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Abstract

The Peaceman-Rachford splitting method is efficient for minimizing a convex opti-
mization problem with a separable objective function and linear constraints. However, its
convergence was not guaranteed without extra requirements. He et al. (SIAM J. Optim.
24: 1011 - 1040, 2014) proved the convergence of a strictly contractive Peaceman-Rachford
splitting method by employing a suitable underdetermined relaxation factor. In this paper,
we further extend the so-called strictly contractive Peaceman-Rachford splitting method
by using two different relaxation factors. Besides, motivated by the recent advances on the
ADMM type method with indefinite proximal terms, we employ the indefinite proximal
term in the strictly contractive Peaceman-Rachford splitting method. We show that the
proposed indefinite-proximal strictly contractive Peaceman-Rachford splitting method is
convergent and also prove the o(1/t) convergence rate in the nonergodic sense. The nu-
merical tests on the [; regularized least square problem demonstrate the efficiency of the
proposed method.

Mathematics subject classification: 90C25, 90C30, 65K05.

Key words: Indefinite proximal, Strictly contractive, Peaceman-Rachford splitting method,
Convex minimization, Convergence rate.

1. Introduction

We consider the convex minimization problem with linear constraints and a separable ob-
jective function:

min 61 (z) + 02(y), st. Ar+By=b, z€X, ye), (1.1)
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where A € R™*™ and B € R™*"2 h € R™, X := R™, Y := R"™. The functions 6, (z) := p(x)+
f(x) and 62(y) := h(y) + g(y), where p : X — (—o0,4+00] and h : Y — (—o00, 400| are proper
closed convex (could be nonsmooth) functions; f : X — (—o00,4+00) and g : Y — (—00, +00)
are two convex functions with Lipschitz continuous gradients on X and ). Throughout, the
solution set of (1.1) is assumed to be nonempty. Note that one can also consider X and ) as
general real finite dimensional Euclidean or Hilbert spaces, see [3,15,35] for instances. For ease
of presentation, we adopt the X and ) as the ordinary R™ and R"™2 in this paper.

Let La(z,y, A) be the augmented Lagrangian function for (1.1) that defined by

Lo(a,y.X) 1= (@) + 0oly) — (A Az + By — ) + D de + By 0>, (1)

in which A € R™ is the multiplier associated to the linear constraint and S > 0 is a penalty
parameter.

A well-known method called alternating direction method of multipliers (ADMM) is efficient
to minimize such problems. It was observed in Gabay and Mercier [11], Glowinski and Marrocco
[13] that ADMM can be derived from applying the Douglas-Rachford operator splitting method
[8] to the dual of the problem (1.1). The iterative sequence is given as the following recursion:

gt = argmig Ls(x, y*, \F), (1.3a)
zTE

YT = argmin Lg(z" 1, y, AF), (1.3b)
yey

ML= NP B(Az* T ByRTt —b). (1.3¢)

Based on another classical operator splitting method, i.e., the Peaceman-Rachford operator
splitting method [30], one can derive the following similar method for (1.1):

h = arggéiﬁﬁﬂ(x,yk, ), (1.4a)

AFt3 = AP B(AaMT 4 ByF — b), (1.4b)

Y"1 = arg mi§}1 La(x*+t y, )\’”%), (1.4c)
ye

ARHL = \F+3 g Agh Tl 4 Byt _p). (1.4d)

While the global convergence of the alternating direction method of multipliers (1.3a)-(1.3c) can
be established under very mild conditions [2], the convergence of the Peaceman-Rachford-based
method (1.4a)-(1.4d) can not be guaranteed without further conditions [5].

He et al. [17] proposed a modification of (1.4a)-(1.4d) by introducing a parameter « to the
update scheme of the dual variable A in (1.4b) and (1.4d). Note that when o = 1, it is the
same as (1.4a)-(1.4d). They explained the non-convergence behavior of (1.4a)-(1.4d) from the
contractive perspective, i.e., the distance from the iterative point to the solution set is merely
nonexpansive, but not contractive. Under the condition that « € (0,1), they proved the same
sublinear convergence rate as that for ADMM [20]. Particularly, they showed that it achieves
an approximate solution of (1.1) with the accuracy of O(1/t) after t iterations , both in the
ergodic and nonergodic sense. Besides, Gu [14] and He et al. [18] took two different constants
a and 7 to different step sizes in (1.4b) and (1.4d). The convergence results, including global

1) A worst-case O(1/t) convergence rate means the accuracy to a solution under certain criteria is of the order
O(1/t) after t iterations of an iterative scheme; or equivalently, it requires at most O(1/¢) iterations to achieve
an approximate solution with an accuracy of e. See, e.g., [27,28].
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convergence, the worst-case O(1/t) convergence rate in the ergodic sense, have been established
in it but without the worst-case O(1/t) convergence rate in the nonergodic sense. Chen et al. [4]
proposed a variant Peaceman-Rachford splitting method in a prediction-correction framework.
For some recent advances of the Peaceman-Rachford splitting method, one can refer to [1,12,
21,23,24,33], to name a few.

Considering that in many cases the subproblem in (1.3a)-(1.3c) and (1.4a)-(1.4d) might
be difficult to solve and that in some applications #; or 6, is a convex quadratic function,
Eckstein [9] and He et al. [16] considered to add proximal terms to the subproblems for different
purpose. Fazel et al. [10] proposed the following semi-proximal ADMM scheme:

1
pH = argmin Loz, 5", ) + S e — 215, (1.5a)
xTE
1
y T = argmin Lo (a" Ty A + Sy - oF |2, (1.5b)
ye
AL Z 2Ky B(AzR L 4 Byhtl _p), (1.5¢)

where v € (0, (14 v/5)/2). They allowed S and T to be positive semidefinite which makes the
algorithm more flexible. We refer the reader to [7,10,20,34] for a brief history of the development
of the semi-proximal ADMM and the corresponding convergence results. To further relax the
requirements of the proximal terms, Li et al. [25] considered majorized ADMM with indefinite
proximal S and T'. They established the convergence and the sublinear convergence rate under
some mild assumptions. The numerical results in [25] showed that the (majorized) ADMM with
indefinite proximal term always performs better than that with semidefinite proximal terms.
Very recently, He et al. [19] obtained a linearized ADMM with an optimal indefinite proximal
term. In their method, S =0 and T in (1.5b) is chosen by

T =7rl,, — BB"B with r> B||B"B|, 7€ (0.75,1), (1.6)

where || BT B|| means the spectral norm of BT B. Note that they require that the dual stepsize
v = 1in (1.5). The small value 7 € (0.75,1) can ensure the proximal term has less weight
for the y-subproblem (1.5b), and thus allows for a larger step. Solving a general problem, i.e.,
finding zeros of a maximal operator, using a proximal point algorithm with indefinite proximal
term, was recently developed in [22].

It is natural to extend the proximal ADMM to the proximal Peaceman-Rachford splitting
method. For convenience, we first introduce the whole update scheme of the indefinite-proximal-
based strictly contractive Peaceman-Rachford splitting method (iPSPR)

1

2 = argmin Lo(w,y*, A) + Slle — 23, (1.7a)

Motz = \F _ oB(AxF ! 4 ByF —b), (1.7b)
. 1 1

y* T = argmin Lg(a* Ty, N2) + S|ly — |17, (1.7¢)
yeY 2

AHL = \Rts oy 3(AzhTL 4 Byt —p), (1.7d)

where S and T are symmetric and possibly indefinite. Gao et al. [12] considered the generalized
ADMM with indefinite proximal term, which corresponds to (1.7) with S =0 and v = 1. The
proximal term T takes a similar formulation as (1.6) but with 7 € [;‘;f%, 1). Jiang et al. [23]
considered the same generalized ADMM as in [12], but they give an optimal bound of 7 as

T € (342, 1). For other related works one can refer to [26,32].
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In this paper, we focus on (1.7) with indefinite S and 7. Our main contributions are two-
fold. Firstly, motivated by the nice analysis techniques in [17] and [34], we prove the global
convergence of iPSPR under some assumptions on S and T, see (3.32) and (3.33), in which the
stepsizes o and  are in the range

1- 11 a2 14— a2
(a,y)eD::{(a,v):0§a<1,0§7< ot V( +20‘) + 4 O‘),a+7>0}. (1.8)

With some additional mild requirements, see (4.6), we prove that the iPSPR is o(1/t) sublin-
early convergent in the nonergodic sense. Secondly, our proposed requirements on the proximal
T can cover some existing results, such as the special linearized choice (1.6) in [19,23]. More
importantly, our proposed requirements on the proximal 7" employs both the Hessian informa-
tion of the objective function and the information of 3BT B for the first time. Note that He
et al. [19] only uses the information of BBT B, while Li et al. [25] only considers the Hessian
information of the objective function.

The rest of this paper is organized as follows. In Section 2, we give the optimality condition
of (1.1) by using the variational inequality and also list some assertions which will be used in
later analysis. In Section 3, we first give the contraction analysis of iPSPR (1.7), and then
establish the global convergence. We will discuss how to choose 1" in the end of Section 3. The
detailed formulae will be given for the different ranges of the parameters oo and . We discuss
the nonergodic sublinear convergence rate in Section 4. In Section 5, we test the [; regularized
least square problem to show the efficiency of the proposed iPSPR, (1.7). Finally, we make some
conclusions in Section 6.

2. Preliminaries

In this section, we give the optimality condition of (1.1) and some notations or relations
which will be frequently used in our analysis. Denote 2 = X x Y x R™. Let U be the feasible
set of (1.1), namely, U = {(z,y) : Az + By = b,z € X,y € Y} and denote D = U x R™.
Throughout this paper, we make the following assumption.

Assumption 2.1. Let Q* C D be the set whose elements are the optimal solutions of (1.1) and
the associating dual solutions of (1.1). Throughout the paper, we assume that * is non-empty.
2.1. Optimality condition of (1.1)

Owing to the convexity of 61(-) and 6a(-), there exist two positive semidefinite matrices 3y
and g such that for all z, ' € R™ and &, € 06,(z), &, € 06,1(z'),

(x—a' & — &) > |le — 2|3, (2.1)
and for all y, y' € R"2, &, € 002(y), &, € 902(y'),
(y—y' & —&) > lly -3, (2.2)

x
Denote u = (m) , V= (2)4\) and w = | y |. For given w, and some specific subgradients
Y A
£ — AT
& € 061(x) and &, € 062(x), we define F(w,&5,&y) = & — BT\ | . Due to the convexity
Ax+ By —b
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of 01(-) and 605(-), it is easy to show that the operator F(-) is monotone. Specifically, for any
w,w’ € D, we have

0=, Flunnt) - P &) = ((020) (F28) ) 2 l-vit @3

y—vy') " \& —&,

where ¥ = <21 0 ) and the inequality is due to (2.1) and (2.2).

0 2o
Following Theorem 3.1.24 in [29], we say that w* € Q* if and only if there exists £ € 96, (z*)
and &; € 00(y*) such that (z —2*,&;) + (y — y*,&;) > 0, which is further equivalent to

<w—w*,F(w*,§;,§;)> >0, YweD, (2.4)

because

2.2. Some notations

We use the symbol 0 to denote a zero matrix, whose size can be always easily identified form
the context. We use | - || to denote the 2-norm of a vector. We denote ||z[|% = 2TGz for z € R"
and G € R"*". For a real symmetric matrix Z, we mark Z = 0 (resp. Z > 0) if Z is positive
semidefinite (resp. positive definite). For any given symmetric matrix 7', we decompose it as

T=T,-T_ with T, >0 and 7_ >0.

To make the analysis more elegantly, we use 7% = Axz* + By* — b for short. Similarly, for
any w € 2, we denote r(w) = Az+ By —b. Obviously, there holds that r(w) = 0 for any w € D.
For ease of the analysis, we define

_ T _nT
o 1 (¢ +v—ay)pB'B 1aB ’ (2.5)
a+y —abB Blm
aty—ay o7 a7
 rew, 0 T4 %o+ == BBTE —
He=("" " )+H= * i . (26)
— B — I
a+y (a+7v)B
S 0
Denote P = (0 T> and define
S 0 0
G- (P O) (0 o)_ 0 T+%+_O”53TB ———5" 2
= = « (0% ’ .
0 0 0 H ! 7
0 — B — I,
o+ (a+7)B
and
S+3 0 0
-~ ¥ 0 0 T+ +w BB @ BT
G.(O 0)+G Ty p ot
1
0 - o + f}/B (a"l"Y)BIm

(S +021 2) . (2.8)
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It follows from (2.7) and (2.8) that for any w,w’ € €,

lw = w'E = llu— vl + v =o'l (2.9)

lw = w'l% = u = w3 + lw - w'llE = llo = 2§y, + v —2"lI% (2.10)
With the update scheme (1.7b) and (1.7d), it is easy to have
A= N 4 (a4 4)BrE T+ aBB(yF — . (2.11)
With (2.5) and (2.11), we thus have
[o% = "3 = (1 = )BIBY" — ™ IIP + (e + 7Bl . (2.12)
Finally, it is easy to have the following proposition.
Proposition 2.1. I[f0<a <1 andy >0, then H = 0. If T + ¥z + (1 - a)BBTB = 0, then
H>0. IfT+Y5+ (1-a)3B"B =0 and S+, =0, then G = 0.
3. Convergence of iPSPR

In this section, we first show that a sequence related to {wy} generated by iPSPR (1.7)
is strictly contractive in section 3.1 and then establish the global convergence of the method
in Section 3.2, and discuss the choices of the proximal terms in section 3.3. Note that the
contraction property is also helpful to establish the convergence rate in the nonergodic sense.

3.1. Contraction analysis

To establish the strictly contractive property of the sequence {®} (w*)} (see (3.21) for
the definition), we first give a rough estimation of ||w" — w3 - lwh+t — w*||% based on the
optimality conditions of (1.7a) and (1.7c).

Lemma 3.1. Let the sequence {w*} be generated by iPSPR (1.7). If we choose (a,7) € D,
then there holds that

[w* —w*||% = 0" — w3
> |lz® = " UE g, + YT =y T s, + (= @)BIBGE -y
+@2—a—y)BIrT P+ 21— a)B (P By — ), (3.1)
and
k

lw* —w*||Z = [ — w1

> |2k — $k+1|‘§+%21 +ly* - yk+1|\f2r+522

?(1—v)+~*(1—a) k k41v2 . 27 Q= 1k k4112
+ CEEOE BBy —y* || +m”>\ — A
200 e ey 2

(a+7)?
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Proof. The proof of (3.1) consists of three steps.

k+1

I). We give a rough lower bound estimation of the term ||w* —w||2§ —|lw —w||2§ Following

from the first equality of (2.10), we have
lw" —wl% — [+t

W =g+ et = ulf = T =l (3-3)

—wl%
=||w* —w[|g ~ |
The Cauchy-Schwartz inequality ensures [[u* — u[|Z + [|u**? — u||% > L[juf — 1|3, Thus, we

have 1
[u® = w3 = b — w3, > §Iluk —u T = 2 — 3 (3.4)

Using the identity |al|Z — ||b]|% = ||la — b||Z +2bTG(a — b) with @ = w — w" and b = w — w**?,
we have
[w® —wlg =l —wl|E = w® — ™G + 2(w - ") TG T — wh). (3.5)

Substituting (3.4) and (3.5) into (3.3), and using (2.9) and (2.12), we have that for any w € €2

lw" = wlff — [lw**

> e — a2 1, + 1Y~ 0 g, + (0 )BIBEF — g )

+(a+ Bl + 2(w — TG = wb) = 2)u T - w3 (3.6)

— w3

IT). We focus on the estimation of (w—w**1)TG(w*+! —w*). From the optimality conditions
of (1.7a) and (1.7c), we know that there exist 5*! € 961 (a*™) and it € 00,(y* ™) such
that

(z— " S(ahth — aF) 4 bt — ATAF 4+ BAT(Az*T! + By* — b)) >0, Vze X,
<y e N\ Jrglycﬂ _ BTk 4 ﬂBTrk+1> >0, Vye. (3.7)

Substituting (2.11) into (3.7) and noting 7**1 = Az*+1 4+ Byk*! — b, we have

<$ _ .’L‘k+1,S(.’L'k+1 _ (Ek) +£I;+1 _ AT}\k-{-l + (1 —a— v)ﬁATrkH
+ (1 —a)BATB(F —y*)) >0, VrexX. (3.8)

Substituting A¥*2 = AP 4+ 4 8rF 1 into (3.7), we have
(Yy=—y" T =y )+ T = BTN 4 (1-9)BBT ) >0, Wye. (3.9)

Rewrite (2.11) to

k1 o k+1 k 1 k+1 ky
PRl X Bkt gy p T (kL k) — 3.10
B )+ g ) (3.10)
Combing (3.8)—(3.10) in a suitable way, and recalling the definitions of w and F(-), for any
w € ) there holds that

S(zh+t — ok 0
<w L (T g | aBBTHHL 4 (1 — a)BBT B(yF+! — yF) >

Q
0 _ B k+1 _ k +7Ak+17>\k
B =)+ s )
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AT
> <w’“+1 —w, | BT | [(1 = a—)Br*" + (1 - a)BB(y* - y’““)}>
0

+ <wk+1 7waF(wk+17§§+17§§+1)>' (311>
With the assertion (3.10), we have

afBT e 4 (1- a)BBTB(yk+1 — yk)
a+y—ay, 7 k41 k @ T/yk+1 k
=2 " %spTR — k) — BT\ — \F),
o+ p (v v) o+ 7y ( )

Using the definition (2.5) of H, the definition (2.7) of G' and the definition of r**! and r(w),
we can rewrite (3.11) as
(’LU _ wk-i—l)TG(wk-i-l _ ,wk)
> (M —r(w), (1 —a = 9)Br** ! + (1 - @)BB* —y™)
+ (wht —w, F(wht g i) (3.12)
Noting that r(w) = 0 for any w € D, we have from (3.12) that for any w € D
(w o wk+1)TG(wk+1 o wk)
> (1= a =B 2+ (1= )8 (P By" —y™ )
+ (@ =, Pt g ). (3.13)

III). Plugging (3.13) into (3.6), we have for any w € D

ot — w — ot —
> o =2 2 g I = I s, + (L @)BI B — g )
+(2—a =Bl 21— @) (1 B - y) + AW w),  (314)

where
A(wkﬂ,w) =2 <wk+1 —w, F(wk+1,§§+1,§§+1)> — 2Huk+1 — UH%

Taking w = w**! and w’ = w* in (2.3), we have from (2.3) that
(w1 —w” P, g7 g ™h)
2 <wk+17w*a F(U}*a§;7§;>> + ||uk+17u*||§l 2 ||uk+1 - u*H2Ev
where & € 001(z*), §; € 002(y*) and the second inequality is due to the optimality condition

(2.4) of w*. This further means that A(w**! w*) > 0. Setting w = w* in (3.14), we have (3.1).
The proof of (3.2) follows directly from (3.1) and

k1 _ @ k+1 k 1 k+1 k
"= ——By"T —y") - ————= (A" =
a7 T )
which comes from (3.10). The proof is complete. O

We now need to give a careful estimation of the crossing term <rk+1, B(y* — yk+1)>, which
is useful to establish the strictly contractive property of {®} _ (w*)} when (a,7) € Dy UD; (see
(3.20) for the definition).
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Lemma 3.2. Let the sequence {w*} be generated by iPSPR (1.7). If a > 0 and vy > 0, then
there holds that

<Tk+1,B(yk _ yk+1)>

L L Tl @ k _ o k+1y)12 1 Lok kr1g2
> B(y" - - —||B(* - S [P
2 o B =) - o IBWE =y TIPS ﬂ”y el I
1 1 k k412 k—1 k2
t IS5 (l* = 9 W = ™" = i) (3.15)

Proof. From the optimality conditions of (1.7¢) with k := k — 1, we know that there exist
57’; € 002(y") such that
(=9 T —y* ")+ & - BN+ (1-)BB"") >0, Vyel. (3.16)

k+1

Setting y to be y* and y**1 in (3.9) respectively, and (3.16) and then rearranging the obtained

inequalities suitably, we have that
<B(yk - yk—i-l)7 7/\k+1 + (1 . 'Y)ﬂrk+1> > ||yk . yk—HH% - <yk o yk+1,§§+1> 7 (317)
<B(yk . yk+1)7>\k o (1 . ’Y)ﬂTk> > — <yk o ykJrl,T(ykfl o yk)> + <yk o yk+17§§> ) (318)

Summing (3.17) and (3.18) over the both sides yields

(B(yF — "), A8 = XD+ (1= 4)B(B(y" — yFt), r¥ 1)
— (1 =7)B(B(y* —y"), %)
B T [ € e (T T D e (T AR RN S (3.19)

Recalling that T'= Ty — T_, we know from the Cauchy-Schwarz inequality that

— =y TWE =)
= =y =T =)+ T T =)

1 k
- §Hy

which with (2.2) implies that

v

1 _
B — S

1 -
RHS of (319) = 5 (Iy* —y" 1o — V"™ =y 1y ) + 10" = "2 ar s,
This with relations (2.11) and (3.19) implies that (3.15). The proof is complete. O

We now decompose the domain D (see (1.8) for its definition) as D = Dy UDo UD3 UDy with

1a+\/(1+a)2+4(1a2)}

]D)l{(oz,'y):()goz<1<'y< 5

Dy ={(a,7):0<a <1,y =1}, (3.20)
D3 ={(,7):0<a<,0<y<La+v>0,a#1},
Dy ={(e,7y): 0<a=7<1}.

For a given w € D, we define ®} _ (w) as

op  (w) = —wlZ + 7y = yF Il e+ 03 7Bl (3.21)
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where the constants

11—«

Y. GU, B. JIANG AND D.R. HAN

) a’ E ID) )
e e =1y (@,7) € Dy
A= 12%  (ay)eD, py =4 A=) +a)
2(1+ ) 0, (a,7) € Dy UDs UDy,
0, (a,7y) € D3 UDy,
(3.22)
in which the constant ¢®7 is defined as
1— 2 _ -1 A2
(Oa o ta (a ),y 2 ) ) (aa’y) € ]D)la
e C—a-y(+a)
(071)5 (OZ,")/) E]]])2U]D)3-
We are now ready to have the following theorem.
eorem 3.1. Given w* € QF, let the sequence {w e generated by i 7). we
Th 3.1. Gi e QF, let th k1 b ted by iPSPR (1.7). I
choose (a,y) € D, then there holds that
op , (w*) — 251 (W)
k k412 ko k+1y2
> [|lz* — 2™ [s4as, +1I¥"—y i 174 120t m (—27 1 50)4mg 7887
O .
R Al sl (3.23)
where the constants
(1 - a)? (,7) €D
_— e
2(1 _ CY) 1 +a ) » Y 1,
Tra (a,7) € Dy, (1 —-a)(3—a)
+a 3 (aaV) € ]D)Qa
Y ={ 1l-a (0,7) €D Ky = o 41+ ) (3.24)
1+CY, » Y 2, c (1—04)(1—’)/), (a”y)e]D)g’
07 (Oé,"Y)G]D)gUD;}, 17(277704)
9 (Oé,")/) € ]D)47
0, (a,y) € Dy UDg,
(- )1 —a)(1 =)@ —a—7)
Yy ) ) S D )
e N e e [ ) A (5.25)
l1-a
DY (a,7) € Dy,
(v —1)?
2—a—7vy— , ,7v) € Dy,
VT A et @VED
K= Q-el-a)E—a) "~ (3.26)
(1+a)+(1-c)B-a)
0, (a,7) € D3 UDy.
Proof. We consider four cases.
I). (a,v) € D;. By combining (3.15) and (3.1), we derive
% Qg N 11—«
(1 = w4 T = P r ) = (b =l Tl = o i)
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2(1 - «w)
ko pktl k+1 k _ k+1 2
> [lz" - 5115, +lly* - 7415, + s [ 122745,
(1*04) k k+1y(2 k412
" 3B _ 92— —
+9 BIBWY" —y )"+ 2 —a—y)B[r" |
l—«
—2(y—1) 6<rk,B(yk —yk+1)>. (3.27)

l1+ao

1—a’4a—(a—1)y—~?
T—a—)(1ta)

Note that in this case 0 < ¢ <
we have

< 1, with the Cauchy-Schwarz inequality,

-2 <7’kaB(yk - yk+1)> 2 7( 07) 1-— : ) ’ ||7’k||2 - 0= a)(i I o ) ||B(ylC - yk+1)||2-

(
Plugging the above inequality into (3.27), we obtain (3.23) in this case.

(
IT). (a,7) € Dy. For this case, (3.15) reduces to

k41 Bk — oF 1)) > — k_  k+1y(2 ko k)2
<T ) (y Yy )> - 1+ (y Yy )” +(1+Oé)ﬂ||y || 2T _ 43
1 ko k12 k—1 k)2
tsmrap W v~ 9 = ) (329
On the other hand, by the Cauchy-Schwartz inequality, we have
1
(LB =yt ) = =0 BN =y P = S (3.29)

where

I+a)+(1—-c")(38—a)
41+ a) '
Combing (3.28) and (3.29), and using (3.1), we have

5=

1-—
k0 QA k2
(¥~ w1 + g I = ¥ B )
. 1—
(14t = w7l + s o = v 1 o )
> k_ pk+l yht -« ko k+1p2
> =" - 1w, +ly" — 7415, + o U 1227 45,
c71-a)3-a) k k+1y2 (I—c*N(1-a)B8—-a) k412
B — ykt + T2, 3.30
o BIBO o DI+ s e g P (330

This means (3.23) holds in this case.

). (e, ) € D3. Noting that ¢*7 € (0,1) and letting
(v —a)?
(e T (=)0 — )~ )+ )

we have from the Cauchy-Schwarz inequality that

E:

2(y—a) (B(y"—y"*1), A" — AFF)
¢(2—y—a

> LBy g ey j

)
(2 po- a) ||/\lc7/\k+1”27
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which with (3.2) and the equality

(1 =N+ 1 -0)]2-a-7)=(-a)+ 1 -a)1-7)(a+)
implies that (3.23) holds in this case.

IV). (a,7) € Dy. Note that a =+ in this case. It is easy to see from (3.2) that

k * 12 k+1 * 12
[ —w[g = 0™ — w3
> o = 2, g+ gt — g,
l-a ko ktiy2 4 LTk k12
BB P + g [N - X (3.31)
which means that (3.23) holds in this case. The proof is complete. O

3.2. Global convergence

We are now ready to state the global convergence results formally.

Theorem 3.2. Let the sequence {w"} be generated by iPSPR (1.7). If the stepsizes (o, y) € D
and the proxzimal terms S, T are chosen such that

1 1

S+ 521 =0, S+ 521 +BATA =0, (3.32)
1

T+ +(1-a)8B'B~0, T+ 322+ K (=2T- + o) + k57BBTB = 0, (3.33)

then {w*} converges to an optimal solution of (1.1).

Proof. The first conditions in (3.32) and (3.33) guarantee G = 0 and H > 0, see Proposi-
tion 2.1. We divide the proof into three steps.

I) We show that the sequences {w"} is bounded. It is straightforward to see from (3.23),
(3.32) and (3.33) that ®% _ (w*) is monotone decreasing. This with 7', 7_ = 0 and the definition
(3.21) means that ||w* — W*HQ@ is bounded. With the second equality of (2.10), we have [|w* —
U’*HQ@ = [lo* — ¥ |35, + IV* - v*H%, which means that ||z% — 2*||s4x, and |[v* —v*| 5 are all
bounded. Besides, with the positiveness of H, we know that the sequences {\*} and {y*} are
bounded. Following from (3.23), (3.32) and (3.33), we also have

a,y
lim 5| AF AR g R 2 < 0, (3.34)
k—o0 ﬂ

Noting that k37 + k37 > 0, with (2.11) and (3.34) and the boundness of y*, we can see that
{r*} is bounded. With the definition of r*, we know that ||Az* — Az*| = ||r* — B(y* —y*)| <
[7*]| + ||B(y* — y*)||, which with the boundness of r* and y* implies that ||2* — z*| g7 is
bounded. Recalling that S+ $3; + BATA > 0 and ||z* — 2*||s4x, is bounded, it is safe to say
that {2} is also bounded.

IT) We argue that any cluster point of the sequence {w"} is an optimal solution of (1.1). Let
{w*?} be a subsequence of the sequence {w*} and limy, . w* = w™>. Following from (3.23),
(3.32) and (3.33), we have

klglgo ||9Uk - $k+1||s+%zl = klggo Hyk - kaHT+%EQ+H‘;”(—2T,+22)+n;‘*7ﬂBTB =0. (3.35)
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With the second condition on T in (3.33), we know from the second equality in (3.35) that
lim ||y* — "1 = 0. (3.36)
k— o0
Again using k5”7 + k377 > 0, with (2.11) and (3.34), it is easy to see that
lim [|7%] = lim |A* = M) = 0. (3.37)
k— o0 k— o0
On the other hand, with the definition of 7*, we have
A(.Tk _ xk-{-l) — Tk _ Tk-',—l _ B(yk _ yk-i-l)-
Therefore, we know from (3.36) and (3.37) that limy_,o ||A(z* — 2%*1)|| = 0, which with the
first equality in (3.35) implies
: k_ ok
Jim [|2* = 2" lgy 15, 4 gara = 0.
This with the second condition on S in (3.32) implies
lim ||z* — 21| = 0. (3.38)
k—o0
Since the graphs of 96 (-) and 062(-) are both closed, taking the limit with respect k; — oo
on both sides of (3.11) and by using (3.36)—(3.38), we know that there exists £2° and £° such

that
(w—w®) F(w™,£°,6£°) >0, YweD,

which means that w> is an optimal solution of (1.1).

I1I) We finally prove that the sequence {w*} has only one cluster point. We first replace
w* with w™ in the analysis of Steps I) and II). It follows from limy, . w* = w> and (3.36),
(3.37) that limg, oo @lgjﬂ
®F _(w™), we can see that

(w*) = 0. Owing to the decreasing monotonicity of the sequence

lim ®F _(w™) =0.

k— o0
This together with 71 ,7_ > 0 and
[w" — w5 = |la* — 2|55, + [Iv" — 0|3
and H = 0 shows that
lim ¥ — 2|55, = lim [y -y = Tim []A* — A% (3.39)
k— o0 k— oo k— oo

With (2.12), we further have limj_, . |7*| = 0. Using again the inequality
[Az® — Az = ||r* = B(y" -yl < 7" + IB* —y>)ll,
which with (3.39) and (3.37) implies
lim [|A(z® — 2°°)| = 0. (3.40)
k—o00

Combing (3.39) and (3.40), and using that S+ 1%, + BATA - 0, we immediately have

lim w* = w>
k—oo

The proof is complete. O
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Remark 3.1. If the condition (3.32) is replaced by S = 0, we can have from limy_, ||z —
kaHSJr%El = 0 that limy_,o S(z¥ — 2%+1) = 0. Using similar analysis to the above proof,
we can show that {v*} converges to some v* = (y*, \*)7, where w* = (z*,v*)” is an optimal
solution of problem (1.1).

3.3. Choices of proximal terms

When the proximal terms S and T satisfy conditions (3.32) and (3.33), it is easy to see
that the objective functions of subproblems (1.7a) and (1.7c) are strongly convex, which make
the corresponding problems more easier to solve. Note that by allowing S or T indefinite, we
can always take a larger step on updating the variable z or y. Besides, we next show that for
some special cases, with particularly chosen proximal term 7', the subproblem (1.7c) is easy to
solve or even takes a closed form solution. Note that the discussion for the proximal term S is
omitted since it is similar.

We consider to choose T as

1
T=rl— (S +BB"B) with 7= Apax (—22 + TﬁBTB) , (3.41)

2
where 7 € (0,1]. We decompose T'= T — T_ with

1
T+:71——<§EQ+TﬁBTB>,
1
T,:522+(1—TWBTB.
Note that Ty, 7_ > 0. By some direct calculations, we have
T+ +(1—-a)8B"B=rI—-aBB"B (3.42)
and

1
It+§22+m?7@QIL+§b)+mgﬁﬁBTB

1
r1<522+u+2ﬁwa7jn§UﬂBUﬁ. (3.43)
For given («, ’y) < D and a fixed ¢*7, by (3.42) and (3.43), we know that if we choose 7 > «

oy
and 7 > 1 — w,
with respect to ¢ which is defined over an open interval. Hence, we can argue that if

KoY
1>7>max{a,inf {1 — —2 —— ,
c 1+2H17’Y

then (3.33) must hold. Note that the number 1 — 1+2 TroroT is decreasing

namely,
1—a?—(v—1)(«
1*(1*04)2 (,Y )( +7) ) (Oé,")/) GDlv
2—a—-—v)(1+a)(5—3a)
3+a
4 ’ (aﬁ) € ]D)Qa
1>7> 707 = (3.44)
1—ay
2 (a,7) € Ds,
ita |
) ) (avr)/) S ]D47

then (3.33) must hold.
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Consider the case when 05(y) = %yTM y+ h(y), where M is symmetric positive semidefinite
and the nonsmooth convex function h(y) is simple in the sense that minycy h(y) + 3y — d||?
is easy to compute. Here d € R™? is a given vector. In this case, we have ¥ = M and the
subproblem (1.7b) with T’ chosen according to (3.41) and (3.44) takes the following form:

1
k+1 _ in A - _ dk 2
y argmin (y) + 2Hy [

where

d* = Ty* + BT (AH% — B(Azh+ — b)) .

To end this subsection, some comments are listed in order. Firstly, if @« = 0,y = 1 and
Y5 =0, (3.44) becomes 0.75 < 7 < 1, which recovers the optimal bound of 7 for the linearized
ADMM in [19]; if & € (0,1),7 = 1 and X3 = 0, (3.44) becomes (3 + a)/4 < 7 < 1, which
partially recovers the optimal bound of 7 for the linearized version of the generalized ADMM

n [23]. Note that in [23], they allowed o € (—1,1). Secondly, if (a,7) € Do UDs3, it is easy
to see that 1 0‘77 > 2+O‘+” and the equality holds if and only if o = , namely, (o, ) € Dy.
Thirdly, When the subproblem (1.7c) does not take a closed form solution, as done in [10,25,35],
we can consider the majorized version of iPSPR. The techniques for constructing the indefinite
proximal T in [3,25] can be explored to construct T. We leave this for future investigation.

4. Sublinear Convergence of iPSPR

The rate of convergence of an algorithm can help us have a deeper understanding of the
algorithm. In this section, motivated by [3,6,15,25,35], we establish the o(1/¢) sublinear rate
of convergence of iPSPR in the nonergodic sense.

We first give a new optimality condition of (1.1) as follows.

Lemma 4.1. Let the sequence {w*} be generated by iPSPR (1.7). We choose (a,y) € D and

the prozimal terms S, T are chosen such that (3.32) and (3.33) hold. Then w**! € Q*, namely,

wktt is one optimal solution of (1.1), if

k k
ok — w5 = 0.

Proof. The proof is similar to the second part of the proof of Theorem 3.2, we omit the
details here. 0

Following from (2.6), (2.10) and (2.12), we have

k_ wk+1||QA

[|w g~ ||9Uk - $k+1||%+21 + ||yk - yk+1||2T+22+(1—a)BBTB + (a+ 7)5||7"k+1||2-

Hence, Lemma 4.1 provides a practical stopping condition for iPSPR, (1.7), which is shown as
max{”xk — SCkJrlHSJrEla ”yk - yk+1”%+22+(17a)gBTBv ﬂ”TkJrl ||2} S tOl, (41)
where tol is some tolerance.

Theorem 4.1. Let the sequence {w*} be generated by iPSPR (1.7) with (a,y) € D. Suppose
that the proximal terms S, T are chosen such that (3.32), (3.33) and

1 1
—¥ = =cX 4.2
S+2 1_201 ( )
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hold, where c is a positive constant. We have that

: i il 2
min '~ 0L = o(1/1). (4.3)

Proof. With conditions (4.2) on S, we know that S+ X; < (14 ¢ !)(S + 1%;). With the
condition (3.33) on T', we know that there exists a positive constant ¢; such that

Y

. T+ Ly + k(=27 + %) + k¥"3BTB 0
H501< 942 1 ( . 2) 2 /8 Rg . ,

B
which with (2.8) implies that

S+3% 0 0
G < max{1+c¢ " ¢} 0 T+ % + k{7 (=27 + 55) +k57BBTB 0
0 0 ”% I

This with (3.23) implies that
1

B 07) = BEE! (0) > e — (4.4)
Summing (4.4) over k =1, ..., 400 leads to
R ket 1 k|2 1 *
. Z [w™ — w5 < @4, (w"). (4.5)
k=1
Using Lemma 3 in [25], we have (4.3). O

Now we show that if (o, ) € Dy UD3 UD, and some additional requirement is made on T,
we can have a stronger result than (4.3). We first show that the sequence {|[w* — w*+! 1%} is
non-increasing.

Lemma 4.2. Let the sequence {w*} be generated by iPSPR (1.7). If (a,7) € Do UD3UDy and
the prozimal terms S, T are chosen such that (3.32), (3.33) and

1 1—a)(l—-
TJr—Eer—( )1~ )
2 2—a—vy

BBTB >0 (4.6)
hold, then there holds that
[k — wkHHQ@ > [|wh+t — wk+2”2@. (4.7)
Proof. Note that (3.12) also holds with k := k + 1, then we have
(’LU _ wk+2)TG(wk+2 _ wk—i—l)
> ("2 —r(w), (1 - a—7)8r'""? + (1 - a) BB —y**?))
+ <wk+2 - w, F(wk+2a §§+27 §§+2)> ) (48>

where €872 € 90, (#¥2) and €52 € 802(y*+?). Choosing w to be w**2 and w**!, respectively,
in (3.12) and (4.8) leads to
(wk+2 o wk+1>TG(wk+1 o wk)
Z <7“k+1 _ Tk+2, (1 —a— ’y)ﬁ?‘kJrl + (1 _ a)BB(yk _ yk+1)>

e CTARRIER TR ol (TN SN SR D (4.9)
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and
(wk—i-l _ wk+2)TG(wk+2 _ wk+1)
> (P2 b (1 — = )BT 4 (1= a)BBY ! — " 1?))
+ (WM — T (w2 2 ) (4.10)
Adding (4.9) and (4.10) and noting
(W2 — W P g ) (i g ) > [,
which follows from (2.3), we obtain that
(wk+2 . wk+1)TG [(wk—i-l o wk) . (wk+2 . wk-i—l)}
> (L—a—7)Br*t =" 2P+ (1 - a)B (B [(y* —y™) — (" —y" )] )
+ [|uft? — R (4.11)
Following the deriving process of (2.9) and (2.12), we have
(0 — b+ - (@ )
[(u? =) = @ = M2} + (1= )8 [|BI(y* — y™) — (" — ™))
+(a+ )8ttt =t 22, (4.12)

I

Thus we conclude that
e e e
= ([lw® = "G + o =) = ([l = w2 ([ - a2
—_ 2(wk+2 o ,warl)TG [(wk+1 o wk) o (wk+2 o warl)] + ||(wk+1 o wk) o (wk+2 o wk+1)H2G
S e Ve [ [T V[
Z (2 —a— 7)ﬁ||rk+1 _ rk+2H2 + 2(1 _ Oé)ﬁ <B [(yk _ yk-i-l) _ (yk-i-l _ yk+2)] ,Tk+1 _ Tk+2>
2
+ (1= a)B|[Bl(y* —y™*) = " = ")+ (" —ut) = (M =)
L e - [ Bt |
1—a)(1 -7 2
> %(_,y)ﬂ HB[(yk . ykJrl) o (yk+1 o yk+2)]H + ”(uk o ukJrl) . (ukJrl o uk+2)||?)
1
+ 5||(uk — ) — (@ MR

= ||(9Uk — ) - (ka - xk+2)||?9+%zl + ||(yk - ykﬂ) - (yk+1—yk+2)||;+%22+<1;3L<:w> BBTB

>0, (4.13)

where the first inequality is due to (4.11) and (4.12), the second inequality follows from the
S 0
0 T
(4.6). The proof is complete. O

Cauchy-Schwarz inequality and the last inequality is due to P = < ), S+ %El > 0 and

Theorem 4.2. Let the sequence {w*} be generated by iPSPR (1.7) with (o, y) € Dy UD3UDy.
Suppose that the prozimal term S is chosen according to (3.32) and (4.2) and the proximal term
T is chosen according to (3.33) and (4.6). We have

[w® — w % = o(1/t). (4.14)
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Proof. It follows from Theorem 4.1 that mini<i<; [|w’ — w*™*!||% = o(1/t), which with (4.7)
implies (4.14). The proof is complete. a

Define the KKT mapping R: 2 — 2 as

@ —Pryfr — (Vf(z) — ATN)]
Rw)=| y—Puly—(Vgly) - B™N)] |, VweQ, (4.15)
Ax + By —b

where Pr,(-) denotes the Moreau-Yosida proximal mapping [31] defined as

. 1 2
Pr, (2) = argmiy {pm + 5l }
and Pry(+) is defined accordingly. It is well known that (see [3,15,35] for instance)
Vw e, Rw)=0<+<= weN". (4.16)

Inspired by [15, Lemma 1] and [35, Lemma 3.1], we now characterize the relations between
[R(w"*1)[* and [lw**+ —w*| 2.

Lemma 4.3. Let the sequence {wk} be generated by iPSPR (1.7). Then there ezists a positive
constant o such that for any k > 0,

[R(w™H[? < offw**t — w2 (4.17)
Proof. From the optimality condition for (1.7) and A¥+2 = M+1 4 487k we have

=Pr, [zk"H — (Vf(xk"'l) — ATXE L BATP L L BATB(yF — o)  S(aMH! — :L'k))] ,

g = Py [y - (Vo) — BT 4 (1= 9)gBTrH £ T — )] (419)

Substituting the Eqgs. (4.18) and (4.19) into R(w**!) and noting that the Moreau-Yosida prox-
g q g p
imal mapping is globally Lipschitz continuous with modulus one, we get

HR(warl)H < HAT )\kJrl _ )\k) +6AT k+1 +6ATB(yk _ ykJrl) + S($k+1 _ ‘Tk)H
+ H 1- BBT k41 +T(y k41 _yk)H + ||rk+1||
AN = X+ (LAl + 11 =ABIDB + 1) 71 + BIATBll|ly* — y* |
+ S =) | + 1T (" — "I

IN

Notice that
1S+t — )12 < [IS]l[|=* T — 2* (13,5,

by using (3.10), we thus have
IR@* )] < walla™ = a¥[[sim, +o2lly™ = y*] + lINFE = AR, (4.20)
where

u = VISl

B
2 = ((1AI+ 11 =188 + 1) 212 L g+ i,

(Al + 1 =~lIBIDS + 1.

o=l (@ +7)p
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On the other hand, we know from (2.10) that
k k k k k k
[t —whllg = [l2*FF — 2¥ (5 5, + " =oM% (4.21)

Since H > 0 (see Proposition 2.1), combining (4.20) and (4.21) together, we know that there
must exist a positive constant such that (4.17) holds. The proof is complete. g

With Theorems 4.1-4.2 and Lemma 4.3, we can immediately arrive at the sublinear convergence
rate results based on the KKT residual ||R(w")]|.

Theorem 4.3. Let the sequence {w*} be generated by iPSPR (1.7) with (o, ) € D. Suppose
that the proximal term S is chosen according to (3.32) and (4.2) and the proximal term T is
chosen according to (3.33) hold, we have

: i+1\ (12 _
in R = o(1/2).

If we restrict (a,y) € Dy UDs UDy and suppose that the prozimal term S is chosen according
to (3.32) and (4.2) and the proximal term T is chosen according to (3.33) and (4.6), we have

IR )] = o(1/t).

5. Numerical Results

In this section, we demonstrate the potential efficiency of our method iPSPR (1.7) by solving
the following ¢; regularized least square problem

1
min Z[|Qy —cl* + pllylls, st By <b, (5.1)

where y € R", ¢ € RP, Q € RP*™ and B € R™*™. Problem (5.1) is a constrained extension of
the ordinary unconstrained ¢; regularized least square problem and it was considered in [25].
By introducing an auxiliary variable z € R™, we rewrite (5.1) as

1
min §|\Qy—c|\2+p||y||1, st. 24+ By=5, x>0, (5.2)

which is a special instance of (1.1).
For our method iPSPR (1.7), we set S = 0 and choose T according to (3.41), namely,

T=rl—(Q"Q+BB"B) with 7= \pax (%QTQ + TBBTB> (5.3)

with 7 = 1.0012*7, where %7 is defined in (3.44). Our method iPSPR (1.7) for solving (5.2)

is then given as

" =P, [b— By + X\¥/p],
)\k-i—% _ )\k _ Oéﬁ(ZCkJrl T Byk _ b),

gt = Sy [yk Jr% (BT (/\kJr% — Bla*tt 4+ ByF — b)) QT (c— ka))],

AL )\k-i-% _ 7ﬁ($k+1 +Byk+1 —b),

(5.4)
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where the projection operator P4 (z) = max(z,0) and the shrinkage operator S, (z) := sgn(z) ®
max{|z| — v,0}. Note that for problem (5.2), the majorized indefinite proximal ADMM in [25]
coincides with our iPSPR (5.4) with & = 0 and («, y) € Dy since the smooth part of the objective
function is quadratic with respect to y. If the proximal parameter r = 1.001\pax(QTQ+3BT B),
iPSPR becomes the semidefinite proximal-based strictly contractive Peaceman-Rachford split-
ting method (sPSPR). To make a fair comparison, as done in (85) of [25], we stop iPSPR or
sPSPR when the KKT residual is less than 107°.

All the experiments were preformed in Ubuntu 16.04 LTS a Dell workstation with a 3.5-
GHz Intel Xeon E3-1240 v5 processor with access to 32 GB of RAM. All the methods were
implemented in MATLAB (R2016b). Given m and n, as done in [25], we set p = 0.1n, p = 5y/n
and generate the data as

B
Q

sprandn(m, n, 0.2); yy = randn(n, 1); b =B * yy + max(randn(m,1), 0);
sprandn(p, n, 0.1); ¢ = Q * yy;

In our tests, we set m = 2000 and n = 1000, 2000, 4000, 8000. For each m and n, we
use the above scheme to generate 50 groups of instances and will always report the average
performance for methods iPSPR and sPSPR. For each instance, we fix the sum a + v to be
{1.9,1.8,1.618,1} and always choose the special cases with &« = v, « = 0 or v = 1. In total, we
have nine groups of choices of o and . In our tests, the penalty parameter 3 is fixed during
the iterations. Generally, choosing the best penalty parameter 8 is not easy and it might be
problem dependent [17]. We spent some efforts to choose the penalty parameter 8 from a large
number of candidates. For each given m,n and «,y, we report the performance of iPSPR or
sPSPR with four choices of 5. Note that in our tests, the second choice is the best choice in the
candidates for a«++~ = 1.9 and almost the best choice in the candidates for a+~ € {1.618,1.8};
the third choice of 3 is the best choice in the candidates for a + v = 1.

The numerical results are presented in Tables 5.1-5.4. In the tables, “iter” means the
averaged iteration numbers, “r” denotes the proximal parameter in (5.4), and “t” means the
CPU time in seconds. From the tables, we can make the following observations. First, iPSPR
always perform better than the sSPSPR. In particular, for n = 4000, 8 = 0.15 and n = 8000, 8 =
0.07, iPSPR can bring about 40% - 50% reduction in the number of iterations and the CPU
time over the sPSPR. For n = 1000 and 2000, iPSPR with large sum « + v performs only
slightly better than sPSPR with the same o and . This might be due to that 3BT B takes
a major part in computing r and the parameter 7 of iPSPR is near to 1 in this case. Second,
iPSPR (resp. sPSPR) with « = 7 performs slightly better among the choices of o and v with
fixed sum. Third, a large o + v sum (near to 2) always performs better than a small sum for
a relatively small 3, while a small sum works better than a large sum for a relatively large 3.
However, if we choose the best § (the corresponding results are marked in bold in each table)
for each o and v, we can see that iPSPR (resp. sPSPR) a large a + v sum always performs
better than iPSPR (resp. sPSPR) with a small sum.

6. Conclusions

In this paper, we proposed a modification of the Peaceman-Rachford splitting method by
introducing two different parameters  and «y in updating the dual variable, and by introducing
indefinite proximal terms to the subproblems in updating the primal variables. We established
the relationship between the two parameters o and v and proved the global convergence of
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Table 5.1: The results for m = 2000, n = 1000 over 50 runs. The CPU time is in seconds.

B =0.50

B =150

B = 3.00

B = 5.00

(a,7) method

iter r

iter r

iter r

iter r t

0.950, 0.950
0.950, 0.950

iPSPR

o~ o~ —~ —

— —

— —~

— —

— —

— —

— —

0.500, 0.500
0.500, 0.500

— —

8769.0 5.23e2

5.23e2
5.47e2

4.86€2
5.47e2

10216.2
10264.2

13521.7 4.05e2
14513.1 5.47e2

13308.9

14336.6 5.47e2

4750.1 1.56e3

""""""" 1.56e3 2.7
1.60e3

1.44e3
1.60e3

1.20e3
1.60e3

1.60e3

5876.0 3.11e3
6000.3 3.19e3

5878.7 3.11e3
6001.5 3.19e3

5815.1 3.03e3
6075.2 3.19e3

5823.3 3.03e3
6079.5 3.19e3

5667.2 2.88e3
6240.7 3.19e3

5694.4 2.88e3
6261.2 3.19e3

6602.8 3.19e3
6605.5 3.19e3

5967.7 2.39e3
7311.9 3.19e3

5728.7 2.393
7097.4 3.19e3

8576.2 5.18e3 4.8

8579.8 5.18¢3 4.9
5.31e3 5.0

4.80e3 4.6
5.31e3 5.1

3.98e3 4.3
5.31e3 5.6

5.31e3 5.4

Table 5.2:

The results for m = 2000, n = 2000 over 50 runs. The CPU time is in seconds.

(a,7) method

B=0.10

B =0.30

B =0.50

B =1.00

iter r

iter r

iter r

iter r

2192.4 2.18e2

2.17e2
3.83e2

2.17e2
3.83e2
"""""" 2.14e2 3.6|
3.83e2

2.14e2
3.83e2

2.05e2
3.83e2

1012.0 4.43e2

5.22e2

4.32e2
5.22e2

4.32e2
5.22e2

4.13e2
5.22e2

4.53e2
5.22e2

1546.0 3.50e2
1637.5 5.22e2

1240.6 7.22¢2
1309.0 7.66e2

1240.9 7.22e2
1309.2 7.66e2

1226.5 7.04e2
1324.5 7.66e2

1227.1 7.04e2
1325.2 7.66e2

1201.1 6.71e2
1351.8 7.66e2

1204.1 6.71e2
1354.7 7.66e2

1366.0 7.40e2
1406.8 7.66e2

1242.2 5.60e2
1542.5 7.66e2

1213.4 5.60e2
1509.1 7.66e2

2328.8 1.43e3

1.39e3
1.48e3

1.39e3
1.48e3

1.10e3
1.48e3
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Table 5.3: The results for m = 2000, n = 4000 over 50 runs. The CPU time is in seconds.

B =0.08
iter

905.6

5 =0.15
iter
672.0

5 =0.25
iter

831.3

5 =0.50
iter

1657.8

r t
1.06e3

r t
5.65e2

r t
4.24¢e2

method
iPSPR

T
3.71le2

(a,7)
0.950, 0.950
0.950, 0.950

iPSPR
sPSPR

3.71e2
7.03e2

4.24e2
7.39¢e2

4.21e2
7.39¢e2

4.21e2
7.39¢e2

5.65e2
8.09e2

1.06e3
1.15e3

3.68e2
7.03e2

5.34e2
8.09e2

9.86€2
1.15e3

3.61e2
7.03e2

3.95e2
7.39e2

759.7 4.74e2
1223.3 8.09e2

747.5 4.74e2
1205.5 8.09e2

8.25e2
1.15e3

sPSPR 7.03e2 7.39¢2 1.15e3

Table 5.4: The results for m = 2000, n = 8000 over 50 runs. The CPU time is in seconds.

sPSPR

968.8 6.79¢2 7.1
1497.5 1.34e3 10.8

969.2 6.79¢2 7.1
1497.7 1.34e3 10.8

972.6 6.81e2 7.1
1501.2 1.34e3 10.8

1406.3 6.76e2 10.2
1732.8 1.34e3 12,4

1403.0 6.76e2 10.1
1730.7 1.34e3 12.4

770.7 6.93e2 5.8
1539.4 1.36e3 11.2
771.2 6.93e2 5.8
1539.8 1.36e3 11.2
779.9 6.96e2 5.9
1546.2 1.36e3 11.2
922.8 6.87¢2 6.9
1500.3 1.36e3 11.0
919.9 6.87¢2 6.9
1496.1 1.36e3 10.9

842.1 7.44e2 6.3
1650.8 1.40e3 12.0

842.9 7.44e2 6.3
1651.7 1.40e3 12.0

873.9 7.59¢2 6.6
1664.1 1.40e3 12.0

799.3 7.25¢2 6.1
1625.9 1.40e3 11.8

790.6 7.25¢2 6.0
1617.5 1.40e3 11.8

B =0.04 B =0.07 B =0.15 B =0.30

(a,7) method iter root iter rt| iter r o t|  iter root
(0.950, 0.950) iPSPR| 889.6 6.80e2 6.6] 759.9 6.95¢2 5.7| 861.4 7.55e2 6.4|1236.9 1.05e3 9.1
( ) sPSPR[1487.6 1.34e3 10.7| 1556.1 1.36e3 11.2|1658.1 1.40e3 11.9{1819.2 1.52e3 13.1
(0.900, 1.000) iPSPR | 889.7 6.80c2 6.6| 760.0 6.95¢2 5.7| 861.5 7.55¢2 6.4/1236.9 1.05¢3 9.1
( sPSPR (1487.6 1.34e3 10.7| 1556.2 1.36e3 11.2|1658.1 1.40e3 11.9{1819.2 1.52e3 13.1
(0.900, 0.900) iPSPR| 913.9 6.80e2 6.8 761.9 6.94¢2 5.7 854.8 7.512 6.4]1210.7 1.03e3 8.9
( sPSPR | 1488.1 1.34e3 10.7|1550.8 1.36e3 11.2|1655.9 1.40e3 11.91819.2 1.52e3 13.1
(0.800, 1.000) iPSPR| 913.9 6.80¢2 6.8| 762.0 6.94c2 5.8| 854.9 7.51e2 6.4{1211.0 1.03e3 9.0
( sPSPR | 1488.3 1.34e3 10.7(1550.9 1.36e3 11.3|1656.0 1.40e3 12.0{1819.6 1.52e3 13.2

1164.0 9.89¢2 8.7
1819.0 1.52e3 13.2

1165.4 9.89¢2 8.6
1820.6 1.52e3 13.2

1289.3 1.07e3 9.5
1845.1 1.52e3 13.4

1030.0 8.76e2 7.7
1825.7 1.52e3 13.3

1014.0 8.76e2 7.6
1809.7 1.52e3 13.1
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the algorithm under some mild requirements on the proximal matrices .S and 7. Moreover, we
provided a specific construction of the proximal matrix T" and discussed the detailed perfor-
mance for the variants parameters o and « which can unify several existing results. We also
analyzed the o(1/t) sublinear rate convergence in the nonergodic sense. Finally, we reported
some preliminary numerical results, indicating the efficiency of the proposed algorithm.

Note that the parameters o and  are essential to the efficiency of the algorithm, which
should be variable along with the iteration. Allowing the parameter o and « varying with the
process of the iterate may give us the freedom of choosing them in a self-adaptive manner. Such
suitable updating rules are among our future research tasks. Besides, an approximate version
of the proposed iPSPR with practical accuracy criteria is also our future research topic.
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