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Abstract. Suppose that a continuous 27r-periodic function f on the real axis changes
its monotonicity at points y;: —7 <yps <yps_1 <---<yj <71, s € N. In this paper, for
each n > N, a trigonometric polynomial P, of order cn is found such that: P, has the
same monotonicity as f, everywhere except, perhaps, the small intervals

(yi—7t/n,yi+m1/n)
and
1f = Pull <c(s)ws(f,7t/n),
where N is a constant depending only on I%ﬁn2 {yi—vyis1}, ¢, c(s) are constants de-
=1, 25

pending only on s, w3(f,-) is the modulus of smoothness of the 3-rd order of the func-
tion f, and ||| is the max-norm.
Key Words: Periodic functions, comonotone approximation, trigonometric polynomials, Jackson-
type estimates.

AMS Subject Classifications: 41A10,41A17,41A25, 41A29

1 Introduction and the main theorem

By C we denote the space of continuous 27t-periodic functions f:IR — R with the uniform
norm

IFIF:= 11£llr = max|f(x)],

and by T,,n €N, denote the space of trigonometric polynomials

n
Py(x)=a9+ Z(ajcoij+bjsinjx), 2, €R, biER,
j=1
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of degree < n. Recall the classical Jackson-Zygmund-Akhiezer-Stechkin estimate (ob-
tained by Jackson for k=1, Zygmund and Akhiezer for k=2, and Stechkin for k>3, k€IN):
if a function f € C, then for each n €N there is a polynomial P, € T, such that

|f = Pall <c(k)wr (f,7t/n), (1.1)

where c(k) is a constant depending only on k, and wy (f,-) is the modulus of continuity of order
k of the function f. For details, see, for example, [2].

In 1968 Lorentz and Zeller [7] for k=1 obtained a bell-shaped analogue of the inequal-
ity (1.1), i.e., when bell-shaped (even and nonincreasing on [0, 7t]) 27t-periodic functions
are approximated by bell-shaped polynomials.

In papers [9] and [4] a comonotone analogue of the inequality (1.1) was proved for k=
1 and k=2, respectively. Moreover, in [8] arguments from the papers [12,13] of Shvedov
and [1] of DeVore, Leviatan and Shevchuk were used to show that for k > 2 there is no
comonotone analogue of the inequality (1.1).

Nevertheless, as we know from the comonotone approximation on a closed interval
(by algebraic polynomials, see, for details [5]) if some relaxation of the condition of comono-
tonicity for approximating polynomials is allowed, then an extra order of the approximation can
be achieved, and no more than one extra order, see the corresponding counterexample in [6].

So, in this paper in Theorem 1.1 we prove a trigonometric analogue of this algebraic
result by Leviatan and Shevchuk [5]. To write it we give necessary notations.

Suppose that on [—7,77) there are 2s, s €N, fixed points y;:

< Yps <Yps—1 < <Y1 <TI,
while for other indices i € Z, the points y; are defined periodically by the equality
Yi=VYitas 21 (e, Yo=Yy2s+27,+ Yas41=Yy1—27,-").

Denote Y :={y;}icz. By AV (Y) we denote the set of all functions f € C which are non-
decreasing on [y1,1/o], nonincreasing on [y2,1], nondecreasing on [y3,12], and so on. The
functions in A1 (Y;) are comonotone with one another. Note, if a function f is differen-
tiable, then f € A (Y) if and only if

f(x)II(x) >0, x€R,
where

2s X —1
H(x)::H(x,Y)::HsinTyl, (TI(x)>0, x€ (y1,y0)).

Theorem 1.1. If a function f € A (Y), then there exists a constant N(Y) depending only on
' rlnin2 {yi—Yit1} such that for each n > N(Y) there is a polynomial P, € T, satisfying
i=1,-+-,2s

Py (x)T1(x) >0, x€R\Uiez (yi—7t/n,y;+m/n), (1.2a)
|f —Pull <c(s)ws(f,m/n), (1.2b)

where c, c(s) are constant depending only on s.
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The following Theorem 1.2 is a simple corollary of Theorem 1.1 and Whitney’s in-
equality [14]
|f = f(O)|| <3ws(f Am).

Theorem 1.2. If a function f € A (Y), then for each n €N there is a polynomial P, €T, such
that

Pl (x)I1(x) >0, xe€R\Ujez(yi—c/n,y;+c/n), (1.3a)
|f=Pull C(Y)ws(f,7t/n), (1.3b)

where c is a constant depending only on s, and C(Y') is a constant depending only on r{ﬂnz {yi—
i=1,-,2s

Yis1}.

Remark 1.1. We believe that w3 in (1.2b) and (1.3b) cannot be replaced by wj with k> 3.

Also we believe that the constants N(Y) and C(Y) in Theorems 1.1 and 1.2 cannot be

replaced by constants independent of | rlnin2 {yi—vyi11} (and depending, say, on s). These
i=1,--2s

both assumptions are not proven in this paper. Also in the paper we do not pay attention
to the constant ¢ in the both theorems, i.e., we did not try to replace it by an absolute
constant or/and by a smallest possible one.

2 Auxiliary facts I

For each n €N denote
T . .
h:i=h,:= El Xji=Xjpu= —]h, I] = I]',n = [x]-,x]-_l], ]EZ.
Let
m=230,20,10,4,3.
For a fixed Y ={y; }icz and a fixed n denote

Oi,m = OZ-(Y,n,m) = (x]-+m,x]-_m) if yi< [x]-,x]-_l).

Set
O :=0(Y,n,m) U Oj m-
i€Z

We will write
jeH(Y,n,m) if [; CR\Oy,.

Let
Hy:={j:je H(Y,n,m), |j| <n}.

Choose N(Y):=N(Y,30) €N sufficiently large so that
0i30N0j—1,30 =D (2.1)
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forall n>N(Y) and all i =1,---,2s (thus, N(Y) depends only on rlnin2 {vi—vit1})- In
i=1,--2s

what follows n > N(Y).
Denote
0, if x<a,
xwa)={ & TS aeR, g0 mx(en), (o) = (o)),
. 1 .
Tj(x):=Tju(x):=min{ 1, — T [ j€Z, neN,
n‘smf‘
and note that
n
Y T7||<e, (2.2)
j=1-n

for details, see [9].
For each j€Z and b € N we set the positive polynomial J; €T, _1y,, n€N,

2b 2b

sin "% sin M=%
s —; SN —

(i.e., the sum of two “adjacent” kernels of Jackson type).
For each j € Hyg denote

S ()11 ()
f;jj;]j(u)ﬂ(u)du'

]

t]-(x)::tj,n(x,b,Y):: (24)

In what follows ¢; = ¢;(b) =c;(s,b), i=1,---,8, stand for positive constants which may
depend only on s and b.

Lemma 2.1 (see [4]). If j€ Hip and b>5+-2, then

H(0)TI(x)II(x;) >0, x€R, (2.5a)
|xi (%) —t(x)] <en (r NP>, xelxj—mx+, (2.5b)
t;-(x) <c %( )2b X€ER, (2.5¢)
(x)| >c %( ), xeR\Oy, (2.5d)
/ 1 5| X— yz .

t]-(x) > E( )2b+2 m— , x€0j10, I€Z. (2.5e)
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Note that Lemma 2.1 is proved by using the inequalities

L 2b 2b I1(x)
C4hrj(x)‘————-‘ ( < 2! T | (2.63)
I1(x) 2572 -
S > .
f(x,) <2°T; (x), x€R, jeH,, m>10, (2.6b)
Xj+7T b b—1
/ Ij(u)du| <cshl';]~"(x), beN, x&x;xj+27], (2.6¢)
X
X;i—7TT
/x T (u)du| <eshTV M (x), bEN, xe[x—2mx], (2.6d)
for details, see [9].
For each j € Hyy set the function
X X
G =Tarbt)i=a [ taodu+(1-n) [ Go@ds, @)
. _

Xj Xj
where the number « € [0,1] is chosen from the condition
Ti(xj+m) =7
(note that the inequalities 0 <a <1 follow from the estimate (2.5b) and the choice of the

indices j+10 if b >s+2, for details, see [10, pp. 923]).
Note that the functions #; and 7; can be expressed on R as

1 o :
tj(x):ﬂx+Rj(x), ]EHlo, (2.8a)

1 o TT—Xj

(%)=~

4 27

where Rj and R; are polynomials from T, (see similar cases in [9] and [10], respectively).
In what follows ¢ >0 denote different absolute constants or constants depending only
on s. They can be different even if they are in the same line.
Let j € Hyp. Denote

x+R;(x), j € Hyy, (2.8b)

; xi( (¥i) ;
t]( )—t]n(Xb +Z ] t ( )
121 ]1 (yl)
where f;(x):=t; ,(x,b,) is the function defined by (2.4) with IT(x):=1 and b=b+23, and

fji (x):= (fji+1o(x) —fj,»—lo(x)) %

is the polynomial, where j; is an index j such that y; € [xj,xj,l), i=1,---,2s, tj(x) =
tin (x,l_a,Yi is the function (2.4) with Y;:= {yi—mv}, ey, and
=(Y\{yit2nvtiez) U{y; +2v}vez,

where y7 is the left endpoint of the interval O, 5, if i is odd, and-the right one, if i is even.
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Lemma 2.2. For each je Hyg and b>3s+2 the function ;j(x) satisfies the relations (2.5b), (2.8a),
and in addition,

o

Xj(X) —tj(x)‘ <cy (rj(x))thzs,l xX—y;

xj—yl-

, erillo, i=1,---,2s, (29)

(in particular, x;(y;) — ;]‘(yi) =0).

Proof. Denote Aj(x):=x;(x) —(;j(x). It follows from (2.5b), (2.5d), the second line in (2.6b)
and direct calculations that

s 2b—1
<ar (o)) )
i=1 3
X[Fj+10(%) = X410 () + X410 (%) = K10 (%) + X -10(¥) = Fj; 10 (%) ‘ IITT((;?)) '

_ 2s _
<er (T(@) ™ e (i)™ fer (Tiao() ™ e (T (x) ™
i=1

+c1 (Tj,.flo(x))zy_a] rjjzs(x)

2s _

<o (Tj(x)™! +e) (i) 2 (T, ()22

<c (Fj(x))Zb_Zs_l, x € [xj—m,xj+ ),

where, knowing from (2.5a) that E;‘,' 410(1) >0 everywhere and E;‘,.flo(”) <0on (xj_10—

7,yi), we used the inequality

n Yi _ Yi .
b= Bedu— [T B ()

ji+10— 7T ji—10—TT

Yi 1 -7

ji+10—TT

1 %o
>c3— (Xxji+1o(“)—?(x,»i+g(”)>d“
Xj;+10

h

=C3.

So, for ;j (2.5b) holds and (2.8a) is obvious. Prove (2.9). Having, by definition, for a fixed
i, 1, (yi) >0 (in fact >c3), whereas f, (y¢) =0, k#1, 1<k<2s, and hence forall i=1,---,2s,
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Aj(yi) =0, we, for some 6 € O; 19 and all x € O; 19, analogously write

IAj(x)| = ;A;(u)du
<lx-u (t/ \+zl”“(|j(yl;,(y”'rf',(e)r)
<|x—yi| <c 2 (x +Z 1(6‘% (T (0))* %
e (T (0)*° %'))
g]x—yz-|<c 2 (x +c2 ) 1,1(Fj,»(9))2“23>
gc|x—yz-r%r]-<x>(r]-<x>>2h*2“,

where we also used (2.5¢) and the inequality

IT'(x,Y;)
Hx], )

L[ cosllamw)/2) E sin(=p)/2)

1r 25+1(
k=1 Sin((xji _yk)/z) Vzlly#kSin(( yV)/z)

x),

which holds for any x € R (|xj, = Ykorv| >20k). If now |x; —y;| > 20k, then

1 1 1 3
_I“‘ X)= < < , XEO i
h i(x) rtlsin((x— (xj+h/2))/2)| = |x—xj—h/2| " |xj—y; i10,
otherwise . 20
—Ti(x) < ——Ti(x).
h ]( ) ‘xj_yi‘ ]( )
Thus, (2.9) is proved. Lemma 2.2 is proved. H

Remark 2.1. a) Instead of the polynomial f;,(x) one can use t’ . (x,0,Y;) as more “natural”
in such a function but it makes the proof longer. b) In some other form but with the anal-
ogous property (2.9) an algebraic polynomial first was used by Gilewicz and Shevchuk
(for details, see [4]).

The following Lemma 2.3 is proved using the same arguments as Lemma 2.2.
Lemma 2.3. For each j € Hyy and b >3s+2 the function

o o - 2s (yi_x') -7, (y’b’{)
()= Ty (00) 1= Ty (b, By + )=
i=1 Ji Yi

B (x)
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satisfies relation (2.8b), and in addition,

‘(x—xj)Jr—%j(x)‘ <cgh (l"j(x))z(b_s_l), X € [xj—m,xj+71, (2.10a)
(o= 7) = (0| Seah (1) Y % , x€0j0, i=14-2s,  (210b)
A

(in particular, (y;— xj)+ — 1(1]‘ (yi)=0).

Indeed, having, by (2.7), the equalities 7j(x;—7) =0 and 7;(x;+77) = 77, we can use
for the difference (x—x;); —7j(x) =: A(x), two representations A(x) = f;j_ﬂ/\’(u)du, for

x € [xj—m,xj], and A(x) = —fxxf+”A’(u)du, for x € [xj,x;+7], that together with (2.5b),
(2.6c) and (2.6d) implies the inequality

[A(x)[=|A(x) —axj10(x) +axjri0(x) — (1—a)xj—10(x) + (1 —a) xj—10(x)|
<ch(Tj(x))** Y, xelxj—mxj+7,

by virtue of which we get (2.10a) and (2.10b) analogously to the proof of Lemma 2.2.

3 Auxiliary facts II

We prove Theorem 1.1 using the intermediate approximation by a spline, i.e., the inequal-
ity
f =S+S=Pal [ <[If =SI[+[IS=Pul| (+).

The spline S is a sum of parabolas ;, truncated at points x;, or x;_1, or of its linear com-
binations in depending on relations between differences of f, so that S is nearly comono-
tone to f. We can approximate ¢; only by functions ¢; consisting from trigonometric
polynomials and, alas, some algebraic addends. Therefore we have to choose ¢; so, to
eliminate these addends when the sum of all ¢; forming P, (over the partition ”;” cover-
ing the period) is evaluated, and, simultaneously, to preserve the monotonicity changing
of S in the P,. For this we replace the continuous ¥; by “technical” discontinuous ¥;
(forming spline Sp) which are the same parabolas but truncated at 3 other points near x;
and x;_1, so that the functions ¢; are constructed “identically” to ¥;. Since we from the
beginning do not care about the behavior of S and P, in neighborhoods of points Y, we re-
place f here with interpolating parabolas (denoting it by fo). This helps us in arithmetics
with the algebraic parts of ¢;. Thus, instead of (x) in fact we have

f = fo+ fo—=5+S5=So+So—Pull <[|f = foll+ | fo— Sl +1IS = Sol | +[ISo = Pul[-

Let
(zl’yl) = Oi/4'
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Set
X), if x€IR\Oy,
folim g A0y IEXERAO,
Lo(xy.yiYif), if x€0i4,1€Z,

where L, is the parabola interpolating f at three listed points of O; 4 (the closure of O; 4).
Note that Whitney’s inequality readily implies

1f=foll Scws(f,[Oia]) <cws(f,h), (3.1)

and fj is only nearly comonotone to f,i.e., on O4 points x may be found such that fj(x)IT(x)<
0. Without loss of generality suppose that —7=yas (so, 1=yo, I1(7,,) <0, I1(y,) > 0). For
JEZ set

Aj:=—fo(xj)+ fo(xj-1),
Aji= fo(xj) = 2fo(xj-1) + fo(xj-2),
6j:=—fo(xj)+3fo(xj-1) —3fo(xj—2) + fo(xj-3)-
Note that
AiIT(x) >0 if (x;,xj-1)N04=0, (3.2a)
0j=—Aj+A;1=0 if (xj,xj-3) CO4. (3.2b)

Moreover, the inequality (3.1) readily implies

16j| <ws(fo—f+f,h) <8 fo— fll+ws(f,h) <cws(f,h). (3.3)

On each interval [x]-,x]-_l], j=1-—n,---,n, for the function fy we define an algebraic
polynomial p; of degree 2 or 1 as follows. If sgnA;, 1 =sgnA; then set

pi(x) = Lo(x,xj,%j-1,%j-2,f0), if [Ajp1|>]Af],
J Lz(x,x]-+1,x]-,x]-_1,fo), otherwise,

otherwise (i.e., if sgnA; 1 #sgnA;), put
pj(x):=L1(x,xj,x;-1,f0),
where L, is the linear function interpolating fo at x; and x; 1. Set
S| ) =P J=1=m0m.

Note that in the case p; = L the line Ll(x,xj,xj,l, fo) is placed between two parabo-
las Lz(x,xj+1,x]-,x]-_1,f0) and Lz(x,x]-,xj_l,x]-_z,fo) for each of which Whitney’s inequality
holds on [x},x;_1]. Hence, together with (3.1), this yields

Hf_SH[fn,n} < Hf_fOH + HfO_SH[fn,n] SCWS(f/h)' (3.4)
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Moreover, it is easy to verify that S'(x)I1(x) >0, x € (xj,x;_1) for each j € Hy. So,

S'(x)H(x)>0, XE[—H,H]\(O4U{X]'}]'€H4), (35)

holds.
On [—7t,71] we represent the continuous on [, 7] spline S as follows. If sgnA;, | =
sgnA; then we set

() e fj(x)::(X—ij(x—xj—l)f if A1 > Al
W {@j(x):

otherwise (i.e., if sgnA;iq ;ésgn)\]-), set

(x—x;)(x—xj_1)+, otherwise,

— [Aj+]
i(x):=aip. 1—ai).(x), j=——-—¢€10,1].
lp](x) “]fj(x)‘i”( ‘X])lp](x) aj Mj+1|+|)\j]6[ ]
Put ¢, (x):=(x—xp) (x —x,-1), P1_n(x) :=0.
So, we have
Ay 1 ¢
S()=flx)+ =7 (x=xn) 57 Y A(9;(x) =9 (x), (36)
j=2-n
or, equivalently,
5(3) = )+ S (x—) + (1) gy L Gty 67)
h 2h? 2%12].:2_71

(it is convenient to look at the sums in (3.6) and (3.7) starting from the last addend, for
details of such kind of representations, see [3, Proposition 1]).

To approximate the spline S by a required polynomial introduce a technical spline Sy
which is a discontinuous modification of S on [—7t,7T]. Set

h Xj+Xj-1 h
aj::xj_il vji= > , d]-::xj_1+§.
Fixj=2—n,--- ,n—-1.1f
6j+111(x;) =0, (3.8)

then set

)(x—xj-1)x(x,a;), if Y=y,
j (x—x]-_l))((x,d]-), if IP]Ew],
wi¥1(x)+(1—a)¥;3(x), if wjzajf],—l—(l—zxj)%,
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otherwise (i.e., if 6;1111(x;) <0), set
Yi(x):=Y¥2(x):=(x—x;) (x—xj_1) x(x,0;).
Put¥,(x):=(x—x,)(x—x,-1), ¥1-n(x):=0.
7)

Now, let Sy be the spline defined by (3.
So the following inequalities hold

(or (3.6)) with ¥; instead of ¢;. Note that for

1f=Soll (-, S cws(f.h), (3.9a)
(So(vj+0)—So(v;—0))I1(v;) >0, j=2—mn,--,n—1, (3.9b)
So(0)I1(x) >0, xe[—m,m|\(0sU{vj}jen,)- (3.9¢)

Indeed, using (3.7), (3.7) for Sy, and (3.3) we write

n—1
ZZ i (i(1) =¥;(-)
j=

—n

1
15=Soll1, =52

Iy
1 n—1

Sﬁ ; |5j+1| Hl,b]-—‘ff

‘ i,
j=2—n

1 n—1

=57 2 onlly-Y

j=2-n
je{v+1v v—l}
v+1

h2 Z |5]+1’

j=v—1

i,

<cws(f,h), v=1-n,--,n,

that together with (3.4) yields (3.9a). The definition of Sy (namely, by means of the con-
dition (3.8)) and its representation in the form (3.7) readily imply (3.9b). Taking into
account the definition of S, one can see that the inequality (3.9¢) follows from the fact that
the differences ‘I’;—‘I’;;l :‘I” ‘I’; 1,0 V,H=1V2V3, (in the representation (3.6) for Sp)
are nonnegative on [max{vj, #j-1},00), vj,uj=a;Vo;Vd;, always even in the possible case
whend;j=a; 1+hsince, ‘I’;_l (x) :‘I’}_Ll (x)>0 for x&[d;,00). Whereas a possible negative
part of ¥} on [4),0;] (in the cases ¥; =1 Va; ¥ 1) is compensated (on the next addend) by
the inequality |A;;1]|>|A;| (in the case ;= E],) or by the value of «; (in the case ;= ocjfj)

such that S5y (x)I1(x) >0, x € [aj,v;]. (If ¥; =Y 3 then the mirror situation with |A;, 1] <|A;]
and (1—«;) takes place).
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Note that

3
2/ (u—aj)y —hx(u, a]))du—|—4h2)((x,a])
3
¥s(x)=2 - ﬂ((u—dj)++h)((u,d]-))du+—h2)((x,dj),
]

¥ia2(x 2/ (u— v])+du— h x(x,05).

Denote the numbers
by:=s+2, by:=3(s+1),

o= max { 2((2m)*2max{cy (ba),c7(b2) } +c5(b2) +2)
> 3C3(b1)

cs(b
C10::maX{C5(b2)< 82(C92) +C1(b2)>,10}, n2::2[C10+1]1’11, hz::hnz,

where [-] stands for the integer part.

85

(3.10a)
(3.10b)

(3.10¢)

,2}, ni 222[C9—|—1]Tl, h Izhnl,

For each j=2—mn,---,n—1 and each v=1,2,3 let j, denotes the index such that Xj, =

Xj,n, =Vj, Vj=a;,vj,d;, whereas j; denotes the index such that x: :=x;. »,
Let j € H3. For each j,, v=1,2,3, we take

o o ]

Tis (X) =Tje oy (X,02), 1z (X) =tjs 0, (x,02),  tj,(x) =1, 0, (x,b1,Y).

Now, put

o

X o o 3
pia(x):=2 | (T 0= (w0 (=)o) (0)) ) du+ 3078, ),

ps=2 (% )+h(ﬁt]3+1 (1) + (1) 1) () )t 18 (x

Yj
x

= xjv (: xjw”l )

@j2(x):=2 n(%j;( u)— h2 (’Yt(]2+5) (u)+ (1—7)15’(]-25)*(u))>du—%h2t]-2(x),

’Uj—

and denote
(P]V( x)=:Ay(x)+By(x), v=123.

Lemma 3.1. If j € Hj then «,p,7y €[0,1] can be chosen such that
Ay(vj+m)=m*—1?, v=13, Ax(vj+n)=n*—nh*/8,
and then
(go;,u(x) —‘I’}/V(x)) II(xj)II(x) >0, v=13, xe[-m,mn]
(@)= ¥}2(0) ) TT(x)TL(x) <0, x€ [~ 7],
¥ (x)—@ju(x)| < cth"JS- (x), v=123, x€[-m,n|.

(3.11)

(3.12a)

(3.12b)
(3.12¢)
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In addition,

1 T—70; XiXi_1 T
q)]',y( )_6nx3+7]x2+< ]2;1_ _vj+§>x+Qj,V(x)/ V:1/2/3/ (3'13)

where Qjy € Tey.

Proof. Across the proof we will use the choice of 71 and n, without special references as
well as the inequalities

F(jvil)*,nz (x) < Fju:tl,n1 (x) < 27‘[1_']']”,11 (x) < 271'1_']',,1 (x), xeR.

Using (2.10a), (2.5b) for (;]-3, and (2.6c) with (2.6d) we verify the existence of p € [0,1] for
(3.11) with v=3.If =1 then

’Uj-‘rTL’ ° o
Az (vj+7) =2 / [T]-;(u)—(u—d]-)Jr—Fh(t(]-aﬂ)*(u)— )((u,x]-3+1)>
Uj*

+h(x(u,xj,41) —)((u,dj))} du—|—2/:j+: ((u—d;) 4 +hx(u,d;))du

T

Ui+ o o
= P4 20 =2 [ R )= (=) (B () =) )|

i—

v+

nz—h2+2hh1—2c8(b2)h2/]

7]]'7

2(bp—s—1
oV du

—2c1(ba)h / r2]"32+125 U (u)du

—h2+2hh1 —2C5(b2) (Cg(bz)hz +C1 (bz)hhz)
% —h?

whereas for =0 we analogously have the opposite inequality Az(v;+7) < 72 —h?. So,
for v=3 the equality (3.11) is proved. For v=1,2 it is proved by analogy.

From three analogous inequalities (3.12) we verify only one of them with v =3. Take

(3.10) into account, and having (2.10), (2.5b) for ;j, and (2.9), use (2.5d) and (2.5e). Namely,
for j € H3 denote

1, if x€ [x;j—m,x;j+7m]\O;(Y,n1,10),

% . if x€0;(Y,n1,10),
—Yi

Ki,]-(x,nl):: i:1,-'-,25,
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and, due to (2.5a), see that the inequality
(9(x) = ¥}5() ) TT(x))T1(x)
= (275 (0 — (x=dj) ) +2n [5 <;(j3+1)* (%) = x(x,%511))
+(1=B) (E(y-1y (0) =x(x351))
(0 0) + (1= B (055 1) ~ (0| + 2128, (x) ) ()T ()
>0,
holds if the following value is non negative
—es(b2) a2V (0K (x,m1)

—2h [max{e (b2),c7(b2) YU 25 (0)Kjoa (1) () = (5 1)|

21265 (by) T2 (1)K (1)

4 hy
> —cg(by)hy rff};zS(x)Ki,h(x,nl) 2 [max{cl(bz) c7(b2)}zr]23bgij (x)K; jy 41 (x,11)

1
+r2b1+25(x)Ki,j3 (X,Tll)} _}_EthS(b ) r2b1+25 (X)Ki,ja (x,?’ll)

J3m hy ™M
zihc3(b1)71—c8(b2)h2—zh [max{cy(b2),c7(b) }2(27)1 2 41
>0,

that is true. Thus, the inequalities (3.12) are proved.
Prove (3.12c). By (3.10), (2.10a) and (2.5b) if x <v; then

[¥1(x) —@ji(x)|

2/: ) ((u—aj)-F_%ji‘ (u) —h<7((u,a]-) —ax(u,xj11) — (1—oc)x(u,x]-1_1)>

i—

o

e (1,5 41) = Fgi 1y () )+ (T=) (0055 1) £y () ) | )

+ %hz ()((x,aj) —tj (x))

X
<2c8(b2)h2/ F](iz 7 1)(u)du+2h/ |x(u,a;) —x(u,xj,41) | du
Yj

+201(b2)h2 | r(< o ()t hzcl(bl)rff;ls (x)

SZCS(bZ)C5(b2)h%I—%, ( )+2hh1 ]1+1n1(x)
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+2¢1(b2)es (b2) (470)° +1)h2ha T, )., (x)+(47) hPer (b1)T,, (x)
§ch2F]3(x),

otherwise, if x >v; then we use (3.11) and, denoting ¥; 1 (x) =:C1(x)+ D1 (x), analogously
write

[¥j1(x)—@j1(x)|=|Ci(x) = A1(x) = (C1(vj+ ) — A1 (vj+ 7)) + D1 (x) — By (x)|

< /U]:n(C{(u)—Ai(u))du +[Ds(x) — By (%)
= 2/:+n~-du +| D1 (x) =By (x)|
SChZF}?’(x).

So, the estimate (3.12¢) is proved for v=1 and by analogy for v=2,3 as well.
Finally, prove (3.13) with v =1 for definiteness. By (2.8) write
° 1 A o 1 , mT—x -
tj: (x) = —nx+Rﬁ (x), T(x)= e +7x+RH (x),
Pj; (0):=Rj; (x) =Rjr0, 7jy (x):= Ry (x) = R0,
where ﬁj{,o and R]‘;‘,O are free terms of polynomials ﬁj{,f{ﬁ € Ty, respectively. Then

1 T—aj N
Al(X) = <&x3+7]x2+21{]-;0x> — ( (Uj-ﬂf))

1 N
—2h<4—x —f—(DCR( +1)*0+(1 DC)R(h 1)*0> >+2h((’0]—7'[)>
2 [ (550 (W0 + (075 10) )
7T

B W SRS I 1 3,170 2
—x+——x"42Cx— (67_[(0]'—71') +7(U]'—7T) +2C(U]'—7'C)

67r 271
+4; (%),
where
C:=Rjo—h <zxf{(]-1+1)*,0 +(1-a)R;, _1)*,0) ,
and g;, € T, does not have a free term. Taking this and (3.11) into account we calculate
the value of C, namely

1 T—7;j

2_ 32 3 3 j 2 2

- —h —_6—((vj—|—7t) —(vj—m)°)+ 7 ((vj+7m)*—(vj—m)?) +4nC
371 + V5 ——hz—v]n

=C= ,
27t
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that together with (2.8a) (for B;) yields (3.13). Two other equalities (3.13) are proved
analogously. Lemma 3.1 is proved. O

4 Proof of Theorem 1.1

Set
Ay An
Pn(x) :f(xn)+7(x_xn)+ﬁ‘y ( 2]12 ZH 5]+1(P] ) (4.1)
j€Hs
where for ;,111(x;) >0
9ja(x), if =y,
§0](x): ¢],3(x)/ if ¢]E¢]1

aj@ja (%) +(1=aj)gja(x), if =9 +(1-a))9;,
and for 6;1111(x;) <0
¢j(x):=@j2(x).

Show that P, is a required polynomial in Theorem 1.1. First, using (3.13) and (3.2b), show
that P, € T;,. Namely,

An

_ 4 3
Pn(x)—6_ +ﬁx +ﬁx Z
jE€H3
A P T
T X gz et 1t XJEZH%H( = vj+§>+Qn(x)/
where
1
2}12;{ 1= 2h2 Z 575 (A2n Aﬂ):ﬁ()\n—ﬂ_)\n)zo
JEH3

(due to the periodicity of fy and the equality A, = A, for a parabola), and
p y q y p p

A An 1
Qn(x)::f(xn)_#x thxnxn l+2h Z 5j+1Qj,v(x)€Tcn~
jE€H;,v=1V2V3
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Thus,

A
2;:2 S hz Z‘SJH (270 —xj—x;j- 1)]

Py (x) =Qn (x)+

Ny Ay 1
x| g g (ot ) + WZH 81 (3%%j1 —370(xj+xj-1) +277%)
€H3
_ An

o o n—1
[28m—Aun1 2n)+ 1 3 5j+1(3],2+(6n_3)],+2n2_3n)]

27 127rj:2_n
A 1 n—1 )
= Qi)+t g X (SHUI
j=2—n
20 n—Aun(1—2n) 1 ol 2
X o +127r 3j_;n5]+1] 2(6n—3)nA,
= 2 L o+ (—m=1)a —n)A S A
—Q ( )+x 42 2 n+n (1’1 1) n+(1 1’1) 2t Z ]
j=2—n
20 n—Ayn(1-2n) 1
x { o + 5 (12n(An —Ap1) —2(6n—3)nAn)

=00 (x) 2% s (A= Ans2)

+x%(12m +12n% Ay —6nA, — 1207 Ay +6nA, + 1207, — 12001 )

:Qn( )/

where we again used the periodicity of fy and the equalities

n—1 1 "=
Z Aj:_)\nJrl_An:_ZAn/ E Z ]+1]__)\ )\n+2— 2)\n/

Z 5]“] =—(n—1)*A,+ Z Aj(2j—1)+ +(1=1)?Apy2
j=2—-n

n—1
=2 Y Aj+2A,=4n(Ay—Ay).
j=2-n

So, P,eT,,.
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Now, prove (1.2a). Taking into account (3.2b), write (3.7) for Sp in the form

A A 1
%(x—xn)—i—z—hr;‘f’n(x)-l—ﬁ 2H 5i1% (). (4.2)
JeHs

So(x) = f(xn)+

Using this with (4.1), (3.12) with (3.8), and (3.9¢c), write

Py (x)T1(x) = (P, (x) = So(x) + S (x) ) T1(x)

:ﬁjgﬁ%“(m(‘f’§<x>—qv}(x))ﬂ(x]-m(x)+sa<x>n<x>

v

0,

where x € [—7,7]\ (O4U{vj}c,), i-e., by the continuity of Py, P;(x)II(x) >0, for x €
[—7t, 7]\ Oy, that implies (1.2a).

The estimate (1.2b) readily follows from the periodicity of f and P,, (4.2), (4.1), (3.12¢c),
(3.3) and (2.2). Namely,

1
5z L S (Yi—gy)

JEH3

1f = Pull =I1f = So+So = Pull (-, <1 f = Soll (- e, +

[—m.7]

1 i 213
i heTs
2

<cws(f,h)+cws(f,h) <cws(f,h).
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