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1 Introduction

Let (X,d) be a compact metric space, and f be a continuous map on X. We consider the
associated autonomous difference equation of the following form:

xip1=f(xi). (L.1)

A finite or infinite sequence {xo,x1,---} of points in X is called a J-pseudo-orbit (6 > 0)
of (1.1) if d(f(xj_1),x;) <6 for all i >1. We say that Eq. (1.1), (or f) has usual shadowing
property if for every e >0, there exists 6 >0 such that for every J-pseudo-orbit {xq,x1,--- },
there exists y € X with d(fi(y),x;) <e for all i > 0. The notion of pseudo-orbits appeared
in several branches of dynamical systems theory, and various types of the shadowing
property were presented and investigated extensively, see [5,6,11,12].

In this paper we study shadowing property of nonautonomous discrete systems. We
consider the compact metric space X and a sequence fi,, = {f;}?, in which each f;:

*Corresponding author. Email addresses: hoseinrasuli@yahoo.com (H. Rasuli), r-memarbashi@semnan.ac.
ir (R. Memarbashi)

http:/ /www.global-sci.org/ata/ 11 (©2017 Global-Science Press



12 H. Rasuli and R. Memarbashi / Anal. Theory Appl., 33 (2017), pp. 11-19

X — X is continuous. We call the pair (X, f1,,) a nonautonomous discrete system (on
X). For further simplicity we use only fi « in the sequel. The associated nonautonomous
difference equation has the following form:

xXiv1= fi(x;). (1.2)

For every n>i>1, we write f'=f,o0f, 10---of;.
Orbit of a nonautonomous system f; « in a point x is the following sequence:

O(x)={x,f1(x),fa0f1(x),---, fuo---0f1(x), - }.
On the other hand a pseudo-orbit of the system is as follows:

Definition 1.1. A finite or infinite sequence {xo,x1,--- } of points in X is called a é-pseudo-
orbit (0 >0) of (1.2), if d(fi(x;_1),x;) <d forall i > 1.

In the nonautonomous case the standard definition of shadowing has the following
form, see [12]:

Definition 1.2. We say that f; ., has shadowing property if, for every & >0, there exists
6>0 such that for every d-pseudo-orbit {xg,x1,--- }, there exists y € X with d(y,xp) <e and
d(fi(y),xi)<e foralli>1.

In this paper we investigate the relation of various expansivity such as positively
expansive, locally expanding, weakly locally expanding, ---, with shadowing and h-
shadowing property.

2 Shadowing and expansivity

First we prove the following simple lemma.

Lemma 2.1. The sequence fi « has shadowing property if and only if for every e >0 there exists
0 >0 such that every finite 5-pseudo-orbit is e-shadowed.

Proof. Lete>0and >0 be such that every finite 5-pseudo-orbit, 5-shadowed. Let {x;}$*;
be a d-pseudo-orbit. For every n>1, {xo,x1,---,x,}, 5-shadowed by y,eX and there is a
subsequence {yy, x>0 and a point yeX such that y, —y as k — oo. Now for each i >1,
there is a 1y > i such that d(f} (v, ), fi (y)) < §. Therefore

d(fi(y),xi) <d(fi (v), fi(yn) +A(fi (yn) x1) <e
and hence f; - has the shadowing property. O

There are several variants of shadowing property, we define a stronger form which is
called h-shadowing, see [2,9].
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Definition 2.1. The sequence f; « has h-shadowing property if for every ¢ >0 there exists
0 >0 such that for every d-pseudo-orbit {xg,x1,---,x,} C X there is y € X with d(y,xp) <e
and,

d(fi(y),x;)<eforall1<i<n and fI'(y)=x,.

In the case of an autonomous difference equation various notions of expansivity such
as positively expansive, locally expanding, ---, have been introduced and their properties
studied extensively, see [1,8,14]. We consider a nonautonomous form of expansivity and
a modified form of equicontinuouity.

Definition 2.2. We say that the sequence f;  is positively expansive, with expansive
constant e >0, if x #y, then for every N € N there is n > N such that d(f}(x), fl;(y)) >e.

Theorem 2.1. Suppose that the sequence fi « is positively expansive and has shadowing property
then it has h-shadowing property.

Proof. Let e>0 be the expansive constant, e <e and J >0 is provided by the shadowing of
f1,00- Suppose that {xg,x1,-+,%,, } is a J-pseudo-orbit. The following sequence:

{x()/xl/" '/xm/fm—&-l(xm)rfnrf:f(xm)/ ﬂr:l:f)(-xm)/ }

is an infinite /-pseudo-orbit. Now since f; ., has the shadowing property, there is y € X

such that for each j>1, d(f;" * (v), f:ﬂr{(xm) < ¢, which yields f{"(y) = x,,. Hence the

sequence fi « has h-shadowing property. O

Definition 2.3. The sequence f; «, called inverse equicontinuous if for every x € X and for
every € >0 there exists §(x) > 0 such that:

Bs(x) (fi(x)) € fi(Be(x)) for all i,
in which B,(x) is the open ball with radius € and center x.

Proposition 2.1. Suppose that f;: X — X is one to one and surjective, for all i. Then the
sequence f1« is inverse equicontinuous if and only if the sequence {f; '}, is equicon-
tinuous.

Proof. The proof is trivial. O

Definition 2.4. We say that f; ., is weakly expanding small distances if there exists v >0
such that for every x,y € X and every i,

d(xy) <y==d(fi(x),fi(y)) >d(x,y).

Definition 2.5. We say that f; « is locally expanding if there exists A > 1 such that for
every x€ X, i>1and >0, By(fi(x)) C fi(Be(x)).
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Definition 2.6. We say that f; , is weakly locally expanding if there exists v >0 such that
forevery x€ X,i>1and e <7, Be(fi(x)) C fi(Be(x)).

Lemma 2.2. Suppose that the sequence fi . is inverse equicontinuous and weakly expanding
small distance then it has weakly locally expanding property.

Proof. Let v >0 be a constant as in the definition of weakly expanding small distances.
Since f1,« is inverse equicontinuous, for each x € X there exists A(x) >0 such that:

BA(x)(fz-(x))gfi(B%(x)) forall i>1. (2.1)

We denote By (x) ﬂfi’l(B¥ (fi(x)) by Uj, then for x € U; there exists 1 =#(x) < @ such

s (fi(x)) implies t€ £ (Bay (fi(x)),

hence B, (fi(x)) C fi(U;). The other side is trivial. ] i
2
Let z€ B, (x), p <7 such that B,(z) C B, (x) then f;(z) € f;(U;) =Bax (fi(x)), thus
2

By (fi(2)) € Ba(x) (fi(x)) € fi(By (x)). (2.2)

We denote By (x)Nf 1(By(fi(z)) by Vi, as in the proof of the similar result for U;, we
see that f;(V;) = By(fi(z)). We claim V; C B,(z). Suppose that V; Z B,(z), then there is
y€Vi—By(2). z€By(x) CU; € By(x) so p <d(y,z) <d(y,x)+d(x,z) <. Now from this
relation and the fact that f; « is weakly expanding small distance we have d(fi(y), fi(z)) >
d(y,z) >p which is in contradiction with y € V;. Therefore we have V; C B,(z) which yields
B,(fi(z)) = fi(Vi) C fi(Bp(z)). Now X is compact, and there is x1,x2,---,X, in X such that
XC U?:le (x;). Define r:min@ and consider x€ X and p<r, so thereis 1<i<#n such
2

that x € By, (x;) which implies B, (x) C B, (,,)(x;) and therefore B,(fi(x)) C fi(Bp(x)). O
2

i

Definition 2.7. We say that f; ., is uniformly expanding if there exist A >1 and >0 such
that for every x,y€ X and i > 1:

d(fi(x), fi(y)) <y=d(fi(x). fi(y)) > Ad(xy).

Definition 2.8. We say that f; « is weakly uniformly expanding if there exists 7y >0 such
that for every x,y€ X and i > 1:

d(fi(x), fi(y)) <v=d(fi(x), fi(y)) >d(xy).

Proposition 2.2. If f; o, is weakly uniformly expanding and for all i > 1, f; is surjective,
then f; o is weakly locally expanding.

Proof. Let v > 0 be as in the weakly uniformly expanding definition. It is enough to
prove that for each e <7, B:(fi(x)) C fi(Be(x)). If z€ B¢(fi(x)) then there is y € X such that

fi(y)=z. Since d(fi(x), fi(y)) <€, we obtain d(x,y) <d(fi(x), fi(y)) <e. Soz€ fi(Be(x)). O
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Now we investigate the relation of h-shadowing and the expansivity notions men-
tioned above.

Theorem 2.2. Suppose that there is a continuous map f such that f; — f pointwise. If the
sequence f1 o is inverse equicontinuous and weakly expanding small distances, and f is weakly
expanding small distances then it has h-shadowing property.

Proof. There exists v >0 such that d(x,y) <y implies that

d(xy) <d(f(x),f(y)) and d(xy)<d(fi(x) fi(y)) for all i>1.

By the above lemma there is ¥ > 0 such that for every p <r, and for every i > 1, we have
B,(fi(x)) C fi(By(x)). Lete >0, we set 0 <&’ <min{+,r,e} and define:

n(e'):=sup{d(x,y):d(fi(x).fi(y)) <&, i=1}.

Hence 7(¢') < €. We claim that 77(¢') < €. Indeed, if (¢') = ¢/, there exist sequences
{d(x1,39) Y2y and {k(1)}32 ©N such that d(fo (), iy () < and

lim d(x;,y;)=n(e)=¢.
11— 00

Since X is compact, there is a subsequence {#;}$>; C N such that x,, — xo and y,, — yo.
Thus

¢ =n(e') = lim d(xn,yn,)=d(x0,50) <d(f(x0),f(v0))

i—o0

= Hm d(fi(n,) (Xn,), fictny) (Yni)) <€,
11— 00

which is impossible. Now we consider 0 < <min{r,y,e’ —#5(¢')}. Let {xo,x1,---,x,} be a
d-pseudo-orbit for fi o thend(f, (x,-1),x,) <, which implies that thereis y,,_1 € Bs(x,,—1)
such that f,,(y,—1) =x,. Since d(fu (x,—1),%) < <€, we have:

d(xn-1,yn-1) <y(&') <e.

And d(fr—1(xn—2),Yn-1) <d(fu-1(xn—2),%n—1)+d(xp_1,yn—1) <d+1(') <& <r. Therefore
there is y,_» € By (x,—2) C B, (x,—2) such that f,_1(yn—2) =yn—1. Hence

d(xu—2,yn—2) <d(fu-1(Xn-2),yn-1) <0+1n(e') <’ <e.

Repeating this argument, we can find points y,_1,y,—2,---,5o in X such that for all 0 <i <
n—1, fiy1(vi)=Yyi+1 and d(y;,x;) <e. Further more f{'(yo) =x,, hence fi o, has h-shadowing
property. O

As a consequence, in the case of a single map we have the following result.

Proposition 2.3. Suppose that f: X — X is a continuous and an open map. If f is weakly
expanding small distances then f has h-shadowing property.
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Theorem 2.3. The following conditions hold:
(1) If the sequence f1 « is locally expanding, then it has h-shadowing property.

(2) If the sequence fi « is uniformly expanding, and for all i > 1, f; is surjective, then fi « has
h-shadowing property.

Proof. Suppose that f; «, is locally expanding, there exist A >1 and >0 such that for every
i>1and e <7, we have B).(fi(x)) C fi(Be(x)). For a fixed 0 <e <1, we set § = (A—1)g,
therefore for every x€ X and i >1

Beis(fi(x)) S Bea(fi(x)) € fi( Be(x)). (2.3)

Let {x0,x1,---,xn} € X be a d-pseudo-orbit for fe. Then d(fin(xm—1),%m) <6 implies
Xm € Beis(fm(xm—1)), hence there is a point y,,_1 € Be(x,—1) such that f,; (ym—1) =%, and
so we have:

d(fmfl (xmfZ)/ymfl) < d(fmfl (xmfZ)/xmfl) +d(xm71/ym71) <d+e.

In other word, y,—1 € Bes(fim—1(xm—2)) so there exists ¥, € B(x;—2) such that

fm—l (ymfZ) =Ym-1-

Repeating this argument, we can find y,,—2,Ym—3, -+ ,yo in X such that forall 0 <i<m—1,

fir1(vi)=vyix1 and  d(yi,x;)<e,

which proves the h-shadowing property of fi .

For the proof of (2), it is easy to prove that if for all i>1, f; are surjective maps and f o
is uniformly expanding then f; ., is locally expanding, which proves the h-shadowing
property. O

Theorem 2.4. Suppose there is a continuous map f such that f;— f pointwise. If both f1 . and
f are weakly uniformly expanding, and for all i >1, f; is surjective then fi o has h-shadowing

property.
Proof. There is oy >0 such that
d(fi(x).fi(y)) <y=d(xy) <d(fi(x),fi(y)) for all i>1

and
d(f(x),f(y)) <v=d(xy) <d(f(x),f(y)).

Fore>0,let 0< ¢ <min{vy,e}, we define:

n(e"):=sup{d(x,y):d(fu(x), fuy)) <€, n=1}.
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Hence 7(¢') <¢'. We claim that 7(¢') < ¢, indeed if (¢') = ¢’ then there exist sequences
{d(xi,y0) Y2y, and k(i) )2, €N such that d(fi( (x:)fo () <€ and

lim d(x;,y;)=n(e')=¢.

1—00
Since X is compact there is a subsequence {n;}$°; CIN such that x,,, = xo and y,, = yo. If
{k(i) }$2, is infinite, then

¢’ =1(e) = limd(xy,,yn;) =d(x0,50) <d(f(x0),f (v0))

1—00

:}L%d(fk(ni) (X)) fie(n) (W) <€,
which is impossible. If {k(i)}{* is finite, then there is a subsequence {s;}$°, C {n;}$*;
such that

d(fu(x0), fn(¥0)) = Z.h_g‘od(fk(s,») (Xs), fr(s) (ys;)) <€ <y forsome n>1,

which yields d(xo,v0) <d(f.(x0), fu(y0)) <€. But we have

¢=n() :}H?Od(xnwyni) =d(xo0,%0),
which is impossible.

Now let 0 < d <& —y(€') and {xg,x1,---,x,} be a é-pseudo-orbit for f . Since f, is
surjective, there is y,,_1 € X such that f,(y,—1) = x,, therefore we have d(f,(x,_1),%,) <
6<¢, and

d(xp—1,yn—1) <y(e) <€ <g,

so it implies
d(fn—l (xn72)/yn—l) < d(fn—l (xn72)/xn—1) +d(xn—1/yn—l) < (5—1—17(8/) < ¢.

Now since f,,_1 is surjective, there is y,_» € X such that f,_1(y,—2) =y,—1 and
d(xan/yan) <y (S/) <é <e.

Repeating this argument, we can find y,,—1,1,—2,--,¥o in X such that for 0<i<n—1, we
have fi11(yi) =yi+1 and d(y;,x;) <€ <e. O

Example 2.1. Consider the finite set A of symbols and define X = AN, the set of all
infinite sequences (a1,a,---) with a; € A. We consider metric d on X as follows, for
x=(x1,x2,- ),y = (Y1,y2,--) € X, let d(x,y) = % where k is the smallest positive inte-
ger for which xj # yx. The metric space (X,d) is compact. We consider the sequence of

shift maps defined on X as follows:

Ui((xl,xz,' o )) = (xi+l/xi+2/‘ : )
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this mappings are continuous and

d(x,y) = 5;d(03(x),04(9)),

therefore the sequence {c;} is uniformly expanding. We prove directly that the sequence
{01} has shadowing property. For >0, let § <e and 5 <6 < 5. Suppose that {x;}° is
a o-pseudo orbit. If xg = (a,az,---), the relation d(o7 (xp),x1) < implies that there exists
ny>n+1such that b,, #a,, and x;=(ay,- ,anl_l,bnl,a}llﬂ,a;ﬁz,- -+). Since d(02(x1),x2) <6
there exists n, >n1+1 such that, b,, #a,, and

1 1 2
.X'2 - ([l4, .. ,anl—llbnl,anl+1,- .. /a”271’bn2’an2+l/' .. )

By continuing this procedure, we obtain 1; > n;_+i and by, # a;, ! and an appropriate
representation for x; as above. Now we consider

_ 1 1 2 i—1 i
Z= (all' o Ianl—llbﬂllanlJrll' o /anzfllbﬂzlaanrll' o /ani_llbn,'/aniJrl/' o )

We have d(01(Z),x1) <€, d(03(Z),x2) <€, -+, d(0iisn) (Z),x;) <€, ---, which is the same as
2

d (a{‘ (Z),xx) <€, k=1,2,---,i,---, therefore the sequence {c;} has shadowing property.

Example 2.2. Consider the sequence

2n+19

fu:St—=SL, fu(e®)=e"

For A=2and for every n, By¢(f,(¢"%)) C f(Be(e'?)), and hence {f,,} has locally expanding
property. Therefore { f,, } has h-shadowing property.
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