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Abstract. Let H" be the Heisenberg group and Q=2n+2 be its homogeneous dimen-
sion. In this paper, we consider the Schrédinger operator —Aypy +V, where Apn is
the sub-Laplacian and V is the nonnegative potential belonging to the reverse Holder
class By, for g1 > Q/2. We show that the operators T} = V(—Apn +V)land T, =
V1/2(—Apn+V)~1/2 are both bounded from H} (H") into L!(H"). Our results are
also valid on the stratified Lie group.
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1 Introduction

Let L = —Ap»+V be a Schrodinger operator, where Ap» is the sub-Laplacian on the
Heisenberg group H" and V' the nonnegative potential belonging to the reverse Holder
class B, for some g, > Q/2 and Q >5. In this paper we consider the Riesz transforms
associated with the Schrodinger operator L

T =V(=Ap+V), T=VY2(<Ag+V)V2, T3=V(—Ag+V) V2

We are interested in the Hardy type estimates for the Riesz transform T;, i=1,2,3. In recent
years, some problems related to Schrodinger operators and Schrodinger type operators
on the Heisenberg group and other nilpotent Lie group have been investigated by a num-
ber of scholars (see [2,3,5-10,12]). Among these papers the core problem is the research of
estimates for Riesz transforms associated with the Schrédinger operator L. As we know,
C.C.Lin, H. P. Liu and Y. Liu have proved that the operator T3 = Vg (—Apgn +V)*1/ 2is
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bounded from H}(H") to L'(H") in [5]. In this paper we will show that the other two
operators Ty and T, are also bounded from H;} (H") to L}(H"). At the last section, we
simply state the results on the stratified Lie group.

In what follows we recall some basic facts for the Heisenberg group IH" (cf. [11]). The
Heisenberg group H" is a lie group with the underlying manifold R"” x R” xR, and the
multiplication

(xy,t) (XY )= (x+x y+y t+ +2x"y—2xv/).

A basis for the Lie algebra of left-invariant vector fields on H" is given by

0 0 d 0 0
Xi=—+2y;—,Y;e—+2xi—,T=—, j=1,2,---,n.
e T R P T
All non-trivial commutation relations are given by [X]-,Yj] =—4T, j=1,2,---,n. Then the

sub-Laplacian Ay is defined by Apn =) 4 (Xj2+l/jz) and the gradient operator Vi is
defined by
v]H” = (Xll' o /Xn/Yl/' o /Yn)'

The dilations on H" have the form 6, (x,y,t) = (/\x,)\y,)\zt),)\ > 0. The Haar measure on
H" coincides with the Lebesgue measure on R” x R" X R. We denote the measure of any
measurable set E by |E|. Then |6, E|=A%|E|, where Q=2n+2 is called the homogeneous
dimension of H".

We define a homogeneous norm function on H" by

gl = ((xP+[y2)2+H2)1, g=(xyt)eH".

This norm satisfies the triangular inequality and leads to a left-invariant distant function
d(g,h1) =|g 'h|. Then the ball of radius r centered at g is given by

B(g,r)={hcH":|g h|<r}.

The ball B(g,r) is the left translation by ¢ of B(0,r) and we have |B(g,r)| =a17, where
a1 =|B(0,1)|, but it is not important for us.

A nonnegative locally L9 integrable function V on IH" is said to belong to B; (1< g <o)
if there exists C >0 such that the reverse Holder inequality

(31, V(g)'dg)" < = Vs

holds for every ball B in H".

It is obvious that B;, C B;, where g2 > ¢1. From [3] we know that the B, class has a
property of “self improvement”; that is, if V € B;, then V € B, for some > 0.

Assume that V€By, for some g1 >Q/2. The definition of the auxiliary function m(g, V')
is given as follows.
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Definition 1.1. For g €H", the function m(g,V) is defined by

1 1
PO ey Sy VT
In order to obtain the estimates of T; and T, on Hardy spaces, we also need to recall
the Hardy space associated with the Schrodinger operator L on the Heisenberg group
which had been studied in [5] and [12]. The maximal function associated with {TSL S>> 0}
is defined by M"f(g)=sup,_,|TLf(g)|, where {TF:s>0} ={e~*L:5>0} is the semigroup
generated by the Schrodinger operator L. The Hardy space H} (IH") is defined as follows.

Definition 1.2. We say that f € L' (IH") is an element of H} (IH") if the maximal function
M"f belongs to L!(H"). The quasi-norm of f is defined by HfHH%(]Hn) = HMLfHLI(Hn).

Definition 1.3. Let 1<g<oco. A function a€ L1(IH") is called an Hi’q—atom if r<p(go) and
the following conditions hold:
(i) suppa C B(go,r), r>0,
. 1
(i) [1all s a1y < |B(0,) |7
(iii) if r < @, then fB(go 1a(8)dg =0.

7

It follows from (i) and (ii) in Definition 1.3 that a H%’“’ atom is also a Hi’q atom for
1< g < co. We have the following atomic characterization by the results in [5] and [12].

Proposition 1.1. Let 1 <g<oo and f € L!(H"). Then f € H} (H") if and only if f can be
written as f :Z]- Ajaj, where a; are Hi’q—atoms,

Z’)L]’<OO,

]

and the sum converges in the H] (H") quasi-norm. Moreover,
11y ey ~inf{ A1
]

where the infimum is taken over all atomic decompositions of f into Hi’q—atoms.

The atomic decompositions of Hj (H") imply that the space H} (H") is larger than the
classical Hardy space H'(IH"). Specifically, the Hardy space H; (H") is the local Hardy
space H!(IH") if the potential V is a positive constant (cf. [5]).

Now we are in a position to give the main results.

Theorem 1.1. Suppose V € By,, g1>Q/2. Then the operator Ty =V (—Apn+ V)~ is a bounded
linear operator from Hi (H") to L'(H"). That is, there exists a positive constant C >0 such that

T f Il gy < CIF N ey -
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Theorem 1.2. Suppose V € By, g1 > Q/2. Then the operator T, = V'/2(—Apn+V) =2 is
bounded from H} (H") to L*(H"). That is, there exists a positive constant C >0 such that

T2 f e gy < ClAN e ey -

Remark 1.1. It is natural to ask whether the operators T; and T, are bounded from
H} (H") into H} (H"), even from H} (H") into H} (H") with suitable p < 1? We think
these problems are true. But their proofs depend on the molecular characterization of
HJ (H™). We will investigate the topic in our another paper.

2 The auxiliary function m(g,V)

In this section, we will recall some related lemmas about the auxiliary function. Refer
to [3] for the proofs. We assume that the potential V(g) is nonnegative and belongs to By,
for g1 >Q/2.

Lemma 2.1. There exists a constant C >0 such that, for 0 <r <R < oo,

1 Rye—2 1
L[ vmdn<c(> —/ v (h)dh.
rQ‘Z/mg,r) )k < (r> RQ=2 Jp(g,R) ()

Lemma 2.2. 1

— V(h)dh~1
rQ-2 /B(g,r> (#)

holds if and only if r ~p(g).

Lemma 2.3. There exist C >0 and ly > 0 such that

C1mlg Vg ) < B8 < 1y hlm(g, V).

In particular, p(g) ~p(h) if |g~ 1| < Cp(g)-
Lemma 2.4. There exist C >0 and I; > 0 such that

V(h) C / 10l
dh < V(h)dh <C(1+Rm(g,V)g 'h)".
/B(g,m g9 T RO bigR) =t S

3 Estimates of fundamental solution for the Schrodinger
operator

In this section we recall some estimates of fundamental solution of the operator — Ay +

V+A and estimates of the kernels of Riesz transforms. Let I'(g,/1,A) be the fundamental

solution of the operator —Ayyn +V + A, where A € [0,00). Obviously, I'(g,h,A) =7(h,g,A).
The proofs of the following Lemmas have been given in [3].
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Lemma 3.1. Suppose V € By,, q1> Q/2. For any integer N >0 there exists Cy >0 such that for
g #h, we have

Cn 1

N —.
{1+l hlA 2 (1 gl (g) 13 87 HI%
The operator Ty = V(—Ap»+ V)~ ! is defined by

T.f(g)= /]HnKl (g,h)f(h)dh,
where Ky (g,h) =V (g)T(g,h) and T'(g,h) =T(g,h,0). By functional calculus, the operator

(&R A)| <

Nl—

T =Vi(—Am+V)~
is defined by
Taf(s)= [ Ka(g ) (W),
where
Ka(g/h) = % /0 TN (g1, A)dAV (g) V2.
The proofs of the following lemmas can be found from Lemma 3 and Lemma 4 in [4].

Lemma 3.2. Suppose V € By, q1 > Q/2. For any integer N >0 there exists Cy >0 such that

Kigh) | < —— N _VIg)
{1+Ighlp(g) "} 187l

and

Cn [
_1h|Q72+5V(3)

[K1(8,hG) —Ki(g,h)| < N
{1+|ghlp(g) "'} I8

forany g,heH", || < ‘g_Tlm and some 6 > 0.

Lemma 3.3. Suppose V € By, > Q/2. For any integer N >0 there exists Cy >0 such that

Ka(g,h)] < Cn V(g
7 ~ N —
(1+g hlo(g) "} lgh[%

and

Cn |‘:|6

’KZ(g/hC)_KZ(g/hH < _1h|Q,1+5 (g)l/Z

T {1+l thlp(g) ) Ig

forany g,heH", || < ‘g_Tlm and some 6 > 0.
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4 Proofs of main results
The aim of this section is to prove the Hardy type estimates for Riesz transforms T; and

T on the Heisenberg group IH".

The following propositions prove the LP (IH") boundedness of Riesz transforms asso-
ciated with the Schrédinger operator L = —Ap» + V. The proofs have been given in [3].

Proposition 4.1. Suppose V€ B, Q/2<q1 <Q, thenfor 1<p<gqy,

-1
IV(=Aun+ V)" fllrany < Cpll fll e ey
where the constant C,, >0 doesn’t depend on f.

Proposition 4.2. Suppose V€ B;, Q/2<q1 <Q, then for 1<p<2g;,

IV2 (=4 V)™ fllir e <Coll fllor,
where the constant C, >0 doesn’t depend on f.
We can arrive at the proof of Theorem 5.1 by the following Lemma.
Lemma 4.1. Let g1 > Q/2. There exists q with 1 <gq<q such that

| Thall g my < C

for any Hi’q—atom a, where the constant C >0 doesn’t depend on a.

Proof. Assume that suppaCB(go,r). We divided into two cases for the proof of the lemma:
r> @ and r < @.

Case 1: we consider r > @. Let B* = B(g0,2r), B*=B(40,20(g0))- Then
I Tval| o ey < e+ Taall oo gy + X8 Taa | 2 () := T+ Lo

According to Proposition 4.1, T; is bounded from L7(IH") into L7(IH"), thus via the
Holder inequality we get

1

h=( [, matl) < ( [, 1) ([ 1t )’

_1 _1 1_
<CIB|""|a]l s gy <CIB|'"#[BJ1 ' =C.
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For I, using the Minkowski inequality, Lemma 2.3 and Lemma 2.4, noting that |g~ /| ~
|g7 0|, we have

L< [ Jam)an( [ Ki(gh)ldg)

V(g)dg
<C a(h)|dh
<o (. |g—1th2<1+rg—1h|p<g>1>N)

/ V(g)dg )
o1 Q-2 -1 -1 10%
187 80|~ (14| 10lp(g0) )

/ V(g)dg )
2ir<lggol <2t (9j5) R~ 2(1+2])’L

1 1
o1 (20r) 972 g 1gol <2+
i—l )
i1 (1427 "

1/q
<c( /ya Wh) B[1-1/1 =

14 g>dg)

where we choose N sufficiently large and use the assumption

P80) < < p(g0).

Case 2: we consider r < @. At this time, B* C B* and the atom 4 is a classical atom. We
give the decomposition of the operator T; as follows:

Tia(g)= | Ki(gma()dn
(@) [ Ki(gMa(h)dh-+xp () [ [Ku(g,1)~Ki(g.g0))a(i)dh

6 (@) [ Kalgma(h)dn
=h+]24]s,

then
| Taall ey < Wl o ey + 120 o ey + 1] o ey -

Obviously, similar to the proof of Case 1, it is easy to get

H]l HLI(Hn)+ H]sHLl(]Hn) <C.
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For J,. Using Lemma 3.2 and Lemma 2.3, we can get

IFalleen < flalan( [, 1Ka(eh)~Ka(s,g0)ldg)

-1 )
scNfla(hﬂdh(/# | L go’_‘f(ﬁ)dg —=)
B BB* (1+1g"golo(80) ) 1880l
-1 )
<Cx [ latn)an( [ il Vigid
P P (14 g 1g0lp(g0) ) P 1810 O TH T
IS )
<Cw [ lawlan(y [ 1 Vig)dg )
B JFUIT<IRTIRISY (1 4 pipg (g0) Th) 07 (20p) Q2
o 1 1
<Cy [ la(m)|dn (Y 2% ‘ / V(o)
B| () ; (1+2j7’p(go)_1)10% (ZJif)Q_2 lg~1g0l<2H1r (8) g)

5 1
Y2 =)

where we choose N sufficiently large. Thus Lemma 4.1 is proved. O

We also arrive at the proof of Theorem 5.2 by the following Lemma.
Lemma 4.2. Let g1 > % There exists q with 1 <q <2qy such that
1 T2al| L1y <C
for any Hi’q—atom a, where the constant C >0 doesn’t depend on a.

Proof. Assume that suppaCB(go,r). We divided into two cases for the proof of the lemma:
r> @ and r< @.

Case 1: we consider r > @. Let B*=B(go,2r), B*=B(g0,20(g0))- Then
I T2all 1 ey < X8+ Toal| 1 (amy + | XBo T2 || 3 vy - = T+ Do

We choose appropriate g >1 such that 1 < g <2g;. Then according to Proposition 4.2, T,

is bounded from L9(IH") to L7(IH"). So similar to the proof of Case 1 in Lemma 4.1, it is
easy to see that ; <C.
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For I, using the Minkowski inequality, Lemma 2.3 and Lemma 2.4, noting that | g~ /|~
|g7 10|, we have

L< [ la(n)lan( [ Ka(gh)ldg)

v(g)'"2dg
<C a(h)|dh
plaion(f,. |g1h|Ql<1+glhp<g>—l>N)

i [ v(g)'*dg )
B —1,.1Q-1 -1 ~1y e
18780~ " (1+]87'80lp(g0) )
/‘ V(g)'/%dg )
/20r<lg 1l <2 (2j) @1 (1.4 9j) T

\% d
Z N 2y Q-1 /Ig*1g0|§2j“7 (g) g)

(
(
(.
< ;
<Cy [ Jam)lan( Y —— .;Ql{ /g_lgo<2j+lrv<g>qldg}%<zfr>( “u9)
(
(
(
(

£

vig)hdgh ™)

];(1—1—2/ o+t (27r) 1{ (27r) QJlg-1g0/ <2741
oL 1

=1 (1+421) 01 (2r)

V(g)d :
(2ir)Q g~ g0l <2/ (&) g} )

1
2

)

ad 1 1
Z(1+2/)IL{(2W)Q 2/\8 go\<2’“7V(g)dg}

-
Il
—_

j=1 (1+2j)10+1 7
1/q _
<c( [ la(wtan) "B/

where we choose N sufficiently large and use the assumption @ <r<p(go)-

(80)

Case 2: we consider r < pT. At this time, B* C B* and the atom 4 is a classical atom. We
give the decomposition of the operator T; as follows:

Toa(g)= | Ka(g/)a(i)dh
(@) [ Ka(gMa(h)dh-+ a5 () [ [Ka()~Ka(g.g0)la()dh

6 (9) [ Kalg ma(n)dh
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=N+h+/s,
then
T2l 1o gy < Wl ey + W20 gy + 131 gy -
Obviously, similar to the proof of Case 1 in the proof of this lemma, we can get
T2l ey + [ | ey < C-
For J», using Lemma 3.3 and Lemma 2.3, we have

Il < [ lalan( [, IKa(gh)~Ka(z.50)lds)

Kl ‘5V 1/2d
SCN/B‘Q </B#\B | g‘ 1(g) . Q—1+5)
(1+1g"golp(80) ) 187" %l
: g’V 1/2d
<G a0) </B\B R =T
(1+1g~"golo(g0) )" Ig‘lgl
0 1/2
d
B =1 2ir<|g~1go| <21y (1+2jrp(g0)—1)10+1 (2]'7,)Qfl+r)
: = 1 1 : 1/2
<C [ la(hn) dn( Y2 — L V(g) g
B <]; 1+21rp(80) na (i) 97 gl <2 )
00 L
<Cu [ Jatmlan( L2~ L[ Vehig} T @m0
B = @n° (1+2jrp(g0)—1)lo+l g7 g0l <27*1r
<C [ la(h)ldn( Y2 [ viendg
B <]; (1+2/rp(g0) )YONT (2r)” 1{ |g710]<2/*1r } )
1
(=) 1 1 2
<C [ la(h)lan( Y27 e V(g)dg)
B <]; (1+27rp(g0) ™ 1)10’11{(2,r)Q 2 Jig1g0l <2it1r )
ch/B\a )Jdn (Y2 )
=L (1 2rp(go) )P
<Cn / la(h)|dn( Y270
oo £29)
<C,
where we choose N sufficiently large. Thus this completes the proof of Lemma 4.2. O

5 Results for stratified groups

In this section, we state results for stratified groups. We consistently use the same nota-
tions and terminologies as those in Folland and Stein’s book [1].
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A Lie group G is called stratified if it is nilpotent, connected and simple connected,
and its Lie algebra g admits a vector space decomposition g =V;@---@V,, such that
[V1,Vi] = Vkyq for 1 <k <m and [V},V,,] =0. If G is stratified, its Lie algebra admits a
family of dilations, namely,

0r(Xi+Xo+-+Xp)=rXy +r2X2+---+r’”X’”(XJ-e Vije {1,---,m}).

Assume that G is a Lie group with underlying manifold R” for some positive integer n.
G inherits dilations from g: if x € G and r >0, we write

Sx=(rtx, - 1Mx,),

where 1 <d; <.-- <d,. The map x — é,x is an automorphism of G. The left (or right)
Haar measure on G is simply dx, ---dx,, which is the Lebesgue measure on g. For any
measurable set E C G, denote by |E| the measure of E. The inverse of any x € G is simply
x~1=—x. The group law has the following form

xy=(p,(xy),,p,(xy)) (5.1)

for some polynomials p,,---,p, in x,,--,x,,y,,",Y,.

The number Q=3 ;j(dimV}) is called the homogeneous dimension of G. We fix a
homogeneous norm function |-| on G, which is smooth away from e, where e is the unit
element of G. Thus, |6,x|=r|x| forall x€G,r>0,|x!|=|x| for all x€G, and |x| >0 if x#0.
The homogeneous norm induces a quasi-metric d which is defined by d(x,y) := |x"1y]|.
In particularly, d(e,x) = |x| and d(x,y) =d(e,x 'y). The ball of radius r centered at x is
written by

B(x,r)={yeG|d(x,y)<r}.
The measure of B(x,r) is
|B(x,7)|=br<,

where b is a constant.

Let X ={Xy,--,X;} be a basis for V; (viewed as left-invariant vector fields on G). It
follows from [1] that X, j=1,2,--,1, are skew adjoint, that is, X]* =—Xj. Let Ag :Z£:1X1-2
be the sub-Laplacian on G. It follows from the definition of the stratified Lie group that
the Heisenberg group is a special stratified Lie group.

The corresponding results on the stratified Lie group are given as follows:

Theorem 5.1. Suppose V € By, q1 > Q/2. Then the operator Ty =V (—Ag+ V)~ is a bounded
linear operator from H1(G) to LY(G). That is, there exists a positive constant C >0 such that

1T f |16y <Cl Nl -

Theorem 5.2. Suppose V € By, q1 > Q/2. Then the operator T, = V1/2(—Ag+V)~1/2 is
bounded from H} (G) to LY(G). That is, there exists a positive constant C >0 such that

IT2f |2 (6) S Cllf llmz (o)-
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