INTERNATIONAL JOURNAL OF © 2010 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING, SERIES B Computing and Information
Volume 1, Number 1, Pages 41-57

MULTISCALE NUMERICAL ALGORITHM FOR 3-D
MAXWELL’S EQUATIONS WITH MEMORY EFFECTS IN
COMPOSITE MATERIALS

YA ZHANG, LIQUN CAO, WALTER ALLEGRETTO, AND YANPING LIN

Abstract. This paper discusses the multiscale method for the time-dependent Maxwell’s equa-
tions with memory effects in composite materials. The main difficulty is that one cannot use the
usual multiscale asymptotic method (cf. [25, 4]) to solve this problem, due to the complication
of the memory terms. The key steps addressed in this paper are to transfer the original integro-
differential equations to the stationary Maxwell’s equations by using the Laplace transform, to
employ the multiscale asymptotic method to solve the stationary Maxwell’s equations, and then to
obtain the computational solution of the original problem by employing a quadrature formula for
computing the inverse Laplace transform. Numerical simulations are then carried out to validate
the multiscale numerical algorithm in the present paper.

Key words. time-dependent Maxwell’s equations, memory effects, multiscale asymptotic expan-
sion, Laplace transform, composite materials.

1. Introduction

The classical macroscopic electromagnetic field is described by four vector-valued
functions of position # € R? and time ¢t € R denoted by E, D, H, B. The funda-
mental field vectors E, H are the electric and magnetic field intensities, respectively.
The vector-valued functions D, B denote the electric displacement and magnetic
induction, respectively. The classical macroscopic Maxwell’s equations are given
by:

0B
E _— =
V x +gt 0,
D
(1) VXH*EZJ,
VD:p,

V.B=0,

where p(x,t), J(x,t) are the electric charge density and the source current density,
respectively.
The general form of the constitutive laws are the following:

2) D= eE+/0t {aE(x)+VE(x,th)}E(x,T)dT

(3) B = pH + /Ot {aH(x) +oH(x,t— T)}H(x, 7)dr,

where € = (¢;;) and 1 = (u;;5) are the electric permittivity and the magnetic perme-
ability of the media, respectively; o® = (0‘57 ), VE(x,t) are the electric conductivity
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FIGURE 1. (a) Domain €; (b) the reference cell Q.

that characterizes the current density and the displacement susceptibility kernel
function, respectively;
o™ = (o}}), Y™ (x,t) are the magnetic conductivity that characterizes the current
density and the magnetic susceptibility, respectively. These are 3 x 3 positive-
definite matrix-valued functions of position 2 € R? in heterogeneous media. In the
homogeneous case they are independent of x. In the isotropic case these parameters
are scalars or diagonal matrices.

In this paper, we assume that o7 = v# = 0. From (1)-(3), by eliminating the
magnetic field H, we obtain

. (o) P20 4 (o) 412 (,0) 2D 49 (47 0V < B
+%(X,O)E(X,t> —l—/o %E(X, T)dT = —%J(x,t),

where 11 ~!(x) denotes the inverse matrix of p(x).

Suppose that Q@ C R? is a bounded polygonal convex domain or a smooth do-
main with a Lipschitz continuous boundary 02 with a periodic microstructure as
illustrated in Fig.1 (a) and (b). For convenience, we replace V x u with curlu. We
then consider the following Maxwell’s equations with rapidly oscillating coefficients:

(x)82EE(x,t) x)aEE(x,t)
e ot? € ot
+/ K(;,t— TE®(x,7)dr =f(x,t), (x,t) € Q2x(0,T)
0
E°xn=0, (x,t)€dx(0,T)
O0E* (x,0)
ot
Here ¢ denotes a small periodic parameter, which is the relative size of the unit

cell. The matrix-valued functions A(Z), B(X), C(%), G(%), K(¥,t—7), and the

vector-valued functions f(x,t), Eq(x), E1(x) are known functions, n = (nq, no, n3)
is the outward unit normal to 0.
We first define the curl of a distribution u = (uy, uz, u3) of D’(2)? by

8’[1,3 6’&2 8u1 6’&3 6’&2 8u1
81‘2 89'237 8x3 81‘1 ’ 81‘1 aIEQ '

+ C( —I—G(?)E‘S(X,t) —i—curl(A(?)curlEE)

E®(x,0) = Eo(x), =E;(x),
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Let the space H(curl; Q) be
H(curl; Q) = {u € (L*(Q));curl u € (L*(Q))*}

with the norm

ullez(curto) = {Hu”%p(n))3 + [[curl uH%LQ(Q))3}1/27

and
Hy(curl; Q) = closure of (C5°(Q))% in H(curl; ),
or
Hy(curl; Q) = {u € H(curl; Q);u x n|pq = 0}.

Set S = {(t,s) € [0,T)% s <t} and Sp = {(¢,t); t € [0,T]}. We introduce the
following Sobolev spaces

WEP(8; X) = {6 € LY(S: X); 92 € LP(8; X), dls,, € LP(0,T5 X)),

WP(S; X) = {¢ € WHP(S; X); % € WHP(S; X), dls, € WHP(0,T5 X))},
where X is a Banach space, the space W!P(S; X) and W?P(S; X) are respectively
equipped with the norms

20

6llpx =I5 a5 + [9lso oo,
¢

9ll2px = 15 l1px + 16l lhwrorx).

We make the following assumptions:

(A1) Let & = e 1x, and assume that the elements of the matrices A(£), B(€), C(€),
G(&), K(§,t — 1) are 1-periodic in &.

(A2) The matrices A(§) and B(&) are symmetric and positive-definitive.

(A3) A, B,C, G e L>®(Q;R¥3), K € W?P(S; L>=(Q; R3*3)), and
f e Wh1(0,T; L?(%; R3)), Eg € Ho(curl; Q), E; € (L?(2))3.

Lemma 1.1 (see [3], Proposition 1) Under the assumptions of (Az)—(As), prob-
lem (5) has a unique solution E¢ € W°(0, T; L2(Q; R?)) N L>°(0, T; Hy(curl; Q))
that satisfies the following bounds:

IE]| oo (0,7Ho (cur;)) + |O:E || Loo 0,7;02 (0 3))

6
(6) < O llao(curtio) + [[Eollm, (curto) + ||E1HL2(Q))3),

where C' is a constant independent of ¢, §; ¢ denotes the derivative of E° with
respect to t.

Since problems (5) is an integro-differential equations with rapidly oscillating
coefficients, a direct computation of (5) is extremely difficult, because it would re-
quire both a fine mesh and a lot of memory storage. Homogenization is a process
in which the composite materials having a microscopic structure are replaced with
an equivalent material having macroscopic properties. In this process of homoge-
nization the rapidly oscillating coefficients are replaced by new effective constant
coefficients. For the homogenization method of the Maxwell’s equations in different
media, there are a number of theoretical results, see [3, 11, 13, 23, 24]. Numerous
numerical results have shown that the numerical accuracy of the homogenization
method may not be satisfactory if € is not sufficiently small. We can expect that
the multiscale method for Maxwell’s equations in composite materials is of crucial
interest (see, e.g. [25, 3, 4, 5]). However, generally speaking, we can not directly
use the classical multiscale asymptotic expansions to solve problem (5), due to
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the emergence of the memory terms. Sheen et al.([21], [14], [15]) employ Laplace
transforms to solve an integro-differential equation of parabolic type, and develop
a numerical method for computing the inverse Laplace transform. In engineering
applications, Tzou [22] also presents a quadrature formula for calculating the in-
verse Laplace transform. Numerous numerical results show Tzou’s method remains
competitive with other methods, see [22, 26].

This paper discusses the multiscale computation for problem (5) in specific case,
see Section 2. The key steps addressed in the present paper are the application of
the Laplace transform to convert problem (5) into stationary Maxwell’s equations,
to present the multiscale asymptotic expansion for the latter case, then to use
the inverse Laplace transform to obtain the approximate solution of (5), where we
employ Tzou’s method for computing the inverse Laplace transform.

We organize this paper as follows. In Section 2, we develop the multiscale asymp-
totic expansion of the solution for the stationary Maxwell’s equations by applying
a Laplace transform to problem (5). Section 3 is devoted to the finite element
computations for related problems and the multiscale finite element method for
the stationary Maxwell’s equations. In Section 4, we introduce the inverse Laplace
transform and the Riemann-sum approximation, then obtain the multiscale ap-
proach for the original problem (5). Finally, numerical case studies are reported,
and the simulations confirm the validity of the multiscale numerical algorithm pre-
sented in this paper.

Throughout the paper the Einstein summation convention on the repeated in-
dices is adopted. By C' we denote a positive constant independent of € without
distinction.

2. Stationary Maxwell’s equations and the Multiscale Asymptotic Ex-
pansion

2.1. Stationary Maxwell’s equations. To begin, we introduce the Laplace trans-
form g(p) = L(g) = [,° g(t)e~P'dt for any function g € L'(0,00), Re(p) > 0, where
Re(p) denotes the real part of p. Thanks to Lemma 1.1, there exists a constant
po > 0 that depends only on the data such that the solution E¢(x,t) to problem
(5) has a Laplace transform for all p > pg > 0. Therefore, we apply the Laplace
transform on both sides of (5) and obtain

(7)

(1*B(Z) +pC(2) + G(Z) + K(Z.p) ) B (x, p) + curl (A(X Jeurl B¥(x.p))

:f(x,p)—l—(l—f—p)EO(x)—l—El(x), x e
]T]E(x,p)xn:(), X €992, p>py >0,

where Ea(x,p) = E(EE(Xat))a f(x,p) = E(f(X,t)), I?(%vp) = ‘C(K(%vt))
Remark 2.1 Existence and uniqueness of the solution for problem (7) can be

determined for any fixed p > py > 0 based on Proposition 5 of [3]. Furthermore,

we have

E¢ € L*(pg, 00; Ho(curl; ©2)) and the uniform bounds

AE C AE
|E (XaP)HL?(Q) < Ea [curl E (va)HH(Q) <C, Vp>po>0,
where C' is a constant independent of p.

2.2. Multiscale asymptotic expansion. In this section, we will study the mul-
tiscale asymptotic expansion of the solution to problem (7). We state that this is a
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considerable challenge in general cases, in particular the determination of higher-
order multiscale correctors. For more details, please refer to [3]. In this paper, we
present the multiscale asymptotic expansion of the solution to problem (7) in the
following specific case: B, C, G, K are independent of the space variable x € Q.
For simplicity, let B(X) = C(%) = G(%) = I3, K(E,p) K (p) without loss of
generality, where I3 is an 3 x 3 identity matrix. Under this assumption, problem
(7) reduces to the following problem:

(Z)eurl E5(x,p)) + (0% +p+ 1 + K (p))E° (x,p)

( €
(8) =f(x,p) + (1 + PEo(x) + E1(x), x €0
E‘( )X 07 XEaQ, p2p0>07

X
curl —

Following the idea of [4], we define the multiscale asymptotic expansions to
problem (8) as follows:

E<l(x,p) = E%(x, p) + £01 (¢)curl E°(x, p),

©) _ o
B2 (x,p) = BY(x,p) + <01 (¢)eurl B(x, p) + 205 (¢)eurl* BO(x, p),

where curl® = curl curl. We define

curlg (A(g)curlg(a‘{(g)) = —curl (A(«f)eq), £eq
(10) Ve 016 =0, ¢€Q
Of(¢) xv=0, £€0Q, q¢=1,2,3,
where e; = {1,0,0}7, ez = {0,1,0}7,e3 = {0,0,1}* and a” denotes the transpose

of a. We define the matrix-valued cell functions ©1 (&) = (01(¢), 03(¢), 03(¢)).

Let Z,(¢) = —A(¢)curls ©4(¢) — A(€)e, + Ae,, and define the scalar functions
¢1(§), ¢ =1,2,3 as follows:
a1) —Ae1(E) = divg B¢ (€), £€Q
Cq(f)zoa feaQa q=1,2,3,

where dive denotes the divergence operator with respect to &.
Given dive(Z24(€) + VeC4(€)) = 0, then we define

curle (A(f)cuﬂg@g(f)) = —curl (A(f)@(f (’f))

(12) —A(&)eurle®f (€) — A(€)eq + Aey + V¢, £€Q
Ve 03(6) =0, £€Q
@g(g)xy:O, feaQa q:172a37

where the homogenized coefficients matrix Ais computed by
(13) A= [ (4@ + a@emco,@)de, @=0.1)"
We next define the matrix-valued cell functions ©5(€) = (04(¢), ©2(€),03(¢)).

Remark 2.2 Existence and uniqueness of the cell functions ©{(¢), ©3(¢), ¢ =
2,3 can be established. For more details, please refer to [4].
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Following the approach of [2, 4], we obtain the homogenized Maxwell’s equations
associated with problem (8) as follows:

curl (A curl E°(x, p)) + (p* + p+ 1+ K(p))E°(x, p)
(14) = f'(x,p) + (14 p)Eo(x) + E1(x), x€Q
Eo(x,p) xn=0, xe€oN,

where n = (n1,n2,n3) is the outward unit normal to 09.

Remark 2.3 It can be proved that the homogenized coefficients matrix Ais Sym-
metric and positive-definite. Existence and uniqueness of the solution to problem
(14) can be established on the basis of Proposition 5 of [3], for any fixed p > py > 0.

3. The Edge Finite Element Computations for Related Problems

3.1. The adaptive edge finite element method for computing cell func-
tions ©7(¢),

©1(¢) ¢ = 1,2,3.. The variational problem of (10) is to find ©4(¢) € Hy(curl; Q)
such that

(15)  b(Of,v)= f/ A(&)eq - curlev(€)dE, Vv e Ho(curl;Q), ¢=1,2,3,
Q
where we set the bilinear form

(16) b(u,v) = /QA(f)curlgu(f) -curlgv(€)dg,

the scalar product u - v = u;v; and the reference cell Q = (0,1)3.

We employ an adaptive multilevel method presented in [7]. In solving (11) and
(12), we apply the same mesh as (10). We introduce some notation: Let Tj be a
sequence of tetrahedrons of the reference cell () and Fj be the set of faces not lying
on Q) , k > 0. The finite element space Uy over Ty is defined by

Up={veH(cur;Q): vxv|pg=0 and
V|T:aT+bT><X with arp, bTERB, VTG%}

Degrees of freedom on every T € Ty, are fE v-dl,i=1,---,6, where Ey,---, Eg
are the six edges of T'. For any T € T and F € Fj, we denote the diameters of T'
and F' by hp and hp, respectively.

Let @‘i w» @ = 1,2,3 denote the finite element approximate solutions of 0%, ¢ =
1,2, 3 in the finite element space Uy, respectively. Then,

(17) b(@‘ll,k,vk) = f/ A(&)eq - curlevy(§)dE, Vv €Uy, ¢=1,2,3.
Q

Following Theorems 3.3 and 3.4 of [7], we give a posteriori error estimates for
01, ¢=1,2,3, as follows:

(18) 164(6) = 1 1Oty eurray < C( D mb+ Y n):
TETk FeFy
where
2 _ 2 q 2
= feurle A(€)e, + curle (A(eurle 6] () I3 1
= hel[A©eurle ©F (&) x v][r|3 -

In order to compute ¢?(§) and ©3(¢), we need to solve problems (11) and (12)
numerically. Define a linear finite element space over T given by

(19)  SRQ) ={we € C%Q): wi|r € P, T € Ti, wilog =0} C H}(Q),
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where P; is the set of all piecewise linear polynomials.
The discrete variational problem of (11) is to find: ¢} € S{(Q) such that

(20) /Q Ve(! - Vewnde = /Q Z,(6) - Vewnde, Yy € S%Q), ¢=1,2,3,

where Z,(§) is given in (11).
A weak solution of the cell problem (12) is to find ©4(¢) € Ho(curl; Q) such

that
(1) b(©3,v) = — [, Al ) -eurlgvdé + [, Zq(§) - vdg
- fQ Vfgq ) : Vd€7 Vv e HO(Curl; Q)a q=12,3,

where the bilinear form b(u,v) is defined in (16), ©%(¢), ¢ = 1,2,3 are given in
(10).
The discrete variational problem of (12) is to find ©3 , € Uy, such that

b(O3 1, Vi) = — fQ )01 ,(§) - curlgvydE + fQ 25 (E) - vde

(22)
7fQ VECk‘ E)def, Vv € Uk; q=1,2,3,
where A
g () = —A(E)curle®]  (€) — A()e, + A'e,,
= [ 1A(€) + Alg) curle 01,4 e,
Q
and

O11(6) = (071 4(6), 63 £ (£), ©7 1 (€))-

3.2. The edge finite element method for solving the homogenized Maxwell’s
equations. We recall (13), (14) and (17). In practice, we need to solve the follow-
ing modified homogenized Maxwell’s equations:

~0

curl (AhO curlE (x )+ P +p+1+ I?(p))E (x,p)
=f

(23) (6,p) + (1 +p)Eo(x) + Ei(x), x€

~0
where

Ao = /Q [A(€) + A(€) curle 1,1, (€],

O1.1,(§) denotes the finite element solution of ©4(£) and hg is the final mesh pa-
rameter of the adaptive finite element method for computing ©1(¢).

In this section, we discuss the finite element computation for the homogenized
Maxwell’s equations (23) in a whole domain Q. Let 7" = {e} be a regular family
of tetrahedrons of 2 and h = mg:c{he}. We define the finite element space of

Hy(curl; ) consisting of the linear edge elements by
(24) Xn(Q) ={vy € H(curl; Q) : vl € Ry, vi, x n =0 on 9N},

where n is the outward unit normal to the boundary 92 and R; is defined in (5.32)
of ([16], p.128).
The discrete variational form of problem (23) is the following:

~0 —~ -0
a(Ep, vn) + (p° +p+ 1+ K(p))(Ey, vp)

=+ (1 +pEo+E,vy), Yvie Xn(Q),

(25)
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where

(26) a(u,v) = / Ahocurlu - curl vdx.
Q

Set P=p?+p+1+K(p)=a+ifand F = f+ (1+p)Eg+E; = f| +if,, where
~0 N

i =+/—1. Let {¢;(x) §V=1 be a set of basis of X;(2) and E,(x,p) = > x;p;(x).
j=1

Then the discrete system (25) is equivalent to

N N
(27) Za(g@j, Sak)X] + ZP(%‘#PI@)XJ‘ = (F7<Pk)a k= 172a .. ';N'

J=1 J=1

We denote by K, := (a(pj, oK)k the stiffness matrix, My = ((¢;, ¢k))ik
the mass matrix, x; = uj + iv;, u = (u1,---,un)’, v = (v, ,o5)T, 4 =
((f17 ()01)7 (f17 ()02)7 T (f17 ()ON))T’ F, = ((an 901)5 ) (an SDN))T' Therefore, we
solve the linear system as follows:

(KthaMh —BMy, )(u)_(Fl)
(28) . = :

BMy, Ky + aMp, v Fy
3.3. The multiscale finite element method for the stationary Maxwell’s
equations. The multiscale numerical algorithm for the stationary Maxwell’s equa-
tions consists of the following steps:

Step 1: Compute the cell functions ©1(§) and ©2(§) defined in (10) and (12) in
the reference cell Q.

Step 2: Solve the modified homogenized stationary Maxwell’s equations (23) in
the whole domain €2 in a coarse mesh for any fixed p > pg > 0.

Step 3: Define the first-order and the second-order difference quotients, then
replace

~0 ~0 ~0
curl E (x,p), curl’E (x,p) by them, where E (x, p) is the solution of the modified
homogenized stationary Maxwell’s equations (23).
Define the first-order curl difference quotients given by
-0 1 =0
(29) 5CEh(vap) = Z CurlEh|€(N’map)7
T(Nm) e€o(Ny,)

where o(N,,) is the set of elements with node N,,,, 7(Ny,) is the number of elements
0

=0 ~
of 0(Np,), curl E; (N, p) is the value of the curl E; at node N,, associated with
element e.
The second-order difference quotients are given as follows:

~0 1 d ~0
(30) B (Nmp)= s DL D 6B (P peurlyy (N,
™ e€o(Ny) j=1
where d is the number of nodes on e; Pj, 7 = 1,---,d are the nodes of e and

¥j, g =1,---,d are the Lagrange’s shape functions.
Define the multiscale numerical algorithm for the stationary Maxwell’s equations
as follows

20 =0

(31) Ez7glyh(x7p) = Eh(x7p) + Eel,ho (§)50Eh(x7p)a

~ =0

~0 20
E;7,(6,0) = Ep(x,0) + €015 (§)0.Ey, (x, ) + £2O2,n0 (§)52Ey (x, 1),
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~0
where E, (x,p) is the finite element solution of E (x,p); @1 1o (8), @2 ho(§) are

respectively the finite element solutions of ©1(¢), @2(5) dc Eh (x,p), 52Eh(x p) de-
~0
note the interpolation functions of 6.Ej, (N, p), 52Eh( 'm, D), respectively.

4. The Inverse Laplace Transform and the Approximate Solution for the
Original Problem

4.1. The inverse Laplace transform. Define the inverse Laplace transform of
a function a(x,p) as follows:

1 y+ioco
(32 uGet) = £ b)) = 5 [ aban)edp
270 Jy—ico
where p = v + i¢, Re(p) > 0, where Re(p) denotes the real part of p.
To compute the inverse Laplace transform (32), we introduce the Riemann-sum
approximation (see [22])

(33) u(x,t) = — [ (%,7) +Rez x 7+—)(—1)’“],

4.
where v = —7

In practice, we define the truncated function for the Riemann-sum approximation
as follows:

(34) up(x,t) = evt{ (%, +Rez x,7 + —)(—1)k}.

4.2. The multiscale approach for the original problem (5). Once we ob-

tain the numerical solutions ]:]h(x,p), Ei’jﬁ(x,p), s = 1,2, we can apply the in-
verse Laplace transform to get the approximate solution of the original problem
(5). For any fixed time ¢ = t*, we simultaneously solve a set of the homogenized
Maxwell’s equations (23) with complex coefficients in a coarse mesh for different

Pk, which are independent and may therefore be done in parallel. Here we choose

4.7 k
pk:t_*+ il k—0,1,2,"',M.

Thanks to (31) and (34), we get the multiscale approximate solutions for the
original problem (5) as follows:

~0
3 Babet) = Ge(bBubom) + Re 3 Byl
B a(0t) = (LB (x,p0) + 010 (€)5.BY (x, po)]
(36) M ~0 ~0
+ Re 32 By (k) + 010 (0B, (x,pi)] (1))
(37)

~0 -0

., yt* =0 = =
ESD, n(x 1) = & {%[Eh(XWO) + €011, (§)0E, (X, p0) + €202 1, (€)67Ey, (X, po)]

M ~0

~ ~0 =0
+Re kz [Eh(xapk) + 561,}10 (g)(sth(vak) + 5262,}10 (g)égEh(Xapk)](_l)k}v
=1
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~0
where E, (x,pi), k = 0,1,--- , M are the finite element solutions of problem (23)
for different py, k = 0,1,--- , M. The matrix-valued functions O1 ,(§) = (@iho €),

@iho (5); ei’,}m (f))v 92,}10 (5) = (eé,ho (5), 93,;10 (5)7 @g,ho (f))v where @gf,ho (5)7 @g,ho (5);
~0
g = 1,2, 3 are the finite element solutions of cell problems (10) and (12). 6.E;, (x, px),
0

62K, (x, pr) are given in (29) and (30), respectively. hq, h are respectively the mesh
parameters of the reference cell ) and the whole domain ).

5. Numerical Case Studies

To validate the developed multiscale algorithm, we present numerical simula-
tions for the following case studies. We consider the following 3-D time-dependent
Maxwell’s equations in composite materials with memory effects as follows:
0’E°  OEf
W + W + EE + Curl (A(;)curl EE)

t

+/ K(t — 7)E*(x,7)dr = f(x,t), (x,t)€Qx (0,T)

(39) :
E°xn=0, (x,1)edx(0,T)
B (x,0) = Bolx), - (x,0) = By (x),

Example 5.1 We consider problem (38) and assume that a whole domain Q
and the reference cell Q = (0,1)% are shown as in Fig.1: (a) and (b). Let ¢ =
%, T = 0.5, K(t) = e7t. Two cases are considered in our numerical simulations,
and let a;;; denote the value of a;; in the inside cube of ), and a;jp denote the
value of a;; in the other part of Q.

Case 5.1: Aij0 = 100(51']‘, Qi1 = 6ij; f= (500t, 500757 500t)T.

Case 5.2: aij0 = 10005”, Qi1 = (Sw, f= (5000t, 5000t, 5000t)T,
where d;; is a Kronecker symbol, and aT denotes the transpose of a.

To show the numerical accuracy of the present method, we need to know the
exact solution of problem (38). However, since it is extremely difficult to find out
the exact solution of (38), we replace E®(x,t) by the numerical solution in a fine
mesh. In a standard approach, we first apply the linear edge element method to
get the semi-discrete system for problem (38), and then employ the backward Euler
scheme to solve the system and the memory term (see [6]). We take the time step
At = 0.005. Without confusion, E®(x,t) denotes the numerical solution of the
original problem (38) in a fine mesh. It should be emphasized that this step is not
necessary in real applications.

We recall that the key steps of the method presented in this paper are to apply
the Laplace transform to convert problem (38) into the stationary problem (23), to
use the multiscale numerical algorithm (31) to solve problem (23), then to employ
the numerical formulas (35)-(37) for computing the inverse Laplace transform to get
the approximate solutions of the original problem (38). It should be remembered
that E?wyho’h(x, t), Efv’jl’hoyh(x,t), Ei’iho’h(x, t) denote the homogenized numerical
solution, the first-order and the second-order multiscale numerical solutions given
n (35)-(37), respectively. Here we take M = 100.

We compare the approximate solutions Eg/l,hmh(x7 t), Ei’iho’h(x, t), Efvﬁhg,h(xv t)
with the numerical solution E°(x,t) of the original problem (38) in a fine mesh.
The numerical results are illustrated in Table 2 and Figs. 2 and 3. The numbers
of elements and the degrees of freedoms are listed in Table 1.
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TABLE 1. Comparison of computational effort in Example 5.1

original equations | cell problem | homogenized equations
number of elements 93750 750 12000
number of dof 115075 1115 29860

TABLE 2. Comparison of the computational errors

eoll(0) Te1T (o) e2T (o) Teoll(1) Te1ll(1) Te2T(1)
IES ng nll@ | 1B gl | IBSE allo) | BSng ) | 1B nlly | IESS L all)
Case 5.1 0.95791 0.9565 0.3479 3.3374 3.1713 0.5733
Case 5.2 2.3747 2.3723 0.2618 12.5537 11.9917 0.5282
Case 5.3 2.2217 2.2216 0.4241 5.5493 5.1159 0.6535
Case 5.4 8.7191 8.7013 0.3718 23.4211 21.6238 0.6235
We introduce the notation: |[ul|y = [[ullz2(0,7;(z2())3)> [allq) = [ul 220, 758 (curt;0) »
e()(X, t) = E° (Xv t) - E(I)\/I,hg,h(xa t)v
1
ei1(x,t) = E*(x,t) — Ef\/],ho,h(xa t),
2
ex(x,t) = E°(x,t) — Ef\/f,hg,h(x’ t),
and lleoll llel
€eo 2 3 el 2 3
orl = &7 eppor2 = @)
err ||E(])\/I,h0,hH(L2(Q))3 ’ ||E1v}1,h,0,hH(L2(ﬂ))3 ’
llezll L2 3 lleoll e (curt;)
3= @7 errord = g oriewri®)
OO = B2, o2 s MBS, g Tet(eurtn)’
error — lle1 |1 (cur;0) . error6 = llez |l (curi0)

||Ei’fl,;L0,;LHH(cur1;sz) IlEi{%}LOJLHH(curl:SZ) ’

The relative numerical errors of the homogenization method, the first-order and
the second-order asymptotic multiscale methods in the L2(0,; (L2?(£2))?)-norm and
in the
L?(0,t; H(curl; Q))-norm for Cases 5.1 and 5.2 are shown in Table 2.

Fig.2: (a)-(d) show the evolution of the relative errors for Cases 5.1 and 5.2
in (L%(Q))3*-norm and in H(curl; Q)-norm with respect to time ¢, 0 < ¢ < 0.5.
The figures also reveal that the errors do not grow with time ¢, and this clearly
demonstrates that our method is stable for long time simulations.

Fig.3 (a)-(h) show the numerical results for E(x, ), E?\Zho,h (x,1), Ef\f,lmh(x, t)
and Ef, , . (x,t) at time T' = 0.5 at the intersection 3 = 0.5 for Case 5.1, where
M = 100.

Example 5.2 We consider problem (38), where a whole domain Q and the
reference cell @) are as shown in Fig.4: (a) and (b). There is an ellipsoid inclusion
in @, and the equation of the ellipsoid is given by

(& —-05)*  (&£-05)° (&-05)?7
+ + =1
0.16 0.16 0.16

Two cases are considered in our numerical simulations. Let a;;; denote the value
of a;; in the inside ellipsoid of @ and a;jo be the value of a;; in the other part of
Q. The Kronecker symbol §;; and al are defined as in Example 5.1, and we set
e=1,T=08.

Case 5.3: Aij0 = 100(51'3‘7 Qi1 = (5,'3‘; f= (500t, 5007f7 500t)T.
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FIGURE 2. In Case 5.1: (a) the evolution of relative errors in
the (L%(2))3>-norm; (b) the evolution of relative errors in the
H(curl; Q)-norm. In Case 5.2: (c) the evolution of relative er-
rors in the (L2(£2))3-norm; (d) the evolution of relative errors in

the H(curl; Q)-norm.

TABLE 3. Comparison of computational effort in Example 5.2

original equations

cell problem

homogenized equations

number of elements

253987

3542

48000

number of dof

298963

4319

59660

Case 5.4: aij0 = 10005”, Qi1 = 51]’ f= (5000t, 500t, 500t)T

The numbers of the elements and the degrees of freedoms are listed in Table 3.
We take the time step At = 0.005.

The relative numerical errors of the homogenization method, the first-order and
the second-order asymptotic multiscale methods in the L2(0,; (L2?(£2))?)-norm and
in the
L?(0,t; H(curl; Q))-norm for Cases 5.3 and 5.4 are listed in Table 2. The evolution
of the relative errors for Cases 5.3 and 5.4 in the L?(0,¢; (L?(£2))?)-norm and in the
L?(0,t; H(curl; ©))-norm are illustrated in Fig.5.

In Fig.6:(a)-(h), the numerical results for solutions E°(x,t), Ei’iho’h(x, t),
Ef\;IQ,hg,h(X’t)7E9VI,h0,h(X7t) at time 7' = 0.5 at the intersection z3 = 0.5 for Case
5.3, where M = 100.
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FIGURE 3. In Case 5.1: (a) The first component of the solution E¢
in a fine mesh; (b)the first component of the first-order multiscale
numerical solution Efwl hooh (c)the first component of the second-
order multiscale numerical solution Ef\fho,h; (d)the first compo-
nent of the homogenized solution E?w’hoﬁ in a coarse mesh. In
Case 5.1: (e) The third component of the solution E° in a fine
mesh; (f)the third component of the first-order multiscale numer-
ical solution E;:\}Il,ho, p: (g)the third component of the second-order
multiscale numerical solution Ef\fho,h; (h)the third component of
the homogenized solution E?\/l, ho,h 1l & coarse mesh.
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(a) (b)

FIGURE 4. (a) Domain €; (b) the reference cell Q.
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FIGURE 5. In Case 5.3: (e) the evolution of relative errors in
the (L2(Q))3-norm; (f) the evolution of relative errors in the
H(curl; Q)-norm. In Case 5.4: (a) the evolution of relative er-
rors in the (L2(£2))3-norm; (b) the evolution of relative errors in
the H(curl; Q)-norm;

Remark 5.1 From the results presented in Table 2 and Figs.2-3 and 5-6, we
observe that when the difference between various materials is large, the homoge-
nization method and the first-order multiscale method fail to provide satisfactory
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FIGURE 6. In Case 5.3: (a) The second component of the solution
E® in a fine mesh; (b)the second component of the first-order mul-
tiscale numerical solution Efwl hooh (c)the second component of the
second-order multiscale numerical solution Ef\f ho.h 3 (d) the second
component of the homogenized solution E?\/l, ho,h 1L & coarse mesh.
In Case 5.3: (e¢) The third component of the solution E¢ in a fine
mesh; (f)the third component of the first-order multiscale numer-
ical solution Efwl hooh (g)the third component of the second-order
multiscale numerical solution Ef\f houh (h)the third component of
the homogenized solution E?\/[, ho,h 1l & coarse mesh.
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results. The second-order multiscale approach is clearly the best among the com-
putation schemes studied in this paper.

Conclusions In this paper, we discussed the multiscale method for the time-
dependent Maxwell’s equations with memory effects in composite materials. Nu-
merical simulations were carried out to validate the multiscale numerical algorithm
in the present paper. It should be emphasized that our method has two advantages:
First, we can present the multiscale approach for the time-dependent Maxwell’s
equations with memory effects. Second, we can solve a finite set of stationary
Maxwell’s equations on separate processors. In contrast, the normal step-by-step
time-marching methods for the evolution equations are not easily parallelizable.
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