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Abstract. Suppose b= (by,---,by) € (BMO)™, I is the iterated commutator of b and
the m-linear multilinear fractional integral operator I, ;. The purpose of this paper is
to discuss the boundedness properties of I, and I}, on generalized Herz spaces with

general Muckenhoupt weights.
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1 Introduction

Let R" be the n-dimensional Euclidean space, (R")" =R" x --- xR" be the m-fold prod-
uct space (m € IN), and let f = (f1,--,f) be a collection of m functions on R”. Given
a € (0,mn) and (by,---,by) € (BMO)™. We consider the following multilinear fractional
integral operators I, ,, defined by

A () — A1) fn(Ym)
I“’m(f)(x)_/(nzn)m(!x—yl!+---+!x—ym!)m”“"dyl - 4D

The corresponding iterated commutators 1LY, defined by

06 (7 () — i1 (0i() —biwi) fiyi) 5 - 10
D= e Ty e s "

As is well known, multilinear fractional integral operator was first studied by
Grafakos [1], subsequently, by Kenig and Stein [2], Grafakos and Kalton [3]. In 2009,
Moen [4] introduced weight function A;, and gave weighted inequalities for multilinear
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fractional integral operators; In 2013, Chen and Wu [5] obtained the weighted norm in-
equalities for the iterated commutators 1. More results of the weighted inequalities for
multilinear fractional integral and commutators can be found in [6-9].

We list some results mentioned above.

Theorem 1.1 (see [4]). Let m>2 and 0 <« <mn. Suppose 1/p=1/p1+---+1/pm, 1/q=
1/p—a/n, &= (w1, - ,wy) satisfies the Ag,q condition, and vg =[T" wi. If p1,--,pmE€(1,00),
then there exists a constant C independent of f =(f1,--,fm) such that

Hloc,meLq(vZ_)) SCHHfiHm(wff)- (1.3)
i=1

Theorem 1.2 (see [5]). Let 0 <a < mn and (by,---,by,) € (BMO)™. For 1< p1,-+,pm < 0,
Vp=1/pr+-+1/pm,and 1/g=1/p—a/n, if © € Ay, then there exists a constant C >0
such that

m
THAGIEe § NI 14
i=1

where vg =TT/, w;.

Let By={x€R": |x| <2} and C; = B\ By_; for any k € Z. Denote Xk=2X, forkeZ,
where x is the characteristic function of the set Cy. The following weighted Herz space
was introduced by Lu and Yang in [10].

Letc€R, 0< p,q <o and wy, wy be two weight functions on R”. The homogeneous
weighted Herz space Kg s (w1,wy) is defined by

Ky (w1,w2) = {f € L[, (R™\{0},w2) (| fllger (o) <}

where

1/p
LAk o) = (zmm”%mw).

In 2000, Lu, Yabuta and Yang in [11] obtained boundedness results for sublinear op-
erators on weighted Herz spaces with general Muckenhoupt weights. Recently, many
authors considered the boundedness of operators and their commutators on weighted
Herz type spaces. Wang in [12] proved that the intrinsic square functions are bounded
on weighted Herz type Hardy spaces. In [13], Hu and Wang considered parametric
Marcinkiewicz integral and its commutator on Weighted Herz spaces.

For a sequence ¢={¢ (k) }*,,, ¢(k)>0. We suppose that ¢ satisfies doubling condition
of order (a,b) and write ¢ € D(a,b) if there exists C > 1 such that

C1alk) < 9;(’;)) < Cob(k) (1.5)
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for k>j.

In [14], Komori and Matsuoka introduced generalized Herz spaces.

Suppose that w is a weight function on IR”. For 1 < p <o, 0 <q < oo, the generalized
Herz space is defined by

K} (¢,w)={f: fis a measurable function on R", HfHK;’,(go,w) <oo},

where

Fllsiper=( L o012l ) (16)

k=—00

Let ¢(k) = w1(Bx)*", and w = wy, then K} (¢,w) is the weighted Herz spaces
Kg'q (wl,wz) .

Let 6 >0, we say w € RD(6) (centered reverse doubling) if there is a positive numbers
C such that

>C2°0=) for k>j]. (1.7)

Komori and Matsuoka considered the boundedness of singular integral operators
and fractional integral operators on generalized Herz spaces in [14], and as corollaries of
their general theory, they obtained the boundedness of these operators on weighted Herz
spaces. Hu, He and Wang in [15] considered the boundedness properties of commutator
operators generated by BMO function and fractional function I, on the generalized Herz
spaces.

The aim of the present paper is to investigate the boundedness of multilinear frac-
tional integral operator and its iterated commutator on the generalized Herz spaces. Our
results can be formulated as follows.

Theorem 1.3. Let 0<g; <00, 0<a;<m,let1<p,,p, <oo,and let

1 I S #

pZz plz n
fori=1,---,m. Set

—=Y =, a=) o and —=) —.
7= i=1 P iZPai
Suppose
(1) . € D(a,,b,), where —;—i <ﬂi§bi<n(1—pi),
2 1i
Pai —mi Pai Py; bipi
(2) wi* € Ay, where ri—mln{1+p—i,1+p_i_72},

(3) w!* eRD()),
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hold for i =1,---,m. Then I, is bounded from I(1 (o, w p“) ~-~><KZ'1”m(g0m,w51m) to
KZZ (q),vgz ), where
m
vg=]Jw, and @=]T]e:
i=1 i=1

Theorem 1.4. Under the hypothesis of Theorem 1.3, if (b1, -+, by) € (BMO)™, then I} is
q P m p
bounded from Kyy! (@,,wy™) X+ X KZW (@,,whn) to Kzz (p,vz}), where

m
vg=]Jw, and @=]T]e:
i=1 i=1

Remark 1.1. In the case m=1, when b, <0, the condition (2) in Theorem 1.3 is equivalent
to the condition that w € Algll,]g21 , but when b, >0, (2) is stronger than APuszl' condition.
Komori and Matsuoka in [14] showed that the condition (2) is the best possible by a
counterexample.

Let ¢, € D(0,0;) in Theorem 1.3 and Theorem 1.4, we have

Corollary 1.1. Let 0<g;<oo,0<a;<n, let0<c;<n (1-1/p,,),let1<p,,,p, <oo,and let

1 1w
Pu Py N
>t 1 o1 m l 1 1
6_;‘1_,-, a—i;m, oc—i;ocz and E—l;p—zl
If wfz" €A1ip, /P, ~opy; /s and (b1, -+ ,by) € (BMO)™, then I ,, and I} are bounded from
Ko (1,00)) x - x KT (1wp™ ) to Ky (1,0E).

2 Definitions and preliminaries

We begin with some properties of A, weights which play a great role in the proofs of our
main results.

A weight w is a nonnegative, locally integrable function on R". Let B= B(x,rp) de-
note the ball with the center xy and radius rg. For any A >0, let AB = B(xo,Arg). For a
given weight function w and a measurable set E, we also denote the Lebesgue measure
of E by |E| and set weighted measure w(E) = [pw(x)dx

A weight w is said to belong to A, for 1< p <o, if there exists a constant C such that
for every ball BCRR",

p—1
w dx / )= ”dx <C, (2.1)
!B!/ !B!
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where s’ is the dual of s such that 1/s+1/s’ =1. The class A; is defined by replacing the
above inequality with

1 / w(y)dy<C-essinf w(x) for every ball BCRR". (2.2)
|B| B x€EB
A weight w is said to belong to A if there are positive numbers C and ¢ so that
w(E) E[\°
<C(1=t 2.
w(B)—C<yBy> 23)
for all balls B and all measurable E C B. It is well known that
A= |J A (2.4)
1<p<oo

The classical A, weight theory was first introduced by Muckenhoupt in the study of
weighted LP-boundedness of Hardy-Littlewood maximal function in [16].

Lemma 2.1. Suppose w € A, and the following statements hold.
(i) For any 1 < p < oo, there exists a positive numbers C such that

B;
W)  comi- ) for j>k, 2.5)
w(By)
(ii) For some § >0, w € RD(9), that is
W B)) o cppti-
) for j>k, (2.6)
w(By) ~

(iii) For any 1 < p < oo, there is some ¥, 1 <7 < p such that w € Ay.

We also need another weight class A, ; introduced by Muckenhoupt and Wheeden
n [17] to studied weighted boundedness of fractional integral operators.
Given 1<p<g<oco. We say that we A, , if there exists a constant C such that for every
ball B CIR", the inequality

1 -y 1/P 1/q
Qaéww>P !m/w yy) ' <C 2.7)
holds when 1 < p <o, and the inequality
1 1/q
) w s C-essinrt w(x Oor ever a C .
(,B’/ (y)idy) " <Ceessinfw(x) f y ball BCR" 2.8)
B x€

holds when p=1.
By (2.7), we have

1/ ,
/w P@ (/WWW@)qscwW””W (2.9)
B

We summarize some properties about weights A, ; (see [17,18]).
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Lemma 2.2. Given 1<p<g<o0,

() weApqifand only if W€ Ar14)p,

(ii) w € Ap 4 if and only ifw P e Atyp/q

(iti) If p1 <p2 and q2 > q1, then Ay, 5 C Ap, g,

Let us recall the definition of multiple weights. For m exponents p,,---,p,,, we write
p=(p,,--,p.)-Letp, -, p,€[1,00),1/p=Y7"11/p;, and let 4>0. Given &= (w1, ,wm),
set vy =[T}Z w;. We say that & satisfies the A, condition if it satisfies

1 /g% . 1 o\
Slgp(@/tzm(x)qu) E<E/EBWi(X) ”idx) <C. (2.10)

By Remark 3.3 in [4], we have
Lemma23. Let 1/g=1/q1+---+1/pm. f 1<pi <qi, wi € Ap 4, for i=1,--- ,m, then
m

w; € Aﬁ,IJ'

Vi =
=1

Lemma 2.4 (see [4]). Let 0 <wa <mn, and p,,---,p,, € [1,00), let 1/p =Y1"11/p;, and let
1/q=1/p—a/n.If © € Aj, then

vl €Ay, and w;p’EAmp; for i=1,---,m. (2.11)

Following [19], a locally integrable function b is said to be in BMO if

1 /
sup — [ |b(x)—=bgldx=|b||l« <oo,
BCII}{)”’B’ B’ ( ) B’ H H

where bg=|B|~! [,b(y)dy.

Lemma 2.5 (see [9]). Suppose w € As and b€ BMO. Then for any 1 <q < oo and r1,r >0, we
have

1 1/q 1
- — g <C|p|. np. .
<w(B(xo,r1))/B@co,ﬁ)’b(x) b (s 0 (x)dx) " <CJe| (1+‘1nr2‘> 2.12)

3 Proof of Theorem 1.3

Without loss of generality, we only prove Theorem 1.3 for the case m =2. The method can
be extended for any m-linear case without any essential difficulty.
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Suppose wlpﬂ EA,Z ,1=1,2, by (iii) of Lemma 2.1, there exist 1<7,<r, such that wlpz’ GAyZ .
If k>1, k>j, by (2.5), we have

X 1
p Py P 2
(M) oot (ki) (M) P cm a1

Let wfz’ €RD(9,), when k<i, k<j, we have

1

1

2 oy 4 3

w? (By) \ " < 201 (k=i)/py , L(Bk) = < C2%2k=))/ Py, (3.2)
wfﬂ (B;) - wé’zz(Bj) B

On the other hand, if ¢, € D(a,,b,), [=1,2, we have

Clpm (ki) < ((,;1 <(’l<)> <O for k>, (3.3)
1

and

C712a2(k7j) < §02(

20201 for k>j. (3.4)

We have the following conclusions.

Theorem 3.1. Let 0<wa, <n,1<p,,p, <ooand

1_1 &
Py Py 7
for 1=1,2. Suppose
l—i%—i a=u,+u, and Qe=¢,p
P Pu Pn b o

We assume that, for | =1,2,
(1) ¢, € D(a,,b,), where —p‘s—ll <a,<b, <n(1_pil),
2 1
2) w e Ay, wherer, :min{1+%,1+% — %},
11 11

(3) w]? €RD(3)).
Then

@) | T2 (fxi,8x) Xk s )

< CDs (k1) @1 (D] i 1y oy % D2k 92D 18X s 2 (3.5)
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where vz = wyiwy, and

(k=) (br+nt, [ py —n-+ay) if i<k-2,
Di(ki)=q 1, yh-lsisk-1, oo
2(k—i)(a1+5l/l72,)’ ZJC 12k+2/

forl=1,2.

Proof. From Lemma 2.3 and Theorem 1.1, we know that I, » is bounded from L"u (wf 1) x
LPr (wgu ) to LP2(v7?). When k—1<i,j<k+1, thenby ¢, (k)~¢, (i), ¢,(k)~¢,(j), we obtain

)| T2 (£ 8X0) Xk | 2129
<Ceo, (i) HinHLpll (@) X, (j) ngj“LPIZ (wh12)’ (3.7)

This means D1 (k,i) =D;(k,j) =1 for k—1<i,j <k+1.
In the other case, we see that

|x—y1 |+ |x—yo | ~2mx{iik} (3.8)
for x€ Cy, y1 €C;, and y, € C;. Then
q0(k) H Lx,Z(in/ng)XkHLPZ (1/22)
<Cep (k)2 ™m0 fil| 1 || gxill o (v (Bi)) 2. (3-9)

By Holder’s inequality, we get

_y /pn
il S Ul oy oy (0 7 (BD)) (3.10a)
_y 1/p%2
812 < 18111 e (02 72(B)) (3.10)
and
1/p 1/p 1/p
(v B) " < (wh (B)) ™ (wh= (B0) . 31)
Since w, 2 Arl’ rl S 1+ p_i’ we know wl & Apll,l2 forl= 1,2 Then by (29) and p—ﬂ = p_zz nl/
we get
1/ ot 1/p} / ;
(w2 (B) " (w0, (B)) T <clB i —c2), )
and

1/ o 1/p] , .
(wgzz (Bz)) Pz (wl pn(Bi)) 2 SC|B]-|1/P22+1/P12:CZ](”_"‘z)' (313)
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Then, by (3.9)-(3.13),
k)| L2 (£ X187 X 1y W2)

<cameik =)o k)| filla gyl (v
<Co i) gy (1) | il (] (B))
(B

«D~ max{j,k}(n— ) (PZ( )HgX]HLl (w2
—p—max{ik}(n—u; ¢1()||fXIHLF’11 e

21 Vbn ( =phiip. Vrh g1 (k) wpzl(B) é
< (wp(B)) " (wy " (BY) qfl(z')(i k-)

(B >) o
1/p,

)) /P2

o p—max{jk}(n—a, (Pz HgX]HLPn wh2)

1
P Upn ( —p} Vri ga(K) (@5 (B) | T2

X(wzzz(Bj)) (wl 12(Bj)) ?2(7) wgzz(B]')
wfﬂ(Bk

i(n—aq)—max{ik} (n—u ] :
< Ciln—a1)—max{ik}( 1)4)1(1)|in||LP11(wf“)Zl1( ; (

1

o o . k) [ wh2(By)\ "2

><2](n ap)—max{jk}(n “2)¢2(])||ng||Lp12 4)2( ) <w%’22 Bk)> '
2

(@) 93 (j)
When i <k-2, j<k—2,by (3.1), (3.3), (3.4) and (3.14), we have
(o) [ a2 (F Xir X)Xk a2
S C2(k71) (b1+1’l71 /p21 71’14’“1)@1(1) Hle HLpll ((Upll)
1

o (k=) (ba-+1F/ py, —n+1t2) 92(j) ngj | L (12)"
2

When i <k—2, j >k+2, by (3.1)-(3.4), we have
k) H I{x,z(fXZ/gX])Xk H L”2(vg)2)
< Cz(k—i)(b1+n71/P21 —n+aq) P1 (l) Hin || LP11 (wp“)
1

x 26D @02 ) o (7) || 8| v (w;")’

By symmetry, when i >k+2, j <k—2, we have
qD(k) Lo (in/ng)Xk||Lp2 (v2)
Scz(kfl‘)(ﬂlJrO.l/le)qol (l) Hle

x 2(k=) (b4 172/ py —nta2)

LP11 (wf” )

2(7) HngHLf’lz (wh12)’

111

(3.14)

(3.15)

(3.16)

(3.17)
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Wheni>k+2, j>k+2, by (3.2)-(3.4), we get
k) H Ia,z (le/gX])Xk H LP2 (Vg)Z)
SCQ(k—i)(aﬁ&l/le) 1) fxi HLF’n W)

><2(k ])(112+52/p22 §02 HgX]HLPIZ plZ) (318)
When i <k—2, k—1<j<k+1. Note that ¢2(k) ~ ¢2(j), and wgﬂ (Bk) ngﬂ (B;), then

) || a2 (f Xir8X) Xk L)
<CU DO b =) g (i) | [ (@) X P2(7) |8l vz (wi12)" (3.19)

Similar to the estimates (3.19), we can verify (3.5), (3.6) in the following case: k—1 <i <
k+1,j<k—2,k-1<i<k+1, j>k+2and i >k+2, k—1<j<k+1. Thus we obtain

(k)HIM in,ng Xka )
<CD1(k )1 (1) || fxill o pll)xDz( D2 D8XG 12 o112 (3.20)
Thus, we complete the proof. O

Now, we give the proof of Theorem 1.3.
Proof of Theorem 1.3. For [ =1,2, since

b 1 1
rl§1+p—fl——1pzl and 4

P, n Pa Pu n

7

we get
nr,
—n+a,+—+b <0.

21

Thus

—n-+a, 4+ l+b <0. (3.21)

21

If p, >1, by Minkowski’s inequality and Theorem 3.1, we have

Q) L2 (/&) Xkl Lo 2

oK) Y Y Lea(fes)x

i=— OO]_ [ee]

Lr2(v/2)

<y ¥y 9 (0| T2 (xR s 2

i=—o00j=—00
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<C Z Ds(k,i)g, (i HszHLpn Py X Z Do (k,j) e, (j HgX]HLPn whi2)

i=—0o0 ]——OO

<C Z Dl(k/i)l_eqol(i)HinHLP11(wf11)X Z Dz(k/j)l_egoz(j)HngHLpu(wgu)

i=—o0 j:—oo

for any 0 <e <1, since Dj (k,i)+ Dz (k,j) — 0 whenever i,j — f-o0.
If 0 < p, <1, note the fact

(o) €py €py
Y Di(k,i)T72 <oo, Z Dy(k,j) T2 < oo,
i=—o0 j=—00

then by Theorem 3.1, the inequality (}"|a;|)P> <)"|a;|P2, and Holder’s inequality, we have
@ (k)| 1,2 (f/g)XkHLpz (ng)

{ Z Z [ Hla’z(inngj)XkHLpz(vg})}pz}%

1—700]—700
1
=C { 2 Diki) g, (i szle| LP1 (i) Z Da (k)P @, (j p2||8XJ‘ LP2 (w Plz)}pz'
i=—o0 j=—oo
SC Z D](k,i)l—e(Pl (i)HinHLpll (Wf”){.z D1<k,i)1—P2} Py
i=—o00 Pl
- o0 RETaNg
X . Z Dz(k,j)]7€¢2 (])HgX]HLpu (wgu){ ) Z Dz(k,]) I-p, } 2
j==vo 2=
SC.Z Di (ki)' "¢ ||le||Lp11 iy X Z Da(k, )"~ <j)||g7(j"LP12(w§12)'
1=—00 ]——OO

Since 0 < g < oo, then by Holder’s inequality,

Le2(f.8)|]

P2 (90'1’5;2 )

==

<{ ioogo qHLfog)XkHLPz }

o0 [ee) ) 3 ‘ o) . - ' q l
SC{kE (X Dalked) =@ D2l gy ¥ X D2tk 02018 | a2y )

= = j=—00

C{k_i <ZiooD1 (k' (i)”m”ﬁ’nwi’“))ql}qll

AL (5 D) Dt laeze) "}

k=—co0 "j=—o00

:CNl X Nz.
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It’s enough to show that

< < .
N1 < CHf”KZlH (gpllwfn) and N;< CHgHKZiz(%/“’gn)

By the symmetry, we only give the estimate for Nj.

q > k=2 "1 ‘ 9
N2 Y (X Dk o 0 £l o)

k=—0c0 ‘i=—o00

[ee]

+ Y ( Z Dy (ki)' eqvl(i)!\inHLﬁl(wi’“))ql

k=—o00 “i=k—1

+ i ( i Dl(k/i)lfe%(i)HinHL”n(wf”))ql

k=—oc0 “i=k+2
=N11+ N2+ Nis.

By (3.21) we get

Z D1 kl (1-e€)q, — Z 21 €)q, (k=) (b1+n71/p,, — ”+D‘1)<oo,
k=i+2 k=i+2

Then, if 0< g, <1, from the inequality

(Z|ﬂi!>ql <Y lail™,

we obtain
00 k-2
N1 <k2 Z Dl kz (1- €q1q0 quszHLpll pn
=—00j=—00
<Y () | fxl™ Bl z Dy (ki) 1=
i=—o0 k=12
<C1_Z_:ooq)l %HfXIHLm )
<CHfHKzlll ((Pl wf“)' (322)
Note that
Z D1 kl Z D1 kl
i=eo k=i+2
<C i 2(1—6)(k—i)(b1+n71/;721—n—o—le)<Oo. (3.23)

k=i+2
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Then for g, >1, we have

|

N11<Ci (ZDl kl qIHfXZ|LP11( F’n)(Zlelle)ql

k=—00 "i=—o00 I=—0

<C i i Dy (k,i)' ¢ ()1Hf)c1HLq1 (@)

k=—o0i=—00

<C Z §01 qufXZHLPH F’n Z Dl kl

i=—o0 k=i+2
<C .
Hf’|KZ111 (§0 wfn)

Since Dy (k,i) =1 for i=k—1,k,k+1, then

oo k+1

N12 SC Z Z qule| LP1( pll)

k=—oc0i=k—1
<) i+1

<C Z Z 901 qufXI‘LPH( i’n)

i=—ook=i—1

<C Z 901 qufXZHLPH P11

j=—00

<CIAII}:

qu

P11y*
P11 (@)

Thus, we have obtained
N <C|f |

1 P11
Kpn (g1, Wy )

holds for any 0 < g, <co.
Let us now turn to estimate the last term Nj3. If 0<g, <1, then

N13<C Z Z D1 kl (1 e)thp qule‘ LP11 (o

P11
k=—oc0i=k+2 ( )

i—2
<C_Z o, (0 || fxil| ™ " fll)k; Di (ki)

Since a, +46, /p,, >0, we have

Z D1 kl (1-€)q, — Z 21 €)q, (k a1+51/p21)<oo.

k=—c0 k=—o0

Thus

Ni3<C Z 90 qule‘ L' (w F’11 CHfHqu prw i’ll)'

i=—o0

115

(3.24)

(3.25)

(3.26)
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Note that
i—2 1)
Y. Diki)'c= ) D =Y 20O ) <o,
k=—o00 i=k+2 i=k+2

Then for g1 >1, we have

‘71

Nu<C Y (3 Dilkd) <o £l ) (1 Dale) )

k=—co "i=k+2 i=k+2

<C Z Z Dl(k,i)l € qule|LP11( fll)

k=—coi=k+2
i-2
ANT1—

<C Z go qIHfXZHU’n pn)kz D](k,z) €

j=—o00 =—00
<C : 3.27

HfHKZIH((Pnyu) ( )

This completes the proof of Theorem 1.3. ]

4 Proof of Theorem 1.4

According to the proof of Theorem 1.3, we just need to prove the following result.

Theorem 4.1. Under the hypothesis of Theorem 3.1, if (b1,b2) € (BMO)?, then

(123 (Fxin82) Kl a2

<C||b1|| E1(k,i) 901 HfXZHLPH iy x ||ba |« E2 (K /] 902 HgX]HLpu Plz) (4.1)
where vz = wyiwy, and

(k—i)2k=D Ot [py=ntey) e j< 2,
E/(ki)=1 1, if k—1<i<k-1, 4.2)
(i_k)z(k—i)(az+5z/;921)/ lf i>k+2,
forl=1,2.
Proof When k—1<i,j <k+1, by the boundedness of Ig’ from LPn(w pu) x LPr2 (wgu) to
L2 (u12) and @1(k)~ 91(i), 92(k) ~ ¢2(j), we obtain

Hlnh qugX] XkHLp2 Pz

< CHblu*(Pl HfXIHLPH (wi’ll) X “bZ“*(Pz(j)|’ngHLP12(w§12)- (4-3)
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This means Eq (k,i) =Ey(k,j) =1if k—1<i,j<k+1.
Taking

Mi=(b1)B, |B|/b1 x)dx, A= (b2), ]B|/b2

Then

IHb(le/gX])( )
=(b1(x) = A1) (b2(x) = Agj) L2 (fXi,8 X)) — (b1 (%) — A1) L2 (f X, (D2 — A2)) 8X )
= (02(x) = A2j) L2 (b1 — A1) fxi,8X7) (%) + L2 (D1 — Ai) f X3, (D2 — A2j) 8Xj) (%)
=Ly (x)+La(x)+La(x) + La(x). (4.4)

Thus
4
HIHb szng] XkHLpz Pz < Z_: H(Lm)XkHLpz(vgz): Z]m (4.5)

Now, we will estimate each J,, (m=1,2,3,4), separately.
Applying (3.8)-(3.10b),

Ly (x) | =| (b1 (x —Ali)(bZ(x)—)\zj) L2 (fxi8xj) (%)

<2 MR by () = Aai) (b2 (%) =) || i a8t
<C2 max{i,jk}(2n—a | /\lz bz( )_/\2])‘
_ /P o 1/p]
X HinHLPH (wfll) (wl Pn(Bl)) ! HgX] HLf’lz F’u) <w2 plz(Bf)) 12' (4-6)

By Lemma 2.4, we know 1/5.)2 € Aw. If p, >1/2, then by Holder’s inequality, Lemma 2.5,
and (3.11), we have

1

</Bk\b1 ) ()—Azj)|"2v§2(x)dx>”2

< ([ 1) =ra el () - (f, Joa) =727 (e

. . 1/
<Cllba b2l Pe—illk—jl (v (Bi)) 72
. ) 1/p 1/p
<Cllba |- ol k=il k=l (o} (BO) ) (wh2(Bi)) ™ (A7)

1
2py

If 0< p, <1/2, then by Holder’s inequality and Lemma 2.5 we have

1

(01— a() =) P22 1) ™
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§</Bk‘b1(x)_)\1i‘ugz(x)dx> <[B () — Ay | P2 02 ()dx>

1 _
<Clbn il (56) (], ente) =gl (oo )
k
. . 1/p 1/p
<Cllba |-l k=il k=l (o} (BO) ) (wh=(Bi)) (458)

Then by (3.12), (3.13),

N COKN 22

1~i(n—a, )—max{ik} (n—a . k WPZI B P21
1 1 i
1
A nj(n—a, ) —max{jk} (n— , k) (wh2(By) | ™
< ||b *k— 2](n 042) max{j,k}(n 042) Xi 902( 2 (49)
121+ [ k] P8 ra gy 4 ) )

Similar to the estimates in (3.20), we get

k)H(Ll)XkHLPZ pZ)
<C||b1]|+E1(k,7) @, (i HfXZHLPH ) x||ba |« E2(k )@, (] HgX]HLpn wh2)’ (4.10)

where E; (ki) and E;(k,j) satisfy (4.2).
Applying (3.8) and Holder’s inequality,

| Lo (x) | = (b1(x) = A1i) L2 (fxir (b2 — A2j) ) |
<C2mmax bR @) | by (x) = Agy || il [l (B2 — Azj) g |
—max{i n— - l/p/
§C2 {i,k}( wl)‘bl (X) —Ali‘ HinHLPH (wfll) (a)l pn(Bl.)) 11
x C27 U =0) || (by — Ap) gxj) | 11 (4.11)

Since wlpﬂ € Ar 1, <14+p, /p;l, we know w, € APu ” for [ =1,2. Then by (ii) of Lemma 2.2

pll

we know w; ", w w, M2 ¢ Ay By w, "2 € A, Holder's inequality and Lemma 2.5 we get

[ (b2 —A2j)8x;) Il 1

/ RNV
< </B.|b2(x)_/\2j‘pu (wz(X))_plzdx> Hg)(]HL,,u W)
]

1/p},

<Clleall- (@ "=(8)) " 187l e ooy (4.12)
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and applying Lemma 2.5 again,
([, )=l (o) mas) " <Cl=ilall. 02 (B)7 a3
Then by (3.10b)-(3.12)
k)H(L2)XkHLPz(ugz)
1
<Cbal Je—il2 =) RO () iy, q;ll((llc)) <Z{Z ((Zj) P
1
x| 20 =GR =) g, () g5 o012 q;i((’;)) (“’%ﬁiiﬁfi) ;
<C||by||+E1 (ki) @, (i HszHLPu ity x || b2« E2(k,j) @, (j H87CJHU’12 wh2)’
By symmetry, we also get
(k)| (Ls) XkHU’z V')
<Cllb1ll<Ex (ki) @y D[ £ il o ey X N2l E2 /) @2 (D2 | a2
Finally, it remain to estimate J4. By w, p“ ZPHEAOO and the estimate for (4.13) we get
1A )l <Cltale (7™ (B) ™ il o, (4.14)
and
(b2 27) g 1 < Cllba | (05 2 (B) 72 826 | N2y (4.15)
Then

|La(x)|=|La2((b1 = Ai) fxi, (D2 — Agj)8X)) |

<C2m M) (by —Aap) £l 11 (b2 = Az gx) |

. o 1/p}
<Clbafl 27D ] (0 0(B))

. - 1/p,
% Hsz*z—max{]zk}(H—lxz) HngHLPH (wh12) (wz plz(B])) 12
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Thus
¢(k) H (L4)XkH LP2 (V(F’Bz)

) 9, (i)

¢, (k) (wiﬂ Bk>> )
§02(]) wgzz Bj)

<Cllba [l Ex (ki) DL £Xil| gy (i X 10211 E2 (Ko f) @2 (D G ] 1 12

i(n—a, )—max{ik}(n— . k wP21 B
<C||by |27 ) {ik}( al)q)l(Z)HinHLpu(wfn 9, ( )( 1 ((k

x [[bo | 2/ =), (7) |9y

Then, the proof of Theorem 1.4. is completed O

References

[1] L. Grafakos, On multilinear fractional integrals, Stud. Math., 102 (1992), 49-56.
[2] C.E.Kenigand E. M. Stein, Multilinear estimates and fractional integration, Math. Res. Lett.,
6 (1996), 1-15.
[3] L. Grafakos and N. Kalton, Some remarks on multilinear maps and interpolation, Math.
Ann., 319 (2001), 151-180.
[4] K. Moen, Weighted inequalities for multilinear fractional integral operators, Collect Math.,
60 (2009), 213-238.
[5] S. Chen and H. Wu, Multiple weighted estimates for commutators of multilinear fractional
integral operators, Sci. China Math., 56 (2013), 1879-1894.
[6] X. Chen and Q. Xue, Weighted estimates for a class of multilinear fractional type operators,
J. Math. Anal. Appl., 362 (2010), 355-373.
[7] Z.Siand S. Lu, Weighted estimates for iterated commutators of multilinear fractional oper-
ators, Acta Math. Sin., 28 (2012), 1769-1778.
[8] G. Pradolini, Weighted inequalities and point-wise estimates for the multilinear fractional
integral and maximal operators, J. Math. Anal. Appl., 367 (2010), 640-656.
[9] Y. Hu and Y. Wang, Multilinear fractional integral operators on generalized weighted Mor-
rey spaces, J. Inequal. Appl., (323) (2014), 18 pages.
[10] S. Lu and D. Yang, The decomposition of the weighted Herz spaces on IR” and its applica-
tions, Sci. China Ser. A, 38(2) (1995), 147-158.
[11] S. Lu, K. Yabuta and D. Yang, Boundedness of some sublinear operators in weighted Herz-
type spaces, Kodai Math. J., 23(3) (2000), 391-410.
[12] H. Wang, Some estimates of intrinsic square functions on the weighted Herz-type Hardy
spaces, J. Inequal. Appl., 62 (2015), 22 pages.
[13] Y. Hu and Y. Wang, Parametric Marcinkiewicz integrals on weighted Herz Spaces, Miskolc
Math. Notes, 16(2) (2015), 869-885.
[14] Y. Komori and K. Matsuoka, Boundedness of several operators on weighted Herz spaces,
Journal of Function Spaces and Applications, 7(1) (2009), 1-12.
[15] Y. Hu, Y. He and Y. Wang, The commutators of fractional integrals on generalized Herz
spaces, Journal of Function Spaces, 2014, Article ID 428493, 6 pages.
[16] B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function, Trans. Amer.
Math. Soc., 165 (1972), 207-226.



Y. S. Wang and Y. X. He / Anal. Theory Appl., 32 (2016), pp. 103-121 121

[17] B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for fractional integrals,
Trans. Amer. Math. Soc., 192 (1974), 261-274.

[18] J. Garca-Cuerva and J. L. Rubio de Francia, Weighted Norm Inequalities and Related Topics,
North-Holland, Amsterdam, 1985.

[19] E John and L. Nirenberg, On functions of bounded mean oscillation, Commun. Pure Appl.
Math., 14 (1961), 415-426.



