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Abstract. The main objective of this work is to decompose orthogonally the reproducing
kernels Hilbert space using any conditionally positive definite kernels into smaller ones by
introducing the theory of power kernels, and to show how to do this decomposition recur-
sively. It may be used to split large interpolation problems into smaller ones with different
kernels which are related to the original kernels. To reach this objective, we will reconstruct
the reproducing kernels Hilbert space for the normalized and the extended kernels and give

the recursive algorithm of this decomposition.
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1 Introduction

The abstract theory of Reproducing Kernels Hilbert Space (RKHS) has been developed over

a number of years outside of different domains in Physics, Mathematics and/or Chemistry such

as the study of conformal mappings!!, integral equations/? , and partial differential equations®’.

The RKHS method has been used for a variety of applications, especially in data interpolation
and smoothing[4_7]. The RKHS method provides a rigorous and effective framework for smooth
multivariate interpolation of arbitrarily scattered data and for accurate approximation of gen-
eral multidimensional functions using conditionally/unconditionally positive kernels. Smooth
global multi-dimensional reproducing kernels have been successfully used in other contexts for

8.9

multivariate interpolation, e.g., in computer aided geometric design and to solve differential

equations by collocation!'”). These reproducing kernels usually are simple and easily to com-

[10,11]

pute in closed forms . The reproducing property imparts a rich physically based structure in
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the associated Hilbert space that possesses many important properties (e.g., the uniqueness and
positive definiteness of the reproducing kernel which are important for its practical utility).

The association of a Hilbert space to each conditionally positive definite function go back to
the analysis of Madych'3. The practical advantage of all of this is that all useful conditionally
positive definite functions, which were constructed without any relation to an Hilbert space, can
be investigated thoroughly within their native space, once the latter is defined and characterized.
RKHS, in the conditionally positive definite case, turns out to be a Hilbert space plus a finite-
dimensional space[12717719] .

Section 2 will summarize the recent work in the construction of RKHS (will be called native
space) for the conditionally positive kernels @ and also introduce the power kernels and its
native space [, Section 3 will present the construction of RKHS for the normalized kernel!'8l
Section 4 will introduce an extended kernel ®@p of the normalized kernel that have the same
RKHS. We will show the condition where the interpolation to ®p does coincide with the one
associated to . Section 5 is the core of this work. The main idea is to decompose large
interpolation problems into smaller ones using the theory of power kernels and its RKHS. The
orthogonal decomposition of the original native Hilbert space, involving the native space of the
power kernel which is proven in our previous work['5). We will show how to do this orthogonal
decomposition of RKHS recursively. It turns out to be used to split large interpolation problems

into smaller ones with different kernels which is related to the original kernels .

2 Native Space for the Power Kernels

The interpolation, of scattered data (x;, f;) € R for pairwise points of discrete set X =
{x1,++,xy} and real valued data f(x;),---,f(xy), uses a symmetric multivariate function & :
RY x R? — R for all x,y € R? and the Q-dimensional space P¢, of polynomials p; on R? of

degree m, to construct the interpolant:
N 0
s(x) =Y oj®(x,x;)+ ) Bipr(x) where xe€ RY, 2.1
j=1 k=1
where o; and fB; are real numbers, via the system

N 0
Y oa®(x,x)+ ) Beor(x) = fi,
5 = (2.2)

a;pk(x;) =0,
=1

J



Anal. Theory Appl., Vol. 28, No.2 (2012) 113

For a finite-dimensional subspace of continuous real-valued functions P on Q and the coeffi-

cients « satisfying (2.2), we define a suitable pre-Hilbert space Lp(Q) of functionals by

Lp(Q) := {Aax | Aax(f) := ;a,-f(xj), Aax(P) ={0}}, (2.3)

equipped with the bilinear form

=

M

()LOCX);L/}Y Zzal q) xl)yj (24)
i=1j=1
which is an inner product on Lp(Q).
Let Lo p(Q) = clos(_ ), Lp(£2) be the completion form of the pre-Hilbert space Lp(€2). This
space is a space of functionals and we don’t know if it is acting on functions. In order to verify
this property, Lo p(€2) must be a Hilbert space. For this, we define a functional for all fixed

P-unisolvent subset Z = {z;,22,--- ,z¢} of points on Q:

Mo

E (f) = () = 7p(f) (x) with 7p(f)(x) = ) prlx)f (), (2.5)

~
I

1

and we define also a map Re o:

Roa: Le(Q) = Rea(Lr(®) , Roa(tax) (¥ = (Aax.Zw) (2.6)

which is injective on Lp(€2). Then, we can interpret Rp o(Lp(€2)) as a space of functions van-

ishing in Z and we can define the inner product on the space Rp o(Lp(Q)) by

(Rq),Q(Aa’X),Rq),Q(Aﬁ,y))q) = (la7X7lB7y)<D for all QLa_yx, lﬁ’y < Lp(.Q.), (2.7)

which turns the space Rp o(Lp(Q)) into a pre-Hilbert space. This application is isometric to
Lp(Q) via Re . For simplicity, in both spaces we use the same notion for the inner product as
is defined in 4.

Hence, the completions of the pre-Hilbert space Re o (Lp(£2)) with respect to the inner prod-
ucts (.,.)e will be denoted by Re (Lo p()) which is the continuous extension of Re o, and
the new inner products are also denoted by (.,.)e for simplicity. Thus, the completed space

Rao.o(Leo p(L2)) is a space of functions satisfying the following property:

f€Lop(Q)=Roa(f)(x) = (f,Ex)e forall xeQ. (2.8)

Now we are able to define the native space of a conditionally positive definite kernel .
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Definition 2.1 The RKHS to a symmetric kernel ®, which is conditionally positive definite
on Q with respect to P is defined by [15]:

No(Q) =Roo(Lop(R))+P,

and is equipped with the semi-inner product:

(f:8)Np(@) = (‘{Rcilﬂ(f— ”P(f)),fR;Q(g— 7p(g)))e, forall f, g€ Ngp(Q),
(P, )Np(@) =0 forall peP.

Since || f||¢ is undefined for f € Ng (L), then we characterize the norms ||.[o and ||[|x, (@)

with the following property

f=7mp(f) € Roo(Lopr(Q) and ||flny@) = If— 7)o (2.9)

Theorem 2.2. For a fixed finite set X satisfying the system (2.2), if we define the space
Sxmy = Tx (N (Q)) which is spanned by all interpolants to functions f € Ng(Q) by func-

tions from P and translates of ®, then No(Q) is an orthogonal decomposition with respect to

('a')ff\ﬂp(ﬂ)' ie:
No(Q) = Sx.0+{f € No(Q) : f(X)={0}}. (2.10)

In particular, if sy x @ interpolates f on X using ®, then:

f=srxe Log@ Sxo and [|fl3g0) = IF = srxelig@ + Is7.xel3g @)

The power kernel Kx(.,.) of ® with respect to X = {x;,--- ,xy} for all x,y € Q is given by

N N N N
Kx (x,y) = ®(x,y) — Zl uf (x) D (x;,y) — _Zlu;‘ (y)®(x,x;) + Zl Zl wf () (0)@(xixj),  (2.11)
= j= 1=1j=

where u; are the Lagrange functions satisfying the property! 1€l 1;(x j)=0;for 1 <i,j<N.
The native space for the symmetric unconditionally positive definite function Ky on Q\ X is
given by
Nie (Q\X) = {f €No(Q) : f(X)={0}}, (2.12)
equipped with the inner product (., ')NKX and has the reproducing property

f(y) - (vaX(yv'))va

For all f € Nk, (Q\ X), the norm || - [|x, of Nk, (\ X) is defined by

I1fl%, = llgr —gxll3 (2.13)
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where gy and gy are in the space spanned by ®(-,x;) and ®(-,y;) respectively

¢x(x) € Span{®(-,x)} and gy (x) € Span{®(-,y)}. (2.14)

Note that if ® is an positive definite kernel, we have

Ik, = Iflls forall f &Nk, (Q\X). (2.15)

3 RKHS for the Normalized Kernel

For all x,y € Q, we define the normalized kernel function /2 : Q x Q — R by [reference]:

h(x,y) = (Id . np)x (Id . np)ycp(x, Y) = (E ) G.1)

Substituting (2.5) in (3.1), the normalized kernel will be expressed as

Q

Y
h(x,y) = Z’ Z]’y Zpk(y)q)(xazk)

k=1

I Mro

Q
Lk

(V)P(z),2), (3.2)

which is unconditionally positive on Q\ Z.

Note that for all 1 <k < Q we have h(.,zx) = 0 because p,---,pop is a Lagrange basis for
P with respect to the points z1,--- ,2g.

Using (3.2), we can re-write (2.5) in a simpler form:

F(x) = (mp(f)) (x) + (h(x, .),f)N o forallxeQ and f € No(Q). (3.3)

»(Q
For all function f € Ng (), the equation (3.3) permits the reproduction property in the sens of

the following theorem:

Theorem 3.1.  The bilinear form (.,.), defines an inner product on the Hilbert space
Mas :Nq;.ﬂ{fE:Nq)(.Q.) Zf(Zk) =0, 1<k< Q}

which has the function h(.,.) as reproducing kernel.

Proof. The space Mg coincides with Rep o(Le p(Q)) due to equation (2.9). Thus it is a
Hilbert space under (.,.)q which is isometric via Rep o to Lo p(Q). But forall g € Rp o (Lo p(Q))
we get from (2.9)

g(x) = (8,h(x,"))o = (8 1(x,")) N ()
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holds for all x € Q.
The inner products (.,.)e and (.,.)x;(q) coincides on Mg. This implies (4],
Theorem 3.2. The space Mg is the native space of the unconditionally positive kernel

h(.,.) on Q\Z.

4 RKHS for the Extended Kernels of an CPD Kernels

In the previous section, we started with a CPD-kernel & on Q with respect to P and we con-
structed a RKHS Ng(Q) for @ on which the normalized kernel function 4(.,.) is a generalized
reproducing kernel. The native space for ®, however, was not a Hilbert space, because it carried
only a semi-inner product. The new kernel had a native Hilbert space, but on Q \ Z, where Z was
a unisolvent set for P. This calls for a new kernel that we will denote ®p, now unconditionally
positive definite on all of Q, such that the native space Ng (Q) of ® coincides as a vector space
with the native space of ®p, which is now carrying an inner product that is closely related to the
previous semi-inner product (.,.)q defined in (2.4).

Under the assumptions made so far, we can pick a fixed unisolvent set Z = {z;,--- ,z¢} for
P and a Lagrange basis pi,---,pg of P. Then, for all functions f,g € Ne(Q) and all x,y € Q,
we define:

Q Q
(1:8), = L f@sla) and @nley) = hey) + Rp@pb). @D

At this point, one is tempted to use P instead of % in the above definition of the kernel,
in order to avoid the point set Z to enter into the kernel. However, it turns out that one has
difficulties proving positive definiteness in that case.

For all g, f € No(Q), we define the inner product (-,-)p, by

(f:8)ap = (f,g) o () + (f,g)P-

The bilinear form (.,.)q, is positive definite because for all f € Ng(Q) with (f, f)e, = 0, we

have 0
0=(f.)or = (f+)nai) + X 1f (@)
k=1

But then (f, f)ny (@) =0, f € P, and f(z) = 0 hence f = 0. Thus (.,.)e, is positive definite.
This implies
Theorem 4.1.  The native space No(Q) to a conditionally positive definite kernel ® on Q

with respect to P carries the inner product (-,-)o, that is given by

(f:8)op = (F=r(F)g—e(e)) |+ (mo(F),70(9))

P
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which turns the decomposition of the native space No () of ® in definition 2.1 into an orthog-

onal decomposition. Furthermore, the bilinear forms (.,.)a, (-,-)@p, and (.,.)ny (o) coincide on

Ro.o(Lop(Q)).

Theorem 4.2. The native space No(Q) to a conditionally positive definite kernel ® with

respect to a finite-dimensional subspace P is a Hilbert space with the extended kernel ®p

from (4.1) as reproducing kernel, if the inner product (.,.)o, from Theorem 4.1 is used.

Proof.  For proving the reproducing kernel property, we have for all f € Ng(Q):

(f’CDP(x

Doy = (L Pr(x,))Np (@) (f,CPP( e

Y
= (f’h(x’ ))N@(Q) +0+ Z f(Zk)h(vak Z Z Pl Zk
k=1 =1

Q

= f)=7p(f) () +0+ ) f@)p(x)
k=1

= f).

The reproduction property implies that ®p is positive semi-definite. To prove positive definite-

ness, we take a set of points ¥ = {y|,---,yu} € Q\ Z, vectors B = (B, --,Bu) € RM and

Y=, %) €

R. Then we look at the quadratic form:

0
Y vn®e(zj )
k=

M Q
ﬁ ﬁkq)P yj)yk Z Z ]Y/Cq)P yj)Zk +
Jj=1lk=1 Jik=1

~
—_

™= M=

—_

BiBih(yj,yx) +0+0+

~.

o M Q
BiBipi (i) o) +2Y. Y. Y Bivpi(vj)pi ()
i=1 j=1i=1

_|_
Mo

_.I_
Me T
o T

—_

YiYeri(zj)pi(zx)

N
Il

—_
~

Mo

ﬁ]ﬁkh )’]7)’k +

M 2
(Zﬁ]pl Yj +Z'}’kpl Zk >

™=

~.
—_
~
Il

B;Bxh(yj,yk) +

Mo

—_
~

1

" 2
<7’1 +) ﬂjl?l(yj)> :
=1

™=

~.

and this is nonnegative, since / is positive definite on Q \ Z. If the quadratic form is zero, then

we conclude that 8 vanishes. Finally, ¥ must also vanish.

Theorem 4.3. The interpolation associated to ®p does coincide with the interpolation

associated to ®, if the data points include the point set Z.
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If the data point set X = {x;,--- ,xy} for interpolation includes the point set Z, the interpolant
s¢x to some function f € No(Q) on the data X with respect to ® or ®p can be calculated as
follows: First calculate 7( f), this interpolates f on Z. Second interpolate f — 7(f) in X \ Z using
the kernels ®p or 4 with no functions from P added, and with no conditions on the coefficients.

Call the resulting function s. Then s+ 7(f) = sy x is the solution.

S Multistage Recursive RKHS

We are given a set X = {xj,...,xy} of pairwise distinct points xi,...,xy in a set Q C RY,
and a real-valued function f with f : Q C RY - R, d > 1. We take a conditionally positive
definite continuous kernel ® : Q x Q — R with respect to a finite-dimensional subspace P. To

avoid complications as in Theorem 4.3, we shall always assume Z C X in the rest of this paper.

Then we denote the resulting interpolant to f by s; x ¢, making the dependence on f,X, and ®
transparent. For all functions f € Ng(€2), we define the residual function or error function g
on Q by:

grix— f(x) —srxa(x).
We now interpolate the function g, on a new finite set ¥ of points from Q\ X using Ky, and
denote the interpolant to g on Y associated to Kx by s, .Y Ky - We remark that for all x; € X with

1 < j <N we have g¢(x;) =0 and sg, y k, (x;) = 0. Then we conclude that for all x € X UY

(gf_sgf-,YJ(x)(x) = (f—sf,x7d>—5gf,y7kx)(X) =0.

We want to find a relation between the interpolants s 7 x ¢ + 5, .Y Ky and s yuy,e to f at all points
in X UY. The uniqueness of the interpolant for data on X UY with centers in X UY proves the
following:

Proposition 5.1.  The interpolant of ® on X UY is given by

SEXUY,® = SfX® T Sgp ¥ Ky

There is a interesting relation between the power function associated to @ on X and the

power function to Kx on Y. To present this relation, we define the power function as

Pxo = sup{f(x) : f € No(Q), [[fllng@ <1, f(X)={0}}. (5.1

Proposition 5.2. If ® is a positive definite kernel, then the power function Px y o is given
by:

Pxuye = Prky-
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Proof. We use the equations (5.1) for Py y ¢ and for Py k,. Then, we get

Pxuye = sup{f(x) : f € No(Q), [Iflne@ < 1, fF(XUY)={0}}

and
Priy, = sup{f(x):f €Nk, |fllge <1, f(¥Y)={0}} (5.2)
= sup{f(x) : f € Ny, [fllno(@) =1, f(¥)={0}} (53)
N X S 1
— aupd (g m(e)) ) 8 € No(Q), [lg—mx(8)lle < 5:4)
(g —mx(g))(Y) ={0}
< sup{f(x) : f €No(Q), [|fllng@) <1, fF(XUY)={0}} (5.5)
= Pxure- (5.6)

The inequality sign in (5.5) follows from the fact that every g — 7x (g) of (5.4) is some function
f (5.5). The other inequality follows directly when we take any f from (5.5) and define g := f
with 7y (f) = ﬂx(g) =0in (5.4).

The proposition 5.2 implies that the interpolation error can be bounded as:

|f(x) =srxure ()] < Prigllflle  forall feNe(Q). (5.7

Proposition 5.3. If ® is an unconditionally positive definite kernel, then for finite sets X, Y
with X NY = 0 we have

(Kx.@)y k¢ p = Kxur.o,

where we indicated the appropriate “mother” kernels in the notation.

Proof. The native space of the right-hand side is
{f eNe(Q) : F(XUY)={0}},
while the native space for the left-hand side is the same:

{f €Ngo : f(¥)={0}} ={f €No : f(XUY)={0}}.

If f is an element of that space, the two reproduction properties are

fx) = (f,Kxure(x,))e
f(x) - (fv (KX.,':D)yJ(X@ (xv .))KX‘CD
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and since @ is an unconditionally positive definite kernel, we can use any of the inner products
(s )@, ()kxo and (.,.)Ky e here. Now by uniqueness of reproducing kernels, the assertion
follows first on Q \ (X UY), but since both kernels vanish on X UY, we are done.

The appropriate mother kernels (KX,d:v)y’ Ky iMplies that there are orthogonal decomposi-

tions with respect to the inner product (.,.)e of Ne(Q) given by:
N<D(Q) - SX@' +, NKX‘ED (Q \X) - SXUY@' + NKXUY‘CD ('Q‘ \ (X U Y)) (5.3)

So far, we have made a step from X to X UY. We now want to do a sequence of such steps.
Definition 5.4. We can assume to have a kernel @ on Q which is conditionally positive
definite with respect to some finite-dimensional space P of functions on Q, and we want to
interpolate a function f € Ng(Q). We start with a finite set X of data points which contains a

P-unisolvent subset Z. The recursion algorithm will be then given by the Table-1.

Table 1. Recursive Algorithm

Start a recursion with Do the following for; > 0
j=0 j>0
Xo:=X Xjp1:=X;UY; DX;
Q) :=Q\X Qi1 :=Q\Xj4+1 CQ;
Yo C Qg Y; CQ;
D)= P D= Ky; Positive Definite on Q;
fo=f—55x.@ fiv1:=Ji—=Sfy,®;.,
j:=j+1, Repeat.

Note that from the second step on we have unconditional positive definiteness, while the first
step from @\ := ® to P := Kx has the complications we encountered around equation (2.15).

Theorem 5.5.  The native space No,,, of @11 can be expressed as
No,,, = No, N{f] f(X;) ={0}} for all j = 0.
and for all j > 1 and f € Ng(Q), using equation (2.15) we get

113, = 115, = 115, = - = 115, = 115+ lsg-gxxolla- (5.9)
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with gy and gx from (2.14).

Now we need the recursive power kernel form of our kernels. We conclude

Dji1 = Ky o =Ky, jux; 10 = (KXj—lﬂq’)ijKx,;

o
Using Proposition 5.3, the last implies
Dy = (D)), forall j > 1.
Note that we can always write the function f; in the form
Ji = Ji=spx,@00 555,00 = fit1 55,0, foral j>0. (5.10)

The orthogonality property of the interpolation together with (2.15) allows us to write

1£ill3,., = 1113, + lspy0, 3, = 153, forall j>0. (5.11)

Under the hypotheses of the definition 5.4 and using (5.11), the summation term-to-term gives

J
2 ) 2 2 .
1 j s rodry ¥r41 1 - Y- .
1£ills, = 1f5+1113,., + Y lIss v0,. 15, forall j>0 (5.12)
r=1

Now we need the recursive interpolation error form using our kernels. Under the hypotheses

of the definition 5.4, we can generalize Proposition 5.1 to get
SfXj,® = Sf7Xj7CI> +Sfj7yj-,<p_/+1 for all J > 0. (5.13)

Theorem 5.6. Under the hypotheses of the definition 5.4 and using (5.13), the interpola-
tion error for any function f € No(Q) is given by
f.] - f_sf7xj7d)'
Proof. 'We will prove it by induction. The assertion is true for j = 0. If it holds for j, we
use (5.13) to get
fixt = [i—=spy,05
= [=Srx0 = Spy05
= f—sstj+lsq)'

The relation of the power kernel to the power function implies that we can generalize the

result of Proposition 5.2 to get

Py, @;(x) =Py, (x) forall j>1. (5.14)
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Proposition 5.2 and (5.14) show
ij+]’<p.i()C) =Py, (x) forall j>1I. (5.15)

The last work that we wanr to show is to bound the interpolation error on the set X;.
Lemma 5.7. Under the preceding assumptions of the definition 5.4 and for all x € Q; we

have:
[f(x) = s.x,.0 ()] < Py, (0)||fj=1 ]|, -
Proof. We start with the definition of f; to get
‘f](x)‘ = ‘fj—l (X) - sfj—l-,Xj—l-,(Dj(x)‘ < Pyi71,<p_i(x)”fj_1 H‘D_,"
Using (5.14) and (5.15), we get:
Py o (x) = ij@j,l(x) = PX].@l(x).

Then
‘f](x)’ < PX,'-,':D] (X)Hfj—l H‘I)l :

Theorem 5.8. Let ® be a positive definite kernel on a domain Q, X; be a set of point
satisfied the hypothesis of the assumptions of the definition 5.4, and K, be the power kernel.
Then for any function f € NPO we have:

|f(x) = sp.x;.0(%)] < Py ky (O f = sr.x.0|o

Proof. Using Corollary 3.1 until order j — 1 we get the equation:

j—2
||f]*1 ||é‘1 = ||f]*1 ||é‘j,] = ||f1 ||é‘1 - ||Sfr7Yrs¢'r+l ||é‘,’
r=1
for all j > 2. We can go one step further, using:
1follG, = Ifo—sproelld, +Ispm..e 13,

= 1Al + lsproe I3,

to get:
j-2

1fi-tla, = Ifolla, = X Ispye. @, <IIf —srxoll,-
=0

b
If @ is unconditionally positive definite, we can replace the norm by ||.||e. Thus the assertion is

proven via Lemma 5.7.
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Using (5.8) and the hypothesis of of the assumptions of the definition 5.4, one can write down

an orthogonal decomposition of the native space related to the above construction as follows:

Theorem 5.9. The orthogonal decomposition of the native space of order n under the

assumptions of the definition 5.4 is given by:

No(Q) = Sx, o + No,,, (Q).

Conclusion

The theory of power kernels and their native spaces from any conditionally positive definite

permits to decompose orthogonally the reproducing kernels Hilbert space of a superior order

using any conditionally positive definite kernels into smaller ones. We have shown how to do

this decomposition recursively. We also have shown how the power kernels are used to split

large interpolation problems into smaller ones with different kernels which are related to the

original kernels. This permits to characterize the the interpolant of superior order.
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