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MULTISCALE ANALYSIS AND COMPUTATION FOR
PARABOLIC EQUATIONS WITH RAPIDLY OSCILLATING
COEFFICIENTS IN GENERAL DOMAINS

LIQUN CAO, FANGMAN ZHAI, AND YAU SHU WONG

Abstract. This paper presents the multiscale analysis and computation for parabolic equations
with rapidly oscillating coefficients in general domains. The major contributions of this study are
twofold. First, we define the boundary layer solution and the convergence rate with e1/2 for the
multiscale asymptotic solutions in general domains. Secondly, a highly accurate computational
algorithm is developed. Numerical simulations are then carried out to validate the theoretical
results.
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1. Introduction

We consider the initial-boundary value problems for second order parabolic e-
quations with rapidly oscillating coefficients as follows:

ou®(z,t) 9 (a/g (z,1) 6u8(x,t)) = f(z,t), (z,t) €Qx(0,T)

ot Ox; \ i 0z
(1) ut(z,t) = g(z,t), (x,t) € 00 x (0,T)

uf(x,0) = tg(x),

where 2 C R™ is a bounded convex polygonal domain with the boundary 9f2.
f(z,t), g(x,t), @o(x) are known functions. In this study, we consider the following
specific cases for the coefficients af;(z,t): ie. af;(z,t) = aj(E, Eik), and k =
0,1,2,3.

Let ¢ =e7 2, 7 =%, k=0,1,2,3. We make the following assumptions:

(A1) Fork =1,2,3, a;;(§,7) are 1-periodic and 1p-periodic in &, 7, respectively.
For k=0, a;;(&,t) are 1-periodic in &.

(A2) aij = aji, vo|n? < ai; (&, T)min; < nlnl?, v0,7 >0, V{1, ,nn) € R™,
where 79, 71 are constants independent of e.

(As) Let @ = (0,1)" be the reference cell of composite materials with a periodic

L
microstructure, Q CC Q" and Q' = ( |J D) \ 0Q’. Suppose that the boundaries
m=1

ODyy, are C7 for some 0 < y < 1. af;(x,t) € C*®(Dy, x (0,T)), i,j =1,2,--- ,n
for some constants 0 < p < 1.

(Aq) f€L*0,T;L2(), g € L*(0,T; H'/2(89)), up € H'(Q).

Problem (1) arises frequently in modeling the heat and mass transfer problem
in composite materials or porous media (see, e.g., [11]). It involves materials with
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a large number of heterogeneities (inclusions or holes). For homogenization result-
s concerning linear parabolic equations with rapidly oscillating coefficients which
depend on the spatial and time variables, we refer to Bensoussan, Lions and Pa-
panicolaou [2] for periodic cases and to Colombini and Spagnolo [7] for the general
non-periodic case. For a type of nonlinear parabolic partial differential operators,
Pankov [23] and Svanstedt [24] derived the G-convergence and the homogeniza-
tion results. Zhikov, Kozlov and Oleinik [26] investigated parabolic operators with
almost periodic coefficients and presented convergence results for the asymptotic
homogenization.

By introducing the cutoff function, Bensoussan, Lions and Papanicolaou (cf. [2])
obtained the strong convergence result without an explicit rate for the first-order
corrector of the solution of linear parabolic equations in L?(0,T; H'(Q2)). Brahim-
Otsmane, Francfort and Murat (cf. [3]) extended this result to L2(0,T; Wh(Q)).
Ming and Zhang (cf.[21]) derived the convergence result with an explicit rate '/2
for the case k = 0 under the assumption u® € H*(Q x (0,T)), where u°(z,t)
is the solution of the linear homogenized parabolic equation. Allegretto, Cao and
Lin (cf. [1]) investigated the higher-order multiscale method for linear parabolic
equations in four specific cases k = 0,1, 2,3, and derived the convergence results
with an explicit rate ¢'/2 under the assumption u® € H*+t21(Qx (0,7)), s = 1,2. It
is well known that, for a bounded polygonal Lipschitz domain €2, the assumptions
u® € HsF21(Q2x (0,T)), s = 1,2 may be invalid. Thus the error estimates in [1] fail.
In this study, we present the following two major contributions. First, we define
the boundary layer solution and derive the convergence results with an explicit
rate £*/2 for the multiscale asymptotic solutions in a bounded polygonal Lipschitz
domain 2. Secondly, we present a highly accurate computational algorithm.

The remainder of this paper is organized as follows. Section 2 is devoted to
the proofs of the main convergence results for the multiscale asymptotic method.
In Section 3, we discuss finite element computations and the error estimates for
the related problems. In particular, a new computational scheme is proposed to
solve the boundary layer solutions numerically. In Section 4, a finite element post-
processing technique and a numerical method with high accuracy are presented.
Finally, numerical simulations are carried out to validate the theoretical results
reported in this paper.

Throughout the paper the Einstein summation convention on repeated indices
is adopted. By C we shall denote a positive constant independent of €.

2. Multiscale Asymptotic Expansions and the Convergence Results

In this section, we first introduce the multiscale asymptotic expansions for prob-
lem (1) which has been investigated in [1]. Then we define the boundary layer
solutions and derive the convergence results for the modified multiscale asymptotic
solutions.

Let ¢ = e o, 7 = e %, k = 0,1,2,3. For the four specific cases k = 0, 1,2, 3,
following the idea of [1], we define the formal multiscale asymptotic expansions of
the solution for problem (1) given by

Ui(.’l],t) = UO(J:,t) + ENOtl (57 T)Oi

) ul(z 2,,0(
us(z,t) = u’(2,t) + eNg, (&, T)M 0*u’(, t)

2
NOL « I’ Y
+ € 102 (5 T) axal 6$a2
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where the cell functions No, (§,7), Nayas (&, 7), 1,0 = 1,2,--+ ,n are given in [1].
The function u°(x,t) is the solution of the homogenized parabolic equation and can
be computed from:

ul(x w0 (2
% - a%(dij%xj’w) = f(z.t), (2.t) €Qx(0,T)
®) u’(z,t) = g(x,t), (x,t) € 0 x (0,T)

u’(,0) = to(2),
where (d;;) is the homogenized coeflicients tensor given in [1]. It can be proved
that (a;;) is a symmetric and positive-definite matrix.

As already mentioned in Section 1, in order to derive the convergence results with
an explicit rate ¢!/2 for the multiscale asymptotic solutions defined in (2), we must
assume that u’ € H*t21(Q x (0,T)). However, for a bounded polygonal Lipschitz
domain €2, generally speaking, the assumptions v’ € H*+21(Q x (0,7)), s = 1,2
may be invalid. Moreover, the multiscale asymptotic solutions u(z,t), s = 1,2
do not satisfy the boundary conditions on 92 in a general domain. To overcome
these difficulties, we define the boundary layer solutions. Now we introduce the
notation, let 2y be a subdomain of the whole domain 2 consisting of the union of
periodic cells, i.e. Qo = ¢, e(z + Q), where I. = {z € Z",e(z + Q) CC Q},
dist(0Q0, 0Q) > 2, and Q) = Q\ Qp. They are illustrated as in Fig.1 (a) and (b).

(a) (b)

FIGURE 1. (a)Interior subdomain €y, (b) the boundary layer ;.

We define the boundary layer solutions given by

Qus P (z,t) 0 , . S (x, ) B
s %(ai‘j(x,t)ai%) = f(x,t), (x,t) € x(0,7)

SO, t) = g(x,t), (x,t) € 9 x (0,T),
ui"b(x,t) =ui(x,t), (x,t) € (02 NIN) x (0,T),
3 (

where us(z,t), s = 1,2 are defined in (2).
Remark 2.1 Existence and uniqueness of the boundary layer solutions can be
established under the assumptions (A2) — (A4). Hence we define the multiscale

asymptotic solutions for problem (1) as follows:
ui(xat)v ({E,t) Gﬁo X (OvT)v
() Us(z,t) =
ui)b(xvt)a (Ia t) € Ql X (Oa T)a

where s =1, 2.
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Next, we derive the interior error estimates for the multiscale asymptotic solu-
tions us(z,t), s = 1,2, and then employ the boundary layer solutions to obtain the
error estimates in the whole domain 2.

Theorem 2.1 Suppose that Q@ C R™, n > 1 is a bounded convex polygonal
domain. Let u®(z,t) be a weak solution of problem (1), and let u%(z,t) be the
solution of the homogenized parabolic equation (3), and u§(z,t), u§(z,t) be the
first-order and the second-order multiscale asymptotic solutions defined in (2), re-
spectively. Here, f € L2(0,T; L*(Q)) N HY(0,T; H*(Q")), g € L*(0,T; HY/?(0Q)),
o € HY(Q) N H*(Q"), where Qo CC Q" CC Q. For the specified case k = 0, we
assume that a;;(Z,t) € C*(0,T) for any fixed z € Q. For k = 2, we assume that
u® € H3Y(Q x (0,T)). Under the assumptions (A;) — (Ay), then it holds

T
S Jo, (W (@, 1) —ug(z,t)?de + [o [lu®(2,t) — ug(z, )| F g, dt

(6) C(T)e, for k=0; s=1,2
<< C(T)e, for k=1,3; s=2
C(T)e?, for k=2; s=2

where C'(T') is a positive constant independent of € but dependent of T
Proof. First, we introduce the following subdomains:
V={xeQ: if dist(z,00)>e/2},
K.={zeQ: if dist(z,00) < 2},
Kl ={zeQ: if e<dist(z,00) <2}

It is obvious that Qy CcC Q' CcC Q. Under the assumptions of the theorem and
using the interior regularity of linear parabolic equations, we can conclude that
u® € HY(0,T; H*T2(Y')), s = 1,2. Let introduce the cutoff function m.(z) given
by

me € D(Q)
me =0, if dist(z,00) <e
(7) me =1, if dist(z,dQ) > 2e

Omei<c, i=12-,n

3

el

For cases k = 0,1, 3, define

O(z,t
05 (0. 1) = (1) - 2me () Noy (6, 1) 25120
(8) 9u0 (4 2,0
- u” (x, t) O"u’(x,1)
92(I7t) = uO(Ia t) + mE(I) [ENOLI (gvT)Tal + 52N0¢1a2 (55 T)m} :
For k = 2, define
ou(z,t) 0%u® (1)
€ _,,0 > 2 )
(9)  05(x,t) =u’(x,t) + Ny, (§,7) . +e*me(2)Noyas (§,7) D O,
Let Q; = Q x (0,¢) and define
¢ 0 , . ow
(u,v)q, _/0 /qudxdt, an:—a—m(aij(x,t)(??j).
Here we prove Theorem 2.1 only for the case &k = 2, s = 2. The other cases

can be shown similarly. Without loss of generality, we assume that g(z,t) = 0.
For Vv € L*(0,t; Hi(Q)), recalling (2.2c)-(2.2d) of [1], (1),(8) and by complex
computations, we obtain the following equation in the sense of distributions:

(10) I ), 4 (o0 — 05), )0, = T30,
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&’ 2 &u’
= ~(eNow gz g V), — (£ (@) Nowew g T —7: v,
aNalag 82U0

9 (o ONajayy _ *u°
~((me(@) = V=52 gz 7y Ve, — ((me(@) = D g (00 =58 g gz Va,
9%u° Ome(z)  ONaja T
—(eaij Nay Exaﬁ?g]ﬁxi’v)m - (e Ox; 8{; : Bxalga:% ’U)Qt
ome(x) 9 ( o*u’ 20me(z) ’u’
—(e )z %(a”Nalw)gmﬁxaz g, ~ (€ Jx; @i N oz gmala%ﬁxi’v)m
8 ms(:c) 82 0 8Na @ 83 0
—(e? 2,0 @ij No o gscal%x%’v)m - (eme(@)ay; 3{; : 8xa18;a2axi’”)m
a . 3 0 3 0
—(62megx) aijNaloQ 6xa183$a25xj ) 'U)Qt - (gmf(x)a%(aijNala2)gxalaz;;a22;xj’U)Qt
10
_ (527)’1E (2)aijNajas —axalam;‘:axjam , ’U) a
Under the assumptions (A1) — (Ay4), it follows from Theorem 1.2 of [16] that
Neys Noyas %\%, 8—]V80‘T1—0‘2 € L2(0, 70; WH2°(Q)). If we assume that u® € H>(Qx

(0,T)), then we can verify that

2.0 0
) (=N 507 0) 0, | < Cell % iz 0. o 0 s

3,0
|(EaijNa13%5u—g—wav)Qt| < Cellu®|| 20,03 @) 10 20,15 (02))-

On the other hand, under the assumptions of this theorem, we apply the interior
regularity for linear parabolic equations to obtain u® € H**%1(Q/ x (0,7T)), s = 1,2,
where ' CC ), and u° is the solution of the homogenized parabolic equation (3).
From (7) and (Az) — (A3), we can verify that
(13)
3,0 0
|(e?me(2) Nayas m7v)gtl < CEQ”%HL%OJ;H?(Q/))”'UHL?(O,t;Hl(Q))a
4,0
|(€2ma($)aijNa1a2 8wa18?c;;3wj5:vi’v)9t| < CE2||UO||L2(0¢;H4(Q'))||U||L2(0,t;H1(Q))-

Thanks to Theorem 1.2 of [16] and using (7) and Lemma 1.5 of [22], we obtain
(14)

ome(x ONy, o 20 _
|(E 8;;(1 )aij ag} 2 3x‘213$a27v)gt| < Cee 1||U0||L2(0,t;H2(K;))||U||L2(0,t;L2(K;))

< Celu®l 20,6513 () 10l 20,510 (2))

(15)
ON.. o 2.0
[((me () — 1) =522 555(213%2 ) g, | < Cllullln2 (0,612 (1)) 0] 200,122 (k)

< Cellu®|| 20,613 @) 191 L2 0,411 (€2))
(16)
|(52@5#“UN&1&2 Q%Evv)gj < 05||u0||L2(0,t;H3(K;))||U||L2(0,t;L2(K;))
< C2|u®| 20,651 () 10l 200,510 ()
(17)
2550 0 Ny gt ), | < Cl o lollzao sy

< Cel|lu®ll 20,4513 ) 101l 20,4511 (92)) -
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Similarly, we have
(18)

ON., o 3.0
| (eme(@)as e 3%1%&23%’1))%' < Oelju®|| 20,030 0]l 22 0,622 )

< Cellu®ll 20,613 10l L2 0,11 (2))
(19)
|(52 8775;(;6) aijNalazﬁzi%vv)QJ < CEHUOHLQ(O,t;HS(K;))HU||L2(0,t;L2(K;))
< C2Ju|| 20,4510 () 1Vl 20,8517 (2)) -
We observe that
(20)

ONa, o, 20
(1= me(2) g (a1 =52 g = (1 = (@) o (ai; 52 gt

_.0 ONaja, 9% O —me(z)) ~ INajas 9%’

= g (1 = me(@))ai; =5 g =g —] — e == i g v
ONurws a0

—e(1 — me(x))ag; D€, 5%1855&25%'

By integration by parts, we get

8Na10¢2 20
(gt [0 = meleany e ], v), |

ONayar  0%u° 0
(21) = |(5|:(1 — ms(x))au 353 8xalgxa2 } ’ 8%)9J

< Cellul| 20,2 (o) 101 L2 (0,617 ()

< Ce¥2||u|| L2043 ) 0] L2 0,151 (92))-
Using Theorem 1.2 of [16], we have
01 —mg(x ONy, o 20
|(5 ( 3 6( ))ai_ 102 O%u )Qt|

v
T; 70 0xq,0%4,°

(22) < C||UOHL2(0¢;H2(K;))||U|\L2(o,t;L2(K;))
< Cellu®l| 20,613 ) 101 20,6551 (92))
. 8Noz @ 83u0
|(€(1 — Me (x))a” 85} : 8$a1 6,%2 6:101- ’ U) Qt'
(23) < CEHUJO”Lz(O,t;HE'(KE))H’UHLZ(O,t;L?(KE))

< 053/2||U0||L2(0,t;H3(Q’))HU”L?(O,t;Hl(Q))'
Combining (21)-(23), it gives
0 ON, 8%u0
24 1- I (a2 0a
@) 10 mae) (o )

where C' is a positive constant independent of €. Hence,

5o g Vel < Cellvllzzonm o,

ome(x) § %’  _ 2 9 [Ome(x) 9%u°
€ (%cj EE(G’U Nalaz) Bxal Bxag =€ a?l [ 6=Tj Qij NO¢10¢2 Bxal Bxag]
(25) 2
—628 me(x) aii N A &2 Ome(x) i N 33u°
Ox;0xj U2 9x, 0xq, Jx; "2 gy, Oxq,0T;
Similarly to (20)-(24), we have
ome(z) 0 0*u

(26) |(5Ta—§_(aij1\7alaz) ) g, < Cellvll 2,61 0))
J 4

0%q, 0T 0y
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(27) |(ama<x>%<aijzvma2>

where C'is a positive constant independent of €. From (11)-(19), (24), and (26)-(27),
we obtain
(28) |J5 (v)] < Cel|vl|L2(0,6m1 ()5

where C' is a positive constant independent of . From the initial conditions, we
have

(29) u®(z,0) — 05(x,0) = ep(x, ),

8311,0
mﬂ)szt < CEHUHL?(O,t;Hl(Q))a

0 2,0
where ¢(2,€) = [Ny (6, )25 + () Nay (6 7) G5 oo, 10 is mot

difficult to show that [l¢[|r2() < Cllu’|lm2(y < C. By using the Gronwall’s
inequality, we complete the proof of Theorem 2.1.

Theorem 2.2 Suppose that Q@ C R™, n > 1 is a bounded convex polygonal
domain. Let u®(x,t) be a unique weak solution of problem (1), and let U$(z,t),
Us (z,t) be the first-order and the second-order multiscale solutions defined in (5),
respectively. Under the hypotheses of Theorem 2.1, we obtain the following esti-
mates:

T
sup [ (u(,t) = U(,t))%dw + [ ||lu® = UZ|[5 ) dt
0<i<T O 0
(30)
<

C(T)e, for k=0, s=1,2
C(T)e, for k=1,3; s=2
C(T)e?, for k=2, s=2

where C(T) is a positive constant independent of e but dependent of T'.

Proof. We prove Theorem 2.2 only for the case k = 2, s = 2. Recall that the
boundary layer solutions u$’(z,t), s = 2 defined in (4), using (6) and the trace
theorem, we have

s = uSll 220,101 (1)) < Cllus = Sl 20,7, 1172590 M09 ))

< Clluf =l 20,751 (00)) < C(T)e,

(31)

where C' is a positive constant independent of £, but dependent of T.
From (6) and (31), using the triangle inequality, we have

(32)

luf = US| 2207 sy < 116 = | 2o, () + [ =

r20,r:H1 () < C(T)e.

The other terms are similar. Thus, we complete the proof of Theorem 2.2.

Remark 2.2 It should be emphasized that, in order to obtain the convergence
results with an explicit rate €!/2 for cases k = 1,2, 3, we need to apply the second-
order multiscale asymptotic expansion defined in (8)2 and (9). Here, (8)2 denotes
the second equation in (8) .The numerical results presented in Section 5 show that
the second-order correctors are necessary.

3. Numerical Algorithms for Related Problems

3.1. Adaptive backward Euler-Galerkin method for cell problems. We
recall the definitions of the cell functions for the four specific cases kK = 0,1,2, 3.
Observe that the cell problems with £ = 0,1,3 are all elliptic equations, where ¢
(or 7 ) plays the role of a parameter. Hence, the standard finite element method
can be applied. However, for the case k = 2, the cell problems are of second order

parabolic equations with respect to the scales (£,7) € Q x (0,79), where £ = ¢~ 1z,
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7 = e 2t and 7 is a time period. Now, consider solving the cell problems for k = 2,
in which the cell functions N,(§,7), Npg(€,7), p,q=1,2,--- ,n is defined in turn
(33)

D) — 2 (a6 P58y = D fain(67), (67) € Qx (0m)
Np(&,7) is l-periodicin &, [ Ny(§,7)dE =0
Q
Np(&,0) = Np(§, 70),
where @ = (0,1)", 79 is a time period.

ORoleeT) 0 (asy(6, ) 22ET)) = 0 (a6 N6, 7)
+apy (6N ZEET by (€7) — g, (67) €Qx (070)
Npg(€,7) is 1-periodic in &, ]Qprq(ﬁ,T)dﬁdT =0
0Q

Npq(§7 O) = Npq(& 7_0)7

. ™ ON, (&,
where pg = Tlo bfg [aPQ(g’T) + apj(gaT)j?%]dnga p,q = 1725 IR

In order to solve the time periodic boundary value problem, we refer the inter-
ested reader to Thomée’s classical book (see [25], p.21). The basic idea is to employ
an iterative method to compute the sequence {vp, }m>0 defined by

(35) Um+1(0) = vm(10) = E(10)vm(0), m=0,1,---

where E(79)vn, (0) denotes the value of the solution for the linear parabolic equation
at time 7 = 7y for a given initial value v,,(0) and vo(0) chosen arbitrarily. It
can be proved that this equation has a unique solution v. Once v is known, the
time periodic boundary-value problem may be solved as an initial boundary-value
problem.

On the other hand, since the elements a;; (&, 7) of the coefficients matrix of (33)
and (34) are discontinuous, and the solutions of (33) and (34) admit singularities.
Thus the computational error is likely concentrated around the singularities. We
now propose an adaptive algorithm to solve the cell problems (33) and (34). For the
solution of (34), we apply the same mesh as for solving (33). For the a-posteriori
error estimates for the finite element method and the adaptive algorithm for solving
linear parabolic problems, a comprehensive survey is given in [6], p.86-96. Following
the terminology and the notation of [6], we propose the adaptive algorithm for
problem (33). We introduce the following notation: Let A = (a;;(§,7)) be the
coefficients matrix and A, be the p-th column of A, p=1,2,--- ,n. Then, (33) can
be rewritten as follows:

(36) 9-N, —V - [AVN, + A,] =0,

where V- is a divergence operator. Here, V = V¢ and ¢ = e~'z. For simplicity and
without confusion, we continue to use V instead of V.
The weak formulation of (36) can be expressed as:

(37) <87va @) — ([AVNP + Ap]v V@) =0, Vpe H;er(Q)v
where H!, (Q) = {v e HY(Q), wvis l-periodic function}, @ = (0,1).

per
We now consider the backward Euler fully discrete approximation with variable

time steps for (37). Let 7, be the step size at the m— th time-step and set
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m
7™ = Y 75, and N be the total number of steps, that is 7 > 75. At each time-
=1
step TTZ, m=1,2,---, N, denote by M"™ a uniformly regular partition of ) which
is obtained from M™~! by using refinement/coarsening procedures. Note that the
elements must be aligned with the boundary of @ to employ the periodic boundary
conditions on 9Q. Let V2. C H}..(Q) be the usual space of conforming linear
finite elements over M™. Then the fully discrete scheme for problem (33) at the
— th time-step is given as follows:

(38) (0" N vn) + ([AVN, + Ap), Vor) =0, Vo, € VI,

where 5”N1§’fh = (N;‘h -N 1) /Tm. Denote by B™ the collection of interior inter-
element sides e of M™ in ). hg is the diameter of K € M™ and h, is the size of
e € B™. Define the jump residual across e € B™ as follows:
)
dcf m
4G >VN,,h+A< ™) e = {(AC T VNG + A7) ey
.

( (,7™)VN. Ap(, T ))|K2} Ve, e_aKlﬂaKg,

where v, is the unit normal to e from K5 to Kj.

By introducing the energy norm ||u||g.o = (AVu, Vu)/2, we have the following
upper bound estimate.

Proposition 3.1 Let N,(§,7), p=1,2,--- ,n be the solutions of the cell prob-
lems (33), and let Ny, be the fully discrete finite element approximations at the
m—th time-step. For any integer 1 < m < N, we have the following a posteriori
error estimate:

(40)
m P ) m ) m
||N;;n - N;:fh”l?(@) + Z/] . ||NZD - N;Z,h”2E',th < ZTjniime + OZTjn;pace)
j=177"" j=1 j=1

+C(ZE/T I(A(T) = A(F)VNZ ), + (Ap(7) = Ap()) 1320 dT) ,

where C' is a positive constant independent of €, hg, he, but dependent on the
minimum angle of the meshes ./\/lj, j=1,2,---,m. The time error indicator 7y,,,.
and the space error indicator 7J,,.. are given by

ngpacezzniu j:1727"'7m
e€Bi

4 1 . L
ngzmengNg, N;h
with the local error indicator 7/ defined as
1 .
=5 Z h%(”aJNJhHLQ +h€|“]g||%2(e)'
KeQ.

Here, Q. is the collection of two elements sharing the common side e € 7.

Proof. From (37) and (38), for Vo € H,,,.(Q), Vv, € V7, we get
(41) <8JNp ha > (A(TJ)VN;}NV@) = <5jNg)ha@_vh>
(A(TJ)VN; e V(o — vh)) — (Ap(Tj), Vvh),

where_A(Tj) = A(, 7 ) Ap( 7)) = A,(-, 7). For 7 € (771, 79], set Npu(r) =
UT)N] , + (1= 1U(T))N;) L, where I(1) = (1 — 7771) /7. Tt is not difficult to verify
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that
(P Not) ) 4 (AN, ~ N2,). V)
(42) — (OIND o — on) — (AG)VND, + A, (7)), V(o — )
~([(A(7) = AT))VN, }, + (Ap(7) = Ap(77)], Vo).
Let ¢ = N, — N, and vy, = rp(N, — Npp), where rp, : HY, (Q) — V7 is the

per

Clément interpolation operator (see [6], p.36). We can show that
. 1 .
(AN, = N30, T (N = Ny)) = 51N, = Nl

1 1 ;
+§||Np — NpalEo — §||N =N Lo

Assuming that the elements of A(77) and A,(77) are piecewise constants in each
K € M, and using the fact that VN; 5, is piecewise constant in K, we get

([A(Tj)VNZ,h + Ap(Tj)]v V[(Np - Np,h) - Th(Np - Np,h)])

(43)

(44) --3 [(Ny = Np) = i (Np — Npi)] ds.
e€Bi

From (42), we have

1 d : 1
el Noalliz@) + 5 ||N NpallEq + 51Ny = Nyl

= _”Nnh - p,h”E,Q <8]N; nr (Np = Np.n) — ra(Np — Np,n))

+ > [ T[Ny = Npw) = ra(Np — Ny ds.
e€Bi g ) )
—((A(1) = A(T))VN2 , + (Ap(T) — Ap(77)), V(Np — Np.n))-

For any 7% € (7™~1,7™], by integrating (45) in time from 0 to 7* and using (A»)
and the error estimate for the Clément interpolation operator, we obtain
(46)

1 TINT* )

310N = o) () g Z [ (1= + 1% = Nl oo

1 .
< 51 = M) Ol + 3 Z / [Ny = N2l il

m i
+OZ/~ (ngpace)lﬂnNP - Np,hHEdeT

+ Z/ I(A(T) = A(TT)NVN j, + (Ap(1) = Ap(m))l|L2(@) 1Ny — Npoall p.@dT.
From (33) and (35), we have (N, — N, 5)(0) = 0. It is obvious that

J W = Nl = [ 4PN = N g

= _Tj”Njh p,h ”EQ

(47)

Using the Young inequality ab < Aa? + ﬂbQ we compete the proof of Proposition
3.1.
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Remark 3.1 Based on the local error indicators ngme and ngpace in Proposition
3.1, one can present a time and space adaptive algorithm. We refer the interested
reader to Algorithm 7.1 of [6], p.93.

Repeating the procedure of Theorem 7.7 of ([6], p.83), we obtain the following
proposition:

Proposition 3.2 Let Ny, Npg, p,q¢ = 1,2,--- ,n, be the solutions of the cell
problems (33) and (34), respectlvely Suppose that N, Npgpn are the corre-

sponding fully discrete solutions at time 7 = 7™ = Z 7; by using the back-
i=1
ward Fuler-Galerkin method, where h and 7, are the sjize of the final mesh and
the time-step size, respectively. Under the assumptions (A1) — (A4), if Np Npq €
H?YQ x (0,79)) N H*2(Q x (0,79)), where 15 is a time period, then we have
(48)
I = Ny (™) 2@y < CLR2 + 7} VI = Npg (7™ 12y < C{R2 + 7in ),

||Np7h_Np(Tm)HH1(Q) SC{h+Tm}7 || pqh pq( )HHI(Q) SC{h+Tm}7

where 1 <m < N, 7¥ > 7y, and C is a positive constant independent of h, 7,,.

3.2. Crank-Nicolson Galerkin method for the homogenized parabolic e-
quation. Suppose that (G;;) is a homogenized coefficients matrix and (a? ;) is the
approximation of (d;;). For example, in the case k = 2, we know

(49) iy = — / / ai; (&,7) + ai(&,7) 3(57 ))dng.

For the Crank-Nicolson-Galerkin method, we have

m—1/2

ONT,
(50) aly :_Zm/ aig (6,772 + an (6, 7Y —— a& —5c 146

where 7~ 1/2 = (7m=1 4 ™) /2 N\~ 1/2 = (N}, + N;?,;l)/z. For the backward
FEuler-Galerkin method, we have

m

ON’
(51) Zm/ aij (§,7™) + au(§, ™) 8£I’h]d§.

For 7 € (r™ Y 7™, m=1,2,--- ,N, ¥ > 70, 7, = 7™ — 71 where 79 is a
time period, N7, is the fully discrete approximation of N;. Therefore, in practice,
we need to solve the following modified homogenized parabolic equation:

a0 (x a0
% N %(d?‘%xj’t)) = f(z,1), (z,1) €Qx(0,T)

(52) @(x,t) = g(a,t), (2,t) € 92 x (0,T)
@°(z,0) = To(x), x €.
Remark 3.2 For cases k = 0,1, 3, it is not difficult to verify that (a Z]) is a

symmetric, positive-definite matrix. Therefore, the modified homogenized parabolic
equation has a unique weak solution in L2(0,7T; H(f2)).
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Proposition 3.3 For the case k = 2, we now prove that the modified homoge-
nized coefficients matrix (d?j) satisfies the following conditions:
(53)

a?j = a?l., for the Crank-Nicolson-Galerkin method,

|a —ah n<c ( Tk bt 4+ h?+ Tmaw) for the backward Euler-Galerkin method,

(54) atming > plnl®,  Inl? =mini, V(.- nn) € R,

where C and iz > 0 are positive constants independent of h and 7,,4,; h is the mesh

size and T;,qa; = max Ty, is the largest time-step size.
1<m<N

Proof. For the Crank-Nicolson-Galerkin method, we get
(55)

(O™ N up) + (A(Tm_1/2)VN;TL,;1/2 + A (Y, Vo) =0, Vo, €V,

7> per?

where A(7™~1/2) = (a;; (¢, 7™ 1/?)) and NI 12 - = (NJ}, + N, 1)/2. By setting

vy = Nm 12 ¢ Viers we get
(56)
(N}nh_Nflhil) 1/2 a(Nm 1/24‘53)5—7\[”2 12
B = X ) m-1r2g +/ 712 B e = 0.
/Q Tm 5 Q (5 ) 351 (9§p 5
We observe that
(57)
9 Nm 1/2 m 1/2 .
[ anterm ) ( TE) O 8
@ % 1/2 85,)1/2 1/2
3 8(Nm +&;) ONT, B 8(Nm +&5)
_ m—1/2 J i,h . m—1/2 J
= [ ante 7 =t st | e )T e
N, — NIt (N,
:_/ ( 7,h j,h )Nm 1/2d§+/ ail(€77m71/2) ( +€J)
Q Tm Q G

Hence, we have

N e AN )
ZTm/ agl 5, 1/2)6—§l]d§

Q
x O % 4 &) oW 1 &)
m—1/2 Jh J 7
(58) Zle Qapl 57 ) : aé—l 651)

m m— m 1/2
/Q (N — NN e,

dg

1

70

MZ%

+
=1

3

Let I(1) = (1 — 7™ 1) /7 and Nju(€,7) = l(T)NJTh +(1- l(T))NJTh_l. One can
ONjn(&r) _ (N = N Y
or -

directly verify that v

. Furthermore, we get

1 & - ON; (€,
) T_OZ/Q(N;?}I_N;,TL}I_I) ih 1/2d€ 7_0/ / Jhg ) zh(é-? )dng
m=1
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Since

6N7 g, 02"

7'0 / / 5 lh(g, )dng] 8
1

3

i,j= 1 Lj
= Z l o*a’ /dg{—/ —aNj7hNith / jth}
= o 0z;0z; Jo 2 )y Or ' >
60 B
e
=1 27‘0 &viﬁxj Q 0 or
"1 9%l /
”2:31 20 D07, §(NjaNin(70) = NjnNip(0))
we have
a(Nm 1/2 +§ ) ( m 1/2+€l)
1 A_ - m— 1/2 J )
(61)  al Zr /apl &7 5% % d¢

The fact that ap; = ajp implies that a aé‘z

For the backward Euler-Galerkin method by setting v, = N7}, € Vi, in (38),
we get

Nm o ym-l A(N™ + £)ON™
o [ R ace [ ae.rm 20 a0
Q m Q

65 l 65 14

Similarly to (57) and (58), we have

(63)
J h + 5.7)
Z Tm/ aalb, 7™ 29 4

_i & AN &) AN+ €)
B ZTm/QU«p[(g,T ) 851 aé-p d§

N
1
— N — Nm-LhNm (g
T Z/Q( g = N INTRAE

1 & O(N™ + &) O(Nm + &

=gZTm/Qapz<§mm> : 5 Sk o, g
m=1

1 al m m—1 (NZT;L—FN:Zil)
+%n%l/<;)(Nj,h_Nj,h )—2 1 d¢

1 Nith = Niow
+%z:1/Q(NJ —NP” 1)( e )d§

1 (N +¢&; Nz +&
:—ZTm/apz(f, m (N Jgg &) 9( h 5)5

/ / TN s £ Z/ — NI (NI = NP

It is obvious that

= N = (N = NG (6 7™)) + (NG (6, 7™) = N (6, 7™ 1) + (NG (€, 71 = N
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It follows from Proposition 3.2 that

m

V5= N6,z < CH [ 10,85 pdr

m

s / 1002 N; (-, 7| 2T,
0

m—1

IVt = NG (&™) ez(o) < ChQ/O 107N (- )| 2 (@)

m—1

+CTma;E/ ||aTTNj('=T)HL2(Q)dT’
0

where C' is a positive constant independent of h and 7,,4.; h and 7,4, are the mesh
size and the largest time-step size, respectively. We observe that

|‘Nj(§77—m) - Nj(gva_l)HLQ(Q) = Tm(‘/Q(aTN](%m))2d§) 1z < CTmaz-

We thus have

N
g O (¥ = VT = A
1 N
(64) < 2—;” — N M 2@ I = NI ey
N
< c Z ( + Tma1)2 = CN(h2 + Tma1)2
<cfm.

Tl + B + Tinaz }-
Similarly to (60) and (61), using (64), we obtain
(65) @l — | < O(rbah® + 2+ T )

It remains to prove (54). Here, we only consider the backward Euler-Galerkin
method, since the Crank-Nicolson Galerkin method is similar. We observe that

N m
g il = 3 [ [ Tes(en) - a6

' ONT,
+all(§, )M e, i acar
: 6 ON
/m 1/ (aij(€,7) aij(&Tm))(l-i—%)
) N
+ail(§,7m) e 62; jyh)}dfdr

It follows from Proposition 3.2 that
To

lai; — aly| < OTmaz/O 10raijll 2@ A7 N5l L2 0.70: 112, (@)
T0
(67) +Ch/ 10-N; (-, 7) |2y d7
0
To
+cnmm/ 10,2, (-, 7| 2 -
0

Since (a;;) is a symmetric and positive-definite matrix, from (67), we complete the
proof of (54).
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Next, we present the error estimates between u°(z,t) and @°(z, t), where u°(z, t)
and @°(x,t) are the solutions of (3) and (52), respectively.

Proposition 3.4 For k = 2, let u°(x,t) and @°(x,t) be the weak solutions of (3)
and (52), respectively. Under the assumptions (A1) — (A4), if f € L?(Q2 x (0,T)),
g € L?(0,T; HY/?(99)), 1o € H'(Q) , then we have the following error estimate:

T
sup /(uo(x,t) — %z, t))*dz + / [uf (-, t) = @ (-, 1) || 31 oy dt
(68) ogthQ

0
<C(h* + Tfr?aw){”f”%?(QX(O,T)) + ||9H%2(0,T;H1/2(ag)) + HEOH?P(Q)}’
where C' is a positive constant independent of A and 7,,44; h and 7,4, are the mesh
size and the largest time-step size, respectively. Note that ¢ = 1 for the backward
Euler-Galerkin method; and ¢ = 2 for the Crank-Nicolson Galerkin method.

Proof. By setting w(z,t) = @°(z,t) — u®(z,t) and fi; = a;; — al}, we have
ow(z,t) i(dh Bw(x,t)) B i(ﬁ ouO(z,
ot Ox; ~ ¥ Ox; T Oz “ Oz
69) § w(a,t) =0, (z,t)€dQx (0,T)
w(z,0) =0, ze€q.

Multiplying by w(x,t) to both sides of (69) and by integration by parts in © x (0, 1)
with t € (0,7), it gives

Ow?(x,t) Ahaw ow(zx,t)
// ddt+// 8:17J oz, ———~dadt
// 8u xtathddt

Q Tj

By using Propositions 3.2, 3.3 and the trace theorem, we have

1 ~ t
5 [0 tdeta [ ) e
Q + 0
<0 [ (b ) WGl ot Dl ot
0

)), (x,t) € Q x (0,7T)

By means of the Young’s inequality, we get

1 ot b1
5 [ @ nde s a [ et Ol @dt < O+ 7250) [ IOl ot
Q 0 0

t
A / o, 0) 2 .

Choosing a sufficiently small A > 0 such that A < %, it yields

1
5 [t + 8 [ ol < 0 725 [ 10001 o

Using the Gronwall’s inequality and the regular estimates of the solution u°(z,t) of
the homogenized parabolic equation (3), we complete the proof of Proposition 3.4.
Remark 3.3 For cases £ = 0,1,3, one can derive similar results to those of
Proposition 3.4.
By the virtue of the interior estimates for second order parabolic equations (see
[14], p.351), we can prove the following proposition without any difficulty.
Proposition 3.5 Let u°(z,t) and 4°(z,t) be the weak solutions of the ho-
mogenized equation (3) and the modified homogenized equation (52), respectively.
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Under the assumptions (A1) — (Ay4), if f € L2(Q x (0, 7)) H(0,T; H*(2")), g €
L2(0,T; H'/2(09Q)) , 1o € HY(Q) O H*T1(Q"), s = 1,2, where Qy cC Q" CC Q,
then it holds

T
sup H’U,O(J,',t) - ao(xu t))”g—i-l,ﬂo + / H’U,O(,t) - ao('u t)||§+2,ﬂodt
0<t<T 0

(70) < C(2 + 720,0) {1 Vs o zut0e vy + N0l e

12 20 029 + 193200 7581372 05y + NTollra e |

where C' is a positive constant independent of h and taue.; b and T4, are re-
spectively the mesh size and the largest time-step size. Note that ¢ = 1 and 2 for
the backward Euler-Galerkin method and the Crank-Nicolson Galerkin method,
respectively.

Next we discuss the finite element computation for the modified homogenized
parabolic equation (52). Based on the numerical results by the standard finite ele-
ment method, we introduce the finite element post-processing technique presented
in [18, 19]. Let J" be a regular family of subdivisions of €2, where h; is the mesh
size, and satisfy the following properties:

(1) The elements are uniform hexahedrons in the interior subdomain £y CC .

(2) The elements are regular tetrahedron in region Q; = Q\Qp , and the elements
are tetrahedrons near the boundary 0f2.

(3) Any face of the element K is either a subset of the boundary 99, or a face
of another element K5 in the subdivision.

Define a r— th finite element space:

(71) SMQ)={veC@Q): v|lg P (K), wvlag=0}C HIR),

where
P Qr, K is a hexahedron
" P, K is a tetrahedron,
and @, and P, are bi r-th and r-th finite elements, respectively.
The semi-discrete scheme for solving problem (52) is given as follows:

d . .
(72) <EU9L1’U’L1> + aﬂ(u?n’vfh) = <f7 Uh1>7 V’Uhl € Shl (Q)7 te (OvT)v

where (u,v) = [, uvdz, ag(u,v) = [, d?j%%dx.

We consider the Crank-Nicolson fully discrete approximation with variable time

m
steps for (72). Let &, be the step size for the m—th time-step and set t,, = > k.
i=1

We define U™ € 5" (Q) recursively for m > 1 by
(73)

_ 1 —
<6tU;£,’Uh1> + GQ(§(U;7£ + Uhl 1)7Uh1) = <f(tmfl/2)7vh1>7 V’U}u € Shl (Q)u
U}gl = ﬁO,hlv

where QU™ = (U = U)oy f(tm—1/2) = f(@, (tm +tm—1)/2), G0, € S™(Q)
is some approximation of @g(z).

Remark 3.4 Under some regularity hypotheses, one can derive the error es-
timates of the Crank-Nicolson Galerkin method for problem (52). We refer the
reader to additional references, see, e.g., [6, 15, 25].

In order to improve the numerical accuracy of approximate solutions, we intro-
duce the finite element post-processing technique presented in [18, 19]. The key
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€

€s
€3 €1
(a) (b)

FIGURE 2. (a) Triangular mesh ;  (b) rectangular mesh

step of the method is to construct a bi-2r-th (2r-th) interpolation operator at a
new larger element with respect to a coarse mesh as shown in Fig.2 (a), (b), by
using the nodal values of the bi-r-th (r-th )finite element solution. Denote by Iéi:)
the bi-2r-th ( 2r-th) order interpolation operator, where hy is the mesh size to solve
problem (52).

Lemma 3.1 ([19]) Let Zp,, : H'(2) — S"1(Q) be the usual Lagrange’s interpola-
tion operator. Then the interpolation operators Z,, and Iéi:) satisfy the following
properties:

(74) 1Z5 ullop < Cllulloy 1<p<oo,o0=0,1, VueS"(Q),

2r 2r 2r 2r
(Iéhl))z = Iéhl)v IQ(hl)Ihl = I2(h1)7

(75) _
I3 u(P) = Tnu(P) = u(P), VP eTh, ueC@),

2r r+l—o
ae) | =T ulons < ORI ularesp
Yu € WrHhe(E), 0=0,1, 1<p<+oo, VE € J?M|q,

where C' > 0 is a positive constant independent of hy, T" denotes the set of nodal
points of JM" of a domain Q.

After the fully discrete approximate solution U} for problem (52) is computed,
we then employ the post-processing technique to the solution. Next we show the
following convergence results for this method.

Theorem 3.1 Let @°(z,t) be the unique weak solution of problem (52), and
let U™ € S"(Q) be the fully discrete approximation of @°(x,t) at time ¢ = t,, by
using the Crank-Nicolson Galerkin method. Suppose that Qy CC Q" CcC , and
Qo, Q" are covered by a uniform mesh. Under the assumptions of Proposition 3.5,
we have the following error estimates:

(77)

2r m ~ r _ ~
HI2(h1)Uh1 — 0%z, tm) || 1 (00) < ChYT (|\u0($)||m+1(sz~) + 18 (2, tn) || 2 2
tm tm
+/ ||3tﬂ0|\m+1(sz)dt) + CHQ/ (10e0° || L2(02) + 1|02 0% 1202y ) At
0 0

where C'is a positive constant independent of hy and k; h; and k are the mesh size
and the largest time-step size, respectively. 9;4° denotes the derivative of @° with
respect to time t. r > 1 is the degree of piecewise polynomials in the finite element
space S"1(Q), Iéi:) is the higher order interpolation operator.
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Proof. Observe that
~ 2r)rrm ~ 2r ~
@0 (x, ) — Iéhl)Uh1 =%z, ) — Iéhl)Rhluo(:v, tim)
IO Ry @0, ) — IS U = 6 4,

where Ry, is an elliptic type projection operator, see [6, 15, 25]. It follows from
Lemma 3.1 that

167 11 () < CRTHHEO(, tn ) | 2 ) + 1802, tm) — R @0, tn ) | = (1)
< ChYT ([0 ()| s oy + 180 (@, tn) || 20y ) + CRY2H 780 (2, )| o2 )
< Ch (lao (@) | rer @y + 180 (2, t) | mv2(), v > 0.
On the other hand,
m 2r ~ 2r m 2r ~ m
0" =I5 Ry, @ (@, tm) — Zay U = Tan) (R, @0(x, t) — UJ).

Thanks to (R, @%(z,ty) — U") € S"(9Q), it follows from Lemma 3.1 that

2r ~ m ~ m
||I§h1) (B, @, tm) — U112 (20) < ClIRR, @0 (2, tm) — Upt 0 (020)

We employ the superconvergence estimates (see, e.g., Theorem 13.3.4 of [5], also
see [25]), and obtain

t’Vn
m ~ m r ~ 1
1™ 1100y < ClIRR, A (@, tm) = Upt 11 (20) < Ch1+1(/0 108° | 21 () 2

=

tm
+Cl‘€2(/ ||attﬂ0|‘H2(£2//) + |‘atttﬁ0|‘%2(gll))
0
Therefore, we complete the proof of Theorem 3.1.

3.3. Novel algorithm for boundary layer solutions. In this section, we present
the numerical algorithm for solving the boundary layer equations (4). For the case
k = 0, we employ the backward Euler-Galerkin method or the Crank-Nicolson
Galerkin method. Next, we consider when k& = 1,2, 3. In practice, we need to solve
the following modified boundary value problems:
(78)

0usb(z,t) 0 r t 0ust(z,t)
T_a_xz(az](gva_k)aixj) :f(I,t), (.I,t)EQl X (OvT)
Sb(x,t) =0, (2,t) €9Q x (0,T)
ast(x,t) = (7,?1 (z,t) (x,t) € (02 NIN) x (0,T)
i (.I,O) = ﬁo(x), S Ql,

a 7 2r)rrm 7 2r) rrm— 7
where U9 (,t) = (TS U + (1 — 1) 5 U™ for ¢ € (tmer, b, 1) =
(t = tm—1)/Ems Em = (tm — tm—1), U, U"~1 € S"1(Q) are the fully discrete
approximations for the modified homogenized parabolic equation (52), the interpo-
lation operator Iéi:) has been defined in (74), also see [18, 19].

Let Tp, be a regular family of tetrahedron for subdomain 2, = Q \ﬁo, where ho
is the mesh size for ;. Define a linear finite element space

(79) th (Ql) = {U S C(ﬁl) : ’U|3Q()magl =0, ’U|K S Pl(K), ’U|(’9Q = 0}.
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The semi-discrete problem of (79) is to find 11222 - U,gl € L2(0,T; Wh, (1)) with
~e,b
s,ha

(80)
d . -
<%uz1227 vh2>91 + a?h (uzzzzv vh2) = <fa vh2>917 v’Uh2 € Wh2 (Ql)v te (07 T)v

(0) = g p, and

— _ t\Oou 0 n
where (u, w)q, = le uwdz, a%l(u,w) = fﬂl aij(%, ?)Ex_iﬁuidx Let {¢;(x)}12,
ng
be a basis of Wj,(21), and &222 = ;Q(t)@(x). Then for any fixed t € (0,T) ,
(80) is equivalent to

81 S50, 2D 4 S (0,006, (0) = @0, 6001, =12 ma

j=1 j=1

Denoting by A‘,Em = (ag, (¢, ¢:)) the stiffness matrix, by B} := ((¢;, $i)a,) the
mass matrix, and by SBr,(t) = ((f(z,t), di)q,), we obtain for ¢, = ((;(t)) the
following system of linear ordinary differential equations:

(82) By, G (8) + 45, G () = Bra(1). 1€ (0.7)
Chs (O) = Cohs -

Since the matrix By is symmetric and positive definite, it can be factored as
B; = (E;,)" E;,. Introducing the new variable w;,_ := Ef_Cp,(t), system (82) can
be rewritten as follows:

d g € g
(83) %whg + Ahgwhg = Ghs (t)a te (Oa T)
w, (0) = Ej, Cons

where A5 = (E}, )’T/Alfm (E5, )"t is an R™*">-elliptic matrix and gs, := (Ef_ )~ B, .
It should be emphasized that since the elements of the matrix Aj, (t) are rapidly
oscillating with respect to time ¢ , it is difficult to directly solve the linear differential
system (83) by the standard numerical methods such as Runge-Kutta methods,
since it will require a large computational scaling.
Let 7 =¢7%, k=1,2,3 and Ah2(aik) = Ap, (1) be Tp-periodic in 7, i.e. Ap,(T+

70) = An,(7). Then A5 _(t) is t? = e¥ry -periodic in ¢, but g, (t) is not a periodic
function in ¢. Therefore, problem (83) is not a usual non-homogeneous linear system
of differential equations with real periodic coefficients(see, e.g., [9, 13]). Suppose
that yj,(¢) is the solution of the following homogeneous linear system with real
periodic coefficients:

d
(84 { VR = — A5, (w7, ()
Uh, (0) = wi, (t2) — wi,, (0), t€(0,7).
Lemma 3.2 ([1]) If ||0¢qn, llo,c0 < K, where K is a constant, then it holds
(85) [lwh, (t+mt2) —wp, (t+ (m—1)tg) —y5, (t+mtd) o, < C(2)%, t € (0,2),

where C' is a constant independent of t%; m =1,2,---.
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Lemma 3.3 ([1]) Let t = N2+, N. = 0,1,2,---, 0 < ' < 12, 10 = eFr,.
Under the assumptions of Lemma 3.2, we have

(86)
wi, () —wi,(0) = Joqny(0)do — 5 Ef A5 (0))ys, (0! + jt0)do’
m_ ]_
— A5 (0w, (0)do’ — f A5, (0")yE, (o) + (N2 — 1)i2)do’

+ 0@,

where k = 1,2, 3.

From Lemma 3.3, in order to compute wj_(t), t € (0,7') in (83), we present a
numerical algorithm as follows:

Step I: Compute wj_(t) of (83) in a time period [0, ¢2).

Step II: Solve the homogeneous linear system (84) of the differential equations
with real periodic coefficients.

The computation on Step I is similar to that of the function @°(z,t), see (52).
However, the error estimates are different, due to the following lemma.

Lemma 3.4 ([1]) Suppose that Q; = Q\ Qp C R" is illustrated in Fig.1:(b).
Let uS®(x,t), s = 1,2 be the weak solutions of the boundary layer equations (4)
with pure Dirichlet boundary conditions. Under the assumptions (A1) — (A4),
if aij(f,T) S Cl(a X [O,To]), Vpaij(f,T) S L2(O,T0;LOO(Q)), p =&, VgTaij S
L2(0,70; L=(Q)), € = e 'a, 7 = e Ft, 79 is a time period, f = 0 for t < tg, where
to = const >0, and f, 0% f/otF € L?(Q x (0,T)), and g(x,t) = 0, tg(x) = 0, then
we conclude that us® € C2(0,T; H'(£1)), and

10us®| 20752000y < Ce ™ HI fllorto,rsrzcy) + 1Ul]l L2 (0,112 (0))

(87) .
+ Hatu HLQ(O,T;Hl(Q))}v k= 172537

where (' is a constant independent of e, u®(x,t) is the unique weak solution of the
homogenized parabolic equation (3).

Remark 3.5 We would like to state that the regularity assumptions for the co-
efficients a;; (€, 7) in Lemma 3.4 can be extended into the following case: a;;(&,7) €
CL(0,70; L>=(Q)). It is well known that C°°(Q) are not dense in L°°(Q). To this
end, we introduce ¢ such that 1/q + 1/r = 1/2. For any fixed 7 € (0, 7], we can

find a sequence of smooth functions a (5, 7) € C*(Q) such that (see [2], p.104)

(88) la{? (€, 7) — aij (€, )| Lagq) — 0, as B — +oo.

Let uz l()ﬂ)(x t) be the solutions of the boundary layer equations (4) by replacing
aij (£, Lk) with a(ﬁ)(%, L) One can directly verify that
€

T
\b b
sup [ (u;(ﬂ)(:v,t) —uSb(z,t))%dw + g Hui)(ﬁ)(x,t) - u?b(;v,t)||§{1(ﬂl)dt
T0
T J 1ol (€, 7) — aij (€. 7|3 gydT = 0, as B — +oc.

Following the lines of proof of Theorem 7.31 in ([12], p.338) and using Lemma 3.4,
we have the following error estimates for the boundary layer solutions.
Proposition 3.6 Let @5°(z,t), s = 1,2 be the weak solutions of the boundary
layer equations (78), and let U:)’Z’Qm be the fully discrete solutions using the one-step
Theta method for problem (78)(see, e.g., [18]). Under the assumptions of Lemma
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3.4, we have

2
_ _ _1 Ty
opn < CO){2 R 410,

~e,b / e,b,m
(90) Hui (‘T7 tm) - Us,hg | N

where dg = %, q>2,1/p+1/g=1,1<p<2,t0=¢cbr, k=1,2,3, 10 is
the time period with respect to 7 = ¢~¥¢. The time interval (0,¢) is subdivided
into N subintervals, the time-step size At' = /N, hy is the mesh size in { for
the boundary layer equations (78), C(p) is a constant independent of €, hy and At/,
but dependent of p.

In the linear system (84), set 7 = e %¢, k = 1,2,3 and A;_(t) = Ahz(sik) =
Ap, (7). Assume that the ng x ng matrix Ap, (7 +70) = Ap, (1), i.e. A5 (t+12)
Aj,,(t). Denote by Yj® () the matrix which satisfies the equation given by

(o1) { WO _ sy

where I is the unit matrix. The ny columns of this matrix represents ny linearly
independent solutions of equation (84). The solution yj, (t) of equation (84) provided
with the initial value y5_(0) = wf_ (t2) — wf,_ (0) can be expressed by means of the
matrix Yy (t) in the form yj (t) = Y (t)y;,(0). For convenience, we rewrite the
linear system as follows:

) { T = AWY ()

where Y (t) = Y (), A(t) = —A5_(t), A(t +12) = A(t), t2 = e¥r.

Lemma 3.5 (see Theorem 6.1.3 of [13], p.136) Let t° > 0. If the function
A:R — M,,(C) is continuous and satisfies A(t + t2) = A(t) for ¢t € R, then a
function P : R — M,,(C) and the matrix W € M, (C) exists such that

Pt+1%) = P(t), for teR,
Y(t) = exp(Wt)P(t), for teR.

It should be emphasized that Lemma 3.5 does not hold in the real domain, i.e. if
we replace the set C by the set R in general cases. But in the real domain the
following lemma holds which is obtained from Lemma 3.5 by a slight modification:

Lemma 3.6 (see Theorem 6.1.5 of [13], p.138) Let tY > 0. If the function
A: R — M,,(R) is continuous and satisfies A(t +tY) = A(t) for t € R, then a
function P : R — M,,(R) and a matrix W € M, (R) exist such that

P(t+2t%) = P(t), for teR,

Y (t) = P(t)exzp(Wt), for teR.

The proof of Lemma 3.6 and the detailed constructions of W € M, (R) in the
special cases can be found in ([13], p.142). Set P(t) = Y (t)exp(—Wt), then P(t) €
M,,,(R), due to Y (t) € M,,(R) in [13]. Note that only the existence of P(t) €
M,,(R) was stated, but no detail was given on its construction. In this study, we
present the constructions of P(t), W € M,,(R) for specific cases. How to construct
P(t) in general cases remains an open question.

Let A(t) in (92) be a continuous periodic matrix with period 2 in the interval
0 <t < T. Then we obtain the matrix Y (¢) that is normalized at the point ¢ = 0
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in the form
Y = Z Yi(t), Yo(t)=1,

where I is the unit matrix, and

(93) Yi(t) = /0 t A() Y1 (t)dt.

It can be proved that the series converges uniformly in the interval 0 <t < T (see,
[9], p.45). From a property of fundamental systems of solutions of linear differential
equations, Y (t + ) can be expressed in terms of Y (¢) by the equation

Y(t+12) = VY(t),
where V' is a constant matrix with nonzero determinant for ¢ = 0. From this, we
have Y (t2) = V and
V= Z Yi(t), Yo(t) =1,

where Y} (t) has been defined in ( ) Consider the system with a real parameter A
as follows:

av (1)

(o1) W Ay
Now, we seek a solution of the system (94) in the following form:
(95) Y(t) = P(t)exp(Wt),

where W is a real constant matrix and P(t) is a real periodic matrix with a period ¢2.
Assuming the characteristic numbers of the integral substitution V are all positive,

then we have
oo

(96) W= —0 V=> W

8 k=1
where Wy, will be defined shortly.
It can be shown that the series converges for |A] < 1 (see Theorem 2.1 of [9),

p.22).
P(t ZYk ) ewp( ZW;M t) Yo =1I.
Set o
(97) Pt)=1+ i Pi(t)\F
k=1
Substituting (95) into (94) and multiplying on the right by exp(—Wt), then we get
(98) dl;—it) = A@#)P(t)) — P(t)W.

Putting (96) and (97) into (98), and equating coefficients of the same power of ),
it gives

k-1

(99) dPC;Zt(t) = A(t)Pe1(t) = Wi = > Pea(t)W1,
=1

(100) dh(t) _ A(t) — Wh.

dt
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From (99) and (100), we obtain

82
(101) Wk:tio/o { (t) Pr—1( Zpk ! VVl}

and

t
Pk(t):/ [ £)Pe_1( ZP,” Wl]dt—wkt
0

In particular, from (101), it gives W = 0 fo t)dt. Hence, we have a solution of

the system (93) by setting A = 1 in (96) and (97) Therefore, Y (t) = P(t)exp(Wt),
where W is a real constant matrix, and P(t) is a real periodic matrix with a period
t9. In real applications, we need to replace P(t) and W by using the truncated
solutions Py, (t) and W,,, m > 1, respectively.

4. Multiscale Numerical Algorithm

To summarize the above results, we conclude that the multiscale method for
parabolic equations with rapidly oscillating coefficients consists of the following
parts:

Part I: Compute the cell functions N,, and Nyjqa,, @1,02 =1,2,--- 'n

Part II: Solve the modified homogenized parabolic equation (52) with constant
coefficients in the whole domain 2 x (0, T") using coarse mesh and with a larger time-
step.

Part III: Compute the boundary layer solutions in a subdomain Qq x (0,7)
with a fine mesh, see (78).

Part IV: Compute the derivatives 8%0(95,1%) and 82u0(:1c,t)

Tan 0%, 0% ay
finite difference method. In this paper the first-order difference quotients are defined
as

by means of the

1 our

[
7(Np) Keo(Ny)

(102) 00; Upt (Np,y tm) = 1 (Npy tm),

6,Tj

where o(IV,) is the set of elements with node N,; 7(IN,,) is the number of elements of

ouy? . . ,.oupyy .
a(Np); [_ax_jl]K(Np’ tm) is the value of the derivative —&T—Jl at node N, associated
with element K at time ¢ = t,,. Similarly, the second-order difference quotients are
defined as follows:

(103) 82, Ul (Np,ty) =

LTk

6
KEG’(NP) Jj=1

where d is the number of nodes on K, P; are the nodes of K, x;(z) are Lagrange’s
type shape functions.

For simplicity, we present a unified multiscale numerical scheme only for the case
k = 2. Similar schemes can be developed for other cases.
(104)
UE (N ) = { UF; (N ) - 32 N, UF; (Vo). (N ) € % (0,7)

Uiy (Nptm),  (Np,tm) € 1 x (0,7),



MULTISCALE ANALYSIS AND COMPUTATION FOR PARABOLIC EQUATIONS 73

(105)
Uh1 (Np7 m) +e€ Zl a1, hémal U}ﬁ (Np7tm)
oy
e,h,h _ —
Uy (Npytim) = 12 Z Ny w020 oy Ut (Npytim),  (Np,tm) € Qo x (0,T)

ap,an=1

US,’zém(vatm)v (Np7tm) € Ql X (O7 ,I’)7

where U™ (Np, tm), Ui’z;m(Np,tm), U;’Z’zm(Np,tm) are the fully discrete approx-
imations associated with problems (52), (78) at the nodal point N, and at time
t =t respectively. N, and N, , are the fully discrete approximations asso-
ciated with the cell problems (33) and (34), respectively. Note that h, hy, he are
respectively the mesh sizes of domains @, 2 and ;.

In order to improve the numerical accuracy, we introduce the post-processing
technique given by

(106)

PUE ;]Zzhl ot { PU, (x,t) + EailNa17h5$a1PUh1 (z,t), (x,t) € Qo x (0,T)
Upy,(@,), (z,t) € x (0,7),

(107)
PUn, (2,1) + i wr 0, PUn, (2, 1)

Py (. 1€ 3 Navagnd?, o PUn(a,t), (0,8) € 0y x (0,7)
U (1), Tt € x (0.7,

where

PUw, (,t) = I(O)TS U (@, t) + (1= )G U (2, b)),

Uy (2,t) = [(OUS) (2,tm) + (1 —l(t))Ug’f;(x tmo1), s=1,2,
O[l; (67 ) ( ) ai, h(f, ) (1 — l(T))NgZ hl(é-’Tm—l),

wras b (67) = TN oy (6 7™) + (1= Ur)NTL (€ 770,
l_(t) =t —tm1)/km, UT)=(T—-7""Y/10, E=c"ta, T=¢"%,
Km, Tm are the time-step sizes for solving the modified homogenized parabolic
equation (52) and the cell problems (14) and (15), respectively.

Remark 4.1 Combining Theorems 2.1, 2.2, Propositions 3.2,3.4,3.5 and Theo-
rem 3.1, we obtain the final error estimates for the first-order and the second-order

multiscale approximate solutions U’ - hl( t), PUS, " hl (z,t), s = 1,2. Due to space
limitation, we omit their proofs.

5. Numerical Examples

To validate the convergence results presented in this paper, we consider the
following test cases.

Example 5.1. Consider the second order parabolic equations with rapidly
oscillating coefficients given by

3_%%_15) _ 0 (aa(x,t)a_“j@) = f(z,t), (z,t) € Qx(0,T)

t 8?1 v T
(108) u(z,t) =0, (x,t) € 92 x (0,T)

uf(z,0) =0, z€Q



74 L. CAO, F. ZHAI, AND Y. WONG

\\

@ \
“ @gggg 0
1 Y0508

| @ @S 5o
e8>

30
20
1

10

(a) oo (b)

FIGURE 3. (a) The whole domain ©; (b) the reference cell Q.

where the domain ) is shown in Fig.3 (a), which is the union of periodic cells and
the reference cell Q = (0,1)? as illustrated in Fig.3 (b). Here, a$;(z,t) = a;; (£ L ),

& ¢k
k=0,1,23and e = 1.

Numerical simulations are carried out for the following cases:

Case 1: k= 0, aijo0 = (200+ 100 Sin(2ﬂ't))6ij, aij1 = (2 + sin(27rt))5ij, T = 1.0,
f(z,t) = 100.

Case 2: k = 1, aij0 = (200 + 10081H(27Tt/5))5ij, Qi1 = (2 + sin(2ﬂ't/5))5ij,
T = 1.0, f(z,t) = 100(2 + sin(27t))(z* + y?).

Case 3: k = 2, a;jo = (200 + 100sin(27t/e?))d;j, aijn = (2 + sin(27t/2))d;;,
T =1.0, f(x,t) = 100(2 + cos(27t)).

Case 4: k = 3, aij0 = (200 + 100 Sin(27rt/53))5ij, Qi1 = (2 + sin(27rt/53))5ij,
T =1.0, f(z,t) = 100(2 + sin(27t)).

Note that d;; is the Kronecker symbol, a;;1 denote the coefficients inside the
ellipsoids, and a;jo represent the coefficients on the other part.

Since it is difficult to derive the exact solution of (108), u®(z,t) is taken from
the numerical solution computed using a fine mesh. We implement the tetrahedron
partition for {2 in a fine mesh, in which the discontinuities of the coefficients a;; (, ?)
approximately coincide with the faces of the tetrahedron, and linear Lagrangian
elements are used to solve problem (108). In order to solve the cell problems
and the homogenized equation (52) numerically, we implement respectively the
tetrahedron partitions for @ and 2, and then employ linear Lagrangian elements.
Since the whole domain 2 is the union of entire unit cells, we do not need to define
the boundary layer solutions. Comparisons of the computational costs are listed in
Tables 1 and 2.

TABLE 1. Comparison of the numbers of elements and nodes

original equation

cell problems

homogenized equation

number of elements

129002

2006

24576

number of nodes

25044

461

4913

For simplicity and without confusion, let @°(x,t) denote the finite element solu-

tion for the modified homogenized equation (52) in a coarse mesh, and Uf (x, t), U5 (x, t)

are the first-order and the second-order multiscale numerical solutions based on
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TABLE 2. Comparison of the time-step size for cases k=0,1,2,3

original equation | homogenized equation | cell problem
k=0 0.001 0.001
k=1 0.001 0.001
k=2 0.00025 0.00625 0.001
k=3 0.000125 0.003125

(104)-(105). Set eg = u®(z,t) — @' (z,t), e1 = us(w,t) — Uf(x,t), ea = us(x,t) —
Us (z,t).
The numerical results are reported in Table 3. For convenience, we introduce
. 1/2
the notation: ||ul|) = (fo (w2, Q)dt) , and [Jul| 1) = (fo [lul|?: Q)dt) . The

TABLE 3. Comparison of computational results

leoll(0) lexllco) Me21l(0) leoll(1) el IAIRY
1u°1l 0y IUSll(0) U3 1l 0) 1’11 U U1
Case 1 | 0.356047 | 0.358712 | 0.0259064 | 3.12531 | 3.03234 | 0.191436

Case 2 | 0.777564 | 0.781666 | 0.370077 | 4.55738 | 4.45790 | 0.221588
Case 3 | 0.703128 | 0.705362 | 0.392032 | 3.91941 | 3.81342 | 0.225665
Case 4 | 0.703245 | 0.705473 | 0.394334 | 3.90867 | 3.80290 | 0.232405

numerical results for Case 3 (i.e. k =2 ) at the section z = 0.625 at time T' = 1.0
are shown in Figd: (a)-(d).

Remark 5.1 From the computed solutions illustrated in Table 3, we conclude
that if the contrast between different parts of the reference cell @) for coefficients
aij(Z, sk) k = 0,1,2,3 are large, then the numerical results obtained by the ho-
mogenization method and the first-order multiscale method are not satisfactory.
However, the second-order multiscale method is capable of producing more accu-
rate solutions.

In order to demonstrate the efficiency of the proposed method for treating multi-
ple time scales, for simplicity, we focus numerical simulations for the 1-D case. The
case k = 0 is routine, so we will consider other cases k = 1,2, 3. We select the refer-
ence cell @ = (0,1), ag, a1 are the coefficients on two different parts,respectively,i.e.
a(%, %) =ao, z € (0, 31;) U (%, Dia(d,%)=a,z€ (31;, %)

Example 5.2. For the initial-boundary value problem (108), we consider the
following numerical experiments:

Case 5: k=1, ap = (2004 100sin(27t/¢))di;, a1 = (2+sin(2nt/e))d;;, T = 0.1,
f(x,t) = 100(2 + sin(2nt))z, e = 1072

Case 6: k = 2, ap = (200 + 100sin(27t/e?))d;j, a1 = (2 + sin(27t/e?))d;;,
T =0.1, f(z,t) = 100(2 + cos(2mt))x?, e = 1072

Case T: k = 3, ap = (200 + 100sin(27t/e3))d;j, a1 = (2 + sin(27t/e3))d;;,
T =0.1, f(x,t) = 100(2 + sin(27t)), e = 1072,

Tables 4 and 5 compare the computational costs.

Symbols @°, Us, U, ey, e1, ez have been defined in Example 5.1. Let
ol = (fi! oG, 8)2dz) >, ol = (fi (o, 6)2 + [Vo(a, 6)]2)dz) * at time ¢ =
T. The computational results are reported in Table 6.

Remark 5.2 Table 6 clearly confirms that the first-order and the second-
order multiscale methods produce more accurate numerical solutions, whereas the
homogenization method may not be satisfactory for some cases.
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TABLE 4. Comparison of the numbers of elements and nodes

original equation | cell problems | homogenized equation

1200 36 600

number of elements

number of nodes 1201 37 601

TABLE 5. Comparison of the time-step sizes for cases k =1,2,3

original equation | homogenized equation | cell problems
k=1 0.0001 0.001
k=2 0.00001 0.001 0.001
k=3 0.0000001 0.001
TABLE 6. Comparison of computational results
Meoll(0) Meill(o) le21l(0) leoll(1) Meill(n Me2ll(1)
4%l o) U5 1l 0y U310y 107 1) U5 11 U511
Case 5 | 0.0398570 | 0.0393782 | 0.0393853 | 1.32722 | 0.0652034 | 0.0650771
Case 6 | 0.0101555 | 0.00779333 | 0.00782594 | 1.32668 | 0.0115531 | 0.0102391
Case 7 | 0.00824699 | 0.00571813 | 0.00574223 | 1.31402 | 0.00715503 | 0.00606501

Remark 5.3 The relative errors of the approximate solutions versus time ¢ in
Examples 5.2 for k = 1, 2,3 are plotted in Fig.5 with the x- axis in time ¢ and the
y- axis for the relative error. Fig.5h shows that the present multiscale method is
stable and efficient for solving problems (108).
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