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Abstract. This paper is devoted to constructing and analyzing a new upwind finite
volume element method for anisotropic convection-diffusion-reaction problems on
general quadrilateral meshes. We prove the coercivity, and establish the optimal er-
ror estimates in H! and L? norm respectively. The novelty is the discretization of con-
vection term, which takes the two terms Taylor expansion. This scheme has not only
optimal first-order accuracy in H! norm, but also optimal second-order accuracy in L?
norm, both for dominant diffusion and dominant convection. Numerical experiments
confirm the theoretical results.
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1 Introduction

In this paper, we consider the anisotropic convection-diffusion-reaction equation

{_v-(KW—buch:f, in (3, (1.1)

u=0, on d().

where Q) C R? is a polygonal domain with boundary 9Q), the symmetric diffusion tensor
k(x,y) = (Kif(x’y))ijzl , satisfies the uniformly elliptic condition on (), i.e., there exist
constants 0 < p1 <y, such that

&7 < (x(x,y)&E) <mo|E]?, VEER?, (1.2)
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b(x,y)=(b1(x,y),b2(x,y))T is convection velocity, reaction term function ¢(x,y) > cmin >0,
where cin is a constant, and the source term f € Lz(Q).

Convection-diffusion-reaction equation appears in various fields of engineering and
science, such as fluid mechanics, petroleum reservoir simulation, groundwater predic-
tion, and environmental protection. Many methods have been used to solve convection-
diffusion equations including the finite difference method, the finite element method,
and the finite volume method. It is well known that the straightforward application of
these methods to the case of dominant convection may lead to spurious oscillations in
the numerical solution. To avoid this drawback, many techniques have been developed,
for example, streamline upwind Petrov-Galerkin method [1]], residual-free bubbles ap-
proach [2], variational multiscale method [3], and upwind technique [4].

Due to the local conservation, the finite volume methods are widely used in numerical
simulation for partial differential equations. According to the position of the unknowns
on the meshes, the finite volume methods can usually be divided into cell-centered type
and vertex-centered type. Cell-centered type of finite volume methods can be viewed
as an extension of finite difference methods [5}6], the construction of which is simple
and flexible. Finite volume element method (FVEM) is a kind of special Petrov-Galerkin
method, which belongs to the vertex-centered type [7]. FVEM has not only low-order
element schemes [8-14], but also high-order element schemes [15H22]]. Many first-order
finite volume methods are constructed using upwind technique for convection-diffusion
equations [7,23H30].

Many researchers focus on developing finite volume methods for convection-diffusion
equations, which have high-order accuracy and avoid spurious oscillations. For the
cell-centered finite volume methods, many schemes are constructed by using slope lim-
iter [31H35], or two terms Taylor expansion technique [36)37]. In addition, a complete flux
scheme (CFS) with second order accurate was developed on Cartesian grids with scalar
diffusion [38]. Thereby, in order to deal with anisotropic diffusion tensors, Hanz Mar-
tin Cheng et al. establish a generalised complete flux scheme (GCFS) by combining CFS
and the hybrid mimetic mixed method [39]. For FVEM, some schemes on rectangular
meshes were proposed by constructing special dual meshes [40-42]. However, construct-
ing special dual elements according to Peclet number needs additional computational
cost. Under the standard dual partition, we hope to construct an upwind FVEM on gen-
eral quadrilateral meshes with optimal convergence rate in L? norm.

In this paper, we construct a new upwind finite volume element method for the
anisotropic convection-diffusion-reaction problems on general quadrilateral meshes. The
trial space is taken as bilinear element space on quadrilateral meshes, and test space is
taken as a piecewise constant function space on dual partition. We discrete the diffu-
sion term by standard bilinear element finite volume method, which allows us to handle
anisotropic diffusion tensors. Especially, the key ingredient is the discretization of the
convection term, inspired by the idea in [37], we take the two terms of Taylor expansion
of the solution at the upstream point to replace the solution on dual element bound-
ary. Compared to the standard upwind scheme whose L? convergence rate is O(h), the
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L? convergence rate of our scheme is O(h?). Under some assumptions on quadrilateral
meshes and the regularity of exact solution, we carry out the stability of the scheme, and
prove the optimal convergence rate in H I norm and L% norm respectively, where the L2
error estimate is based on superconvergence result. A series of numerical experiments
are presented to confirm the theoretical results.

The outline of this paper is as follows. In Section 2] we propose a new upwind fi-
nite volume element method for convection-diffusion-reaction problems on quadrilateral
meshes. The coercivity is established in SectionBl In Sectiond, we carry out the optimal
error estimate in H! norm and L? norm. A series of numerical results are presented in
Section[§ Finally, the conclusions are given in Section[6l

2 A new upwind finite volume element method on quadrilateral
meshes

In this section, we construct a new upwind finite volume element method for problem
(LI) on quadrilateral meshes.

Let 7, = {K} be a quadrilateral partition of (2, where K is any quadrilateral element.
Let px be the diameter of the largest disk contained in element K, hx be the diameter of
element K, ®(K) be the set of interior angles of K, and & be the largest diameter of all
quadrilateral elements. We call 7}, is regular, if there exist constants C and 6 > 0, for any
element K € 7, and any 0 € ©(K), such that z—i <Cand 6y <0 <m—0y. And we call 7}, is

quasi-uniform, if there exists a constant C >0, such that Ch? < Sg <h? K € T,. Denote the
set of the nodes of 7, by Py,

In order to define the trial space Uj, we take the unit square K= [0,1]? on the (&,7)
plane as a reference element. For any convex quadrilateral element K, there exists a
unique invertible bilinear transformation Fx which maps K onto K

) x=x1+a1l+an+asly, (2.1)
K. .
y=y1+p1G+Pan+paly,
where
N =Xp—X|, Ky=X4—X|, A3=X3—X4—X2+Xq, (2.2)
Bi=v2—vyi, Be=Va—Vyi, B3=Yy3—Yi—Y2+y1, (2.3)

and (x;,y;), i=1,2,3,4, are the coordinates of the vertices P; of K, see Fig.[Il Denote the
Jacobi matrix of transformation Fx by Jk, and the determinant of Jx by Jk, then

Jx ox
(% o \_ [ amatasy az+a3§>
jK(C’")_< * o >_<ﬁ1+ﬁsn prtps )’ 24
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Figure 1: Bilinear transformation Fg.
and according to the differentiation of inverse function, we have

& o

o) =g@ W)=l< Patpal — —(aatast) > (2.5)

5 % K Jk \ —(B1+Bsn)  ar+asy

Let Uy, (K) be the standard bilinear polynomial space on K, and then we define the trial
space as

Uh:{uhEC(Q):uh\K:ﬁhoF‘l, ﬁhEuhU/(\), VKEE,MHBQIO}, (2.6)

where | g =, 0F ! represents the compound function of i, and the inverse transfor-
mation F 1. Then for any uy, € Uy, uy, restricted on K can be denoted as

up|k=u1(1-8)(1—n) +ual(1—n)+usln+us(1-2)y, (2.7)

where u; =u,(P;) (i=1,2,3,4).

Then we construct the dual partition 7," corresponding to primary partition 7. Con-
nect midpoints of opposite edges of quadrilateral element K, and the two line segments
intersect at the averaging center. As shown in Fig.[2 the dual element K}, surrounding Py
is a polygon formed by successively connecting points {O1, M3,02,Ms,03,M7,04,M;,01 },
where O; are the averaging centers, and M, are the edge midpoints. Then all the dual el-
ements constitute the dual partition 7,* = {K},P€ Py }. Let £ be the set of boundary line
segments of all dual elements. Furthermore, we define the test space as a piecewise con-
stant space on dual meshes

Vh = {Z)h € LZ(Q) LU ’K}S =constant, VK;; S 7;1*, Uh|K;;O =0, VPO EBQ} . (28)

Let I'l} be the interpolation operator from Uj, to V},, which is defined as

jup =Y up(P)yp, (2.9)
PePy,
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Figure 2: Dual element surrounding Pj.

Figure 3: Element K.

where p is the characteristic functions on K.

In order to construct the upwind finite volume element method, we first define the
bilinear form with upwind idea for convection term. Let E be the common edge of two
adjacent elements K; and K5 in 7,. The average gradient at any point (%,7) € E is defined
as

Vo) =5 ((Vol) (£ + (Vol) (59) ) 210)

Especially, if v € C!(K;UKj), then Vo= Vo.
Define I';j C K is the common boundary edge of two adjacent dual elements K}, and
K}, see Fig. Bl Without losing generality, for any point V(x,y) € T;, the corresponding

coordinates on reference plane (¢,7) is (%,7) = F¢ ' (x,y), 7 € (0,1). Then we define the
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upstream point (x*?,y"?) as

FK(O,U), if fr]_]_b-nz-]-dszo,

(x"P,y"P) = .
FK(1,17), if fr]_]_b-nz-jds<0,

(2.11)

where n;; denotes the unit outer normal vector of BK* And we call K7 the upstream
element of K corresponding to T'j;, if (x"F,y"?) € (0K ﬂaK“p) Similar to [37], we use two
terms of Taylor expansion u"? to approximate 1 and we define the upwind approximation
u"? for u as follow,

u'? =u(x" YY) - Vu (2" y"r), (2.12)

where r= (x—x"?,y—y"*?). We would like to point out that, in [37], the gradient is ap-
proximated by the difference quotient of the auxiliary unknowns, for our scheme, the
gradient is defined by the average gradient (2.10).

Especially, for (x*F,y"?)€0Q), we take Vu (x"?,y"?P)=(Vu|g) (x"?,y"?), where (x"?,y"P) e
K.

Then the bilinear form for convection term is defined as

bh(uh,vh): Z / (b-n)uvahds, Yup,ely, You,eVy. (2.13)
K5eT* oK%

The bilinear form for the diffusion term is defined as

a(up,op) = / («Vuy) nopds, Yu,el,, Vv, €V (2.14)
K* GT* BK

The bilinear form for the reaction term is defined as

c(up,op) = Z // cupopdxdy, Nupel,, v, €V (2.15)
KpeT))

Furthermore, the L2 inner product for the source term is defined as

(fon)= Y // Fopdxdy, Yo, € Vi (2.16)

KpeT,)

The upwind finite volume element method for convection-diffusion-reaction equation
(LI is to find uy, € Uy, such that

A(Mh,l)h) :a(uh,vh) —|—bh(uh,vh) —|—C<Mh,7)h) = (f,vh), \V/Uh S Vh- (2.17)
In addition, the exact solution satisfies the variational equation

a(u,op)+b(u,op)+c(u,op)=(f,on), Yo,€Vy, (2.18)
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Figure 4. Non-zero element stencil.

where

b(uop)= ) / (b-n)uwvyds, (2.19)

KpeT; 7 OKp
and the definition of a(u,vy,), c(u,v;) and (f,vy,) are the same as (2.14), 2.I5) and 2.16)
respectively.

Remark 2.1. Since the discretization of convection term needs to use the information of
upstream element, our scheme has more non-zero elements than the standard bilinear
element finite volume method. On structured quadrilateral meshes, the stencil of our
scheme has 15 points, while the stencil of standard bilinear element finite volume method
has 9 points. Fig.dshows the stencil of our scheme on dual element Kl*’i,j’ when by,b, > 0.

Remark 2.2. Based on the similar idea, we can extend our scheme to hexahedral meshes
in three-dimensional. The theoretical analysis is similar to quadrilateral meshes. Numer-
ical experiment confirms that our scheme has optimal convergence order on hexahedral
meshes, see Example 5.6 in Section Bl

3 Coercivity

In this section, we prove the coercivity of the upwind finite volume element method.
Firstly, we introduce the discrete semi-norm

1

2
]uhh,h: ( Z ]uh\iK,h> , Vuheuh, (3.1)

KeTy,

where

un |3 g = (w2 —ur) >+ (uz—1u2)*+ (uz —1g)* + (us—u1)*. (3.2)
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On the basis of paper [10], |y |1, and |uy|; have the following equivalence.

Lemma 3.1. Assume that T, is reqular, then the discrete semi-norms |uy|q , and |uy|1 are equiv-
alent over Uy, that is, there exist positive constants Cy and C, independent of h, such that

Ciluplipn <luph <Caoluplrp, Vuy €Uy, (3.3)

According to papers [10] and [18], the diffusion term satisfies the coercivity, when the
meshes satisfy the h'*7-parallelogram condition for any v € (0,1], that is, if any element

—0
K=0P,P,P;P, € T, satisfies | P; P, + P;P;| < Ch'*7, see Fig.[Il

Lemma 3.2. Suppose that Ty, is a reqular and h'*"-parallelogram partition (0 <~ <1), there
holds that,

a(up Xjup) > Capa|up|f,  Vuy €Uy, (3.4)
where Cs is a positive constant dependent of «y. The proof of (3.4)) can be found in [10] and [18].
According to [14] and [21]], the reaction term satisfies following lemma.

Lemma 3.3. Assume that Ty, is a reqular and h**7-parallelogram partition (0 <y <1), there
exists a constant Cy, such that

c(up ITup) > Cacminl[un]l§,  Yun €Uy, (3.5)
where constant C4 depends on 7.
Now we prove the positive definiteness of bilinear form A (u, IT;uy).

Theorem 3.1 (Coercivity). Assume that Ty, is a quasi-uniform and h**7-parallelogram partition
(0<vy<1), ifC4cmin—%]V-b\oo >0, where Cy is the constant in B.5), then for any uj, € Uy,
there exists a constant C for h small enough, such that

A Tu) = a(uy, Ty ) + by (up, Ty ) 4 ¢ (up, Ty ) > Clluy |3, (3.6)

where constant C depends on 7y, p1, b and cmin.
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Proof. Firstly, we discuss the bilinear form of convection term by, (1, IT;uy,).
bh (Ll h ,H; uh)

= Z/ (b-n)u, T1;uds
KpeT, 9K

= Z/a (b-n)<uh(x”p,y”p)+r~Vuh(x”p,y”p)>HZuhds
K*

KpeTy!

- L /(.,Kxb-n)((w(x“w“*?)+r-VuhrK<x“P,y“P>>>

KpeTy!

r

2

(Vg |ger (X"P,y*P) — Vuy, ]K(x”p,y”p)> IT,uyds

-  (ben)uy I Ty d
Z /z>1<;< n)u, 1T uds

KpeTy'
r %
+ ) / (b-n) 2 (Vg |gor (x*7,y*7) = Vg | (x"7,y"7) ) 1T upds
KicT oK 2
P="h
=B1+ By, (3.7)
where r= (x—x"F,y—y"?). By calculation, we have
' 1
/Qv-(l;mh)uhdxdy:E /Q (V-b)uldxdy. (3.8)

For the first part of (3.7), we have

B]Z Z / (b~n)uhHZuhds:

) / V- (buy)IT;uydxdy
Kp

KpeTy;
- / V- (b ) [T updxdy. (3.9)
Q
Based on (3.8)-(3.9), then
Bl:/QV-(buh)HZuhdxdy—/(.)V~(buh)uhdxdy%—/ﬂv-(buh)uhdxdy
:/QV-(buh)(HZuh—uh)dxdy%—%/ﬂ(v-b)u%dxdy
:/Q((V~b)uh+b-Vuh)(HZuh—uh)dxdy+%/(;(Vb)uidxdy. (3.10)
Utilizing Cauchy-Schwarz inequality and Poincare inequality, we obtain
. 1
1B1| < (19-bles| 1t o+ [bles s 1 ) 110, =1 llo+ 5|V -bles] 10

1
< Ch(blos+ |V -bles| ) 1§+ Vb 11, (3.11)
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Py

Figure 5: Element K and upstream element K"7.

where |b| :mélx(|b1 ,|b2]), and |V -b|e :mgx(lv-bD.
For the second part of (3.7), we get

B ¥ / (Tl (747) Vi () s
K*ET* BK*
—Z/ (b-n) Vuh|Kup(x PyP) —Vup| g (X", y"P)) [T uy)ds, (3.12)
e

where [ITjup] =TI;up|k: —Ijuy|k; is the jump of TTju;, on edge o, K{ and K; are adjacent
dual elements. For any €&, without losing generality, we assume [ b-nds>0, see Fig.[5,
then we have

(b n) (Vo (2P, y"7) = V[ (£, y*7) ) [y )ds

1

2| 1 _ A
<Clbllusli [ *rGm)- (Tiab() Vil (L)

A d Jx
— 71 oYl 9%
Np (Orﬂ)vuhh((ozﬁ))<‘an‘+‘aﬂ‘>‘dﬁ (3.13)
1 1
<CI2 bl 1.6 ( | |7t @ Funlien (L |y + [ 1Jg1<o,n>vuhrK<o,n>\dn>
I LA
SCh2|b|oo!Mh|1,I<<||n71<_uz17||F,oo/O Wuh!K“p(LU)(dU+H~7K_1HF,oo/O \Vuh|1<(0ﬂ7)\d77>/

where || T ! |peo = én«’;lXKHJI{l(C,U)HF, Vuy, = (—gh a—’) , and here we use {g—z‘ < Ch,
)€

|5 <Ch.
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According to [13], there holds

_ 1 _ 1
HJK lHF,OO < CK_/ HJKU}’HF,OO SCK“F’ . (314)
hk hyup
By calculation, we obtain
% % . )’
/0 W“h!K(O/ﬂ)\dﬂz/o <((“2—M1)+(us—u4—uz+ul)’7) + (us—ur) ) dn
1
<C((ua—u1)*+ (us—ua)*+ (ug—up)?)>
§C|uh]1,1<. (315)
Similarly,
!
/O ‘Vuhh(up(l,ﬁ)‘dﬁSC’uhh,KUP. (3.16)

Since 7y, is quasi-uniform, based on (3.12)-(3.16) and Cauchy-Schwarz inequality, we get

|Ba| <Chlbleo Y 1ty |1,k (|t4n]1,k+ 101 |1,k0)

ce€
< Chb|e|upl3. (3.17)
By (3.11) and (3.17), we obtain
* 2 1 2
| by (s I ) | < C5h<!b!oo+ \V-bM) |1+ 5V -bleo[u][o: (3.18)

If Capt1 — Csh(|bleo+ |V b|o|) >0 and Cycmin— 3|V -b|ew >0, we have the following positive
definiteness,

A(uh,HZuh) :a(uh,HZuh) +bh(uh,HZuh) +c(uh,HZuh)
1
> ((Copi—Csh([blos+|V-blws| ) ) s+ ( Cacomin =5V b ) s 3

> Clluy I3

This completes the proof. O

4 Error estimate

The error estimates of scheme 2.17) in H! norm and L? norm are carried out in this
section.
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Let u be solution to equation (L.T) and u;, be the solution to 2.17), then we have
A(u—up, I uy) =a(u—up, I wy) +b(u,IT;wy,)
— by (up, I wy) +c (u—uy, I wy,) =0. 4.1)
By coercivity, we have

1 A(ITu—u, 1T (ITu—u
thu_uhHlS_ ( h h h( h h))

C HHhu—uhHl
1 A(ITju—u, 1w
wpely HwhH1

where IT}, is the bilinear interpolation operator from H}(Q)NH?(Q) onto Uy,. According
to the definition A(-,IT;-) and (.I), we obtain

A(ITyu—uy I wy,)

=a (ITyu—uy 1T wy) + by, (TLu —up, I wy ) +c (X0 —uy, I wy,)

=a (ITyu—u,IT;wy) +by (TLu —u, I wy, ) 4+c (TTu —u, I wy,)
+a(u—uy, I wy) +by (u—upy, I wy) 4 c (u—uy, I wy,)

=a (ILu—u, I wy) + by, (Tyu —u,ITwy) + (by (u,15;w,) — b (u, 1T w),) )
+o(Iyu—u Il wy,). (4.3)

In order to estimate (3), we give four lemmas. First, for a (I1,u—u,IT;wy,), we have the
following estimates.

Lemma 4.1. Assume that Ty, is regular, and let u € H} () NH?(Q)), then there exists a constant
C, such that (see [10])

]a(Hhu—u,Hthﬂ§Ch!u|2|\wh||1, Ywy, € Uy, (4.4)
where constant C depends on .

Lemma 4.2. Suppose that T is a reqular and h*-parallelogram partition, and let u € H} (Q)N
H3(Q)), then there exists a constant C, such that (see [14])

|a(Thyu—u IT5w,) | <CR[ul[3||wyll,  Ywy €U, (4.5)
where constant C depends on .
For (bh (u,l—Ith) —b (u,Hth) ), we have the following estimate.

Lemma 4.3. Assume that Ty, is regular, and let u € H} (Q))NH?(Q)), then there exists a constant
C, such that

|y (14, 101,) = b (u, I3, ) | < CH|ula [|wp |1, Vawy € U, (4.6)

where constant C depends on b.
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Proof. By the definition of (2.13) and 2.19), we have

by, (u, ITwy,) — b (u, IT;wy,) |

= Z/ (b-n)(u"f —u)IT;wds
KpeT; 79K

(4.7)

=¥ [(bn ( X,y 1 Vu(x ”%y“ﬁ)—u(x,y)) [TTjw0,)ds|.

ce€

For any ¢ € £, without losing generality, we assume f ,bnds>0, as shown in Fig. B then
we obtain

/U(b~n) <u(x”7’,y”7’)+r-Vu|K(x”p,y”p)—u(x,y)) ([T, wy]ds

1

(a0 4328 L) (122 12 o

3 )
SCh\b\oo\whh,K/o < (0, ’7)+% ug(én) A<%"7)>

SC’b’oo|wh’l,K/o

dn, (4.8)

where 11 =uoFg, and here we use | | <

7’; ‘ < Ch. According to the Taylor expansion
with integral remainder and Cauchy—Schwarz inequality, we have

1

[ (s, n>+§a”(°’7>—a<§,n>)'dn

a¢
boril19%a 21 5
< <Clal .. '
_/0 /0 4922 dgdn < C / / &2 dédﬂ <Clily (4.9)
Then, based on [43], there holds
|25 ¢ < Chlulax. (4.10)

Finally, combining (4.7)-(.10) and using Cauchy-Schwarz inequality, we get

|bh (M,szh) —b(u,H;wh) | S Chz Z ]wh|1,1<|u]2,1< S Ch2|u]2|\wh||1. (411)

cel

This completes the proof. O

For the last part in (.3), the following estimate holds.
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Lemma 4.4. Suppose that T, is quasi-uniform, and let u € H} (Q)NH?(Q), then there exists a
constant C, such that

|y (u =T, Iy ) | < CHula[wyll, Voo, €Uy, (412)
where constant C depends on b.
Proof. In accordance with the definition of (Z.13), we have
by, (u—TTu, T wy,) |

- v /BK*(b~n)(u”7’—(Hhu)”p)Hthds
KieTy

= & [ o) (7)o V(e )

cecE’Y

— (D) (X7, y"7) —x- ¥ (L) (7 P )) [[1wp]ds|. (4.13)

For any ¢ € £, without losing generality, we assume f ,bnds >0, then we obtain

[ (o) (e 7))

= ([Tu) (x"7,y"P) —x-V (1T u)(X””J/”’”))[Hth]dS

scrbroorwhh,K< [ |t ) = (X)) s

o
2Js
n

(7 y"P) =V (T [k (x"7,y"7) ‘ds

Kup(x”p,y”p) - V(Hhu) |Kup (x”p,y”p) ‘dS) . (414)

Firstly, for the integral [ |u(x"?,y"P)— (I1,u)(x"P,y"?)|ds, by taking g1(x,y) = u(x,y)—
(ITyu)(x,y), we have

/ 181

( M D‘dﬂﬁc}l/o%‘ﬁl(oﬂ)(dn. (4.15)
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Utilizing Cauchy-Schwarz inequality, we get
I (E-DaEm)
0

/0% (gH(O,n)(dn:/O% 5
9$1(&,1)

< /O 1 /0 a(Elden+ /01 /01 oz

s/(f/()’ltgl(c,n)\dcdw/j/ol‘%‘dm

<C[&1lox+Cl&1l1 £ (4.16)

dg|dn

(¢-1)

'dédv

Then, based on [43] and estimate of interpolation error, there holds

1810, SCh™Hu—TTulox < Chlulyk, (4.17)
18111 g S Clu—TTulyx < Chlu|yk. (4.18)
Then, we get
[,y = () (7, s < O (4.19)
o

Next, for the integral [ |Vul|g(x"P,y"P)—V (ITyu)|x(x"P,y"?)|ds, we take g (x,y) =
|Vl (x,y) =V (ITyu)|k (x,y)|, similar to @I5) and @I16), we have

| I821ds < Chlgaly g +Chlgaly . (4.20)

Based on [43] and estimate of interpolation error, there holds

182002 < Ch™Y|g2ox <Chu—TTyulyx <Clulak, (4.21)
2|1 ¢ < Clg2l1,x < Clu—TTjulpx < Clulz . (4.22)
Then, we get
/. V”’K(x”p,y”p)—V(Hhu)|1<(xup,yup)‘d5SCh|”’2,1<. (4.23)
o

For the integral [ |Vu|gw (x"P,y"")—V (T1yu)|gur (x"P,y"P)|ds, we take g3(xy) =
| V| (x,y) =V (ITyu) [ger (x,y) |, similar to @I5), we have

1
/\g3]ds§Ch/()2 ‘g}(l,n)‘diy. (4.24)
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By using Cauchy-Schwarz inequality, similar to (4.16)), we have

1| po(egslem)
/0 g

§3<1,ﬂ)(d77=/0 3 Gldn
// ‘gg &n) ‘déd;ﬁu/ / ‘ $3(8,1) ‘dédiy
< C|&slo gwr +Cl&3l1, gur- (4.25)

Based on [43] and estimate of interpolation error, there holds

18310, <Ch™ < Ch™Hu—TTuly xw < Clulp ko, (4.26)
183 |1,Kup <Clgs |1,12up < Clu—TTyulo gwr < Clu|p g (4.27)
Hence, we have
/ Vit (X7, ) — V7 (T | e (37, (ds < Ch|ua g (4.28)
o

Combine (.13)-@.14), @E19), @.23) and (£.28) and using Cauchy-Schwarz inequality, then

we get

by (1 =Ty, Ty ) | < CH* Y a1,k (o x + 1], ko0

oce€
< Ch?|ulz ||wp])1.-

This completes the proof. O

For ¢ (IT,u—u,IT;wy), we have the following estimate. Let cmax = (m?xﬂ(\ (x,y)|).
xy)e

Lemma 4.5. Assume that Ty, is reqular, and let u € H} (Q)NH?(QY), then there exists a constant
C, such that

]c(Hhu—u,Hth) | < Ch2|u]2|\wh ||1, th & Uh, (429)
where constant C depends on cmax.
Proof. According to the estimate of interpolation error, we have

e (TTpu—u, ITwy) | < C||TTyu—ul|o|[wy lo
< Ch?|ulz ||wallo
< Ch?|ulz ||wp])1.-

This completes the proof. O
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On the basis of Lemmas [4.] 4.3] and [£5] we can obtain the following H' norm
error estimate.

Theorem 4.1. Suppose that Ty, is a quasi-uniform and h'*7-parallelogram partition (0<y<1),
let ue HY (Q)NH?(QY) and uy, € Uy, be the solution to (L)) and [2.17)), then there exists a constant
C, such that

|| —upl|1 < Chluly, (4.30)
where constant C depends on -y, u;(i=1,2), b and cmax.
Proof. Based on 2)-@.3), Lemmas 1] 4.3 4.4l and 4.5 we obtain

1 A(ITu—uy, ITw
thu_uhng_ sup ’ ( h hod h)’
thGUh ”whHl

< Chluly. (4.31)

Then according to estimate of interpolation error, we get

([0 =y |[1 = || —TTyu+TTu—uy |y
< =Ty |1+ || T — 1|
< Chuls. (4.32)

This completes the proof. O

With the help of Lemmas[.2] [4.3| E.4land [4.5] we have the following superconvergence
result.

Corollary 4.1. Assume that Ty, is a quasi-uniform and h*>-parallelogram partition, let u€ H} (Q)N
H3(Q) and uy, € Uy, be the solution to (L)) and ([217), then there exists a constant C, such that

g, —TTyu|; < CH?||ul|3, (4.33)
where constant C depends on p; (i=1,2), b and cmax.

Finally, with the help of superconvergence result, we can directly obtain the L? norm
error estimate.

Theorem 4.2. Suppose that Ty, is a quasi-uniform and h>-parallelogram partition, let u€ H} (Q)N
H3(Q) and uy, € Uy, be the solution to (L)) and (217), then there exists a constant C, such that

HM—M;ZHOSC]’IZHM“g,, (434)

where constant C depends on p; (i=1,2), b and cmax.



256 A.Lietal. / Commun. Comput. Phys., 35 (2024), pp. 239-272

Proof. Utilizing triangular inequality and Corollary [4.]] there holds that

[lu—upllo=||u—TTu+TTu—uyllo
<|Ju—TTpulfo+ | [TTu—uy| |1
<CI?||ul 5. (4.35)

This completes the proof. O

Remark 4.1. For theoretical analysis of FVEM, the meshes are usually required to satisfy
some conditions, such as h!*7-parallelogram condition [10},14}18|20]. For bilinear ele-
ment FVEM, under h2?-parallelogram condition, stability analysis and H! error estimate
are established in [10], the optimal L? error estimate is established in [14]. For bi-k ele-
ment FVEM (k > 1), stability analysis is established under i!*7-parallelogram condition
(7> 0) in [18], and the optimal L? error estimate is proved under h'*7-parallelogram
condition (y > kﬂl) in [20]. We would like to point out that, for bilinear element FVEM,
the condition in paper [20] is the same as the condition in paper [14]. Until now, the h?-
parallelogram condition is still needed for optimal L? error estimate of bilinear element
FVEM. However, a large number of numerical experiments show that these conditions
are sufficient for theoretical analysis, but are not necessary for numerical implementa-
tion, see [14,[18,20,45]. We verify that h'*7-parallelogram condition is not necessary by
numerical experiment, see Example 5.5.

5 Numerical examples

In this section, we present several numerical examples to demonstrate the theoretical
results proved in previous sections. For the discrete solution u;, and the exact solution u,
we calculate the errors by following continuous H! semi-norm, L? norm and discrete L?

norm
1
| fou ouy, )\ (E)u auh>2 :
S ou_ 9t U N dxdy | 5.1
=ty <K;rh/l<[<ax 8x>+ ay oy ) | 61

Ju—tnllo= ( )» /K<u—uh>2dxdy> : 62)

KeTy,

2| %
Ju—upllgp=1 Y. (w(P)—up)*|Kp|] . (5.3)
KLeT,),

The rate of convergence is obtained by the following formula,

Rate =log (ZEZ;; > /log (%) ) (5.4)
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(a) Rectangular meshes. (b) Distorted quadrilateral meshes.

(d) Shestakov meshes.

0O 01 02 03 04 05 06 07 08 09

(e) Uniform trapezoidal meshes.

Figure 6: Five types of meshes.

where h1,h, are the mesh sizes of the two successive meshes, e(h1) and e(h,) denote the
corresponding discrete errors. In the numerical tests, we use rectangular meshes, dis-
torted(perturbed) quadrilateral meshes, Kershaw meshes, Shestakov meshes or uniform
trapezoidal meshes, see Fig.
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5.1 Scalar diffusion problem

In this part, we compare the scheme (NUFVM) proposed in this paper with the standard
upwind finite volume element method (SUFVM) [29], optimal weighted upwind finite
volume element method (OWUFVM) [42], and complete flux scheme(CFS) [38]. Con-
sidering SUFVM, OWUFVM and CFS can only deal with scalar diffusion on rectangular
meshes, so we calculate Examples 5.1 and 5.2 on rectangular meshes. According to the
definition of CFS, we use discrete L? norm (5.3) to calculate errors in this part.

Example 5.1. We consider Eq. (LI) with Dirichlet boundary condition on domain Q) =
[0,1]2. We take the scalar diffusion coefficient x(x,y) = DI, where D is constant and I is
the identity matrix. Take the constant convection velocity b= (2,1)T. The exact solution
is chosen to be

u(x,y) =1—ex+y=3/D 4 pxty, (5.5)

The source term f and the boundary value are set according to the exact solution u.

Example 5.2. We discuss the equation (L.I) with Dirichlet boundary condition on Q) =
[0,1]2. We take the scalar diffusion coefficient «(x,y) = DI,, where D is constant and I,
is the identity matrix. The variable convection velocity is taken as b= (2—x?y,1+xy?)".
The exact solution is

u(x,y)=1—e>V=3/D ¥ty (5.6)

The source term f and the boundary value are given by the exact solution u.

The numerical results of NUFVM, SUFVM, OWUFVM and CFS are shown in Tables
Ml For the convergence rate in H' semi-norm, when the convection is strongly domi-
nant, SUFVM is O(h?). However, OWUFVM and NUFVM are O(h). Due to CFS does
not have the definition in H! norm, so we do not list the convergence rate of CFS in H 1
norm. For the convergence rate in L2 norm, SUFVM is O(h), and OWUFVM, CFS and
NUFVM are O(hz). In addition, for L? norm error, the errors of OWUFVM are small-
est, and the errors of CFS and NUFVM are close. For H! semi-norm error, the errors
of OWUFVM and NUFVM are close. Moreover, CFS and OWUFVM are not defined on
general quadrilateral meshes and can not deal with anisotropic diffusion.

5.2 Anisotropic diffusion problem

In this part, we compare NUFVM with the generalised complete flux scheme (GCEFS)
in [39] on rectangular meshes. We use discrete L? norm (5.3) to calculate errors in this
part.
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Table 1: Convergence rate of H' semi-norm for Example 5.1 on rectangular meshes.

SUFVM OWUFVM NUFVM

D h |t —up Rate |u—upl Rate lu—upl; Rate

1/2° 3.6220x 1072 - 3.1375x 1072 - 3.1375x 1072 -
1/2° 1.8170x107% 0.9952 1.5687 1072  1.0000 1.5687 %1072  1.0000
1 1/27  9.1001x1073 0.9976 7.8435x 1073 1.0000 7.8435x 1072  1.0000
1/28 4.5537x107% 0.9988 3.9218 x10~3  1.0000 3.9218 x10~3  1.0000
1/2° 2.2778x1073 0.9994 1.9609 x 1073 1.0000 1.9609 x 103 1.0000

1/2° 3.9181x107! - 4.0807 x 102 - 4.1803 x 1072 -
1/2° 2.8386x1071 0.4650 2.0391x10~2 1.0009 2.0653 %1072 1.0173
107¢ 1/27 2.0315x10~! 0.4827 1.0192x1072  1.0005 1.0259 x 1072 1.0094
1/28 1.4450x10~! 0.4915 5.0952x1073  1.0002 5.1123x1073  1.0049
1/2° 1.0246x10~! 0.4959 2.5474x1073 1.0001 25517 %1073  1.0025

1/2° 3.9182x10~! - 4.0807 x 102 - 4.1803 x 1072 -
1/2° 2.8387x10"! 0.4649 2.0391x1072 1.0009 2.0653x1072 1.0173
1078 1/27 2.0317x10~! 0.4826 1.0192x 1072  1.0005 1.0259 1072 1.0094
1/2%  1.4453x1071 0.4913 5.0952x 1073 1.0002 5.1123x 1073 1.0049
1/2° 1.0250x10~! 0.4957 2.5474 %1073 1.0001 25517 %1073  1.0025

Table 2: Convergence rate of L2 norm for Example 5.1 on rectangular meshes.

SUFVM OWUFVM CFS NUFVM
D h  [lu—wully; Rate [u—uyly;, Rate Ju—ulo; Rate [lu—wully;, Rate
1/2° 415x107% - 6.86x107° - 8.88x107° - 232x107° -
1/26 2.01x107% 1.04 1.71x107° 2.00 226x107% 198 4.66x107° 232
1 1/27 990x10~% 1.02 429x1077 2.00 5.69%x1077 199 1.02x107°% 2.19
1/28 491x107% 1.01 1.07x1077 2.00 143x1077 199 239x10~7 2.10
1/2° 2.45x107* 1.01 2.68x107% 200 358x107% 200 5.76x107% 2.05
1/2° 2.81x1072 - 1.47x107% - 293x1074 - 6.53x107% -
1/2° 1.44x1072 096 3.76x107° 197 751x107° 197 1.65x10~% 1.98
1076 1/27 7.29x1073 098 951x107® 198 1.90x107° 198 4.15x107° 1.99
1/28 3.67x107% 099 239x107° 199 478x107° 199 1.04x107° 2.00
1/2° 1.84x107% 1.00 599x10~7 2.00 120x107% 200 2.60x107° 2.00
1/2° 2.81x1072 - 147x10~% - 293x107% - 6.53x107% -
1/2° 1.44x1072 096 3.76x107° 197 751x107°> 197 1.65x10~%* 1.98
1078 1/27 729x107% 098 951x107® 198 1.90x107° 198 4.15x107° 1.99
1/28 3.67x1073 099 239x107® 1.99 478x107° 199  1.04x107° 2.00
1/2° 1.84x107% 1.00 599x10~7 2.00 120x107% 200 2.61x107°% 2.00
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Table 3: Convergence rate of H' semi-norm for Example 5.2 on rectangular meshes.

SUFVM OWUFVM NUFVM
D h |u—up| Rate |u—upl Rate lu—upl; Rate
1/2° 3.3455x107! - 3.1374x 1072 - 3.1375x 1072 -
1/20 2.1254x10~! 0.9944 1.5687 1072  1.0000 1.5687 %1072  1.0000
1 1/27 1.2579x1071 0.9972 7.8435x 1073  1.0000 7.8435x 1072 1.0000

1/28 7.0082x1072 0.9986 3.9218 x10~3  1.0000 3.9218 x10~3  1.0000
1/2° 3.7345x10°%2 0.9993 1.9609 x 1073 1.0000 1.9609 x 103 1.0000
1/2° 4.0557x107! - 4.0811 %1072 - 4.1739 x 1072 -
1/26 2.9479x10~! 0.4603 2.0392x 1072 1.0010 2.0636x1072  1.0163
107 1/27 2.1132x10~! 0.4803 1.0192x1072  1.0005 1.0255x 1072 1.0088
1/28 1.5044x10~! 0.4903 5.0953x1073 1.0003 51111x1073  1.0046
1/22 1.0672x10~! 0.4954 2.5474x1073 1.0001 2.5514x 1073 1.0023
1/2° 4.0558x107! - 4.0811 %102 - 4.1739 x 1072 -
1/20 2.9481x10~! 0.4602 2.0392x1072 1.0010 2.0636x1072 1.0163
1078 1/27 2.1134x10~1 0.4802 1.0192x 1072  1.0005 1.0255x 1072  1.0088
1/28 1.5046x10~!1 0.4902 5.0953 1073 1.0003 5.1111x 1073  1.0046
1/2° 1.0676x10~! 0.4951 2.5474 %1073 1.0001 2.5514x1073  1.0023

Table 4: Convergence rate of L2 norm for Example 5.2 on rectangular meshes.

SUFVM OWUFVM CFS NUFVM
D h  fu—uylly; Rate [u—mylly, Rate [u—uyfy;, Rate [ju—u, Rate
1/2° 434x107% - 498%x1076 - 200x1075 - 2.82x107° -

1/2° 211x1073 1.04 125x107°% 2.00 5.07x107° 1.98 6.00x107°% 223
1 1/27 1.04x107% 1.02 3.11x1077 200 1.28x107°% 199 1.37x107°% 2.13
1/28 5.17x107% 1.01 778x107% 200 3.21x1077 199 329x1077 2.06
1/2° 257x107% 1.00 1.95x1078 2.00 8.03x107% 2.00 8.03x107% 2.03

1/25 2.88x107%2 - 151x107% - 3.70x107% - 6.41x107% -
1/2° 1.48x107%2 096 3.87x107° 196 9.48x107° 196 1.61x10~* 1.99
1076 1/27 750x1073 098 9.79x107°% 198 240x107° 198 4.07x107° 1.99
1/28 378x1073 099 246x107°% 199 6.03x107° 1.99 1.02x107° 2.00
1/2° 1.90x107% 1.00 6.18x1077 2.00 1.51x107® 2.00 2.55x107°% 2.00

1/25 2.88x10°2 - 1.51x107% - 3.70x107% - 6.41x107% -
1/2° 1.48x107%2 096 3.87x107° 196 9.48x107° 196 1.62x107* 1.99
1078 1/27 751x107% 098 9.79x107° 198 240x107> 198 4.07x107° 1.99
1/28 378x107% 099 246x107° 199 6.03x107° 199 1.02x107° 2.00
1/2° 190x107% 1.00 6.18x1077 2.00 1.51x107® 2.00 2.55x107°% 2.00
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Example 5.3. In this part, we consider the convection-diffusion problem with anisotropic
diffusion tensor in paper [39]. Set the domain )= [0,1]2. Take the variable convection
velocity b= (1,2)T. The exact solution is

u(x,y)=sin(mx)sin(ry). (5.7)
We take the rotating anisotropic diffusion tensor as follows:

“(x )—1[) 14108 1—10"8
V=350 1210% 14108 )’

where D is a constant. The eigenvalues of diffusion tensor are given by A; = 108D and
A2 =D. So the diffusion tensor is strong anisotropy. The source term f and the Dirichlet
boundary value are set according to the exact solution.

As shown in Table 5] two schemes both have second-order accuracy in L? norm, but
the errors of NUFVM are smaller. We also list the numerical results for NUFVM on dis-
torted quadrilateral meshes. As shown in Table [6] we can see that the convergence rate
of H' semi-norm is O(h) and L? norm is O (h?).

Table 5: Convergence rate of L2 norm in for Example 5.3 on rectangular meshes.

GCFS NUFVM
D h ([t —unllo Rate ([t — 1o Rate
1/2% 2.3603x103 - 1.5189x 103 -

1/25 5.8254x10~* 2.0186 4.1770x10~* 1.8625
1/2° 1.4418x10~* 2.0144 1.0940x10~%  1.9329
1 1/27 3.5834x107° 2.0085 2.7988x107°  1.9667
1/28 8.9301x107° 2.0046 7.0781x107°% 1.9834
1/2° 2.2289x10°° 2.0024 1.7797 x107%  1.9917
1/2* 5.0946x1073 - 1.7749 1073 -
1/2° 1.2706x1073 2.0034 3.1747 x10~*  2.4830
1/20 3.1727x10~* 2.0017 6.4127 x107°  2.3076
107 1/27 7.9107x107° 2.0038 1.4229x1075 2.1720
1/28 1.9585x107° 2.0140 3.3427 x107% 2.0898
1/2° 4.7408 x107° 2.0466 8.0969 x 1077  2.0456
1/2% 5.0949 x1073 - 1.7749 x 1073 -
1/25 1.2709x1073 2.0032 3.1747 x10~%  2.4830
1/26 3.1754x10~* 2.0008 6.4127 x107°  2.3076
1078 1/27 7.9373x107° 2.0002 1.4229x1075 2.1720
1/28  1.9841x1075 2.0002 3.3427 x107% 2.0898
1/2° 4.9581x107° 2.0006 8.0969 x 1077  2.0456
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Table 6: Convergence rate of NUFVM for Example 5.3 on distorted quadrilateral meshes.

D h |u—up Rate l|u—upl|, Rate
1/2°  7.7600x 1072 - 8.5187 x10~* -
1/2° 3.9142x1072 0.9873 2.0964x10~% 2.0227

1 1/27 1.9710x107% 0.9898 5.5785x107° 1.9100

1/28 9.8401x107% 1.0022 1.4344x107° 1.9595
1/2° 4.9390x1073 0.9945 3.7499x107¢ 1.9355
1/2° 7.7661 %1072 - 1.2550 %1073 -
1/2° 3.8367x1072 1.0173 3.0752x107* 2.0290
107 1/27 1.9281x1072 0.9927 7.5650x107° 2.0233
1/28 9.6735x1073 0.9951 1.8858x107° 2.0042
1/2° 4.8305x1073 1.0019 4.6850x107°% 2.0090
1/2°> 7.5781x10°2 - 1.2201 x 1073 -
1/2° 3.8348x1072 0.9827 2.9947x10~% 2.0265
1078 1/27 1.9268x1072 09929 7.3184x107° 2.0328
1/28  9.6744x1073 0.9940 1.8338x107° 1.9967
1/2° 4.8350x1073 1.0007 4.7342x107° 1.9536

Example 5.4. In this part, we consider the convection-diffusion problem with heteroge-
neous anisotropic diffusion tensor. The computational domain is Q = [0,1]?. Take the
variable convection velocity b= (2—x2y,1+xy*)T. The exact solution is

u(x,y) =sin(mx)sin(my). (5.8)
We take the heterogeneous anisotropic diffusion tensor as follows:

D (ax2+y2 (oc—l)xy)

where D is a constant and « =10~° depicts the level of anisotropy. The source term f and
the Dirichlet boundary value are set according to the exact solution. From Table [7] we
can see that the convergence rate of H! semi-norm is O(h) and L? norm is O(h?).

5.3 Convection-diffusion on special meshes

Example 5.5. The computational domain is Q = [0,1]?. Take the variable convection ve-
locity b= (2—x%y,1+xy?)T. The exact solution is

u(x,y) =sin(mx)sin(my). (5.9)
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Table 7: Convergence rate for Example 5.4 on distorted quadrilateral meshes.

D h lu—upl; Rate lu—uylly Rate
1/2°  7.6501x1072 - 7.2631x10~* -
1/2° 3.8666x1072 0.9844 1.8268x10~% 1.9912

1 1/27 19658 x1072 0.9759 4.8459x107° 1.9145

1/28 9.9086x1073 0.9884 1.2952x10~> 1.9036
1/2° 4.9985x1073 0.9872 3.5734x107° 1.8577
1/2° 7.6184x1072 - 1.2054 %1073 -
1/2° 3.8320x1072 0.9914 29860x10~* 2.0132
107 1/27 1.9268x1072 0.9919 7.3588x107° 2.0207
1/28 9.6742x1073 0.9940 1.8893x107° 1.9616
1/2° 4.8393x1073 0.9993 4.7386x107°% 1.9953
1/2°  7.6481x1072 - 1.1904 x 1073 -
1/2° 3.8326x1072 0.9968 2.9496x10~% 2.0129
1078 1/27 1.9286x1072 0.9907 7.8321x107° 1.9131
1/28 9.7001x1073 0.9915 1.9158x10~° 2.0314
1/2° 4.8400x1073 1.0030 4.6320x107° 2.0483

We take the variable diffusion tensor as follows:

- 142x%+y? 0
"(x'y)_D< 0 142422 )

where D is a constant. The source term f and the Dirichlet boundary value are set accord-
ing to the exact solution. Obviously, for the fixed constant D, the eigenvalues of diffusion
tensor have following relationship. When x > y(x <y), the eigenvalue in x-direction
is greater(less) than that in y-direction. The eigenvalues with the largest difference are
given by Ay =2D and A, =3D. The eigenvalues with the smallest difference are A1 = A,
on line x =y. So the diffusion tensor is mild anisotropy.

In Fig. [6] we demonstrate some meshes, it is easy to verify that Kershaw meshes
satisfy the h?-parallelogram condition, and uniform trapezoidal meshes do not satisfy the
h1*7-parallelogram condition. Distorted quadrilateral meshes and Shestakov meshes are
random disturbed meshes, which usually do not satisfy h!'*7-parallelogram condition.

We test NUFVM on uniform trapezoidal meshes, Kershaw meshes, distorted quadri-
lateral meshes and Shestakov meshes, and the numerical results are shown in Tables[SHI2]
As shown in Tables [BHI0| the convergence rate of NUFVM is O(h) in H 1 semi-norm, and
O(h?) in L? norm on four kinds of meshes. In addition, we test Shestakov meshes with
distortion ranges 2/5 and 4/9. Tables show that the convergence rate gradually
decreases when the distortion range approaches 1/2. However, the convergence rate is
close to O(h) in H! semi-norm, and close to O(h?) in L? norm. The numerical results
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Table 8: Convergence rate for Example 5.5 on uniform trapezoidal meshes.

D h |u—upl|y Rate || —upl|o Rate
1/2° 8.2488 x 1072 - 6.2403x 1074 -
1/2° 4.1256x1072 0.9999 1.5498x10~% 2.0096

1 1/27  2.0630x1072 0.9999 3.8612x107° 2.0050

1/2% 1.0315x1072 1.0000 9.6361x107¢ 2.0025
1/2° 5.1575x1073 1.0000 2.4069x107¢ 2.0013
1/2°> 8.8079 x 1072 - 1.0260 1073 -
1/2° 4.4152x1072 0.9963 2.4545x10~* 2.0635
107 1727 22103x1072 0.9982 6.0099x107> 2.0300
1/28 1.1058x1072 0.9992 1.4875x107° 2.0144
1/2° 5.5303x1073 0.9997 3.7008x107°% 2.0070
1/2° 8.8080x 1072 - 1.0260 <1073 -
1/2° 4.4153x1072 0.9963 2.4545x10~% 2.0635
1078 1/27 2.2104x1072 0.9982 6.0100x107° 2.0300
1/28  1.1059x1072 0.9991 1.4876x107° 2.0144
1/2° 55312x1073 0.9997 3.7009x107¢ 2.0070

Table 9: Convergence rate for Example 5.5 on distorted quadrilateral meshes.

D h lu—upl, Rate l|u—up]|, Rate
1/2° 7.2545x1072 - 5.3514 x 104 -
1/2% 3.6523x1072 0.9901 1.3277x10~* 2.0110

1 1/27 1.8304x1072 0.9966 3.3034x107> 2.0068

1/2% 9.1589x1073 0.9989 8.2172x107¢ 2.0072
1/2° 45816x1073 0.9993 2.0542x107° 2.0001
1/2°> 7.6210x 102 - 1.2316 x 1073 -
1/2° 3.8495x1072 0.9853 2.9536x10~* 2.0599
107 1/27 1.9287x1072 09971 7.4764x107° 1.9821
1/28 9.6725x1073 0.9956 1.8475x107° 2.0168
1/2° 4.8452x1073 0.9973 4.6791x107° 1.9813
1/2° 7.6702x1072 - 1.1921x 1073 -
1/2° 3.8547x107%2 0.9927 3.0358x10~% 1.9733
1078 1727 1.9200x1072 1.0055 7.3326x107° 2.0497
1/28 9.6784x1073 0.9883 1.8690x107° 1.9721
1/2° 4.8402x1073 0.9997 4.7709x107°% 1.9699
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Table 10: Convergence rate for Example 5.5 on Kershaw meshes.

1.1173x 1072 1.0161 2.2544x10~° 1.9976
55560x10~% 1.0079 5.6394x10~°% 1.9991

D h |u—up|; Rate l|u—upy]|, Rate
1/(3x2%) 8.8199x1072 - 1.1274x 1073 -
1/(3x2°) 4.4182x1072 0.9973 2.8427x10~* 1.9877

1 1/(3x27) 22102x1072 09993 7.1134x107°> 1.9987
1/(3x2%) 1.1052x1072 0.9998 1.7776x107> 2.0006
1/(3x2%) 5.5263x1073 1.0000 4.4422x107° 2.0006
1/(3x2%) 9.6981x1072 - 1.4079 x 1073 -
1/(3x2°%) 4.6245x1072 1.0684 3.5827x10~% 1.9744

107¢ 1/(3x27) 2.2595x1072 1.0333 9.0022x107° 1.9927
1/(3x2%) 1.1172x107%2 1.0161 22543x107° 1.9976
1/(3x2%) 5.5558x 1073 1.0079 5.6392x107° 1.9991
1/(3%x25)  9.6986x 102 - 1.4080x 1073 -
1/(3x2%)  4.6248x1072 1.0684 3.5828x107* 1.9744

1078 1/(3x27) 2.2596x1072 1.0333 9.0025x107° 1.9927

(3x2°%)
(3x27%)

Table 11: Convergence rate for Example 5.5 on Shestakov meshes with distortion range 2/5.

D h lu—upl; Rate lu—uylly Rate
1/2° 9.3238x1072 - 9.9724x10~* -
1/2° 5.0310x1072 0.8901 3.0324x10~% 1.7175

1 1/27 2.7258x107% 0.8842 9.2468x107° 1.7134

1/2% 1.4733x1072 0.8877 2.8399x10~° 1.7031
1/2° 8.0019x1073 0.8806 8.7759x107¢ 1.6942
1/2> 1.0507 x 107! - 2.3598 x 1073 -
1/2° 58643x1072 0.8414 7.6169x107* 1.6314
107 1/27 3.2441x1072 0.8541 2.4418x10°* 1.6413
1/28 1.7681x107%2 0.8756 7.7422x107° 1.6571
1/2° 9.8193x1073 0.8485 2.5402x107° 1.6078
1/2° 1.2381x107! - 2.3117x 1073 -
1/2° 6.8711x107% 0.8495 82965x10~* 1.4784
1078 1/27 3.7788x1072 0.8626 2.8203x10~* 1.5566
1/28 2.0777x1072 0.8630 9.2422x107> 1.6095
1/2° 1.1554x1072 0.8466 3.0004x107° 1.6231
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Table 12: Convergence rate for Example 5.5 on Shestakov meshes with distortion range 4/9.

D h |u—uyly Rate l|u—uy]|, Rate
1/2° 1.2059x10~1 - 1.6907 x 1073 -
1/2% 6.6352x1071 0.8619 5.2225x107* 1.6948

1 1/27 3.6440x1072 0.8646 1.6820x107% 1.6346

1/28 2.0133x107% 0.8559 5.4390x107° 1.6288
1/2° 1.1125x1072 0.8558 1.7550x107> 1.6318
1/2> 1.4875x107! - 4.0134x1073 -
1/26 827701072 0.8457 1.3068x1073 1.6188
1076 1/27 4.6539x1072 0.8307 4.1946x107* 1.6394
1/2% 27006 x1072 0.7852 1.4549x10~* 1.5276
1/2° 15115x107% 0.8373 4.8110x107° 1.5965
1/2° 1.2096x1071 - 2.6776 x1073 -
1/2° 6.9733x1072 0.7946 9.0094x10~* 1.5715
1078 1/27 3.9170x1072 0.8321 3.2023x107% 1.4923
1/28 2.1905x1072 0.8385 1.0838x10~% 1.5630
1/2° 1.2291x1072 0.8336 3.6408x107° 1.5737

show that the convergence order is optimal even though the meshes do not satisfy h'*7-
parallelogram condition.

5.4 Boundary layer problem

In this part, we compare NUFVM with the finite volume element method(FVEM), whose
definition is (2.I8), and the standard upwind finite volume element method(SUFVM)
in [29].
Example 5.6. In this part, we consider a convection-diffusion problem with boundary
layers. Let the domain Q=[0,1]? and the convection velocity b=(2,3)". The exact solution
is chosen as

u(x,y) = e rHE (5.10)
The source term f and the Dirichlet boundary value are given by the exact solution u. We
take the scalar diffusion coefficient «(x,y) =DI,, where D is constant and I is the identity
matrix. Exact solution is shown in Fig.[Zl We test our scheme on distorted quadrilateral
meshes. From Table [[3] we can see that the convergence rate of NUFVM is O(h) in H!
semi-norm, and (’)(hz) in L2 norm. Table T4 shows that, FVEM leads to spurious oscilla-
tions when the convection is strongly dominant. As shown in Table 15 the convergence
rate of SUFVM in L? norm is O(h). When the convection is strongly dominant, the con-

vergence rate of SUFVM in H! norm is O(h% ).
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Table 13: Convergence rate of NUFVM for Example 5.6 on distorted quadrilateral meshes.

D h

[u—uyly

Rate

[|u—upllg

Rate

1/2°
1/26
1 1/27
1/28
1/2°

1.0586 101
5.4023 x 102
2.6698 x 102
1.3442 x 102
6.7496 x 1073

0.9705
1.0168
0.9900
0.9939

1.1723 %1073
3.0478 x 104
7.4285x107°
1.8836x107°
4.7436 x10~°

1.9435
2.0366
1.9796
1.9895

1/2°
1/26
1/27
1/28
1/2°

10

1.1524 x 101
5.8695 x 102
2.8686 x 102
1.4149 x 102
7.0762x1073

0.9733
1.0329
1.0197
0.9996

1.8802x 1073
5.8708 x 10~*
1.5882 %104
4.1615x107°
1.0562 %107

1.6793
1.8861
1.9323
1.9783

1/25
1/26
1/27
1/28
1/2°

10-8

1.1740x 101
5.8475 x 1072
2.8899 x 102
1.4214x 102
7.0840 x 1073

1.0055
1.0168
1.0237
1.0046

1.9731 %1073
6.0827 x 1074
1.6096 x 10~4
4.1582x107°
1.0675x 1075

1.6977
1.9180
1.9527
1.9617

0.8

|

1
0.9
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Figure 7: Exact solution for Example 5.6.

5.5 Three-dimensional problem

267

Example 5.7. In this part, we calculate our scheme on orthogonal-hexahedron meshes.
We consider Eq. (L) with Dirichlet boundary condition on domain Q =[0,1]3. We take
the scalar diffusion coefficient % (x,y,z) = DI3, where D is constant and I is the identity
matrix. Take the constant convection velocity b = (3,2,1)T. The exact solution is chosen
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Table 14: Convergence rate of FVEM for Example 5.6 on distorted quadrilateral meshes.

D h lu—upl; Rate l|u—upllo Rate
1/2% 1.9964 x10~1 - 4.0881x 1073 -
1/2% 1.0170x10"! 09731 1.0364x1073 1.9798
1/2° 53206x1072 0.9347 2.6831x10~% 1.9497
1 1/27 2.6791x1072 0.9898 6.8290x107° 1.9741
1/2% 1.3452x1072 0.9940 1.7187x107° 1.9904
1/2° 67506 x1073 0.9947 4.3256x107° 1.9904
1/2%  7.0889x10° - 1.6641 %101 -
1/2° 59114x1071 35840 6.1207x1073 4.7649
1/26 3.7146x10°! 0.6703 1.4758x1073 2.0522
1074 1/27 1.2154x10~! 1.6118 2.4357x10~% 2.5991
1/2%  4.0597x1072 1.5820 4.1767x107° 2.5439
1/2° 1.4814x1072 14545 7.6353x107° 2.4516
1/2%  7.6922x 10! - 1.8421 x 109 -
1/2° 5.0880x10° 3.9182 5.9749x107% 4.9463
1/26  7.7929x10° -0.6151 4.4990x107% 0.4093
107 1/27 2.3237x10° 1.7457 6.3962x1073 2.8143
1/28  3.0252x10° -0.3806 4.3164x1073 0.5674
1/2°  29222x10°  0.0500 1.9804x1073 1.1240
1/2*  5.5004 x 10° - 1.2876 x 101 -
1/2°  9.0618x10° -0.7203 1.0651x10~! 0.2738
1/2%  3.6005x10° 1.3316 2.0411x107% 2.3835
1078 1727 29756x10° 0.2750 8.5855x1073 1.2494
1/2%  32016x10° -0.1056 4.5333x107% 0.9213
1/2°  2.7833x10° 0.2020 1.9302x1073 1.2318

to be
u(x,y,z) — 1 —3¥t2y+z-6/D 4otttz (5.11)

The source term f and the boundary value are set according to the exact solution u.

From Table [I6, we can see that the convergence rate of NUFVM is O(h) in H! semi-
norm, and O(h?) in L? norm on orthogonal-hexahedron meshes.

We compare some finite volume methods for convection-diffusion problem on quadri-
lateral meshes including SUFVM, OWUFVM, CFS, GCFS and NUFVM. In Table 07 we
list the cases about mesh condition, convergence order, whether these schemes can deal
with anisotropic diffusion and whether these schemes have theoretical analysis. Accord-
ing to Table[17, we can see that the convergence rate in L? norm of SUFVM is only O(h),
but the convergence rate in L? norm of other schemes are O(h?). However, for second-
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Table 15: Convergence rate of SUFVM for Example 5.6 on rectangular meshes.

D

h

[u—up|y

Rate

[|u—uyllg

Rate

1/2°
1/26
1/27
1/28
1/2°

9.8350 x 102
4.9369 x 102
2.4728 x 1072
1.2374x 102
6.1894 x 1073

0.9943
0.9977
0.9988
0.9994

1.7094 x 1073
6.7733x 1074
3.0143x 1074
1.4281x 1074
6.9645 x 107>

1.3355
1.1680
1.0778
1.0360

10

1/25
1/26
1/27
1/28
1/2°

1.7462 x 1071
1.2588 x 101
9.2592 x 102
6.7291 x 1072
4.8322 x 1072

0.4722
0.4431
0.4605
0.4777

6.0394 %1073
3.1590 x 103
1.6326 x 1073
8.3278 1074
4.2098 x 10~4

0.9349
0.9523
0.9712
0.9842

10-8

1/25
1/26
1/27
1/28
1/2°

1.7462 x 101
1.2589 x 101
9.2596 x 102
6.7298 x 102
4.8332x 1072

0.4721
0.4431
0.4604
0.4776

6.0394 x 1073
3.1591 x 1073
1.6326 1073
8.3278 x 104
4.2099 x 104

0.9349
0.9523
0.9712
0.9842

Table 16:

Convergence rate of NUFVM for Example 5.7 on orthogonal-hexahedron meshes.

D

h

lu—uyly

Rate

[[14 =l

Rate

1/22
1/23
1/24
1/25
1/26

6.5366x 1071
3.2473x107!
1.6209 x 101
8.1014 x 102
4.0503 x 102

1.0093
1.0024
1.0006
1.0001

8.8352x 102
2.1818 x 1072
5.3752x 1073
1.3301 x 1073
3.3056 x 104

2.0177
2.0212
2.0148
2.0086

10—6

1/22
1/23
1/24
1/25
1/26

7.5181x 107!
3.7105x 107!
1.8324 x 1071
9.0649 x 102
4.5001 x 102

1.0187
1.0179
1.0154
1.0103

1.2031 x 101
3.2370 x 1072
8.4429 %1073
2.1631x1073
5.4805x10~*

1.8940
1.9389
1.9646
1.9807

108

1/22
1/23
1/24
1/25
1/26

7.5181 %1071
3.7105x 107!
1.8324x 1071
9.0649 x 102
4.5001 x 102

1.0187
1.0179
1.0154
1.0103

1.2031 x 107!
3.2371 x 1072
8.4429 x 1073
2.1631x 1073
5.4806 x 104

1.8940
1.9389
1.9646
1.9807

269
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Table 17: Comparison of five schemes.

SUFVM OWUFVM CFS GCFS NUFVM
Rectangular meshes v v 4 v v
General quadrilateral meshes

Convergence order in L2 norm

X
Anisotropic diffusion v
1
v

N[N XX
XN | X| X
XIS X
NSNS

Theoretical analysis

order schemes, OWUFVM, CFS and GCFS are only defined on rectangular meshes, and
OWUFVM and CFS can not deal with anisotropic Furthermore, CFS only has theoretical
analysis in one-dimensional [44]. NUFVM not only can deal with anisotropic diffusion,
but also has theoretical analysis on general quadrilateral meshes.

6 Conclusion

In this paper, we develop a new upwind finite volume element method for convection-
diffusion-reaction problems on quadrilateral meshes. Firstly, in order to construct the
upwind scheme, we use the two terms Taylor expansion to discrete the convection term.
Secondly, we prove the coercivity, and establish the optimal error estimates in H! and L2
norm respectively. We would like to point out that our scheme has optimal second-order
convergence rate in L2 norm, whether for dominant diffusion or for dominant convection.
Numerical experiments confirm the theoretical results.
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