, T,] for all € (0,1). This result and (3.21) show that the right-hand
side of (3.35) lies in L([0,T.];C7(IR?)) for some <y € (0,1). Therefore, Lemma 2.1
shows that V4¢p— V¢, € C;; [0,T,] for all B>1. Here we used the previous con-
sequence that V3¢ € C;[0,T,]. Therefore, in light of the estimate (3.7a), V4¢p €
Cg [0, T] for all >1. This result and interpolation inequality show that the right-
hand side of the Eq. (1.2¢) has finite L*C7-norm for all y&€ (0, ), which furthermore
shows by (2.4) that V2w — V2w, € C:[0,T,] for all « >2. Here we have used the
fact that v- Vw and the right-hand side of the Eq. (1.2¢) lies in C;[0, Ty]. Moreover,
by the second estimate in (3.7), it holds V2w, € C:[0,T,] for all « >2. Therefore,
we can imply from the above arguments that V2w € C:[0,T,] for all a >2. Now
we make spatial derivative once for the Eq. (1.2¢). It turns out that

:Vw—AVw=R;:=—-Vov-Vw—0-V2w—Vi-Vp—V3¢p-V>¢. (3.37)

Similar derivation as for (3.36) shows that the |[-[[lor,j]-norm of VZw is uni-
formly bounded from above by a constant independent of «. Then we take & — 2
and get the optimal exponential decay of V2w at spatial infinity. That is V2w €
C;[0,T4].

We are left to show that V*¢ € C;[0,T.]. Since V?v has finite L*C?-norm on
R?x [0,T] for all y € (0,1) and V4¢p € Ch [0,T,] for all B> 1, the right-hand side
of (3.35) has finite L*C3/4-norm on R? x [0,T,]. It then follows, by Lemma 2.2,
that V44>—V44>* has finite L°C!/2 norm on RR2 x [0,T«]. Moreover, this norm is
bounded from above by a constant depending on M. As for V4¢., we do not
know that it has finite L°C/2-norm on R? x [0,T,]. But we can represent V5cp* as
follows:

V5cp*(x,t):/ 2VG(x—z:,t)V"‘gbo(z)dz, V(x,t) €ER?x (0,00).
R
Therefore, it holds, for all (x,t) €IR? x (0,00), that

V%9 (60)| 5 [ Gle—2 ) 2 [T gu(a)] e H < 19 gollat
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which furthermore implies the following L®-boundedness of V¢,
Vo (1) S I V200][ 72, VEe(0,00). (3.38)

By (3.38) and the estimate (3.7a), we have, with an use of simple interpolation
inequality, that

[Vl 3 SIVA Ol V200 | St 2, Ve (O,T)
Therefore, the above arguments show that
IVl g <[VEeCH = Vi ()|
+HV4¢* (A g Smt 2 Ve(OT (3.39)
Using the same derivation as for (3.39), by the Eq. (1.2¢), we get
IV2w( )l g Smt2, VEe(OT.) (3.40)

Now we come back to (3.37). Using w; in (3.2) and (2.8), we can represent V3w —
V3w, as follows:

aiij(x,t) —ai]-Vw* (x,t)

:%/Ot/]RZG(x—z,t—s)[Rl(z,s)—Rl(x,s)] (ZI_ZQ(C;)_(?);JC]) —t(s_ijs dzds.

Here (x,t) is a fixed point in R? x (0, T,]. In light of (3.39)-(3.40) and the fact that
R; € C;[0,T], it holds from the above equality that

|aiij(x,t)—aiij*(x,t)|
’|Z x4 (t—
(t=s)?

t
5// G(x—z,t—s)|Rq(z,5) —Rq(x,s)
0 JR2
t i _E e |z—x P4 (t—s)
< _ _ _
NM/ /]RZG(x z,t—5)|Rq(z,s) Rl(x,s)IZ[e T+4e 4] (i—5)? dzds

|Z x!4 il b z—x P4 (t—s)
NM/ /]Rz x—2z,t—5) [ i+te 4} (t=s)2 dzds.

By the same derivation for (2.5), the above estimate can be reduced to

5) dzds

x| 1 x|

0ijVw(x,t) = 0;jVw.(x,t)| Sme” T8 Se” 7t

Nl—

, Y(x,t)€R%x(0,T].
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Similar derivation as for (3.38) yields that ||| V3w, (-,t) |2 <t~ /2. Thus, it holds by
this result and the last estimate that

V3w (- ) lsSmt™2, VEe(O,T.].
Applying this estimate and Lemma 2.5, we have
IV%0(,t)lleo S IV (- ) [la Saa ™2, VEE(O,TL). (3.41)

Now we make spatial derivative one more time on both sides of (3.35). It follows
that

0(V2p—Vi.) = A(VP—Vp.)
=Ry:=—V’0-Vp—0v-V*+2(V¢:Vip)p+Llo.t. (3.42)
It then turns out by (2.6) that

1/t z—X
4 — 4 = — — — _
VEp(x,t) — Vi (x,t) 2/0 /]RZG(x z,t s)Rp_(z,s)t_Sdzds.
This equality yields, for all (x,t) € R? x (0,T,], that

‘V4¢(x,t) —V4cp*(x,t)‘

t _
§Me_x|+// G(x—z,if—s)|V3v(z,s)||V<])(z,s)|M
0 JR2 t—s
t z—x
+(’v|0;[0,T*]+|v¢’0;[0,T*])/0 /]RZG(X—Z,t—S)’v4¢(Z,S)’ ’t_s|.

The first term on the right-hand side above follows from the term Lo.t. in (3.42).
In fact we know that Lo.t. € C}[0,T,]. Therefore, (2.3) implies that ®[l.o.t.] also
lies in C; [0, T, which gives us the first term on the right-hand side above. Using
(3.9), (3.11), (3.41) and the same derivation as for (2.5), we can get from the above
estimate that

[VA(x,1) = Vi (x,1)]
t
<ol // R Gy et
Sme T+ ; ]RZG(x z,t—s)s 2e P
t
4
IV llgor | [ Glx—zt=s)e
t x|t

SM e_x|+e_|x/o (t—s)_%s_%ds-l-HWLL‘PH‘;;;[O,T*]‘?_F/O (t—s)"2ds

_1
Sue (V4] gorie 7 T2

_%]z—x|
t—s
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Here § is an arbitrary constant larger than 1. Multiplying el*l/# on both sides of
the above estimate and taking supreme over (x,t) € R? x [0,T.], we have
V59—

<M+ M||v*

llgp0.7. Ol o) T

Using the first estimate in (3.7), we have V4¢, € C;[0,T.]. This result together
with the above estimate yield

| v* <M+M||Vv*

90, Pl o) T

Now we choose T, small enough (smallness depends on M). The last estimate
can then be reduced to

152901507 < M

¢l
Taking B — 1, we know that V4¢ € C;[0,T.]. The proof is then finished. O

We also claim without proof that

Remark 3.1. Let (¢, w) be the classic solution obtained from Theorem 1.1. v=Kxw
is the velocity field recovered from w by the Biot-Savart law. Then for any given
a € (0,1),v has finite C*/?>*-norm on R? x [0, T.].

4 Local existence of weak solution

In this section, we study the local existence of solutions for Eq. (1.2) with
Ppo€HL (R?;5?) and wy € L' (R?). Before we prove Theorem 1.2, two lemmas are
given as follows.

Lemma 4.1. Let (¢g,wp) be a smooth initial data on R%. Moreover, we suppose that
(o —e,wo) is compactly supported on R?. By Theorem 1.1, for some T >0, the system
(1.2) admits a classic solution on RR? x [0, T] with the given initial data (¢o,wq). Then
forall pe (4/3,2) and t € [0,T), the following estimates hold:

Ap(t)<pm[%>t<]s TG () #cwollp+A2(E) +B(EC(H), 4.1)
B(t)< <p;n€[3>t<}s4||G( s)*Veolla+Ap(t)B(t)+B(t), (4.2)
C(t) <p IQ[%SZIIVG( s)* Vo 2+ Ap(t)B(t)+ A, (H)C(2)

+B()C(t)+B3(1). (4.3)
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Here for any t € [0, T], we define

1-1
A,(t):=maxs Pllw(-,9)]|ly,
p ()= maxs! )l

1
B(t):= 3 .
(1= max sl |Vp(-5) (@4

C(t):= maxs2 || V2¢(-,s)||».
s€[0,f]

Proof. The proof is divided into three steps.

Step 1. Let (x,t) be an arbitrary point in R? x [0,T]. By Eq. (1.2c), w(x,t) can be
represented as shown below

w(x,t):/IRZG(x—z,t)wo(z)—l—/Ot/]RZG(x—z,t—s) [—Vz-(wv)—i—vf(ch-Ac]))L}.

Integrating by part with respect to the z variable, we get from the above equality
that

w(x,t):/]RZG(x—z,t)wo(z)—I—/Ot/IRZVZG(x—z,t—s)- [wv—(V¢.A¢)L}, (4.5)

For any p € (4/3,2), 2p/(3p—2) and 2p/(4—p) are two numbers larger than 1.
Thus, it holds

/Ot/]R2 V.G(x—2z,t—s)-(wv)

p
t
g/ V.G(x—z,t—s)-(wv)
0 R2 p
t
< [IVGCt=)ll 2 flwol] 2 - @6
0 3p-2 i—p

The second inequality in (4.6) follows by Young’s inequality for convolutions.
With the use of Holder’s inequality and Calderon-Zygmund estimate, wv can be
estimated by
lwoll 2 Slwlploll 2 Spllwlls.
4-p 2=p

Applying the last estimate to (4.6) yields

/Ot/]RZVZG(x—Z,t—s).(wv) S,p/ot(t_s)_%““’ui' “7)

p
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Still using Young's inequality for convolutions and noticing that 4p/(p+4) > 1,
we can show that

¢ 1
/O/IRZVZG(x—z,t—s)-(V(PA(P)
t
<),
t
< [IVGC =)l o [V4-A0l4

¢ 541
Sp [ (t=5) 1T IVg 8¢5

It then turns out by (4.5), (4.7) and the last estimate that

p

2 V.G(x—z,t—s)-(Ve-Ap)*t

p

t _1
||w('/t)||p§||G('/t)*w0||p+cp/0 (t=s)"7llewll;
t 541
+Cp [ (=57 Vg-a9)
t _1
S IGC A ol [ (E=5) 7wl
t 541
+ [ (=9 T 19911891l @8)
Step 2. By the Eq. (1.2a), dj¢ can be represented by
ajcp(x,t):/IRZG(x—z,t)ajcpo(z)
t
2
—i—/o /]lazasz(x—z,t—s) [U-V¢—|V¢] cp] : 4.9)

(z,8

Still by Young’s inequality for convolution, it can be shown that
t
/0 2 aZjG(x —z,t—s)[v-V¢] (25)

t
< [ IV =9l 2 099l s
0 3p-2 4—p

4

t _1
o [ (=)ol 2 V9l
0 2-p

t _1
S [ (E=9) 7 @l IVl
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The last inequality above used Calderon-Zygmund estimate. Same method can
be applied to show that

t 9,.G Vol|?
[ 2sGG—zt=9)[IVoPe] .,

< [19604-5) 5 119P2
S AGORINTH
Using the last two estimates, by (4.9), we have
Vo0l < IGC <250, Cy [ (=) F el IVl
+C [ (-9 199l (®.10)
Taking spatial derivative one more time on both sides of (4.9) implies that
3ijp(x,) = /]R G (x—2,0)2;0(2)
—i—/ot/]RzaxiG(x—z,t—s)a]' [U-V¢—|V¢]2¢} e (4.11)

By Young’s inequality for convolutions, it holds

t

Ble(x z,t—s)[0jv- V(,b]

/ IVGCt=5)l o 209,
S [ =) vl vl
t 11
S [ (=97 P @l Vgl

Similar arguments yield the following three estimates:

—z,t—s)[0- V] (25)

i

t
< [ IVGCt=9)]l 2o o- oy,
0 3p—2
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t _1
S [ (=)0l 2 V211
0 2-p

t _1
p [ (=) Pl [V

t
/O |95 Glx—2t=5)[Vo: Vo] 9 (z9)

2
t
< [ IVGt=9)l511V¢: Vol

t 3 2

< [ =97V lal V9l
' 2

[ [asGle=zi=s)l19o7a9]
! 3

< [ IVGCt=9)l5 11 Vel

¢ 3
< [ =971 Ivgl

Applying the above four estimates to (4.11), we get

2

t 1.1
1929 1)l2 S IVGC) T golla+ [ (=) 4 ljwlly |99l
t 1
+ [ =) 7wl V21l
: 3 2 : 3 3
+ [(t=9) IVl Vglat [ (t=5)FIVOlE  @12)

Step 3. Recalling the notations defined in (4.4), then by (4.8), we have, for all
s€10,t], that

S
S () Zps' P IGE ) weanlly #4305 [ (s T
0
S
+B(t)C(t)sl—%/ (s—7) itrridr
0

1-1
§psrél[%>t<}s p ||G(-,s)*w0||p+A%,(t)+B(t)C(t).

Taking supreme over s € [0,t] yields (4.1). The proofs for (4.2)-(4.3) are similar.
One just needs to use (4.10) and (4.12). O
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The estimate (4.1) in Lemma 4.1 also holds when p=4/3. More precisely we
have

Lemma 4.2. Suppose that (¢po,wq) and (¢p,w) are the same as in Lemma 4.1. Then for
all t €[0,T], the estimate (4.1) also holds if p is taken to be 4/3.

Proof. Repeating the same arguments as the derivation for (4.8) yields
f 3
(0l SIGEHwolly+ [ (t—9) el

f 1
+/0 (t=5)"2IVpllall A2

Here ¢ is an arbitrary number in [0, T]. Using the same arguments as for (4.10), we
have

Ag(t),grn[%s%||c(-,s)*wo||g+A24(t)+3(t)cj(t), vte[0,T).
se|l, 3

The proof is finished. O
Now we prove part (i) of Theorem 1.2.
Proof of (i) in Theorem 1.2. We divide the proof into four steps.

Step 1. Let (¢o.n,wo;n) be a sequence of smooth pairs so that as n— oo,

Po.n—e — Po—e strongly in H!(R?), (4.13)
Won — Wo strongly in L! (]Rz). '

Here ¢, takes values in $2. Thus, for any € >0, there exists an N €N such that
IVoom—Vonl2+ |wom —wonll1 <€, Vm>N. (4.14)

Moreover, we can suppose that (¢g,, —e,wo,,) is compactly supported on R? for
all n€IN. It then turns out, for all t € (0,1), that

1

1— 1-1 1-1
EPNGCt) s womllp <t PIIG(t) xwonllp+t PG ) * (wom —won) || p

1
< 77 max ||G(-,t) *w. + lewq-m — wp.
Sp te[o,u” (/1) *won || p+ llwom — won |1

1-1
Sptt PGt *won l;0,) + [l ewom — won |

1-1
Spt P llwon il + |wom —woun |-
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To derive the second inequality above, we used Young’s inequality for convolu-
tions. The third inequality is an application of Lemma 2.4 with f=1. The last
inequality above holds by Lemma 2.3. In light of (4.14) and the last estimate, we

can choose Ty >0 small enough (the smallness depends on € and ||wo.n]|||1) so
that )
EP G )k womlly Spe, VE€[0Ty] and  m>N. (4.15)
Similar arguments can be applied to show that
B8« Voulla Se, (4.162)
B VG () + Vo2 Se (4.16b)

for any t € [0,7y]| and m > N. Here we need (4.14), particularly the bound for the
L2-norm of V.., — Vo.n in (4.14).

Step 2. In the next we fix an m > N and let p=8/5. In light of Theorem 1.1, there
exists a Ty, € [0,7y] so that (1.2) admits a classic solution on R? x [0, T,,] with the
given initial data (¢o,m,wo,m). Moreover, the solution, denoted by (¢, w), also
satisfies

(Pm,wm) €CH[0, T] x C32[0, Ty (4.17)

Associated with (¢, wm), Apg/s(-), Bu(-) and Cp () are quantities given in (4.4).
Here we used a subscript m, which means that these three quantities are defined
in terms of (¢, wm ). Letting 6 be a positive number, we define

t;=sup{te (0,T) :Am;%(t)<5},
ts=sup{te (0,T,) : Bu(t) <d},
t3=sup{te (0,T,) : Cu(t)<6}.
Moreover, we let s* be the minimum number between t],t; and t;. Clearly it

satisfies
s*=min{],t5,t3} < Ty <.

Since s* <t] At3, it holds

A

m;

(s")<4, Bu(s*)<o. (4.18)

Qoo

In view of the estimate (4.16a) and (4.18), (4.2) then yields

Biu(s*) Se+0By(s").
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Now we choose J to be small enough. The above estimate is then reduced to
Bu(s*) Se. (4.19)
Applying the estimate (4.16b) and (4.18)-(4.19) to (4.3), we obtain
Cin(s™) S€+0Bu(s")+0Cu(s*) Se+6Cu(s™).
Therefore, we can keep choosing J small enough so that

Ci(s™) Se. (4.20)

A %(s*) <e. (4.21)

Here we need (4.15) and (4.18)-(4.20). In view of (4.19)-(4.21), we can choose € to
be small enough so that

A

m;

5. (4.22)

N =

(8") + B (s") +C(s™) <

Qoo

By (4.17), wm, Ve, V>¢Pn have finite ||-|| 20,7, norm. Lemma 2.4 then implies
that ||wm (-, t)|ls/5, || Vom(-,t) |4 and || V2P (-,t)|2 are continuous functions for t €
0,Ty]. If s* < Ty, then one of t,i =1,2,3, must be less than T;,. Suppose that
s*=t] <Ty, (the cases when s* =t and s*=t3 can be similarly treated). Then by the
definition of t] at the beginning of this step, we have A,,g/5(t]) =0. Here we used
the continuity of the function ||w(-,t)||g/5. On the other hand (4.22) shows that
Apgys () =Ams/s5(s")<6/2. This is a contradiction to the fact that A,,;.g/5(£]) =0.
Thus, we have s* =T,,.

Step 3. In this step, we extend the existence interval of (¢, wp) from [0,T,,] to
[0,7n]. Suppose that T}, is a number in [Ty, Tn] so that (¢, wn ) is a classic solution
of (1.2) on R? x [0, T},). Moreover, it is assumed to satisfy

(pm,com) €CH[0,T)xCy*[0,T), VT <Tj. (4.23)

Using the same derivation for (4.22), we get

A

m;

1
(T)+Bu(T)+Cu(T) < 56, VT <T;

($;[e )
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Particularly the above estimate yields

3 1 1
Titllcom (- D)lls + T Vo (D) lla+ Tl V2 (DIl ST, VEE[Tw/2,Ty). (4.24)
By Calderon-Zygmund estimate, it follows from (4.24) that

_3
8

[om ()8 < llewom (D)8 STw®s VEE [T /2, Tp)- (4.25)

Now we consider the equation satisfied by (¢, v,). The equation satisfied by ¢y,
can be obtained from the Eq. (1.2a). That is

OtPm—Apm=—0m VPmu+|Vm|*pm on R*x [T, /2,Tp). (4.26)
Using the Egs. (1.2b), (1.2¢c), we know that v,, satisties
V X (840 — AV 4V V) ==V X (Vo -Ady) on REx [T, /2,TS).
Therefore, we can find a p;, so that
01U — DU+ 0 -V ==V P — VA on R>x [T, /2,Th). (4.27)

Since divov,, =0, the equation satisfied by p,;, can be derived from the last equation
as follows:

—Apm =div(vy, - Vo) +div(Vdu - Adm). (4.28)

Moreover, p;; can be represented by

1 x]‘—Z]‘
pm(x,t) = —E/]RZ |x_Z’2 [Umvvm’]_l'a](PmA(Pm] (Z’t)dz.

Using this representation and (4.24), by Calderon-Zygmund estimate, we have
the following estimate for Vp,,:

IVpm ()5 < llom(:
S llom (-t

)N o () |5+ VP (1) - D (1) |4
181V om (- E)lls + [V @ (- 1) | al| A (-, £)]|2
SlemOI5+1Vm 1)l A ()2

<c(Tp), VEE[Tw/2,TL). (4.29)

)
)

Here ¢(T},) is a constant depending only on Tj,. In light that the bounds in (4.24)-
(4.25) and (4.29) are independent of t € [T;,/2,T};), one can apply the standard
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LP-estimate for parabolic and elliptic equations (see [18]) to (4.26)-(4.28) and ob-
tain the L®-boundedness of (v, V) on R? x [T, /2,T},). Here we also need to
use Morrey’s inequality. Making derivatives on both sides of (4.26)-(4.28), we
can apply similar arguments for the L*-boundedness of (v, V) to get the
L®-boundedness of the higher-order derivatives of (v, V) on R?x [Ty, /2,T},).
With the L*-boundedness obtained above, by Arzela-Ascoli theorem, (¢, vm)
and all their higher-order derivatives converge locally uniformly as ¢t 1 T,,,. Since
wpy = curlo,,, we also know that w,, and all its higher-order derivatives converge
locally uniformly as t 1 T},.

In the remaining of this step, we show the uniform boundedness of
@ (-, t) —elllsx and |||wn (-, t) |22 for all t € [T,T;;,), where T is a number less
than T,,. Suppose that f is the solution of the following initial value problem:

dtf—Af=0 on R>x(T,c0),
{f(',T)Zme(vT)-
Then by (2.3) in Lemma 2.1, we have, for all T; € (T,T,;,), that
I — flllv;ir ) IV Pm =V flll 7,7,
ST =T)2on-Vu+ 1V 9uldnll 1.1,
e (T =TIV ullyzmy,

where c, is a constant depending on the L*-norm of (v, V) on R?x [T, T,).
Employing Lemma 2.3 yields

IS =ellly i,z WV Al 7y S W (- T) =ellly + YV (- T

It then turns out by the last two estimates that

llpm —elll;i,7) + IV P17, 7,
. 1
Sllgm (- T)=elli1+cx (T =T)2 [V ll1;7, 1) -

Now we choose T so that T, —T is sufficiently small (smallness depends on the
constant c,). The above estimate can then be reduced to

pm —elll11,im,1) S Ml pm (- T) —ellly1-

Therefore, |||-|||1.1-norm of ¢y, (-,t) —e is uniformly bounded for all t € [T, T};;). This
shows that the limit of ¢, —e as t 1 T, has finite ||-|||;1-norm. In light of (4.23),
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we can repeat the method used above and show that the limit of (¢, —e,wy,) as
t1 T, is contained in the space C;*(IR?) x C;*(R?). Letting the limit of (¢, wm)
as t1T,, be an initial data at T,;,, by Theorem 1.1, we can keep solving the Eq. (1.2)
to a time interval [T}, T,:+€). By this way we can extend the solution (¢, wm)
till the time arrives at Ty.

Step 4. In the last step we have shown that the solution (¢, w, ) can be extended
to the time interval [0,7y] for all m > N. Using the same method as for (4.22), we
know that

—_

Am;%(TN)—i—Bm(TN)—l—Cm(TN)Sié.
Thus, for all T € (0,7y), it holds
T8 [l (D)5 + T3 [V ) lla+72 | V2 (D), S1, Ve€[t ], (430)
By Calderon-Zygmund estimate, it follows from the above estimate that
lom (- 8)lls S lom(-£)llg S775, Veelr,ml.
Same arguments as for (4.29) yields
VPOl SlomCDI5+IVEn (0 4l Apn( )l <e(T),  VEe [r,m].

Here c(7) is a constant depending only on 7. In light of the last three estimates,
by the same arguments as in Step 3, we know that (¢, v, wi) (also their higher-
order derivatives) are L*-bounded in R? x [t,Ty]. Moreover, the upper bound is
independent of m. Therefore, by Arzela-Ascoli theorem and a diagonal process,
we can extract a subsequence, still denoted by (¢, vm,wm) so that as m — oo, this
sequence converges locally uniformly on IR? x (0,7y]. Now we denote by (¢,0,w)
the limit of (¢, 0m,wp) as m—s oo. Clearly on R? x (0,Ty), it solves Egs. (1.2a) and
(1.2c) in (1.2) smoothly. Now we show that

v=Kxw. (4.31)

In view of (4.30), for any t € [T,7n],wm(-,t) converges weakly in L8/% to w(,t).
Letting 1 be a smooth test function compactly supported on IR?, then we have,
for all t € [T, Ty], that

/]Rzlp(x)vm(x,t)dx / P(x )dx/ K(x—z)wy(z,t)dz
_/ wi(z,t) dz/ K(x—2z)(x)dx. (4.32)



340 Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356

Since vy, converges locally uniformly to v on R? x [t,Ty], the most-left-hand side
of (4.32) satisfies

[ponends — [ p@onds,

as m—oco. In light that Kxp €183, applying the L8/5-weak convergence of wy, (-
then yields

/}szm(z,t)dz/]RzK(x—z)Lp(x)dx — /]sz(zlt)dz/]RzK(x_Z)IP(X)CLX,

as m — co. Employing the last two convergence, we then can take m — oo in (4.32)
and obtain

[ p@etends= [ w@ndz [ Kax—2)p(x)dx

R2

:/]RzlP(x)dx/]RzK(x—z)w(zlt)dZ'

Eq. (4.31) then follows.

In the remaining of the proof, we only need show that (¢(-,t),v(-,t),w(-t))
converges to (¢o,vo,wp) as t]0, in the sense given in Theorem 1.2. Let (¢, U, wm)
be the convergent subsequence obtained above. Using the same derivations as for
(4.19)-(4.21), for any € >0, we can find a N’ > N and Ty < Ty so that

A (TN/)+Bm(TN/)+Cm(TN/) <g, Vm>N'. (4.33)

.4
m,§

Here we used Lemma 4.2 so that the estimate for Ay, in (4.1) is valid when
p=4/3. Using Calderon-Zygmund estimate and the estimate for A,,4,3(7y/) in
(4.33), we can bound the L* norm of v, as follows:

1
0w (- 0) |4 S |lwm (- 8) ||% <et 4, Vte(0,Tn]. (4.34)

Now we prove the L2-convergence of ¢(-,t) —e as t}.0. In light of (4.26), ¢, —e can
be represented by

Pm(x,t) —e=G(,1)* (Po;m —e)
t
+/0 /]RZG(X—ZJ—S)[—vm-V¢m+|V¢m|2¢m] (o5 dzds.  (4.35)
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Here (x,t) is an arbitrary point in R?x (0,7y). It then turns out, by the above
equality, that

[(@m(-t) =€) =G (-, t)* (pom—e)|

< [l =om () V)4 Vg

< [ o (Nl TomC5) s+ 1V m ()]s
With (4.33)-(4.34), this estimate can be reduced to
(@ (-£) =€) =G, t) (o —e) ||, S €2.
Since (¢ (-,t)—e)—G(:,t)*(po,m —e) converges to (¢p(-,t)—e)—G(-,t)*(Po—e)

pointwisely as m — oo, by Fatou’s lemma, we can take m — oo in the above es-
timate and get

[(@(1) =) =G *(go—e)||, S €47, Vte (0.

This estimate shows that ¢ —e has finite L{°L2-norm on R? x (0,7y). In light that
G(+,t)*(¢pg—e) converges to ¢g—e strongly in L? as t |0, the above estimate also
implies that ¢(-,t)—e converges to ¢g—e strongly in L? as t | 0. Taking spatial
derivative once on both sides of (5.35), we get

V() =Gl )+ Vo
+// VG(x—2z,t—5)[—0m Vu+|Vul 4>m] ydzds.
Thus, it holds for all t € [0,7y] that
199m (1) ~G,1)= Tl
< [4=5)H | = 0m(5) () [Tgu2(5)m(9)] s
S [ =51 (1o 5) 41V 9u9) 4 T9m ) ) s
§e/()(t—s) tsids< el (4.36)

Here we also used (4.33)-(4.34). Still by Fatou’s lemma, we can take m — oo in the
above estimate and get

IV(-,t)=G(-,t)* V|2 S €2, Vie (0,Ty). (4.37)
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This estimate shows that V¢ has finite L°L2-norm on IR? x (0,7y). Since G(-,t)
V¢ converges to Vg strongly in L? as t |0, (4.37) also implies that V¢(-,t) con-
verges to V¢ strongly in L2 as t | 0. Similar arguments can be applied to the
vorticity w. By the Eq. (1.2¢c), wy, can be represented by

W (x,1) = /}RZG(x—z,t)wo;m (2)

t
1
+/O /]RZVZG(X—Z,t—S)- [wmvm_(V(PmA(Pm) ](Z,s)dZdS‘

In view of Young’s inequality for convolutions, it then follows from the above
estimate that

com (- £) = G-, t) kwopml1
t
< /0 IVG(t—5) 1| (-,5)om (-8)]lx
+ /0 VGt =) 11 Va(5) - Acpur(-5)]1.

By Holder’s inequality and Calderon-Zygmund estimate, the last estimate yields
[ (-/t) = G(-t) *wWom |1
! 1 ! 1
< [ =) Hwn(son (Dt [ (E=5)HIVPn () Agu(-5)
t 1
< [ =9 Hwm (9 glonCs) st [ (1-5)HITm )2l 80m(-5)

-3 2 _g)-2 .
N/ (t=s5)"2]lwm(-8) [l + %ax)ﬂvﬁbm( )Hz/o(f s)"2[[Adm(,5)|2-

TN/

In light of (4.36), || V¢ (+,5)||2 is uniformly bounded for all s € (0, 7y). The upper
bound depends only on the L?>-norm of V¢y. Using result together with (4.33),
we can reduce the last estimate to

|cm (1) =G(-,t) *wo,m|1
t 11 t 11
<e [(t=s) b (| Vgoll)e [ (1—s) 7257
<c(|[Veolla)e, Ve (0,tar). (4.38)

Here c(||V¢o||2) is a constant depending on the L2-norm of V¢y. Still by Fatou’s
lemma, we can take m — co in the above estimate and get

lw(-8) =G(,t)xwoll1 <c([[Vgoll2)e,  Vic(0,Tar). (4.39)
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This estimate shows that w has finite L*L!-norm on R? x (0,7xv). Since G(-,t)*wp
converges to wy strongly in L! as .0, (4.39) also implies that w(-,t) converges to
wy strongly in L! as t] 0. The convergence of v(-,t) follows by a simple duality
argument. In fact for any ¢ € C2°(IR?), we have

/]thp(x) (v(x,t)—vo(x))dx
= 1/)( / z) (w(z, (z))dzdx

- / / K(x x)dxdz
]RZ
/]R 2( wo(z)) | K(z (x)dxdz.
Thus, it holds, for all p >2, that

’/Rz1p(x) (v(x,t)—vp(x))dx

<w(8) =wo () [l K ]loo
Spllw(8) —wo ()l (el + [ llp)-

By density arguments, the above estimate still holds for all ¢ € L'NLF. Taking
supreme over all € L'NL?, we get from the above estimate that

lo(- ) =0 ()l Linee)- Spllw(t) —wo()]]1-

The convergence of v(,t) then follows since w(+,t) — wp strongly in L' as t 0. O

Slight modifications of the above proof leads to

Remark 4.1. Let (¢o,wp) be the same as in Theorem 1.2. Then we can extend the
solution obtained in Theorem 1.2 to a global solution defined on R? x (0,00), pro-
vided that | V¢yl|2+ ||woll1 <e. Here € >0 is a number suitably small. Moreover,
on IR? x (0,00), the extended solution is smooth.

5 Global existence of weak solution

This section is devoted to finishing the proofs of Theorems 1.2 and 1.3. The key
point to extend a solution globally in time is a global energy inequality concern-
ing the kinetic energy of v and the L2-norm of V¢. However, formally from the
Eq. (1.2¢)
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Q(t):z/]RZw(x,t)dx

is a conserved quantity. If initially ((0) does not equal to 0, then for all >0, Q)(#)
should not be 0. In light of [5, Proposition 3.3], we can not expect that the kinetic
energy of v is finite. A decomposition of v is required. Still by [5, Proposition 3.3],
if we want some part of the velocity v has finite kinetic energy, then the vorticity
function obtained by taking curl of this part should have zero value when it is
integrated over R?. Upon this consideration, we decompose v into the sum given
in (1.4). Formally by (1.3) and the Eq. (1.2c), the curl of v* is a conserved quantity
and satisfies

/ curlo* :/ w— @
R2x {t} R2x {t} R2x {t}

= w—/ w=0, Vte|r,T.].
RZx{t} RZx{t}

Thus, we can expect that the kinetic energy of v* is finite. This is exactly part (ii)

of Theorem 1.2. Before proving it, in the next, we give a global energy inequality.
That is

Lemma 5.1 (Global Energy Inequality). Given t; < tp, we suppose that (,ii,u*) is
a weak solution of the following system:

WYp+u*-Vp—Ap=—a-Vp+|Vp|?p  on R*x(t,t),
oru*+u*-Vu*—Au*
=—u*-Vi—ia-Vu*—Vp*=V-(VpoVy) on R>x(t,t),

divii =divu* =0.

(5.1)

Here p* is a pressure. \ is an S>-valued map. If in addition we have
Vi €L ([ty, b];L%) NL2 ([t 12];HY),
p*€L3 ([t LW, (52)
aeL! ([t t;Wh*) and  u* €L ([ty,1);12) ML ([, 1), HY),

then it holds

ta
%2 v 2 V*Z \V4 2012
// A
/sz{tz}lul A A S e e e

)
< 7| o *(2 2'
<exp{c (19l [, PV

Here ¢ >0 is an universal constant.
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The proof of Lemma 5.1 follows similarly as the proof of [20, Lemma 4.1]. We
omit it here. The following lemma is also required in the proof of Theorem 1.2,
which is an improvement of [5, Proposition 3.3].

Lemma 5.2. Suppose that w C;;(IRz) for some B> 0. Then u=XKxw € 12(R?) if and
only if

w=0. (5.3)
R2

If the |||- ||| g-norm of w is bounded from above by a constant W, then the L*(R?)-norm of
u is bounded from above by a constant depending on W.

Proof. Inlight of Lemma 2.5, u is uniformly bounded on R2. The upper bound de-
pends on the ||-|[| g-norm of w. Therefore, we only need to study the L2-integrabi-
lity of u on By. Here R is a positive radius sufficiently large. For any x € B, u(x)
can be rewritten as follows:

x—z)*t
u(x):%/ (x=2) w(z)dz

R? |x—z[?

Lx [z [ 2[(’6—2“ xL]w(z)dZ' 64

T o Jwe | [x—z7  [x]?

The last term in (5.4) can be further written as

(x—z)+ xt
/IRZ [ x—z]2 |x|2] w(z)dz

L

(x—z)+ «x

{lal</xi?) [ x—z]>  [x]?

(x—z)+ «t
+/{|Z>|x%} [ ] w(z)dz. (5.5)

] w(z)dz

[x—z2 [«

Since |x| >R with R sufficiently large, then for all z with |z| < |x|'/?, we have

2%z |z2\ 7}
|x—z|—2=|x|—2(1——+i) — 3240 (|5 2).

x> [xf?

It turns out that
(x—z)+ «t

[x—z2 [«

<|x|_%

Y
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for all x and z satisfying |x| >R and |z| < |x|'/2. Applying the above estimate to
the first term on the right-hand side of (5.5), we get

)J_ xJ_ 4
’/{|z<|x2}[|x z|? |x|2]w(z) :

l2|
Slx| 72 T2 B
Shx7 [l <lx ol [ e az 56

If |z| > |x|1/2, then w(z) satisfies

1
B 2
[w(z)[<[wllge P <[lwllge e 2.

Thus, the second term on the right-hand side of (5.5) can be estimated by

|/{z|>x|2}

_ Xz \ 2| _ a2 1 2|
Sliafl, X1 'e” % [ e"#dze 2'5/ e *dz
p RR? R2 |x —z|

L

—z)t _ x

w(z)dz

!x 22 |xf?

Nl—

|x]

Tp (5.7)

<
~Bllwllg €

In view of (5.6)-(5.7), the last term in (5.4) is Lz-integrable on Bi. Therefore, the
L2-integrability of u on B is equivalent to the L?-integrability of the first term on
the second line of (5.4), which is L?-integrable on By if and only if (5.3) holds. The
proof is finished. 0

In the next, we prove part (ii) and (iii) of Theorem 1.2.

Proof of (ii) and (iii) in Theorem 1.2. The arguments in the following are continued
from the last section, where part (i) of Theorem 1.2 was proved.

Step 5. In the proof of part (i) of Theorem 1.2 (see Step 4 there), the approxima-
tion solutions (¢, w;,) were shown to exist on the time interval (0,7y], for all
m > N'. Moreover, for a fixed T € (0,7y/), the L®-norm of wy,, on R? X [1,Ty] are
uniformly bounded from above by a constant independent of m. Thus, by (4.38),
it follows that

lwm (- H)lp<ci, Vm>N', pelleo|, te[r, o] (5.8)
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Here ¢; is a positive constant depending on p,T and the initial data (¢g,wp). In
view of (4.33), it holds

V2P (- t)||,<c(r), Vm>N', te[r,y].
With this estimate and (4.36), it follows that
IVom () 2+ V2 (- 0)],<ca, Vm>N',  telr,my. (5.9)

Here c; is a constant depending on 7 and the L?>-norm of V¢y. Taking m — oo in
(5.8)-(5.9), by Fatou’s lemma, we have

lw ()l + I V(1) 24| V2P )], <1+ (5.10)

for any p € [1,00] and t € [T, Tp/]. In the next we consider the velocity field v, =
Kxwy,. Let (@, 7y) be the unique mild solution of the following initial value
problem:

{atwm—Aa)m+5m-V@m=0 on R2x (T,00), 5.11)

Om (4, T)=wm(-,T), Tn=Kx@y,.

Using 7y, in (5.1), we can decompose vy, into the sum v, = 0,,+v;,. In view of
(5.11), 9, satisfies the following Navier-Stokes equation:

010+ 0y VO — A0y =~V P, (5.12)
where py, is the pressure which satisfies the Poisson equation
— AP =04 (Tp;iOm;j) - (5.13)
Subtracting (5.12) from (4.27) yields

0t0h, 4+ Uy VUi, — AUy, = =0}, - N0y — Oy - VUi, — V piy
—V - (Véu®Vm) on R*x (T,7). (5.14)

By Calderon-Zygmund estimate and [3, Eq. (3.27)], it holds
10 (- ) la Sllom (D)5 < lleom (- Olfarsnrr,  VE>T.

In light of (5.8), we get
1 (-, 1) |4 <c1, VE>T. (5.15)
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Since (0, Pm) satisfies (5.12)-(5.13) and (5.15), then by standard LP-estimate for
parabolic and elliptic equations (see [18]), any derivative of 7, is uniformly boun-
ded on IR? x [T+¢,00) with the upper bound independent of 7. Here € >0 is a con-
stant arbitrarily given. Thus, by Arzela-Ascoli theorem, we can extract a subse-
quence, still denoted by (@, 7 ), so that (@, 7, ) and all its derivatives converge
locally uniformly on IR? x (T,00), as m— co. The limit is denoted by (@eo,7eo ). Fix-
ing the subsequence obtained and using the fact (see [3, Eq. (3.27)]) that

10 (- 8)llg < llewm (- Ollamr,  Vaelleo], t>1, (5.16)

we then have, for all p >1 and t > 7, that the LP-norm of @y(-,t) is uniformly
bounded from above by a constant independent of m. Here we also used (5.8).
Thus, there is a subsequence, still denoted by @, (-,f), so that @, (-,t) converges
weakly in L7 to a limit as m — co. This limit must equal to W« (-,) in the sense of
distribution. It then follows that

@p(-,t) — @Weo weaklyin LF, Vp>1, t>T. (5.17)

In light of the local uniform convergence of 7, and (5.17), it holds, by the same
derivations as for (4.31), that

oo = K*Weo. (5.18)

Now we show that
(Weo,Te0) = (@,0), (5.19)

where @ is the unique mild solution of (1.3). Since @, is the mild solution of
(4.11), it can be represented by

O (x,t) = /]RZG(x—z,t—T)wm (z,7)dz

t
+/ 2VG(x—z,if—s)-a‘)m(.z,s)77m (z,5)dzds. (5.20)
7 JR

Here (x,t) is an arbitrary point in R? x (,00). Applying [3, Eq. (3.28)] yields
1O (- E)lleo Sp llwom (O llpamry, Yp>2, 27 (5.21)

Therefore, by (5.8), (5.16), (5.21), @y, and 3y, are uniformly bounded on IR? x [t,00).
Employing this uniform boundedness result and the fact that (@, O, wm(-,T))
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converges to (Weo,Teo,w(+,T)) pointwisely, by Lebesgue’s dominated convergence
theorem, we can take m — co in (5.20) and get

a‘)oo(x,t):/]RZG(x—z,t—T)w(z,T)dz
t
—i—/ 2VG(x—z,t—s)-a'Jc,o(z,s)ﬁoo(z,s)dzds. (5.22)
T JIR

Moreover, it also follows that (Weo,7e0) are uniformly bounded on R? x [t,00).
Using the same derivation as for (5.16) and (5.21), we can also show that (@, ?) are
uniformly bounded on IR? x [t,00) since w(-,T) €LP, for all p € [1,00] (see (5.10)).
Using these two uniform boundedness results, (5.18) and (5.22), we can easily
show that (5.19) holds, by a similar fashion as the proof of [3, Lemma 4.2]. Here
one just needs to know that @ and @« share same initial data at t=7. In light that
foralli=0,1,2,..., we have V'v,,— Viv and V'3,, — Vo pointwisely, as m — oo, it
then turns out that

V’b; —s Viv*, pointwisely on ]R2><[T,TN/], Vi=0,1,2,.... (5.23)
Here v*=v—7.

Step 6. This step is devoted to studying the uniform boundedness of the kinetic
energy of vy, (see (5.31)). In order to use Lemma 5.1, we need ¢, 7,0, and
p, satisfy the assumption (5.2). Here p;, is the pressure in (5.14). By (5.9), V¢,
satisties the corresponding assumption in (5.2). In the following we consider 7,
vy, and py,.

(I). Estimate of 7,,. The L*° - estimate of 7, is obtained in (5.21). Now we consider
the estimate for Vo,,. Using [3, Eq. (3.29)], one can find a 7, > 7, where 7, —7
depends on the L'NLP-norm of wy,(-,7) such that

. _1
IVm( D)l Sp (E=7) "2 wm (- Olluiaw,  VEe (T,7).
In light of (5.8), T« — T can be independent of m. Therefore, it follows that
_ , _1
VO () lleo Sp IV Om (- 0) lapny Sp (=) 72 lwm (- Dllaary, - Vi€ (7,70,
By [3, Eq. (3.38)], we also have

178 (1) oo < c(llewm (-, D) 1) (t=T) 7 cllewm D)) (m =) 7, VE>Te



350 Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356

Thus, the above two estimates imply that

™/ ~ N ~ ™/ ~
L1900 = [ 19D+ [ IV

N
-1
fgp ||wm('rT)||L1MLP+C(||wm('rT)||1)(T*—T) <c3, (5.24)

where c3 is a positive constant independent of m.

(IT). Estimate of v}},. Since wy, (-, T) EC;’Z (R?) and (@, dy,) satisfies (5.11), then by
similar arguments as the proof of Theorem 1.1, we can show that @, EC;’Z [T, T+4],
for some 6 > 0 suitably small. In view of (5.8) and (5.21), similar arguments as in
Step 3 of the proof for Theorem 1.2 can be applied to show that @w,, € Cz’z [T, T+4],
for all 6 > 0. Using the exponential decay of @,, at spatial infinity, by (5.11), we
have

/ @ (x,1)dx :/ wm(x,7T)dx, Vte[t, TN (5.25)
R2 R2
As for w,,, since it satisfies

then we can integrate the above equation over R? and get
/ W (x,1)dx :/ wm(x,7)dx, Vte[t, TN (5.26)
RR2 RR2

Here we have used the exponential decay of Vi¢,, for i=1,2,3. (5.25)-(5.26) imply
that

/ 2a)m(x,if) — @y (x,t)dx=0, Vte[T, 7]
R

Since for all t € [T,T\r], wm(-,t) —@m(-,t) decays exponentially at spatial infin-
ity. Moreover, the |||-|||2-norm of wyy, (-,t) —@m(-,t) are uniformly bounded by the
norm of wy, —@y, in C3 [, ty/| for all t€[t,Txr]. Therefore, we can apply Lemma 5.2
to v}, =Kxw,, —K*@,, and show that

|05, (1) ||, < ca(llwm=@mlllyre,),  VEE [T, TN (5.27)

TN/

The L2-estimate of Vv}, can be obtained by Calderon-Zygmund estimate as fol-

lows:
2
Vo </ Vo2 / Vo2
/]sz{t}} ol ]R2><{t}| om["+ ]R2><{t}| O

S Lo P [ Jwnl
RZx {t} R2x {t}
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Here t € [t,Ty/] is arbitrarily given. Applying Lemma 2.4 and (5.16) to the most-
right-hand side above, we get

* 2 2
/}sz{t}\va} §C5+H’wm”|2’.[TﬁN4, VtE(T,TN/). (5.28)
Here cs5 is a positive constant depending on T and the initial data (¢g,wo).

(ITI). Estimate of p;,. Since v}, is divergent free, it then follows by (5.14) that
Therefore, Calderon-Zygmund estimate implies that
[Pl SNomlls + 112wl (o7l 4+ IV 5. (5.29)

On the other hand p}, can be represented by

p(xt)=—2m)7" [

R? [x—z[?

x]'—z]'

[0 VU, 420V Uy, i+0i¢m A (o192
Still by Calderon-Zygmund estimate, it follows that
1950l S 105 V0l + 100 VoL 4+ Vu-Aully.  (530)

In light of (5.9), (5.15), (5.27)-(5.28), one then can apply Ladyzhenskaya’s inequal-
ity and Holder’s inequality to the right-hand sides of (5.29)-(5.30) and show that
pi, €LA3 ([T, tap |, WIA/3),

Notice that (¢,,0},) satisfies (5.26) and (5.14) on R?x (7, 7Tyr). (5.9) and the
above arguments in (I), (II), (III) show that ¢, 7, v}, and pj, satisfy the assump-
tion (5.2). Thus, we can apply Lemma 5.1 to get, for all t € (7, 7y ), that

t
* (2 2 « 12 )
/]sz{t}lvml + |V ] +/T /]Rz|vz;m| + AP+ VP[P

t
< \% oo/ Vo>
<exp{c [ IVoulla} [ 1990l

Here we have used the fact that v}, (-,7) =0. By (5.9) and (5.24), the right-hand
side above is uniformly bounded by a constant independent of m. Therefore, it
follows that

‘ 2

* |2 2
\Y
max [ [+ V|

te[T, Ty
TN/
+/N/Rz|vv;’2+}A4’m+’v4’m|2¢m’2§%, Vm>N'. (5.31)
T

Here ¢ >0 is a constant independent of m.
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Step 7. In view of (5.23) and the pointwise convergence of Vi¢,,i=0,1,2, by
Fatou’s lemma, we can take m — oo in (5.31) and get

Tar!
%2 2 N %2 2 .12
max v 4+ |V +/ /VU + |Ap+ |V <cg,
ax [ PV [ 90 P A VPl <co
which furthermore implies

v* e L®([t,tn];L%) NL2 ([T, 7w ); HY). (5.32)

As m — 00,0, — 0 and V0,, — V0 pointwisely. Then by (5.15), (5.21), (5.24) and
Fatou’s lemma, we have

T/
max ||3(-,f)|l4+ max ||77(-,t)||oo—|—/ N IV 0o < 00. (5.33)
telt, 1] teT, T T
In light of (5.10), (5.32)-(5.33), by the same arguments as in (III) of Step 6, we know
that \ \
p*eL3 ([’L’,TN/] ,-wlr?). (5.34)
Here p* is the pressure in the following equation:
00" +0*-Vo* —Av* =—0v*-Vi—-5-Vo* —Vp*
—V-(VpoOVe) on REx(1,my). (5.35)
The derivation of this equation is the same as (5.14). One just needs to know
that (¢,v) satisfies the Eq. (1.1b) and (@,?) solves (1.3) in Theorem 1.2. (5.10),
(5.32)-(5.34) imply that ¢,7,0" and p* satisfy the assumption (5.2). Recalling that
(¢p,0*) satisfies the Egs. (1.2a) and (5.35) above, we then obtain the global energy
inequality (1.5) in Theorem 1.2, with an use of Lemma 5.1. Here we take T, =Ty

in Theorem 1.2. Noticing that v*(-,7) =0, then we have, by taking t; =7 in (1.5),
that

%2 2 t %2 2,12
Jras i PHITORE [V ag+991%9]

t
< 5| o 2
<exp{c [ IVola} [ 179l

for all t satisfying T <t < Tjy. Since at t =7, w(-,7T) € LINLP? for all p>2, then we
know, by similar arguments as for (5.24), that || V7]« is L!-integrable on [t,7y/].
Therefore, we can take  — 77 in the above estimate and get

limsup ]v*|2—|—]Vg‘b|2§/}R Vo).

psrt JR2x{t} 2x{t}



Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356 353

Since V¢(-,t) converges weakly in L? to V¢(-,T), as t — T+, by lower semi-
continuity of the L2-norm, we further have from the last inequality that

Vol <li 1241V 2</ Vol
/sz{f}’ oP <timsup [ o P+ |VoP< [ 199

t—tt 2x{t}

This shows that v*(-,t) =0 and V¢(-,t) = V¢(:,T) strongly in L? as t— 7. Same
strong convergence and also the decomposition (1.4) hold when 7 =0, provided
that we know wp € L'NL? for some p > 1. Indeed, we just need to check the L!-
integrability of ||V7|« near t =0. Without loss of generality, in the following
arguments, we assume p € (1,2). Moreover, we let (@,9) satisfy (1.3) with =0
there. For any (x,t) € R? x (0,00), it holds

t
V(x,t)=VGx*wy —/ / VG(x—zt—s) (9(2,5)- V) @(z,5)dzds.
0 JR
By Minkowski’s and Young’s inequality, it follows, for all
2p | 2p
qG(max{p,3p_2},2_p), (5.36)
that

t
||V@(vif)||q§||V(3*wo||q+/O ||VG('/f—S)||3p2q¢_q2q||?7-V@|| 2 (s)ds

2p+29—pq

t _1, _
SpalIVGEI_py_llwollpt [ (=) 2] 2 [ V@l
Applying Calderon-Zygmund estimate and [3, Eq. (3.27)], we get from the above
estimate that

_ 1411 t _1. _
[Vo(,)llg<Spat 277 ”||wo||p+/0(t—5) Pla|[pl[Veallg

NI—

1411 t _1
<P aollp el [ (=9 IVal.  637)

Now we denote by A;(-) the quantity

1_1,41
A(5)= max T 17 [V (1)l
o<t<t

Then (5.37) can be reduced to

1-1
Ag () Spa llwollp+Aq ()7 llwol -
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Therefore, we can find a T small enough (smallness depends on p,q and ||wy|)
such that

IV@(lly Spat 0 ol VeE(OT] (539)
In light of
o1 (x—z)+_ _
Vv(x,t)—ﬁ/mz 2P Va(z,t)dz
1 (x—z)+_ _ (x—2)*  _
= t)d ,t)dz,
2n/|x_z<1 22 Vw(zt)dz+ o1 [A=2P Va(z,t)dz

then for q; € (1,2) and g, > 2 satisfying (5.36), it holds

]Vﬁ(x,t)]w/| L ||Va)](z B)dz

x—z|<1|x—2z

t
+/x ot Z|]Vw|(z )dz

1
1 a
<|Va(-t / ,dz)
_|| ( )||612< \x—z|<1|x—z|q2

1
1 i
+|Vaw(-,t / ,dz)
A

Sqra: V@) g+ V@) [lg, -

Here g} and g5 are Holder conjugates of g1 and ¢, respectively. Applying (5.38)
to the last estimate yields

Therefore, by (5.36), ||V77 (+,1) || is integrable near t=0. The proof is finished. [
In the end we finish this article by a proof of Theorem 1.3.

Proof of Theorem 1.3. In view of Theorem 1.2, (1.1) can be solved on (0, T, ). More-
over, the velocity v satisfies the decomposition (1.4). Since (¢,v*) solves the sys-
tem

0tp+0* - Vo—Ap=—0-Vp+|Vp|?p  on R?>x(t,T.),
0;v*+v*-Vo*—Av
=—0*-Vo—0-Vo*—Vp*—V-(VpoOV¢) on R>x(1,T}),

divo =divo* =0,

(5.39)
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and 0 already exists on the whole space IR? x (T,00), we only need to extend (¢,v*)
globally in time so that the extended (¢,v*) solves (5.39) weakly on IR? x (T,00).
In light of the global energy estimate (1.5), we can use similar arguments as the
proofs of Theorems 1.1-1.2 and [20, Lemma 5.2] to obtain such extension of (¢,v*).
Details of the proof are omitted for brevity. O

References

[1] J. M. Ball and A. Zarnescu, Orientability and energy minimization for liquid crystals,
Arch. Ration. Mech. Anal. 202 (2011), 493-535.
[2] M. Ben-Artzi, Global solutions of two-dimensional Navier-Stokes and Euler equations,
Arch. Rational Mech. Anal. 128 (1994), 329-358.
[3] M. Ben-Artzi, J. P. Croisille, and D. Fishelov, Navier-Stokes Equations in Planar Do-
mains, Imperial College Press, 2013.
[4] A.N. Beris and B. J. Edwards, Thermodynamics of Flowing Systems: With Internal Mi-
crostructure, Oxford Engineering Science Series, 36, Oxford University Press, 1994.
[5] A.L.Bertozziand A.]. Majda, Vorticity and Incompressible Flow, Cambridge Texts in
Applied Mathematics, Cambridge University Press, 2002.
[6] M. Doi and S. E. Edwards, The Theory of Polymer Dynamics, Oxford University Press,
1986.
[7] J. L. Ericksen, Liquid crystals with variable degree of orientation, Arch. Ration. Mech.
Anal. 113(2) (1990), 97-120.
[8] A.Friedman, Partial Differential Equations of Parabolic Type, Dover Publications, 2008.
[9] T. Gallay and C. E. Wayne, Invariant manifolds and long-time asymptotics of the Navier-
Stokes and vorticity equations on R?, Arch. Ration. Mech. Anal. 163(3) (2002), 209-258.
[10] T. Gallay and C. E. Wayne, Long-time asymptotics of the Navier-Stokes and vorticity
equations on IR3, Philos. Trans. Royal Soc. A Math. Phys. Eng. Sci. 360(1799) (2002),
2155-2188.
[11] T. Gallay and C. E. Wayne, Global stability of vortex solutions of the two-dimensional
Navier-Stokes equation, Comm. Math. Phys. 255 (2005), 97-129.
[12] Y. Giga and T. Kambe, Large time behavior of the vorticity of two-dimensional viscous
flow and its application to vortex formation, Comm. Math. Phys. 117(4) (1988), 549-568.
[13] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order,
in: Classics in Mathematics, Vol. 224, Springer, 2001.
[14] M. C. Hong, Global existence of solutions of the simplified Ericksen-Leslie system in di-
mension two, Calc. Var. Partial Differ. Equ. 40(1-2) (2011), 15-36.
[15] M. C. Hong and Z. P. Xin, Global existence of solutions of the liquid crystal flow for the
Oseen-Frank model in R?, Adv. Math. 231(3-4) (2012), 1364-1400.



356 Y. Chen and Y. Yu / Commun. Math. Anal. Appl., 2 (2023), pp. 304-356

[16] J. R. Huang, F. H. Lin, and C. Y. Wang, Regqularity and existence of global solutions to
the Ericksen-Leslie system in R?, Comm. Math. Phys. 331 (2014), 805-850.

[17] T. Huang and C. Wang, Blow up criterion for nematic liquid crystal flows, Comm. Partial
Differential Equations 37 (2012), 875-884.

[18] N. V. Krylov, Lectures on Elliptic and Parabolic Equations in Sobolev Spaces, AMS, 2008.

[19] E M. Leslie, Some constitutive equations for liquid crystals, Arch. Ration. Mech. Anal.
28 (1968), 265-283.

[20] E H. Lin, J. Lin, and C.Y. Wang, Liquid crystal flows in two dimensions, Arch. Ration.
Mech. Anal. 197 (2010), 297-336.

[21] E H. Lin and C. Y. Wang, On the uniqueness of heat flow of harmonic maps and hydrody-
namic flow of nematic liquid crystals, Chinese Ann. Math. Ser. B 31(6) (2010), 921-938.

[22] E H. Lin and C. Y. Wang, Recent developments of analysis for hydrodynamic flow of
nematic liquid crystals, Philos. Trans. Royal Soc. A Math. Phys. Eng. Sci. 372(2029)
(2014), 20130361.

[23] E H. Lin and C. Y. Wang, Global existence of weak solutions of the nematic liquid crystal
flow in dimension three, Comm. Pure Appl. Math. 69(8) (2016), 1532-1571.

[24] A.Majumdar and A. Zarnescu, Landau-De Gennes theory of nematic liquid crystals: The
Oseen-Frank limit and beyond, Arch. Ration. Mech. Anal. 196 (2010), 227-280.

[25] L. Onsager, The effects of shape on the interaction of colloidal particles, Ann. N. Y. Acad.
Sci. 51(4) (1949), 627-659.

[26] M. Paicu and A. Zarnescu, Global existence and regularity for the full coupled Navier-
Stokes and Q-tensor system, SIAM J. Math. Anal. 43 (2011), 2009-2049.

[27] M. Paicu and A. Zarnescu, Energy dissipation and regularity for a coupled Navier-Stokes
and Q-tensor system, Arch. Ration. Mech. Anal. 203 (2012), 45-67.

[28] W. Wang, P. W. Zhang, and Z. F. Zhang, Well-posedness of the Ericksen-Leslie system,
Arch. Ration. Mech. Anal. 210(3) (2013), 837-855.

[29] W. Wang, P. W. Zhang, and Z. F. Zhang, Rigorous derivation from Landau-De Gennes
theory to Ericksen-Leslie theory, SIAM ]J. Math. Anal. 47(1) (2015), 127-158.

[30] W. Wang, P. W. Zhang, and Z. F. Zhang, The small Deborah number limit of the Doi-
Onsager equation to the Ericksen-Leslie equation, Comm. Pure Appl. Math. 68(8) (2015),
1326-1398.



