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Positive Solutions for Hilfer Fractional Differential
Equation Boundary Value Problems at Resonance*

Zhiyuan Liu' and Shurong Sun’'

Abstract In this paper, we investigate the positive solutions for Hilfer frac-
tional differential equation boundary value problems at resonance. First, we
give the expression of the solution with Mittag-Leffler function. Next, we ob-
tain the existence of the positive solutions by using fixed point index theorem.
Finally, we give relevant examples to prove our main results.
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1. Introduction

In this paper, we consider the following Hilfer fractional differential equation bound-
ary value problem (FBVP) at resonance

{ SO (t) + f(t,x(t) =0, te(0,1),
2(0) = 0,2(1) = na(€),

where 1 <a <2, 0<B8<1,1<y=a+pB2-0a)<2,0<&<,and et =1.
DS‘;B is Hilfer fractional derivative and f : [0,1] x [0, +00) — R is continuous.
Boundary value problem (BVP) (1.1) is resonant as the corresponding homoge-

neous BVP
{ ePr(t) =0, te(0,1),

(1.1)

#(0) = 0.2(1) = na(e) )
has a nontrivial solution ct?~!, where ¢ € R, ¢ # 0.

Fractional differential equations can describe the objective world more accurately
than integer differential equations, so they are widely used in physical mechanics,
biomedicine, viscoelastic system, finance and other aspects (see [1,9,22]). There are
various definitions for fractional integrals and derivatives, and the most commonly
used are Riemann-Liouville derivative and Caputo derivative (see [5,8,10,14,19]).

Hilfer fractional derivative is an interpolation between Riemann-Liouville deriva-
tive and Caputo fractional derivative. When g = 0, it corresponds to Riemann-
Liuoville fractional derivative. When = 1, it corresponds to Caputo fractional
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derivative. Therefore, it is important to study Hilfer fractional derivative, which
includes both Riemann-Liuoville and Caputo fractional derivative. Recently, many
scholars have devoted themselves to the study on fractional differential equations
with Hilfer derivative and have obtained abundant results (see [6,11-13,16,20]).

For the special case of Hilfer fractional derivative § = 0 and § = 1, Wang
studied BVP (1.1) in the sense of Riemann-Liouville fractional derivative (see [18]),
and Yang studied BVP (1.1) in the sense of Caputo fractional derivative (see [21]).

Wang investigated the following Hilfer FBVP at non-resonance by fixed point
theorem (see [16])

DPu(t) = f(t,

I;+7u(a+) =

u(t)), te€ (a,bl,
(), 7 € (a,b),

MS

i=1

Ai(Ti —a)’~ ! and D;X;B is Hilfer fractional

NgE

where 0 < a<1,0< 8 <1, T'(y) #
i=1
derivative.
Yong investigated the following Hilfer FBVP at resonance by upper and lower

solutions (see [12])

Dga(t) = ng z(t)), t€(0,T]=J\{0},
1), 72(0) ; x(r;), T €J,

where 0 < o < 1,0 < 8 <1, T(y) = X ei(ri)?"1, and Dg‘;ﬁ is Hilfer fractional

o

Il
-

3
derivative.

First, most of studies on the Hilfer fractional derivative are considered in the
case of 0 < o < 1 (see [6,11-13,16,20]), while in this paper, we consider the case of
the higher order 1 < v < 2. Higher order differential equations can be applied to the
establishment of control systems and diffusion systems. For example, Nigmatullin
derived fractional diffusion-wave equation (see [17])

d*u(z,t)
dx?

When a = 1, it is the traditional diffusion equation, when a = 2, it is the traditional
wave equation, and when 1 < a < 2, it is an intermediate state between diffusion
and wave.

Secondly, the studies on the Hilfer FBVPs are limited to the non-resonant cases
(see [11,13,16,20]), and there is little research on the resonant case (see [6,12]).
Especially, as far as we know, no relevant results have been obtained for the existence
of positive solutions so far. The study of positive solutions has important theoretical
significance and practical value in practical problems. For example, the optimal
control problem the HIV model can be abstracted into the following fractional
differential equations of the same order (see [15])

{OCD%x(@ = f(t,2(t), u(t)),

oD u(x,t) =

x(0) = xo,

where 0 < a < 1, z(t) is the n-dimensional state vector, u(t) is the m-control
vector, and f is the m-dimensional vector function. For a given control function,
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the existence of optimal control for positive solutions is obtained in the minimum
functional sense.

In this paper, we consider the existence of positive solutions for Hilfer FBVPs
at resonance. This paper is organized as follows. In Section 2, we review the basic
definitions, lemmas and theorems. In Section 3, by fixed point index theorem and
spectral theory of linear operators, we study the positive solutions for Hilfer FBVPs
at resonance. In Section 4, we give relevant examples to prove our main results. In
Section 5, the paper is summarized and prospected.

2. Preliminaries

Definition 2.1 ( [7]). The Riemann-Liouville fractional integral of order o > 0 of
a function z : (0,400) — R is given by

provided the right-hand side is point-wise defined on (0, +00).

Definition 2.2 ( [7]). The Riemann-Liouville fractional derivative of order a > 0
of a function z : (0, +00) — R is given by

mn

Do+33() din

Lo+ “z)(t),
provided the right-hand side is point-wise defined on (0, +00), where n is the small-
est integer greater than or equal to a.
Definition 2.3 ( [3]). The Hilfer fractional derivative of order 1 < @ < 2, and the
type 0 < 3 < 1 of a function x € L'[0,1] is given by
« 2—a

Dl a(t) = (1,3 DY, ) (1),
where v = a+ (2 —«). If g8 =0, DO“J;O = Dg. represents Riemann-Liouville
fractional derivative. If g = 1, Dg‘;1 =¢ Dy, represents Caputo fractional derivative.

Definition 2.4 ( [7]). Mittag-Leffler function with two parameters of order o > 0
of a function z € C is given by

Z koHrﬂ

Remark 2.1 ( [7]). Mittag-Leffler function with two parameters is absolutely con-
vergent in the whole complex plane.

Lemma 2.1 ([4]). Let 1 <a<2,0<8<1, andy=a+p2—-a). Ifz e C[0,1],
then the following equations hold:

I.D),x = I D,
DY Igx = DI* Yy,
DY Ig e = 1P Dy,
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Lemma 2.2 ([7]). Let1l < o < 2. Ifx € C[0,1], then the following equation holds:
& DS x(t) = 2(t) — et — ot 2 cp,c0 €R.
Lemma 2.3 ( [7]). If a >0, 8 > 0, then the following equations hold:

« tﬂfl — F(ﬁ) ta+671
o L(a+p) ’

g+ta_1 = 0
Theorem 2.1 ( [12]). For any a >0, A € R. We get
+oo
(1) for any x € C1_4[[0,1],R], Y A*Ikex(t) is convergent, and
k=0

+oo t
SONETER2(t) = (t) + A / (t = ) B a(A(E — 5)%)(s)ds:
k=0 0

(2) operator I — XIg, = C1—,[[0,1],R] = C1_,[[0, 1], R] is reversible and contin-
uous, and

+oo
(1= AIg ) a(t) = Y ARIEa(t),
k=0

Denote
1 = th

t) = .

9(t) F(a—2)+;F(ka+a—2)
We can get

, +oo ktk71
t) = >0, te (0 ;
1

g(0) = <0, lim g(t) = 4oc.

INa-—2) t—+oo

Then, g(t) has a unique A* > 0 such that g(A*) =0 on (0, +00).
In this paper, we give the following assumptions.
(A1) A € (0, A%].
(A2) f:[0,1] x [0,400) — R is continuous.
Consider the following FBVP which is equivalent to (1.1)

{_ o (t) + Ax(t) = f(t,2(t) + Ax(t), t€(0,1), (2.1)

2(0) = 0,2(1) = na(£).

Theorem 2.2. If (Ay) holds and y € C|0,1], then the unique solution to problem

(2.2)

{_Dgfx(t) +2x(t) = y(t), te(0,1),
2(0) = 0, z(1) = nx(§)

18

() = /0 K(t, s)y(s)ds, (2.3)
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where

K(t,s) = Ko(t, s) + Ha(t)w(s),
GA(1 = s)H\(t) — GA(t — s)HA(1)
H(1) 7
GA(1 —s)H\(t)
T mm o URrEest
w(s) = nKo (&, s)
H\(1) —nHA(E)’
GaA(t) = t* 1By 0 (A*
Hy(t) = "7 By o (At™

Ko(t, S) =

)
)-
Proof. (i) If z is the solution to (2.2), then it can be expressed as (2.3). Applying
I§ to both sides of (2.2),
I8 D3P at) + Mg (t) = I8 y(o).
By Lemma 2.1, we have
1. DY alt) + Mgalt) = Igy(t).
From Lemma 2.2, we get
—x(t) + et eat? T2+ NG a(t) = I y(t). (2.4)
By the boundary condition x(0) = 0, we have ¢, = 0. Then,
(I = NIg)x(t) = =I5 y(t) + et ™t
From Theorem 2.1 and Lemma 2.3, we obtain
2(t) =( = Mg )~ (~Igy(H) + rt7Y)
+oo
=S AR (I y() + )
k=0
—+oo —+o0
= Z NIEetoy(t) + ey A IGee !

k=0

tJFOO kata—1 ka+vy—1
p(t—3) D(y)thaty

d )\ki

/o 2 k+> “”CZ D(ka +7)

=_ /0 (t—s)*~ 1Ea,oé()\(t —8))y(s)ds + ctV_lEaﬁ()\ta)

:—/0 Ga(t — s)y(s)ds + cHx(t), c¢=c1T(y).

Therefore,

/ Cr(1 = )y(s)ds + cHy(1),
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/ GA(€ — s)y(s)ds + cHx(§).
By the boundary condition x(1) = nz(¢), we have

_ Jo GaL = s)y(s)ds —n Ji GA(& — s)y(s)ds
Ha(1) — nHx(é)

Then, x(t) can be expressed as follows.

Jo Ga(1 = s)y(s)ds —n f5 GA(§ — 8)y(s)ds
/ G)\t—s d8+ H/\(l)fT]HA(f) H)\(t)
= Jy Galt = ) Ha(Dy(s)ds + [y Gra(1 = s)Ha(D)y(s)ds [y Ga(1 — s)Hx(t)y(s)ds
- Hy(1) Hi(1)
1 Jy GA(€ — s)y(s)ds
TNOEETAG I

fol GA(1 = s)y(s)ds
H(1) = nHx(E)

Hy(t) —

nfol GA(1 — s)Hx(E)y(s)ds 1[5 Ga(€ — s)Hx(1)y(s)ds
/ Kot ()t o O~ i — ey DO
B n[fo GA(1 - s)H)\( Yy(s)ds — fo GA(€ — s)H(1)y(s)ds]
= [ Kottwte HA(D[Hx(1) — nFA(E) )
= [ 1ot 5)+ maue)lus)ds
:/1 K(t, s)y(s)ds
0
(79) We proof that (2.3) is the solution to (2.2).
Applying D, to both sides of (2.4),
—DJ,x(t) + 1Dt + oD 47 7? + ADY IS a(t) = DY IS y(t).
By Lemmas 2.1 and 2.3, we get
— Dy a(t) + ADG " a(t) = DIy (). (2.5)

Applying Iéi(z_a) to both sides of (2.5),
2—« 2—« 2—« 2—« 2—«
—IPEI DY w(t) + AT DT (1) = I8P DIy ().
From Lemma 2.2, we have
—DXPx(t) + Ma(t) = y(b).
This completes the proof.

Definition 2.5. Function z € C]0,1] satisfying (2.3) is called the solution to
FBVP (2.2).

Lemma 2.4. If (A1) holds, then the following inequalities hold:
(1) K(t,s) >0, Vt,s € (0,1);
(2) ma(s)t7 "t < K(t,5) <mqy(s)t77L, Vt,s € (0,1), where mi(s) = Gx(1 —5s) +

Hy(Dw(s), and ma(s) = %’((ig
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Proof. (i) By the definitions of G (t) and Hy(t), we get

) T \kpkata—2

k=0

Since G (t) is continuous at ¢ = 0 and increasing on (0, 1], monotonicity can be
extended to endpoints. Then, G(¢) is increasing on [0, 1] and G (t) > 0 on (0, 1].

foo kika+y—2
Neghaty
=> —— t 1].
H{(t) k:or(’fo‘+7—1)>o’ € (0,1]

Then, H)(t) is increasing on [0, 1] and Hx(¢) > 0 on (0, 1].
By the definition of H,(t), we have

y—1 10 yEkikaty—1  FO ykyy—1
t t t

< =y T <N =gy (1), telo,l].
) 2 T(ka+7) = 2= T(ka+7) (M), e<fo.1]

When 0 < ¢t < s < 1, we obtain

G (1 — s)Ha(t)
W + Hy(t)w(s)

<GA(1— )" 7 H (Dw(s) = my (s)t7 L.

K(t,s) =

When 0 < s <t <1, we get
GA(1 = s)H,(t) — GiA(t — s)HA(1)

K = Hy(t
(t.5) e + Hy(tu(s)
GA(1 —s)H\ (1)
<= AT L Hia(t
e BN
<my(s)t7 7L
(it) By the property of g(t), we have
+oo )\k‘tka+a—3 1 too )\ktk'a

GA(t) = kzzom = t(H(r(a — " ; Thata—2)
=t Bg(At) <t Pg(N) <t*Pg(A\) =0, t€(0,1).

Then, G (t) is decreasing on (0, 1].
Therefore,

%[G,\(l — s)H\(t) — GA(t — 5)HA(1)]

=~ G\(1 — s)H,(t) + GA(t — s)HA(1)
>G4 (1 — s)[HA(1) — Ha(t)].

Integrating both sides with respect to s, we obtain

G)\ 1 —S)H)\( ) G)\(t—S)H)\( )
/ G/ 17’7’ H)\( ) H)\(t)]d’r
(1) = GA(1 = )][HA(1) — HA(t)] > 0.
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That is to say, when 0 < s <t < 1, we have

GA(1 = s)H,\(t) — GiA(t — s)HA(1)
Hy\(1)

KO(tvs) = > 0.

When 0 <t < s <1, we get

GA(1 —s)H\(1)

KO(tvs) - H)\(l)

> 0.

Therefore,

K(t,s) = Ko(t,s) + Hx(t)w(s) > Hx(t)w(s)
!

L'(v)

(i71) By n&7~1 =1 and the definition of Mittag-Leffler function, we have

> w(s) = my(s)t7 1.

+oo ktk_l

E ()= — >0, te (0,1
oz,'y() kZ:OF(kQ_F’Y) ( ]

and
H\(1) = nHA(E) = Ear(N) =187 Ea 1 (M) = Eay(A) = Eay(AEY) > 0.

Therefore,
K
’LU(S) %0 (57 S)

B AOETT GRS,

By (i1), we get
!

K(t,s) > o)

w(s) > 0.

This completes the proof.

Let E = C[0,1] with |z| = Jnax |z(t)]. Then E is a Banach space. Denote

P, ={z € E: |z| <r}. Define a cone
P={zeE:x(t) >0,tel01]}.

Let
1
Aclt) = [ K5 F(5.0(9) + Aas)ds,

0
La(t) = /0 K(t, 5)2(s)ds.

Lemma 2.5 ( [18]). If (A1) holds, then the first eigenvalue of L is A\, and the
corresponding eigenfunction is xo(t) = t7~L. That is, xo = \Lxy.

Lemma 2.6 ( [2]). Let E be a Banach space. P is a cone, and P, is a bounded
open set in E. A: P.NP — P is a completely continuous operator.

(1) If 3z9 € P\ {0} such that v — Ax # pxo, Y > 0, and x € OP. N P, then
i(A,P,NP,P)=0.

(2) If Az # px, Yu > 1, and © € OP. N P, then i(A,P.NP,P) = 1.
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3. Main results

Theorem 3.1. If (A1), (A2) and the following inequalities hold

t
liminf min 202 5 0. (3.1)
z—0t+ 0<t<1 xT

t
lim sup max ft2) <0, (3.2)

z—4o00 0<t<1 X

then FBVP (1.1) has at least one positive solution.

Proof. (i) By (3.1), there exists r; > 0 such that

ft,z) >0, Y(t,z)€[0,1] x [0,r1].

Az(t) = /O CK( ) (5, 2(5)) + A(s)]ds > /0 CK(ts)he(s)ds = ALa(t).  (3.3)
Suppose that A has no fixed point on dP,, N P. We prove that
x — Az # pxo, Vu >0,z € 0P, NP. (3.4)
Otherwise, there exists g > 0 and z; € 0P, N P such that
x1 — Az = poxo.

By Lemma 2.4, we obtain
x1 2 HoZo-

Let
p* =sup{p: x1 > pxo}-
Then, z1 > p*xg. By (3.3) and Lemma 2.5, we get
xy = Axy + poxo > ALxy + poxe > pALxg + poxo = o + poxo = (U* + o) To.
It contradicts the definition of p*. Then, (3.4) holds, and by Lemma 2.6,
i(A,P,, N P,P) = 0. (3.5)
(#4) By (3.2), there exists 73 > 1 > 0 and 0 < 6 < 1 such that
flt,x) < =6 x, Y(t,x) €]0,1] X [rg, +00). (3.6)

Let
O={reP:x=pAz,0<pu<1}.

Now, we present that Q is bounded. For z € Q, let Z(¢t) = min{xz(¢),72}. By (3.6)
and (As),
f(t,x) < —0xx + f(t,z(t)) + Az (t). (3.7)
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By Lemma 2.4, we get
AZ(t / K(t,9)[f(s,2(s)) + Az(s)]ds
< / ma ()07 [f (5, 7(5)) + A (s)]ds (3.5)
© (t.x)€[0,1]x[0,r2]

1
< max {f(t,x) + )\m}/o m1(s)ds = M.

y (3.7) and (3.8), we have

x(t) = pAx(t) < Az(t / K(t,9)[f(s,x(s)) + Ax(s)]ds

/ K(t,s)[—0Ax(s) + f(s,2(s)) + A\Z(s) + Ax(s)]ds
— AF(t) + A1 — 6)La(t)
< M+ Tx(t),

where T'= A(1 — 0)L. Then,
(I —T)x(t) < M.
By Lemma 2.5, we get r(T") = 1 —§. Then, the inverse operator of I — T exists, and
lall < M1 =T)71].

Therefore, ) is bounded.
Let 73 = M||(I — T)~ | + ra, and by Lemma 2.6,

i(A, P, NP, P)=1. (3.9)
By (3.8) and (3.9), we obtain
i(A, (P, \ Pr,)NP,P)=1.

Then, A has a fixed point on (P, \ P,) N P. That is to say, FBVP (1.1) has at
least one positive solution. This completes the proof.

Theorem 3.2. If (A1), (A2) and the following inequality hold

t,x
lim sup max St
oot 0<t<1 @

<0, (3.10)

then FBV P (1.1) has at least one positive solution.

Proof. By (3.10), there exists Ry > 0 such that
Ft,z) <0, V(t,x)€[0,1] x [0, Ry). (3.11)
Suppose that A has no fixed point on 0Pr, N P. We testify that

Az # px, VYu>1,x € OPg, NP. (3.12)



Positive Solutions for Hilfer Fractional Differential Equation 705

Otherwise, there exists g > 1 and x; € 9Pr, N P such that
A.Il = HoT71.

By (3.11), we get

1 1
Az, = /0 K(t,s)[f(s,z1(s)) + Az1(s)]ds < /0 K(t, s)\x1(s)ds = Tyzq,

where T1 = AL, we obtain r(77) = 1. Then,
Axy = pory < Thay.
By induction, we obtain

porr < TVxy < |T7|||z1]], n=1,2,--

r(T) = tim /177 2 o > 1,

It contradicts with r(77) = 1. Hence, (3.12) holds, and by Lemma 2.6
i(A,Pp, N P,P) = 1. (3.13)

Then, A has a fixed point on Pr, N P. That is to say, FBVP (1.1) has at least one
positive solution. This completes the proof.

Therefore,

4. Examples

Example 4.1. Consider the following FBVP

3.1
z(0) = 0,z(1) = 4x(3),
Wherea:%,ﬂ:§,7:% n =4, f—s,andn@ L=1.
Then, (4.1) with f(t,2) = & — 2? cost satisfies the following inequalities
t 1
lim inf min M = - >0,
z—0+ 0<t<1  x 2
t
lim sup max 1, 2) = —00 < 0.

w100 0<E<1 @
By Theorem 3.1, FBVP (4.1) has at least one positive solution.

Example 4.2. Consider the following FBVP
33 _
z(0) = 0,z(1) = 128z(55),
721— = 128, §= 15, and &7t = 1.

1
2 4
ith f(t,2) = 2% cost — 5 satisfies the following inequality

t,x 1
lim sup max ft.z) =——<0.
r0+ 0<t<l T 2

By Theorem 3.2, FBVP (4.2) has at least one positive solution.
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5. Conclusions

In this paper, by using fixed point index theorem and spectral theory of linear
operators, we obtain the existence of positive solutions for Hilfer FBVP.

We consider the case 1 < a < 2. However, when 0 < o < 1, it is not difficult to
find that some constraints should be given to a and 8 to avoid singularity and to
ensure the existence of positive solutions. In addition, we need to study what other
conditions are worthy of further exploration and research.
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