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1 Introduction and Nan Results

It is well known that to calculate the Hausdorff measure of fractal sets is very difficult,
even for simple sets, such as self-similar sets satisfying the open set condition(OSC,including
SSC) and so there are few concrete results about computation of Hausdorff measure, unless the
Hausdorff dimension is not larger than 1. Some authors have investigated the estimation and
calculation and got some upper and lower bounds of the Hausdorff measure for self-similar sets
satisfying OSC(see [6, 7, 8, 10, 11, 12, 14, 19]). A natural question is how to get the accurate
value of them? In this paper we only discuss the case of self-similar sets satisfying OSC and our
purpose is to establish a uniform theoretical framework for the calculation of Hausdorff measure
for such fractal sets. Let £ C R” be a self-similar set satisfying OSC with s = dimy E. We
have proved H*(ENU) < |U|* (which will be called the measure-diameter’s inequality) [12]
for any U C R". This inequality plays an important role for calculating the Hausdorff measure

of the self-similar set satisfying OSC. The calcutation of the Hausdorff measure of E will be
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transformed to look for a solution U with 0 < |U| such that the equality holds in the above
inequality, that is, H*(ENU) = |U|*. In this paper, we prove such a set U exists. Here, our proof
is on existence behavior but not constructive and so in order to count genuinely the Hausdorff
measure of £, we also must determine wholly U, including its diameter, geometric shape and
location. We call this result the realization theorem with respect to the upper convex density
1. The upper convex density, introduced by Falconer [1], is an important notion giving rise to
a series of new problems and opening a gate to understand deeply the structure of self-similar
set and so far we work on it only a little. Our main results of this paper are as follows (for the
definitions, terminologies and notations, see the next paragraph).

In this paper, we always let E C R"(n > 0) be a self-similar set satisfying OSC and denote
by s = dimy E its Hausdorff dimension and H*(E) its s—dimensional Hausdorff measure.

Realization theorem. There exists a set U C R" with 0 < |U| such that

HY(ENU)

[ENU|
Corollary 1. H*(E) = |[ENU|*/Y>0bx, where |U| > 0 satisfies

H'(ENU)
ENUP
and each by depends on U.
Corollary 2. There exists an almost everywhere best covering of E, oo = {U; : i > 0}, such
that

H'(E) = Y |UJF.

>0
The proof of these results will be given later. Some discussions are given at the end of this

paper.

2 Basic Concepts and Upper Convex Density

For some basic definitions and notations in Fractal Geometry, we refer to [1, 2, 3].

Denote by d the usual metric of R"(n > 0). Let D C R” be a bounded closed region and
E a self-similar set yielded by m(m > 0) (linear) similarities S; : D — D with ratios 0 < ¢j <
1,j=1,2,...,m, thatis, |S;(x) = S;(y)| =cjlx—y|, Vx,yeD, j=1,2,--- ,mand E satisfies
E=U;S i(E). We say that E satisfies the open set condition (OSC) if there is a non-empty
bounded open set V C R" such that | J;S;(V) C V and

Si(V)ﬂSj(V):(D, 1§z<]§m



Anal. Theory Appl., Vol. 27, No.4 (2011) 389

Furthermore, we say that E also satisfies the strong separation condition (SSC),if
S,-(E)ﬂSj(E):(D, 1<i<j<m.

m
It is well known E C V, where V is the closure of V, and s = dimy (E) is determined by Z c;=1
j=1
and 0 < H*(E) < eo. So E is an s—set.

A covering oo = {U; : i > 0} of E is called a best covering of E, if H*(E) = Z \Ui|*;
i>0
A covering a = {U; : i > 0} is called an almost everywhere best covering of E if H (E —
UiUi) =0and H(E) = ) |u;|".
i>0
Let S={1,2,...,m} be the state space with m symbols and

Zm:{i:(i1i2~'~)l ineS,Vn>O}

the one sided symbolic space on S [13]. Let k > 0 and denote by J; the set of all k—sequences
on S.
Set

Ei ... =39S, ---S,'k(E), Vi= (i1 --'ik) € Ji;

Ei1i2~~~ = m Ei1i2"'ik = m Sil i 'Sik(E) = m Sil . Slk(V) = {xi}, Vi= (i]iz o ) S Zm.
k=1 k=1 k=1

Namely, the second term above is a singleton and i = (i1iy---) is called a representation of
x; € E. Obviously, each point in E has a representation but unlikely unique. If, for each k > 0, x;

is always an interior point of S;, ---S; (V), we will call x; to be an interior point of E. It is easy

to see that each interior point has unique representation. Consider the continuous mapping

(: X, — E
C(i):x,-, Vi:(i1i2'~')€zm.

It is easy to see that if E satisfies SSC, the mapping is one-to-one and if E only satisfies OSC, it
is many-to-one.

It is also easy to prove H*(dV) = 0,where dV denotes the boundary of V. So we have

H’ U U Sil cee Sik (8V) = O,

k=1 (i] "'ik)e-,k

and the set consisting of all interior points is of H®—full measure. We need the following simple

Claim 1. Ifx; is an interior point of E, then there is at least k > O such that S;, ---S; (V) C V.



390 Z. L. Zhou et al : Theoretical Framework for Calculation of Hausdorff Measure

Let A C R” and denote by |A| the diameter A. Denote U, C R” a set containing x and J a
positive number.

Define

- HY(ENU
DS(E,x) =1lim< sup HAEQUY >0
-0 [ o<|U,|<s |Usl*

and call it the upper convex density of E at x (see [1]). Evidently, here U, may be taken to be
convex. According to HS(ENU) < |UJ*, (see [12]), there holds always D3(E,x) < 1,Vx € E.
The computation and estimation of the upper convex density is more difficult than the case for
the Hausdorff measure. Set E; = {x € E : DS(E,x) =1}.

Theorem Al'l.  E| is a measurable set and H*(E,) = H*(E).

It is easy to see that there is an interior point x of E with D5(E,x) = 1.

3 Hausdorff Metric and Measure Convergence

Let A C R" be non-empty and 6 > 0. Set V(A,6) = {x € R": d(A,x) < 8} and denote by
C the set consisting of all compact subsets of R”. Suppose A, B € € and define

p(A,B)=inf{8: BCV(A,S), ACV(B,5)}.

It is not hard to prove that p is a complete metric on C and it is called the Hausdorff metric(see
[1D.

Theorem B\,  Any uniformly bounded infinite set in @ has convergent subsequence.

Denote F; 2 F if {F;} tends to F on C under Hausdorff metric and it is easy to see that
FLF implies |F;| — |F| and furthermore, if x € F;,Vi > O,then x € F.

Suppose m is a finite measure on R" with compact support and so is regular(see [9]).

Proposition 1. F; 5 F = limsupm(F;) < m(F).

Proof. Given r > 0, according;z) the definition, for sufficient large i > 0, we have F; C
V(F,r) and hence m(F;) < m(V(F,r)). By the regularity of the measure m, }ig(l)m(V(F, r) =
m(F). Soitis easy to see that limsupm(F;) <m(F). We are done.

[—00
HY(ENU)
[ENU|*
that B is not empty and for given € > 0, d = sup{|U| : U € B} exists.

LetO<ée<land B = {U CR": > 1—¢& ;. By the definition, it is easy to see

H(ENV)
[ENV]

Proposition 2.  There is a compact set V. C R" with [ENV|=d > 0 and >1-—¢

Proof. By the definition, for each integer / > 0, there is a compact V; € B such that |[E N
1 H(ENYV,
Vil >d— - and HAEOV)

i ENVi[ > 1—¢. Obviously, {ENV;} is uniformly bounded. Taking a
1
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subsequence if necessary, we may assume that £ NV, Ay (I = o0). Clearly, lim/_ |[ENV,| =
|V | = d and by Proposition 1,
H(ENV) _ H'(ENV)

lim sup <
e [ENV* ENV[*
and hence
) )
HY(ENV) >H (ENV) S 1_e
EQVE T vl T
We are done.

4 Proof of Realization Theorem

First of all, we introduce a class of similar enlargements as follows.

Let x € E be an interior point with DS(E,x) = 1 and i = (i ---i;--+) its representation. An
element (j;---j;) € J; (I > 0) is called an /—tuple of x, if there is some m > 0 such that j; =
Imi1, " Jj1 = imss and denote it by (ji---j;) < x.

VI > 0, it is easy to see that

(S-S ™" e S8y (V) =V

1

Cil "'Ci/

and

is a similar enlargement from S;, ---S;, (V) onto V with the similar ratio
(Sil . 'Siz)il (Sil . 'Siz(E)) =E.

Define a linear similar enlargement 7; : V — R” such that the restriction of 7; on Siy S, (V)

coinciding with (S;, -+ S;,) !, that is, Tl‘sil 5y () = (Si,-++S;;) "1 or T is the linear extension of
(S -=-Si) "t Sy -8y (V) =V

from S;, ---S;,(V) to V. Obviously, 7; is well defined and so we get a series of similar enlarge-
ments:
T,:V —R"

Tl(y):(Sil"'Sil)il(y)a vyESil"'Siz(V)
Tl(Sil "'Si/ (V)) = (Sil "'Si/)_l(Sil "'S,'/(V)) =V.

For convenience, sometimes write 7; = (S;, - - -S,-,)*1 and T[1 =S;, ---Sj,. From the above defini-
tion, it is easy to see that there holds always T;(x) = (S;, ---S;) "' (x) € ECV C T)(V) and T;(x)
is always an interior point of E. We call 7;(V') an [—order enlargement of V. For (ij---i;) < x

and (ji -+ jiji+1+ - jk) < x, the following Claim is simple.
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Claim 2. Tl(Vﬂ TH_h(V) = TI(V) e UE '-il) = (J1an-- 'jl+h)7 vV h>0, VIl >0, where
I = (Sil "'Siz)il and 7jp = (Sjl "'sz+h)71'

We call 7;(V) the [—order enlargement of V contained in 7;4,(V ). Especially, it is not hard
to see

(S,'2 "'Si,)il(V) C (Si1 "'S,'/)il(V), Vip = 1,2,...,m.

In the following, we assume always that x € E is an interior point with DS(E,x) = 1 and the
unique representation (iji,---) and define 7; by using (i1i2---) as the above. Noting that 7;(E)
is also a self-similar set and H*(T;(E)) = (cj, - -+ ¢;,) " H*(E). The following Claim is simple.
Claim 3. If U CV, then H*(T)(E)NU) = H*(ENU). In general, if U C T;(V) and so
7,'(U) C V, then
HY(T(E)NU) = H(ENT; (V).

According to the Scaling property [2, p.27], the following Claim is simple.
Claim4. LetU C R”, then

H'ENU) _H(L(ENU)) _ H'(T; (ENU))
EQUF ~ HENDP 1 (EAU)F

VI > 0.

Proposition 3. Let F C R" be any compact subset, then there is the least integer | > 0 such
that F C intTy(V), where int T;(V) denotes the interior of T;(V).

Proof. Asx € E CV is an interior point, so d = d(x,dV) > 0. By the definition, it is easy
to see that

d(Ty(x), T;,(V) = d(x,dV) (c;, ---¢;,) -

Because Tj(x) e ECVand 0 < ¢; <1 (I >0,i = 1,2,...,m), obviously, the bounded set F C
int T;(V) if [ is sufficient large. We are done.

Proof of the realization theorem. Next, using Uy,U,x C V C R" (Vk > 0), denote the com-

pact sets containing x and set

HY(ENU,) |
Bi=4U: =~ 2 L yeso.
xk { IEN U’ k}

According to Proposition 2, we may set 0 < r,x = sup{|ENUy|: Uy € Byx}. Take Ul in Byy
such that
|[ENU!| = reg (i — o).

By Theorem B and Proposition 1, taking a subsequence if necessary, we may assume that

ENU L ENU CE (i — ).
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It is easy to see that |[E NU, x| = ryx and

H(ENU H(ENU! 1
7( k) > limsup 7( . ) >1—-.
|ENU, e [ENUI k

Suppose that r; — 0 (k — o) is not true. Taking a subsequence if necessary, we may assume
ek — 1 >0 (k — o). Using Theorem B and Proposition 1, we may prove easily that there is
U CV such that [ENU| = |U| = r and HEU) _

[ENUP
Next, suppose 7y i — 0 (k — o0).

For each k > 0, there is an integer (k) > 0 depending on k such that (to stipulate: S;, (V) =V)
EN Ux,k C S,’l .. 'Si,(k) (V)

and E N Uy not contained in S;, -+ S, (V), that is, [ (k) is the greatest integer such that

1 .
Ty (ENU) = (Si+++Sigy ) (ENU) V.

Setting Fjxy = Tj(x) (E N Uy ), then we have

-1
r_k: ‘E(k)‘ = rx,k (cil . --Cl']<k)> 5 Vk > 0

We have two cases as follows.
Firstly, suppose 7x — 0 (k — o) is not true. Taking a subsequence if necessary, we may

assume that 7y — r > 0 (k — o). By Theorem B and Proposition 1, we may prove that there is a
H'(ENU) _

ENUF —
Next, suppose 7 — 0 (k — o). Set ¢ = min{c,cz,...,c,} > 0 and arbitrarily given d > 0.

compact subset U C V such that |U| = r and

For each k > 0, there is a unique integer i(k) > 0 depending on k such that

-1 -1 » d
Txk (Ci1 .“ci’“‘”h“)) <d <o (cil .“c"’<k>+h<k)+1) < dcil(k)+h<k)+1 < c

or
o ~1 o -1 . d
Tk (ciz<k)+1 "'ci1<k)+h<k)> <d <T¢ (Ci1<k)+1 "'ciz<k)+h<k)+1> < dciKth(kHl < -

As a clear consequence, noting that (T4 p(k)+1(E NUxk) NV # 0, we have

Proposition 4. 7))+ 1 (E NUxx) is uniformly bounded for all k > 0.

Thus, taking a subsequence if necessary, without loss of generality, we may assume, by The-
orem B, that Tj() (k)41 (E NUxx) is convergent under the Hausdorff metric, say 74 p(x)+1(E N
Uci) 2 F (k— o), where F is compact and Ty 4 4(k)+1(X) is also convergent, say Tj() (k)41 (X) —

X € E (k — o). Note that Tj()4(x)+1(x) is an interior point for all k¥ > 0 and xo is unlikely.
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By Proposition 3,there is at least / > 0 such that ¥ C (int 7;)(V') and hence 7, (F) C intV.

Though xg is unlikely an interior point of £, but we have the following simple

Claim 5. There is some i with 0 < i <m such that xo € S;(E) and Ty 41 (x) € S;(V) for
infinitely many k and s0 Sj(x) 5(x)+1 18 the same for infinitely many k. Furthermore, by induction,

there is a constant / —sequence
Wk)+h(k)+1—=1L1k)+h(k)+1—=1+1,....1(k)+h(k)+ 1€

for infinitely many k > 0 and s0 Sj(x)5(x)+1 is the same for infinitely many k.
Obviously, Ty +a(k)+1 (E MUy k) is in the same /—order enlargement of V for infinitely many

k and so
H (Ty() (k)1 (E N Uy )

T (k) +h(i)+1 (E N Ux|*

is defined well for infinitely many k. Taking a subsequence if necessary, without lose of gener-

ality, we may assume that it holds for all k. It is easy to see that

T = Si)hih 11510 (k) 41141 SiR) 1h(k+1

for all k > 0. Obviously, we have Ty ni)41(E NUxx) C Ti(V) for sufficient large k > 0. Ac-

cording to Claims 3 and 4,

H Ty 1n+1 (ENUxk))  HS(ENUxg) -1 1

Ty en 1 ENU) — [ENUgl = k

for sufficient large k > 0. According to Proposition 1, it is easy to see that

. H Ty nry+1 (ENUxg) _ H Ty 1nwy+1 (E)NF)
1 = limsup = < — - =1
koo |1y (k) +1(E NUxk)| ENT ) a1 (F)I

and obviously,
s s —1
H (T np1 (ENF)) _H (E O T ngy+1(F)) _
Ty +nik)+1 (ENF)JS \E“Tz&§+h<k>+1(F)\s

and 0 < [EN Tlacl)+h(k)+1 (F)|. We are done.

Remark. 1t is easy to see that we proved that the case 7y — 0 is impossible and hence

vk — 0 (k — o0) also is impossible in the above and hence we have proved that there is a set U,

with |U,| > 0 such that
— HY(E
DE(E,X) - ( m‘UX)
|Us?

for all interior point x € E with DS(E,x) = 1. In fact, by the same argument, we may prove that

this conclusion holds for all x € E with DS(E,x) = 1. Such a set U, is called a best shape at x in
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[14]. But, to look for a best shape is very difficult, even for some special point if the Hausdorff
dimension is larger than 1.For example, so far we cannot determine a best shape at a vertex of
C x C, where C is the middle third Cantor set, even we cannot prove that it is symmetric with
respect to the diagonal of the square, passing the vertex, therein C x C is yielded (see [14]),but

we conjecture So.

5 Proof of Corollary 1

For convenience, we only prove a special case with ¢; = ¢ = const., j = 1,2,--- ,m. For the
general case, there is no any essential difference except more complecated.
Let the convex set U C V such that |U] > 0 and %{)g) =1 as the above. Let k > 0 and

V (i1 i) € Jg, we call S, -+ S;, (V) a k—th order copy of V. We have
H(S;, -8, (V(E)) = ¢ ™H*(E), ¥ (i1--ix) €Jy, Yk >0.

Denote a; the number of all first order copies of V contained in U and a, the number of
all second order copies of V contained in U except those contained in some first order copy
contained in U. Inductively, denote by a; the number of all a;—th order copies of V contained
in U, except those contained in some (k — 1)—th order copy contained in U, for all & > 0.

Denote by M the union of all copies of V contained in U and M, the union of all copies of
V contained in U whose order is not larger than k > 0. As U is convex, we may prove that the
Hausdorff dimension of E N AU is strictly smaller than s and so H*(E N dU) = 0 (we refer to
[5]). It is easy to see that

En(imU-M)cEN|]) U Si-Si V)],
k=1 (i] ---l'k)EJk
that is, there is no any interior point of E in E N (int U — M), because if there is an interior point
in int U — M, then, noting that int U — M is an open set, it is easy to see that there is a copy
Si;Siy - S;, (V) of V in int U — M for some k > 0 and it contradicts the above construction. It is

easy to see

H'EN(U-M))=H(EN(ntU—-M))=0

and

H'(ENU)=H(ENM).
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But, obviously, My 25 M (k — o) and H (E N Mj) — H(ENM)=H*(ENU) =Y ~oac™*H*(E).
Hence

HS EﬂU
TEnUP

—1
=Y a®H'(E)JENU|™ =1, or H*(E ):|EﬂU|S<Zakcks> :

k>0 k>0

Take by = arc™* and we are done.
Remark. If all of the ratios are not the same, then the different k—th copy has the different

Hausdorff measure and so the formula of b, is more complex, but the difficulty is not essential.

6 Proof of Corollary 2

Let U and i E(ﬁg‘[f) = 1 as the above. Obviously,
HYENU) HYENS;, -8, (U)) o
[ENU|* [ENS;, -+ S; (U)J (i---ix) € Jx

For convenience, we first introduce the following notations. Let A C R"” and §,& be two sets

consisting of some subsets in R”, respectively. Set
fué={C:CcelorCeé&},
AN{=0 < H(ENANB)=0,VBe (.

Set

o = {U},

o = {SWU0): Si(U)Nap=0, 0<i<m},

o, = {S,S,(U): S;,S, U)N(awUay) =0, (ijir) € )2},
Inductively, let 04— be defined well for k > 2,set

o ={S;,--Si,(U): Siy--- S, (U)N(apU---Uog_1) =0, (i1---ix) € Ji}-

Thus, we get {0}, and set & = [J;> @;. From the above form, it is easy to see that for any

M € o, we have
H'(ENM)
[ENM]s
and the intersection of any different two elements in & has H*—zero measure. By the same
argument as in § 4, it is not hard to prove
HY'E)= Y H'(EnM)= ) |[ENM|.
Meco Mea

It is easy to see that ¢ is an almost everywhere best covering of £. We are done.
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7 Discussions

Let £ C R" and dimy (E) = s be the same as the above. In order to calculate the Hausdorff
H*(ENU)
[ENUT

(including its diameter, position and shape) is determined well, then the series in Corollary 1 is

measure of E, it suffices to look for U C R” such that |U| > 0 and = 1,because if U

also determined and the remainder is only some calculations. But, in general, it is very difficult

to look for such a set U. In fact, using our model, Refs [10, 11, 12] and [8] investigate the

H*(ENU)
[ERUT

and so the results obtained are only some upper limits of the corresponding Hausdorff measure

computation of the Hausdorff measure for self-similar sets but there U satisfies only <1
but not the exact values. Marion [4] has posed two conjectures about the exact values of the
Hausdorff measure of the Sierpinski gasket and Koch curve respectively and we have negated
them [11, 12]. In essence, the set U obtained by him does not satisfy the above equality and

so his results are only the upper limit and not the exact value of the corresponding Hausdorff

H*(ENU)
ENUT

the Hausdorff dimension is not larger than 1, we have some examples for that the corresponding

U have been obtained (see Ref. [17, 18]), but for the case of that the Hausdorff dimension is

measure. Clearly, the smaller 1 — is, the better the corresponding upper limit is. When

larger than 1(non-integer), so far no any such examples have be found. It is why we can not get
any example for that the exact values of the Hausdorff measure is obtained when its Hausdorff
dimension is larger than 1(non-integer).Finally,we pose

A problem. To form a self-similar set with OSC and dimy > 1,whose a best shape (including
its diameter,geometric shape and location)is determined wholly.
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