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Abstract

We propose a multiscale projection method for the numerical solution of the irtatively
regularized Gauss-Newton method of nonlinear integral equations. An a posteriori rule is
suggested to choose the stopping index of iteration and the rates of convergence are also
derived under the Lipschitz condition. Numerical results are presented to demonstrate the
efficiency and accuracy of the proposed method.
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1. Introduction

The aim of this paper is to propose a projection method of solving nonlinear integral equa-
tions of the type

F(z) =y, (1.1)

where F': D(F) C X — X is a nonlinear Fredholm integral operater between the Hilert space
X and defined by

F(z)(s) :/O k(s,t,z(t))dt, se€]|0,1],

where the kernel k is a continuous function on [0,1] x [0,1] x R. Eq. (1.1) is a typical example
of an ill-posed problem, then the regularization technique has to be taken into account to yield
the stable approximation [7,17,18].

Several regularization methods in the existing literature have been used to solve nonlinear
integral equations. The regularization method [3,16,17], a two-step iterative process [15] have
been considered to some extent and important results have already been obtained, but either
lack of error analysis, or lack of an a posteriori rule.

Due to the faster convergence, the iteratively regularized Gauss-Newton method has received
extensive attention in recent years [1,2,8,9]. Assume that the sequence {ay} satisfy the following
conditions:

ap >0, 1< O <r, lima,=0 (1.2)

Qf+1 k— o0
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with a constant 7 > 1, this method constructs the iterates {22} by the following recursive
algorithm:

hyr = o — (T + F'(23) F'(23) 7 (F'(23)" (F () —¢°) + a(ag —z.))  (1.3)

from the initial guess o = z* € D(F), where y° is the only available approximation of y
satisfying

ly* =yl <6 (14)
with a given noise level 6 > 0.

We notice that most of the available results on the iteratively regularized Gauss-Newton are
implemented in infinite dimensional space. In practical applications, we are more interested in
considering this methods in a finite-dimensional setting.

There are many papers on the projection method to solve linear ill-posed equations, and
many results have been obtained [5,10,11,14]. Therefore, we wonder if we can use the projection
method to solve the nonlinear ill-posed problem? Motivated by this idea, this article attempts
to solve the nonlinear ill-posed problem by using the projection method.

In this paper we propose a projection method for the iteratively regularized Gauss-Newton
method and investigate the influence of the projection method. We focus on error analysis and
and try to assert what conditions are appropriate for the discussions.

Throughout the paper it is assumed that F' has continuous Fréchet derivative over D(F).
Assume that Eq. (1.1) has a solution x' such that

B,(z") :={z €X, : |z — 2| < p} C D(F) (1.5)

with a positive number p > 107|z* — zf|.

We next describe the multiscale Galerkin method for solving Eq. (1.3). We denote N :=
{1,2,...}, No :={0,1,2,...} and Z, = {0,1,...,n — 1}. We suppose that {X,,n € Ny} is
a sequence of finite dimensional subspaces of X satisfying [4]

X, CXnp1n€No, | Xn =X
n€Np

For each ¢ € N, let W; be the orthogonal complement of X;_; in X;. For a fixed n € N, we

have the decomposition
Xn =Xo @t W 05 - @t W,

We assume that W; has a basis {w;j,j € Z(;)}. This means that X,, = span{w;; : (4,7) €
Uy}, where Uy, := {(4,) : J € Zu(i), 1 € Zny1}-

We now formulate the Galerkin method for solving Eq. (1.3). To this end, for each n € Ny,
we let P, denote the orthogonal projection from X onto X,,. The traditional Galerkin method
for solving Eq. (1.3) is to find :ciﬁn € X, such that

) *

= Pn )

Sngn 506 . i 5 s . s (16)
Tpiyn =T, + (L + AL Akn) AL (Y0 = F(ay ) + ar(Por™ — a3 ,)],

where Ay, 1= ’PnF’(zim)’Pn and AZ’H = ’PnF’(zim)*Pn.
To write (1.6) in its equivalent matrix form, we make use of the multiscale basis functions.
We write the solution 7, ,, € X,, as [14]

) k
Thpop = E CijWij € X,.
(4,5)€Un
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By introducing vectors
Cy = ey (1,5) € Unl T, £ = [(wim,y* = F(2}.)), (k,1) € Un] ",

and matrices
En = [(wlm;wij) : (lam)a (Zaj) S [Un]a
AE = [(wlm’F/(xi,n)wij) : (iaj)a (lam) € [Un]'
Some calculation shows that (1.6) is equivalent to the following system of equations for deter-
mining CF [14]
(arE, + (AR) "E;TAR)(CLT = CF) = (AX) "B ') + axE(C) — CF),

k=0,1,....

;1[(wlma$*) : (l’m) € [Un]Ta
¢ . we require the following

k,n>

{cg ~E
To analyze the convergence rate of the approximate solution x

assumptions [9]:
(i) There exists a sequence of positive real numbers {7, : n € Ny} satisfying 1i_>m Yo =0
n o0
(1.7)

such that
I(Z = Pu)F'(2)"]| < 7m, € By(ah),
and
I(Z = Pn)a™|| < vn- (1.8)
(ii) F satisfies the Lipschitz condition, i.e. there exists a constant L such that
(1.9)

|F'(x) — F'(2)|| < L|jz — 2| forall z,z¢€ B,(z").

(iii) The nonlinear operator F' is properly scaled, i.e.
(1.10)

IF'(@)]| < af forall ze B,(zh).

(iv) There is a v € N(F'(x")*)* and a positive constant ¢ such that
o —zt = F'ah)*v, |v|| <o (1.11)

The sequence z, € X, appearing in Lemma 2.4 is defined by the discreted iteratively

regularized Gauss-Newton method (1.6) corresponding to the noise-free case, that is xy , € X,

is defined successively by

Ton = /an*a
Trr1in = Thn + (L + T Ton) T (Y — F () + ag(Paa® — xp0)],

where Ti.p := PnF' (Tk,n)Pn and 7;*" = PnF'(zk,n) Pn
Due to the practical applications, the stopping index of iteration should be designated in

an a posteriori manner. To this end, according to the idea used in [8], we propose a modified
a posteriori rule in the following form to choose the stopping index ks as the first integer

satisfing.
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Rule 1.1. Let 7 >3, d>0 and0<c0< T—
(i) Choose n to be the first integer such that

vy < min L RN 2000 ; V200 5L (1.12)
2(0+1)" 10r(50+2) 2 4\/0
(i) Choose ks to be the first integer such that
5 5 x 1 5 252
Qs (Pn(F(xkén) —y°), (ax, I + Abks.n ké,n) Pn(F (‘Tk(; n) —y°)) <1767 (1.13)

In the following C is always used to denote a generic constant independent of §, n, we will also
use the convention A < B to mean that A < C'B for some generic constant C.
2. Auxiliary Estimates
Throughout this paper, we will use the notations A := F’(z!), B := P, F'(P,2")P,, and
T = |lar(an + A*A) "Lt — b)),
Dpm = |lax(axZ + B*B) 1P, (z* — 2.
We will also use the notations
€k ‘= Thn — PnzT, eiyn = ziyn — PnzT.
The following elementary result will be used frequently.

Lemma 2.1 ([
stant p > 0. Suppose that the sequence Nk has the property nx+1 < pr + enk for all k. Ifep <1
and ny < =5 Po; then n <

First, we need to give an upper bound on ks, to this end, we set € := max{442, LZ"Z, 02"95}
and define k, as the integer satisfying

ag, <e<ap, 0<k<k,.. (2.1)

It follows from (1.12) that € = %. In order to get the main results of this article, we need

a series of auxiliary results. The first one is the following.

Lemma 2.2. Let conditions (1.5) and (1.7)-(1.11) hold, let the integers n and ks be determined
by Rule 1.1 with 7 > 3, then ks < ki, and for all integers 0 < k < k, there hold ziyn € B,(z1),
and )

gl < rhdyoad, (22)

where dy = 3 + % +2IL(o+1).

Proof. We first show that zim € B,(aT) for all 0 < k < k.. It is clear from (1.5) and (1.12)
that this is true for £ = 0. Now for any fixed integer 0 < < k,, we assume that xi,n € B,(xT)
for all 0 < k < I and we are going to show z{, € B,(x"). To this end, from the definition of
{xkn} it follows that

eiJrl,n = ﬂ§(k7n> + Sf(ka TL) - Sg(k7n>a (23)
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where
B2(k,n) == ar(arT + Aj , Akn) Pl — '),
Sf(kvn) = (akI+ AZ,nAk,n)ilAZ,n(ya - F(anT))ﬂ
Sy (k,n) = (T + Ay, Arn) " AL
with uim = F(min) — F(Ppaxt) — F'(:Cim)eiW. Using conditions (1.7) and (1.9) it is easy to
derive
157 (k, n)|| < F((S +7ll(Z = Pa)at|]),

1
155 (k, n)|| < 2\/—/ 1 (P’ + tef, ) — F' (o)l €d, | dt < 4\/—”62,71”2'
Define 3°(k,n) = t; — to, where
t1 = —ap(apZ + AzﬁnAk,n)_l(I —P)(z* —zh),
ty = —ar(axZ + A}, Akn) ™ Yo — ).
Let us now estimate ¢; and t5. It is easy to prove
[t < (T = Pu)(a* —2")].
We can write to = J; + Jo + J3 with
J1 = ag(onT + Af Ak n) T Ak (A = k) (L + A" A) 7 (@ — al),
Jo = an(anT + AfAin) AT — AL A(T + A A (@ — o),
Js = ag(apZ + A*A) " (z* — :cT).
Recall that 2* — 2T = A*v, ||v]| < o, and

A = A nll < [1F'(@1) = F' (g )|+ [1F (23 ) = PoF (@3 ,) P
< LI = Pu)at| + lle 1) + 27m,

we have
[t <

ay
A= Al + [ A= Axnllo + 7
gx/_ \/_
:jM*AmM+m
5 5 5
<7+ ZLQH(I — Pu)zt| + 20 + ZLe)Ilei,nll-

By using (2.6) and (2.8) we have

5 . 5 5
18° (k)| < 7 + S Lell(T = Pr)a’|| + 1(Z = Po) (@ — 2Dl + S0 + S LelleR ol

Combining the estimates (2.4), (2.5) and (2.9) we have

* 3 5
lefrl €7+ (T - P —x*>||+( ) 1= Pl + o,

2,/
[4 e .
0 k,n 4 /— kn /—k

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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Note that [|[(Z — Pp)zt]| < [(Z = Pu)(@* — D) + [I(Z — Pa)z*|| < (0 + 1), it follows (2.1),
(1.12) and (2.10) that

Tn : {1 } Y
—, L ./ 2.11
,—ak_ 23 0, 2 ,— ks ( )
and
1 1 7 5 L
el < (5 5 ) eof + Lo+ Lt 2o+ FLolled ol + Tl ol

This and (1.2) imply

ot
Y

T
3

1
ek+1,n

VvV Xk+1

<rz|(Z4+= —(Lo+L+2 -
<r <2+ )g+4( o+ L+2)o a1 o +4< 7

1 led Il L (1l
d o+ > L kn + 2 k,n
2 4 Vag 4 NG

Note that (1.10), (1.11) and eg,n = Pu(z* — 21) imply ||eg’n||/,/o¢0 < p. Thus, by induction, we
can show that if Lo is so small that

IA
<
Wl

1
(5+r2dy)Lo < = (2.12)
then
)
‘\/’% <ridip, for 0<k<I. (2.13)

< ‘ﬁ52 we have for 0 < k < [ that

Combining this with (2.10) and (2.12), noting that NG

z\ﬁ

. 5 5
ledirall <7+ 1T = Pa)@* =D+ (Lo + 1) I = Pu)all| + 5 omm
\/2@ %

2,/c0

5 L 1
+Lollerall + Jrdeller, | +

L 1
= w}, + 226+ rEdlel |,

where

v20
2/

W=

x o 5
who =+ I =P =+ (Lo 1) IE = Pl + S+
Using the condition (2.12), we have for 0 < k <1 that

1
1 1 [
ek i1 nll < whn + llernll

It is easy to prove

S
wk,n

<r.
’LU6
k+1,n

We may apply Lemma 2.1 to conclude

4 . 5 5 1
lekall < 37 (7 + 1T = P =Dl + (G204 1) 1T = Pojal 1+ Fon + 37201 . (20
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Since
p
< et — ¥ < 2
m < ot — o) <
and if we futher assume that

5
therefore by using (1.7) and (1.12), it is not difficult to show that for all 0 < k < there holds

4 5
el < gr(m +(Frer2)I@-Poe -+ (Fret1) 1@ P
5 V20
+50mm + 25
20
4 (p (5 9 V20 .1
<-r(L 4+ (2L 1) 7 53 (2.15)
_37“(10T+(4 ole+1)+ e+ )7 +2\/% )
4 9 LV
<or(L g (ot 953
37 \10r " \2 MW
4 1) 2p\ 2
_3T<10r+10r>5p’

provided ¢ is sufficiently small. Using (1.7) and (2.15), we further conclude xz,n € B,(z1) for
all 0 < k < since

., — '] < I\Qei,nll +[(Z — Pp)at|
S gpt (Z = Pu) (@ — 2| + (T — Pn)z”||
2
2 P
< = = =L,
= 5P 10 2

Using mathematical induction, we thus obtain xk € By(z) for all 0 < k < k,.
In order to prove ks < k., we use (1.12),(2.1), (2 5) and (2.13) to obtain

o (ar. T+ Ap, nAs )" Pa(F(af ) =)l
<o+ IIIF(anT) ~ F(af )|| +F(af, ) = F(Paa’) = F'(2}_,)ef, ]
1 1
Hlag (. + Ak A, ) "2 PaF" (@, ) Paet. nll

L 1
<O+ ll@ = P)atll + Sl ol* + g llek. ol

L
<6+ yn +diorzag, + —rd; 0°ay,

di 1 &3
<25+ (éﬁ + %Lg) o0.

Recall that 7 > 3 and ¢y <

=2 If Lo is so small that

dir?2
T%dlLQ < 2,

then we have )
1 . 1
g (ar. T + Ay n i )2 Pul(F(a},_ ) — y°)|| < 70.
By the difinition of ks, we thus conclude that ks < k.. O

The second auxiliary result is as follows.
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Lemma 2.3. Let conditions (1.5) and (1.7)-(1.11) hold and z* — zt = F'(z)*v for some
v e N(F'(z%)*)*+. Let ks be the integer determinated by Rule 1.1. If Lo < ¢, then

leg, ol < Ca%,

where € and C' are positive constants depending only on r and 7.

Proof. Recall that in the proof of Lemma 2.2 we have obtained the following two estimates:
(2.16)

4 1
lefnll < g7k + 107 + ea|(Z = Puaf]),
(2.17)

O 1
lef 1l < 7+ @182 + EII(T ~ Pa)el| + - lleda

15

for all 0 < k < k., where
V2o T
Ty @=7

2ry/20 T
= -(5L 1 ¢l =
007 C2 ( o+ )7 C1 2@

7
c1 = grg\/Qco + 3\/_ 3

Now we set
Tom = law(onZ + Af,, Akn) " Preol-
Then it follows from eg := z* — 2f = F'(27)*v and (2.7) that

7 = 700l < llanl(anZ + A, Arn) ™" — (anZ + A A)Heo|
+ |k (arZ + AZ,nAk,n)_l(Pn —Deo|
< lar(anZ + A; ,, Aen) " Ax L (A = Agn) (L + A*A)~H A ||
Fllaw(arZ + Af , Arn) ~H A" = AL ) A + A A) LA | + o]

5 )
< e+ 7 Lell(T = Pu)at| + S Lollek

By assuming that 10Lrp < 1, together with (2.16) and (2.17) implies
(2.18)

8
leg |l < 27l + Co% + C|(Z — Pa)at,
8 1
lefr,nll < 57+ CO% 4+ CI(T — Po)al]. (2.19)

We need to estimate ng,n. We first have

(Tg,n)Q = (ak(akz-+ AZ,nAkan)_lpneO’ Oék(akz--i- AZ,nAkan)_lpn[ Z,n
+(F'(ah)* — Ay o)
= (af (T + Ak AL )~ 2 Arneo, of (L + A nAf )~ 20)
P t = AL ))

+(Oék (OékI + .A;;nAkyn)il'Pneo, o (OzkI + .A;;n.Ale)il n(F’(:L'T)

< Mnllvll + 7l F (@) = AL Lol
< Wonllvoll+ 780 2y + LI = Pa)x™]| + Llle , DIlv]l,

where .
2 _3

Vo = llof (@i T + Apn AL ) "2 Arneol.

(2.20)

Therefore,
1
2n S M0 + (29 + LI = Pa)at|| + Llleg .o

Tk,n =
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In order to estimates 79  , we observe that (2.3) implies

(T + Ag,nAx )~ %Ak,neo
=a (akI + Akank,n)iéAkvneiJrl,n
fozﬁ (T + A AL )~ 2 A As L (10 — F(Paat))
+ai (kT + Agn A )~ %Ak,n Znuin

2
k
1
+CY]§ (akI + Ak,nAkﬁn)_%Ak,n z,n(Fl(‘ri,n) - Akﬂl)ez,n‘

3

2
Qg
1

2
k

Thus
Yo < Naf (rT + Ak At 1) "3 Aknel 1ol + Uil
5 ) s
+ly® ~ F(Pua") | + |1PuF" (2,,,) — Ag.nllller. |
< laf (T + Ak Af ) 2 Pu(F(2341,,) — o)l

+Pn(F ($k+1n) — F(Ppz’) = F' ($i+1n)€k+1n)||6
HIPa(y® = F(Pag )l + | (PuF" (@%41.0) = Abin)€Rst.nll

L
+(6 + 7nll(Z = Pn)al|]) + —||€i 2+ Amlleq
1
< ||a1§£04k1+ Ak,n-AE,n) ZP (F ($k+1 n) — 96))||
+§||€i+1,n||2 + §||€k,n||2 + Ynlled nll + 208 + nll(Z — Po)a'|]) + oy

() ) [
L2k 10— Thnllleksrnl
5 _1
S ||CY]§ (OékI + AkﬂlA;;,n) ZIPH(F(‘Terl n

+%m£AF+MLMM)+%+<

)l
+mzn»*®wn

l\’)IO-’)\_/

Now we further assume that )
Lodir? < =. (2.21)

w

Then by (2.13) we have

[\

5 5 5 5 1 3 3
Ll#tg1m = Tpnll < Llleg )l + €1 nll) < 2Lr7dieag; < o

wil

Thus we can conclude, by using ([19], proposition 3.4) that there hold

||Oéz;(04kI+Ak nAL ) TEP(F (2, ) — 00)
= ||04k (kT + Aps 10 Afgr0) 2 Pu(F(2040,) — ¥0))l
= ||04k+1(0‘k+11Jr Apt1,nAf 1) 2 Po(F (karl,n) =)

Therefore,

1 1
Vg,n < C||Oz,ﬁ+1(ak+11+ Ak-l-l,n-Alt-;-l,n)_Ean(F(xz-u,n) - 96))||
+2L([[€} W l1* + llefyr,nll?) + C6.

This together with (2.20) gives

™ ns C||ak+1(ak+1I + Ak 10 A n)_%Pn(F($i+1,n) - 96))||%Q%
+v2Lo(|lef || + lleg 1. ll) + C32 0% + 207, + Lo||(Z — Pn)at].
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Combining this with (2.18) and (2.19) yields

1

1 « _1 11
700 S Cllag, (kT + ArpinAiyr ) 2 Pr(F (204 ,) — ¥°))II2 02
16
+C026% + CLo||( — Pn)at|| + E(1 +7)v/ Loty .

If we assume further that .
5 d+r)yVLe<t, (2.22)

then we obtained

NI

)
vl

1 . .
B = ok (0aT + As Aty ) 5 PaFlafr,) — v
+0202 + Lo||(Z — Pp)xt|.

It follows from (2.19) that for all 0 < k < k, there holds

N
N

1 e N1
lef oIl < Nl (?"11 + Ak As ) 2 Pu(F(24,,) — v°)l
40282 + Lo||(Z — Pn)zt|.

0

Thus by setting k = ks in the above inequaliity and using the definition of ks, and by (1.7),
(1.8), (1.11) and (1.12) we can obtain

leg, ll = Cro26% + Loll(Z — Pn)at]|
< C1020% + Lo|[(T = Pa)(a" — 2" + Lol (T = Pa)a”|
< C10%0% + Lo*yn + Loyn
< 097, O
The following three lemmas will be used in the proof of the main results of this paper, We
first present a bound on the difference ||:cin — Zgnll-

Lemma 2.4. Let conditions (1.5), (1.7), (1.8) and (1.9) and hold. Then for all integers k < k.,

) 2~
O rpal < — (T =Pzt
o — il € =+ ZENET P
Proof. From the definition of zy , it follows that
ek+1.n = B(k,n) + S1(k,n) — Sa(k,n), (2.23)

where
B(k,n) := ar(aT + Efnﬁ,n)flpn(x* —ah),
Si(k,n) = (oI + 77;"7271)_177;”@ — F(Pnz')),
Sa(k,n) = (arZ + T3 Tem) " T kms

and with ug , == F(2n) — F(Ppa’) — F'(2k 5 )ekn. We subtracts (2.23) from (2.3) to obtain
xi-{-l,n — Tkn = Iy + SQ(k7n> - Sg(kﬂ TL) + Sf(k7n> - Sl(k7n>a

where

Iy :== oy, [(akI + AzﬁnAkyn)_l — (T + 7;*”77@”)_1} P (z* —zh).
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From the expressions of So(k,n) and S3(k,n) we have
Sa(k,n) = S3(k, ) = [( T + T Tom) VT — (1T + AL o Abn) "2 AL |0
HawT + A An) T AL (W — ).
Since
Uk = Uy, = Flarn) = F(x},) — (F'(aen) — F'(23 ,))ern — F'(23 ) (ern — € )
= [ [P+ tonn = o)~ Fal)] (o -l
() — F()ern

clearly, this and (1.9) imply

L
[k — g ]l < 5 1%k — Dhnll® + Ll — 22 llllesnll-
Since
NOnT + T Toon) ™ Tiom — (04T + ALy Ain) " Af | < Ja+
where
Ju = ([T + T Ten) ™ (Tt — Al
Js = ||[(nZ + T Ten) ™" — (T + Af o Akn) T AL
By using condition (1.9) we have
[ Ten — Akl = [|Pa(F' (2,0) = F' (23 ,))Pall < Lllzkn — 27, - (2.24)
From this, we have
1 L
Jy < _”77“1 - .Aka < _kan - zin”ﬂ
ok Qg
Is < [lanZ + T Tin) " T (T — Awpn) (T + Af A )~ AR
FlarZ + T Teon) ™ (Tl — Al ) Arn (L + Af A ) HAL
1 1
1o Ten = Akl + — 1Tk — Akl
Qg Qg
5L

5
m”ifk,n - zk,n”’

and I
[uknl < §Ilek,nll2-

Similar to the proof of (2.13) we have

H% <ridyo, for 0<k<IL. (2.25)
Thus,
12(0k,m) — S50k, )]
< e+ Il + e (Gl = ol + el o =
< fﬁ.inxk,n — il lexall” + ﬁ (%”% —ad ol + llewall ) o — a0l

Lllexnll 9L [llexnl\> L { llexn € n
2 A/ O 8 /O 4 \/ Ok /O

1/1 3 9 1
< 3 (§d1 + §d2 + Zrzdng) Lol|zkn — xi,nH,
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we can show that if Lo is so small that

1/1, 3. 9., 1
— | = — - Lo L — 2.2
5 (2d1+ 2d2+ 47“2d2 Q) 0 < = (2.26)

then )
1S (k, n) — S5 (k,n)|| < 2lekn = 23l

Let us estimate Iy now. Clearly we can write Iy = mj + mq, where

ma = g [(@nT + Ay An) ™ = (T + T, Tion) ™| (@ = Pa)(at = o),

ma 1= x| (kT + Af y Akn) ™ = (T + T Tin) 7| = 2%),
By using (2.24) we have

[mall < o [ll(akI + AL Akn) AL (Ten = Akn) (0L + T, Tem) 7|

(T + A Akn) T T = A ) Ton (kT + T Ten) ™! II}
< ||(Z = Pn)(at — 2™

= gix/a—k(”ﬁm = Al + 1T = AL DI = Po)(at —a"))|
< Tl = afal.
Since
mae = ak | (L + Af  Akn) " Af L (Ten — A (0T + T Tin) ™
tan(@n T + A Ap) " (T — A ) T (i + 77:”77%”)—1}
X (T 0+ (A7 = T, ),
and

A = Tl = |1 E' (&") — PoF" (25,n)Pnll
<|F' (@) = Po)ll + (F'(zF) = F'(@k.0))Pall + (T = Pn) F' (24,) Pl
< 29 + L|(Z = Pu)z"|| + Lilexnll,

also, this together with (2.11) and (2.24) gives

a 0 1 . X
o sﬂ( + Lya —n,nng) 1 Ton — Al

2 21/041c AL
0 * *
T~ Al (0 =14 = Tl
5 4
= (Jer 1A= Tl ) 17e = A
5 1
< |3+ T+ Llewall + LIE = Pl Lellw = o
9 1 L 5
< 1 + §L(9 + 1)+ r2deLo | Lo||zk,n — $an

and

11 1 1
Il < (% + 52+ 0+ ridaLe) Lolon, - ol
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It is easy to prove

1 ) - n - I'n 9
159 (k, n)|| < 2\/—||y F(Ppzl)| < 2\/—(5+7 I(Z = Pn)a™)
1
[S1(k,n)|| < 2\/—Hy F(Puah)| < %%H(I*Pn)ﬁl\- (2.27)
Thus we have
5 111 s 1 5
e — il < (S D200+ 1) + r3daLe) Lellwin — ol + Sl —
)
7 - f.
e+ el P
Similar to the proof of (2.3) we have
enll <2 for 0<k<k,. 2.28
’ 2

Together with (2.3) and (2.28) we have

lexnll + lledull < p-
If Lo is so small that

)

=

11 1 1

then there holds

1 o 7
1280, = @hn | < Sllwen — 280 + SN \/;—kl\(f — P)al|
=Nk + 5”1']67" - zi,n”a
where 7, := 2\/_ + H(I P,)xt||. Since
Men o [Ot1 g . e— 1
Nk+1,n g 2
We may apply Lemma 2.1 to conclude
) 2~
123 = Trnll < Nl \/iII(I Pu)zt|l. 0

Lemma 2.5. Let conditions (1.5), (1.7), (1.8) and (1.9) hold. Then for all integers 0 < k < ki
there hold

* 12\ — . 1 1
lekr1,n — ar(arZ + B*B) ™' Po(a* — 2| < 21T~ Pr)at | + 7 lewnll
and
f < & t
@k = Puatll < i+ C{IE = Po)at ] + 7 -
Moreover,
lennll < 2rllexsinll + 270y + (1 +5Lo)(Z — Pu)al|,

3
+ (14 5Lo) (T — Pn)zT].

lek+1nll < 2llennll +7ovm + 7 (
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Proof. From the definition of Sz(k,n) it follows that

1 L
So(k < — gl < ——llexn . 2.29
120kl < 5 il < =l (229)

This together with (2.23), (2.27) and (2.29) gives

lexs1.n — ax(arZ 4+ B*B) "' Py (a* — ab)|
< Jo + [|S2(k,n)|| + [|S1(k,n)|

T N (2.30)
< J alI? " (T —P,)xt
<o+ gl + @ - Pl
where
Jo = O‘kH [<%Z+ TinTin) ' = (I + B*B) ™| Pu(a* — SCT)H'
Error estimates Jy are similar to Iy, and we have
Jo € ——I(T = Pu)a" = &) T — Bl + 2el|Ton — B
0= \/a_k n k,n 4Q k.n
0
— n—DB — Bj.
+\/a—k||Tk, lA- B
Since
[T — Bl = |Pu(F' (z,n) — F'(Pna"))Pull < Lllex.nll, (2.31)
and

A= B|| = [[F'(2") — PuF"(Pna®)Pul
S NF' @) = Pa) || + I(F'(27) = F'(Pua ) Pall + [I(Z = Po) F' (Pua®)Pall - (2.32)
< 29 + LT = Po)a|),

then
Jo < Lilek,q|| \/—a—kl\(I* Pn)(@! —a")|| + 7o+ —oTk(Q% + LI(Z = Pp)z"||)
n 5 n
< Lllegn|| (\Q/Zy_k + 2° + \9/17(2 + Lo+ 1))) (2.33)

11 L
< (4 + 5+ D) el
Therefore by using (2.30) and (2.33), we obtain

llek+1.n — c(onZ + B*B)_lpn(ac* — xT)H

L L ¥,
—(o+1)) eLllernll + —=]lexnl “|(Z — Py,)at
# 50+ D) eblenal + Tlens P + T - Pojel]
1 o1 (2.34)
+ 200+ 1)) ebllerall + ST ~ Pl + TridsLoles.

o o

11 L 11
@ =P+ (F + 5o+ 0+ ride) Lolenal.

If Lo is so small that

11 L 1,
4 Z(o+1)+-r7dy | Lo< —
(4+2(g+ )+4r2d2) 0
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then we have
llekst1n — ar(arZ + B*B) 1P, (z* — 2|

1 1
< IT = Po)x’ || + —lex.n
< Z1@ = Pa)et |+ —llexnl)
and ) )
llertinll = Prnl < 71T~ Pu)zl|| + o lexnll (2.35)

We obviously have
U < Il + [ I2]],

where
I = ak(akI—l— B*B)_l(’Pn — I)(,T* — mT),

I == (o + B*B) ' (a* — ).
In order to estimate I, we write Iy = I3 + I3, where
I == (T + B*B) ™! — (T + A" A) (2" - ah),

12 = ap(on + A* A)~La* — zh).

Therefore by using (2.32) we have

1231 = llow (01T + B*B)~1[B* (A — B) + (A" — BX) Al(@uT + A*A) 1 (a* — )|
< agll(@T + B*B)~ B A — B | (o T + A A) A

tanll(@nZ + B B) |l A° = B[ AT + A" A) LA
) )
2l A =Bl < LN =Pl +29).

IN

Therefore we have

7 5
and
Oin > ([ L2l = |12l = [122]] = 1221 = [ 1a

7 5
> Tk — 507 — ZLQH(I* Pn)zT”-

As a direct consequence of (2.35) we have

(2.37)

1 1
n < n (VAR n f o n
lersinll < Frm + 2 = Pa)z'll + —llewnl

1 5 1
- —L) T — Pt + =lexn]l.
+ 1 Le)I@ = Pa)zl| + llexal

7
STk+_Q’7n+(4

2

In order to use Lemma 2.1, we set

7 1 5
n = —om+ =+ L T — Pz
Phn = Tk + 507 +(4+4 Q)I( Pr)z'||

Similar to the proof of ([8], Lemma 4.1) we have 73, < r7i41, therefore pf% < r. Thus, by

,n

Lemma 2.1, we have

4 4 14 1
lernll < 3Pk S 7Tk + ST+ 57“(1 +5L0)|(Z — Pn)zt. (2.38)
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It follows from (2.35) that we have

1 1
< ~ (T - Hl+ — .
Vin < llewsrnll + 1@ = Pa)zll| + llexnl

This together with (2.37) gives

7 1 5 1
< - 4+ LT =Pz || + —|lexnl|-
7 < lewerall + 507 + ( + 7LNE = Pa)at ]| + el

The combining of this and (2.38) gives

4 14 1 1
leknll < grllexsinll + S rem + 571 +5Le) | = Pu)atll + g llexall,

and thus we have
r
leknll < 2rllex+rnll + Troyn + 5 (1 +5Lo)II(Z — OEU

It follows from (2.35),(2.37) and (2.38) that we have

1 1
fewstal 2 9 = (FIE = Pa"l + - lenal]

7 1 5
> 1 — Lo — (— ; —L@) I = Py

= 2 4 4
1 /4 14 4 (1 5
S roym+-r|=-+:L T —P,)zt
47°<3er+ 3 70 +3r<4+4 @)II( Pn)x II)
2 7 1
=27 — =0 — = (1 + 5L0)|[(Z — P,)zt].
37— 500 — 5 (L+5LO|(Z ~Pu)al|

Note that 74 is non-increasing, we have

3 7 1
Tr+1 < T < §||€k+1,n” +tg5om+ 5(1 +5L0)|(Z — Pzl

This together with (2.35) and (2.36) then implies
1 t 1
lew+1nll < Frm + Z I = Pa)atll + el

2 4 4

7 1 5 1
<nt o+ (34 300) 1T Palal + lew
3
< llenal + om0 + (1 +5LO)I(E ~ Pr)a 0

Lemma 2.6. Let conditions (1.5), (1.7), (1.8) and (1.9) hold. Then for all integers ks <1 < ki
there holds

1 1 1 )
- T < — |2 T )Tz F - - "
|45 = Pr |_c{ Tl (e T+ BB P (Flanan) ~ )l + =+

HI(Z = Pr)al || + |20 — Prall }
Proof. By setting k in (2.23) to be ks — 1 and [ — 1 respectively and then subtracting them

it follows that

Tin — Thgm = B —1,n) = S2(l—1,n) + S1(I—1,n)
—|Bks — 1,n) — Sa(ks — 1,n) + Sy (ks — 1,n)]



1238 L.X. FAN, X.J. LUO, R. ZHANG, C.M. ZENG AND S.H. YANG

Using the estimates (2.27) and (2.29) we have

2 = 2hs nll < 180 =1,72) = Blks — Ln)l| + 7 ler—1nll?
1
. o h , o @
+— a3 n = )Tl
=l + 5 (5= + 7= ) @ —Pos]
Note that
Bl —1,n)—B(ks —1,n) = Js + J7r + Jg,
where

Jo 1= a1 [(al—lz + T, Tien) ™ = (T + B*B)_I}Pn(fﬂ* —at),
J7 = — Qs —1 {(aka—lz + 77;;—1,7177%—1,71)71 - (aka—lI+ B*B)il} Pn($* - ‘TT)’

Jg = {04171(041711+ B*B)™! — agg—1(ag,—1Z + 3*3)71}7;71@* —a').

Similary to estimate Iy, we have

1
Jsl| < || Ti=1,n — B -"P, - A-B
16l < 1Tt = 81 (2= 1T = Pu)a” =)+ 3+ —2= = 5
1 50
< Llei-1n n0+ — + 2n+LIPT>
< Lol (g + 2+ <= v+ LI - PeTl)

11 L
<[|[—+= 1)L —1.nll
< (4450 0) Lallrval
11 L
< (24 Zio v 1)) Leler,-anl

In order to estimate Jg, we can write Jg := 2411 N; with

Ny =— (1 - 5171 > (11T + B*B) ' B*Blak, 1 (ar, 1T+ B*B) ' Pu(a* — ') —ep; n},
ks—1

(1 - ) 1T+ B*B)~ 1B*Pn(F’(’PnacT)ek57n—F(mké,n)—i—F(anT)),
ks—1

ap—1

(-
-

> (1T 4 B*B) 'B*P,(y — F(Pnz')),

ap—1
1-—

) a1 L+ B*B) T B P (F (2ky,n) — y)-

Aks—1
Recall that ks < k. which implies \/57 < C§'/2. 1t follows from (2.1), (1.12), Lemma 2.3 and
)
Lemma 2.4 that there is a constant ¢; such that

lewsnll < lekg,nll + 127, o = a5,
< C6% + O(6 + 23ll(Z — Pu)atll) /y/ary
S 615%.

Using (2.1), conditions (1.7) and (1.9) we have

1 1

[IV2|| < N / [F/(Pn;ﬂ +tepsm) — F’(anT)]ekMdtH
< L le H2 Lc2s
— 4. /a1 ksl = 4,/0[17

In
NSl < 5ol = Pual | < 1T = P
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By using the argument in the proof of ([8], Lemma 4.4) we can see that

1

r2 1 sy — L
[Na]l < \/—a—lHaia(akIﬁLBB )72 Pu(F (zks.n) — y)l-

Using (2.34), the above estimates on N2, N3, and N4 we obtain

151l < llos -1 (o, 1Z + BB) ™ Pu(a” — at) — x| + 45%5
0T =Pl + o, (0T + BB) PP k) )
< S = Pl + et 1l +
1
+&—;_l|\a,i<akéz+ BB*) Py (F(w,.0) — )|
Combining the above estimates and if Lp is so small that
(1741 + g(g +1)+ irédz) Lo< % (2.40)

and using (2.39) and Lemma 2.5 we finally obtain that there is a constant C' such that

Hxl,n - wks,n”

L L
< Js+ i+ Js + ——|leicinll? + ————ler,—1.n?
<o+ dr o+ el + o el
1 1 1
+= + W2 —Pp)at
(A= + =)l =Pl
11 L 11 L
< (5 + 5+ 0) Lol + (3 + 5+ ) Lelloa,l + 1T - P
1 Lc% rs 1 wr 1
sl + ot Lo ok, + BE) P (Pl ) = )]

1. 1 3
+ZT5d2LQH€l—1,n|| + —r2dyLo||ers—1,n|
11 L 11 1
— 1@ Paofll+ (G + 5+ 1+ i ) Lellnsvlll + - lens-rl

Lc3s
4\/oq

11 L 1
— 4+ = 1 -r2 L _
# (5 5l 0+ grian) Lol +

T% 1 1
+—al|\a;§ (arZ + BB*) ™2 Pn(F(zkn) — )l

NG

1 1 1 )
<C!——|laZ(uI "2 P, (F - —

3
HI(@ = Pa)al | + Cller-vnll + g-lers—1nll-

Using this and Lemma 2.5 we have

1 1 w1 J
——= log, (T + BB*) ™2 Pu(F(k;.n) — y)l + Tt

. s o)
+CO(Z = Po)at|| + Cllesnl + 2lers.all

5t — whsnl] < c{

which gives the result immediately. O
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3. Convergence Rates

In this section we will complete the proof of the convergence rates. In order to apply
Lemma 2.6, we need the following estimates.

Lemma 3.1. Assume that conditions (1.5), (1.7), (1.9) and (1.11) hold. Letn, ks be the integer
determined by Rule 1.1 with 7 > 3, then we have

o, (e, T + BB*) 7P (F (s ) — 9)| 20,

and
§ = [lof (i + BB*) "2 Pp(F(zpn) — )|,

for all 0 < k < ks.

Proof. For 0 < k < ks we set
apn = o (I + BB*) "5 Py (F(zk0) — y)lI?,

b = ||of (T + Apn i) "2 Pu(F(zrm) — )%,
F = (o + BB*) " (A A, — BB (T + ApnAf,) "2,
then we have

|ak,n - bk,n|
= a|((akT + BB*) "2 Pu(F(k,n) — 1), F(arT + Apn A} ) "2 Pu(F(2kn) — vl
IF g (arZ + BB*) =2 Pu(F(xxn) — y)ll x [[af (T + And )2 Pa(F(rn) — y)ll

1
3 | Fll(ak,n + brn)-

IAIA

Let us estimate F now. Clearly we can write F = F; + Fa, where

Fi = (onT + BBY) 3B(AL, — B) (T + A Af,) %,
Fo = (T + BB*) ™ (A — BYAL (anT + A Ap ).

[

Using the hypothesis (1.9) and (2.31) we have

A;,, —B* Ll
g < M =B Ml
ay
Aen —B| _ Ll .
7l < LAen B0 Hinll oy,
NGT
It then follows from above and the smallness condition (2.12) that
1 1
|ak,n - bk,n| < LTleQ(ak,n + bk,n) < ;(ak,n + bk,n)

This implies by, = ag,n = bg,n. Thus it is suffices to show that

Vbiom =6 and 6 = \/be, for 0<k<ks.
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By assuming that 4L < @, and using (1.12), (2.1) and Lemma 2.4 we have for 0 < k < ks,

1

Voom 2 o (@ + A Af ) " Pu(F(a],) — )| - 8
P (@hn) = F(ad,) = F'(l,) (@hn — 2.,
o (T + A Al) 2 PuF (2, @ — )|
> (1= 1)6 — af ann — 20l — Zl2kn — 21

2
> (1= 1)8 — (8 +27|(Z — Pu)a'|]) - (8 + 27al[(Z — P)z"||)?

_QOzk
> (1—1)5—[6+292 N -2 x5 2 2
> Ym0+ 1)] S X [0+ 27, (0 +1)]
4L
> (1 —3)5 — —25
Co

Similarly, we have

1 . 3
V brs,n < Halié (O‘ksz + Aka,nAk(;,n) ZPH(F('TiJ,n) - y6)|| + 6
HIF (2hs.n) = F(a3 ) = F (@, ) (ks — 23 )|
3 NS
Fllag (ar T + Ay n Az, )72 PuF (@, ) (@ksn — 20, )l
3 s L 52
< (T4 D8+ agllzrsn = 25l + S l12ksn — 25,
L (5 + 27, ||(T — Pp)zt|)?
)wTH)+§( Tnll( )zl

< (T +1)8+ (6 4 29 [(Z = Pn

Qs
L
S+ 10+ [0+ 290+ D]+ 5— x [6 + 29 (e + DI’
k
4L
<(r4+1)d5+25+ 205 <8,
co
The proof is complete. O

The following theorem gives the main results of this article.

Theorem 3.1. Assume that conditions (1.5), (1.7), (1.8), (1.9) and (1.11) hold and that the
noise level § shall be sufficiently small. Let n,ks be the integer determined by Rule 1.1. If
Lo < €, then

0
[ = Oinf{llek,nll =tk = 0,1,...},
k

NCT

where €9 and C' are some positive constants depending only on r and 7.
In particular, if, in addition, v* — 2t = (F'(z")*F'(z"))2w for some w € X and some
1<v <2, then

IRy — T[] < 8705,

Proof. Note that for £k > ks, we have from Lemma 2.4, Lemma 2.5, Lemma 2.6 and
Lemma 3.1 that



1242 L.X. FAN, X.J. LUO, R. ZHANG, C.M. ZENG AND S.H. YANG

1230 = & < 123y 0 = @l + 25,0 = Prtll + (T = Pa)a’|

1
< 5+ 27, (T — Pt n T — Pzt
< @( + 290 (2 = Pr)x"||) + llexs nll + [[(Z — Pn)z"|
< 5+ 27T = P2t + 1(Z = Pt
_\/a_ké( 1 Ynl( ) {) 4+ II( )|
of (ap, T+ BB*) 2P, (F(zrsn) — )| 6
+|| ka( 5 \/a_k 5 +\/a_k+ryn+||ek,n||
b . .
2=tV + (T = Pu)(@" = 2") |+ [[(T = Pn)2”[| + llexnll
\/ng
< — 4+ Y + (T = P)F (@) + (T = Pu)a*[| + llexnll
\/gék
<
_\/a_k+vn+llek,nll,

where for 0 < k < kg, we have from Lemmas 2.4, Lemma 2.5 and (2.35) that

Hzém‘*xw
< 2y = Thsnll + ks = Pzl + 1(Z = Pu)at]

1
< \/a_ka( + 29[(Z = Pn)z ||)+||elk5, |+ 1(Z = Pn)a"]]
2 lewnll + 1T = Pu)al ||+ + \/?k&HaEH(aka—lﬂ BB")"2Pn(F(2k;-1,n) = y))l

=< lernll + 1(Z = Pa)a[| + 7o + || (s —1Z + BB*) 2 Beg, 1|
H(aky—1Z + BB*) ™2 Py (F(wk; 1) — F(a) — F'(Pualer, 1.0)ll

= llewanll + 1(Z = Pr)a |+ + llew; -1l .

|F(Puat) — F(zh)|

F(zr—1.0) — F(Ppz®) — F'(Pnal)er, -
+mll (ks—1,n) = F(Pnx') = F'(Pnal)er;—1nll + —
L Yn
=< Z—Pp)at 1l === (T — Pp)z”
= llernll +1IC )2 4 + _aké_llleka | rké_lll( )z
= ewnll + I1(Z = Pr)a™ | +vn + 7y
= llernll +7n-

Note that 75, < az/2||w|| under the condition on z* — 2. We have from Lemma 2.5 that

v/2 v/2
lenll < af?w]l + (T = Pa)at|| +m < o [w]] + Yo

Thus we have

iy )
||:ci6,n —:ETH =< inf{ak/2||w|| + E + Y i k= 0,1,...}.

Now we introduce the integer ks such that
s\ 2/0+y) B
aksg(m) <ap, 0<k<ks.
Then it is readily seen that

2
123, — =1l < a2 [lw] +

— + "

k
= 61//(1-{-1/) +’Yn j(s(sl//(l-‘rl/) 4 ) = 61//(1-{-1/).

The proof is complete. O
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4. Numerical Examples

In this section, we present numerical examples to demonstrate the efficiency and accuracy
of the proposed method.

Example 4.1. Consider the problem of solving the nonliear integral equation (1.1) with
kernel [16]
k(S, ta Z'(t)) = E(Sa tv ‘T(t)) + E(Sv 7t7 ‘T(it))a
where ( 2 )
- t—s)*+H
k(s t,z(t)) =1
(Sa 7‘T( )) n(t—8)2+(H—ZE(S))2,

s,t e [—-1,1]

where H = 2.
In the numerical tests the gravity strength anomaly y(¢) in (1.1) was chosen as the solution
of the direct problem for the model function

z(t) = 0.5(1 — %)%

The integral in (1.1) was calculated by piecewise trapezoidal’s formula

-
y(si) = > wik(ss, t, x(t)) D,
=0

where

1
’LU():an:i, ’wjil,jil,...,2n71, Aj ]:071,7271

:2_717

2
si=—l4ih, i=0,1,....2" t;=—1+jh j=01....2" h=_.

Example 4.2. Consider the problem of solving the nonliear integral equation (1.1) while F' is
defined as [6,20]

Pla)(s) = /O "Bt

The Fréchet derivative of the operator F' is

(F'(2)h)(s) = / 322 (O)h(t)dt.

0

Let T := 1+ /100 cos(nt) be a minimum-norm solution of F(z) = y. Thus, we have

2 3 2 3
y(s) = (1 + %) s+ g sin(7s) + % sin(27s) — ?—ﬂ_ sin®(7s)

with E = 7/1072. We choose the initial function x*(t) = 0.969. Therefore, we can obtain
z* —zt € R(F'(z1)*). We can conclude that the rates of convergence are O(V/9).

We use a perturbed right-hand side y® = y + 6 - v, where v € X has uniformly distributed
random values so that ||v| < 1, and where § = 1077, = 2,...,6.

Let X,, be the space of piecewise linear polynomials on E with knots at j/2",j = 1,2,...,
2™ — 1. As in [4], we decompose X,, into the form of the orthogonal direct sum of subspaces

X, =Wo @t Wy ot - ot W,,
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where Xj is the linear polynomial space on E, and for i € N, W, is the orthogonal complement
of X;_1 in X;. The basis for W;,7 = 2,3,..., can be constructed recursively once the basis for
Wy is given [12,13]. We choose a basis for Xg

woo =1, wo1=V3(2t—1), telo,1],

and a basis for W,

—6t+1, te [O,%}, V3(1—4t), te [0,%],

V34t —3), te (%1}

wi,0 = wi,1 =

1
—6L4+5, te (—,1},
2
Then the subspaces W; = span{w; ; : j = 0,1,...,2° — 1} with the basis recursively generated
by
\/§wi_1,j(2t), t e |:07

1} _
2l y=o0,1,...,20 1
0, te(

w; () =

Do | =
—
[

and )
0, te [o, —}, _
Wi gi-144(t) = 2 j=0,1,...,27t —1.

1
Vw1 (2t —1), te (5, 1},

Tables 4.1 and 4.2 contain the results for the discrete Gauss-Newton iteration (1.6), which
is terminated by Rule 1.1 with 7 = 3.2. In order to indicate the dependence of the convergence
rates on noise level and discretized level, different values of § are selected. The rates in Tables 4.1
and 4.2 coincide with Theorem 3.1 very well.

Table 4.1: Numerical results for Example 4.1.

4 ks Qs 40, — |
1.0e-02 | 3 | 1.25e-01 | 0.171208
1.0e-03 | 10 | 9.77e-04 |  0.030846
1.0e-04 | 12 | 2.44e-04 | 0.024659
1.0e-05 | 18 | 3.81e-06 0.007251
1.0e-06 | 20 | 9.54e-07 |  0.006447

co oo 0 o |3

Table 4.2: Numerical results for Example 4.2.

w0 Tk | arg [ ladgn @l | lakyn — ol I/V5
8 | 1.00e-02 1 5.00e-01 0.028023 0.280233
8 | 1.00e-03 6 1.56e-02 0.003834 0.121242
8 | 1.00e-04 | 10 | 9.77e-04 0.000432 0.043245
8 | 1.00e-05 | 13 | 1.22¢-04 0.000141 0.044709
8 | 1.00e-06 | 16 | 1.53e-05 0.000059 0.059113
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