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Abstract. Let T be the singular integral operator with variable kernel, T∗ be the adjoint
of T and T♯ be the pseudo-adjoint of T. Let T1T2 be the product of T1 and T2, T1◦T2

be the pseudo product of T1 and T2. In this paper, we establish the boundedness for
commutators of these operators and the fractional differentiation operator Dγ on the
weighted Morrey spaces.
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1 Introduction

Let Sn−1 be the unit sphere in R
n (n ≥ 2) with normalized Lebesgue measure dσ. The

singular integral operator with variable kernel is defined by

T f (x)=p.v.
∫

Rn

Ω(x,x−y)

|x−y|n
f (y)dy, (1.1)

where Ω(x,z) satisfies the following conditions:

Ω(x,λz)=Ω(x,z) for any x,z∈R
n and λ>0, (1.2a)

∫

Sn−1
Ω(x,z′)dσ(z′)=0 for any x∈R

n. (1.2b)
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Let m∈N, denote by Hm the space of surface spherical harmonics of degree m on Sn−1

with its dimension dm. {Ym,j}
dm
j=1 denotes the normalized complete system in Hm. We can

write (see [1, 3, 9])

Ω(x,z′)= ∑
m≥0

dm

∑
j=1

am,j(x)Ym,j(z
′), (1.3)

where

am,j(x)=
∫

Sn−1
Ω(x,z′)Ym,j(z′)dσ(z′). (1.4)

Let

Tm,j f (x)=
Ym,j

|·|n
∗ f (x).

Then we can write

T f (x)= ∑
m≥0

dm

∑
j=1

am,j(x)Tm,j f (x). (1.5)

Let T∗ and T♯ denote the adjoint of T and the pseudo-adjoint of T respectively, which are
defined by

T∗ f (x)=
∞

∑
m=0

dm

∑
j=1

(−1)mTm,j(am,j f )(x) (1.6)

and

T♯ f (x)=
∞

∑
m=0

dm

∑
j=1

(−1)mam,j(x)Tm,j f (x). (1.7)

Let T1T2 denote the product of T1 and T2, T1◦T2 denote the pseudo product of T1 and T2

(see [1] for the definitions).
In 1955, Calderón and Zygmund [2] investigated the L2 boundedness of the operator

T. Let D be the square root of the Laplacian operator which is defined by D̂ f (ξ)=|ξ| f̂ (ξ).
Let

T1 f (x)=p.v.
∫

Rn

Ω1(x,x−y)

|x−y|n
f (y)dy (1.8)

and

T2 f (x)=p.v.
∫

Rn

Ω2(x,x−y)

|x−y|n
f (y)dy. (1.9)
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In [1], Calderón and Zygmund proved Lp (1< p<∞) boundedness of T∗
1 , T♯

1 , T1T2, T1◦T2

and D. In [3], Chen and Zhu proved the boundedness for commutator of these singular
integral operators and the fractional differentiation operator Dγ on Lp(ω), where Dγ is

defined by D̂γ f (ξ)=|ξ|γ f̂ (ξ). The Sobolev Space Iγ(BMO) is the image of BMO(Rn) un-
der Iγ (Riesz potential operator of order γ). A locally integrable function b is in Iγ(BMO)
if and only if Dγb∈ BMO(Rn). A weight function ω is called an Ap weight (or ω∈ Ap)
(1< p<∞) if

sup
Q

(
1

|Q|

∫

Q
ω(x)dx

)(
1

|Q|

∫

Q
ω(x)−

1
p−1 dx

)p−1

<∞,

where the supremum is taken over all cubes Q with sides parallel to the coordinate axes.
The classical Morrey spaces Lp,λ were introduced by Morrey in [7]. In [6], Komori

and Shirai defined the weighted Morrey spaces Lp,κ(ω) and studied the boundedness of
some classical operators on these weighted spaces. For a given weight function ω, we
denote by |Q| the Lebesgue measure of Q and denote by ω(Q)=

∫
Q ω(Q)dx the weighted

measure of Q.

Definition 1.1 (see [6]). Let 1≤ p < ∞, 0< κ < 1 and ω be a weight function. Then the
weighted Morrey space is defined by

Lp,κ(ω)={ f ∈L
p
loc(ω) :‖ f‖Lp,κ(ω)<∞},

where

‖ f‖Lp,κ(ω)=sup
Q

(
1

ω(Q)κ

∫

Q
| f (x)|pω(x)dx

)1/p

and the supremum is taken over all cubes Q in R
n.

The purpose of this paper is to establish the boundedness for T∗
1 , T♯

1 , T1T2, T1◦T2 and
the fractional differentiation operator Dγ on the weighted Morrey spaces. Our results are
stated as follows.

Theorem 1.1. Let 0<γ< 1, 1< p<∞, 0< κ < 1 and w∈ Ap. Suppose that Ω(x,y) satisfies
(1.2a), (1.2b) and

max
|j|≤2n

‖D
γ
x (∂

j/∂yj)Ω(x,y)‖L∞(Rn×Sn−1)<∞. (1.10)

Then there is a constant C>0, such that

(i) ‖(TDγ−DγT) f‖Lp,κ(ω)≤C‖ f‖Lp,κ(ω);

(ii) ‖(T∗−T♯)Dγ f‖Lp,κ(ω)≤C‖ f‖Lp,κ(ω).

Theorem 1.2. Let 0<γ<1, 1<p<∞, 0<κ<1 and w∈Ap. Suppose that Ω1(x,y) and Ω2(x,y)
satisfy (1.2a) and (1.2b). If Ω2(x,y) satisfies (1.10) and

max
|j|≤2n

‖(∂j/∂yj)Ω1(x,y)‖L∞(Rn×Sn−1)<∞. (1.11)
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Then there is a constant C>0, such that

‖(T1◦T2−T1T2)Dγ f‖Lp,κ(ω)≤C‖ f‖Lp,κ(ω).

2 Lemmas

We begin with some Lemmas.

Lemma 2.1 (see [6]). If 1< p<∞, 0< κ< 1, ω∈ Ap and T is a Calderón-Zygmund singular
integral operator, then T is bounded on Lp,κ(ω).

Given a weight ω, we say that ω satisfies the doubling condition if there exists a
constant D>0 such that for any cube Q, we have ω(2Q)≤Dω(Q). When ω satisfies this
condition, we denote ω∈∆2. If ω∈Ap, we know ω∈∆2 (see [5]).

Lemma 2.2 (see [6]). If ω∈∆2, then there exists a constant D1>1 such that

ω(2Q)≥D1ω(Q).

Lemma 2.3. If 1< p<∞, 0<κ<1 and ω∈Ap. Let Tm,j be the convolution operator with kernel
Ym,j

|·|n
, that is,

Tm,j f (x)=
Ym,j

|·|n
∗ f (x),

then

‖Tm,j f‖Lp,κ(ω)≤Cmn/2‖ f‖Lp,κ(ω).

Proof. It is sufficient to prove that there exists C>0 such that

1

ω(B)κ

∫

B
|Tm,j f (x)|pω(x)dx≤Cmnp/2‖ f‖

p

Lp,κ(ω)
.

Fix a ball B=B(x0,r), where B(x0,r) denotes the ball with center x0 and radius r. Decom-
pose f = f1+ f2 with f1= fχ2B

. Since Tm,j is linear, we can get

1

ω(B)κ

∫

B
|Tm,j f (x)|pω(x)dx

≤C

{
1

ω(B)κ

∫

B
|Tm,j f1(x)|pω(x)dx+

1

ω(B)κ

∫

B
|Tm,j f2(x)|pω(x)dx

}

=C{I1+ I2}.
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For the term I1, using the fact that if ω∈ Ap then ‖Tm,j f‖Lp(ω)≤Cmn/2‖ f‖Lp(ω) (see [3]),
we can get

∫

B
|Tm,j f1(x)|pω(x)dx≤

∫

Rn
|Tm,j f1(x)|pω(x)dx

≤Cmnp/2
∫

2B
| f (x)|pω(x)dx

≤Cmnp/2‖ f‖
p

Lp,κ(ω)
ω(B)κ.

Hence we have
‖Tm,j f1‖Lp,κ(ω)≤Cmn/2‖ f‖Lp,κ(ω).

For the term I2, for x∈B and y∈ (2B)c we have |x0−y|<C|x−y|. By the fact that |Ym,j|≤

Cm(n−2)/2 (see [1]), we get

|Tm,j f2(x)|≤Cmn/2
∫

Rn

| f2(y)|

|x−y|n
dy≤Cmn/2

∫

|x0−y|>2r

| f (y)|

|x0−y|n
dy.

Therefore we obtain

1

ω(B)κ

∫

B
|Tm,j f2(x)|pω(x)dx≤Cmnp/2

(∫

|x0−y|>2r

| f (y)|

|x0−y|n
dy

)p

ω(B)1−κ.

Then, by Hölder’s inequality and ω∈Ap, we have

∫

|x0−y|>2r

| f (y)|

|x0−y|n
dy=

∞

∑
j=1

∫

2jr<|x0−y|≤2j+1r

| f (y)|

|x0−y|n
dy

≤
∞

∑
j=1

1

|2jB|

∫

2j+1B
| f (y)|dy

≤
∞

∑
j=1

1

|2jB|

(∫

2j+1B
| f (y)|pω(y)dy

)1/p(∫

2j+1B
ω(y)1−p′dy

)(p−1)/p

≤C‖ f‖Lp,κ(ω)

∞

∑
j=1

1

ω(2j+1B)(1−κ)/p
.

By Lemma 2.2, we get

(∫

|x0−y|>2r

| f (y)|

|x0−y|n
dy

)p

ω(B)1−κ ≤C‖ f‖
p

Lp,κ(ω)

(
∞

∑
j=1

ω(B)(1−κ)/p

ω(2j+1B)(1−κ)/p

)p

≤C‖ f‖
p

Lp,κ(ω)
.

So we have
‖Tm,j f2‖Lp,κ(ω)≤Cmn/2‖ f‖Lp,κ(ω).

This completes the proof.
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3 Proof of Theorem 1.1: Lp,κ(ω) norm of TDγ−DγT

Proof of Theorem 1.1: Let

T f (x)=
∫

Rn

Ω(x,x−y)

|x−y|n
f (y)dy.

Write

Ω(x,y)=
∞

∑
m=0

dm

∑
j=1

am,j(x)Ym,j(y),

where

am,j(x)=
∫

Sn−1
Ω(x,z′)Ym,j(z′)dσ(z′).

For Ω(x,y′) satisfies (1.10), we have (see [3])

(TDγ−DγT) f =
∞

∑
m=1

dm

∑
j=1

[am,j,D
γ]Tm,j f ,

and

‖Dγam,j‖L∞ ≤Cm−2n. (3.1)

In fact, [b,Dγ] (see [8]) is a generalized Calderón-Zygmund operator, then by Lemma 2.1,
we can get that [b,Dγ] is bounded on Lp,κ(ω) for 1< p<∞, 0<κ<1 and w∈Ap, namely

‖[b,Dγ] f‖Lp,κ(ω)≤C‖Dγb‖BMO‖ f‖Lp,κ(ω). (3.2)

Then by dm ≃mn−2 (see [4]), (3.1), (3.2) and Lemma 2.3, we get

‖(TDγ−DγT) f‖Lp,κ(ω)≤
∞

∑
m=1

dm

∑
j=1

‖[am,j,D
γ]Tm,j f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

‖Dγam,j‖BMO‖Tm,j f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

mn/2‖Dγam,j‖L∞‖ f‖Lp,κ(ω)

≤C
∞

∑
m=1

mn−2mn/2m−2n‖ f‖Lp,κ(ω)

≤C‖ f‖Lp,κ(ω).

Thus, we complete the proof. �
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4 Proof of Theorem 1.1: Lp,κ(ω) norm of (T♯−T∗)Dγ

Proof of Theorem 1.1: By (1.6) and (1.7), we can write

(T♯−T∗)Dγ f =
∞

∑
m=1

dm

∑
j=1

(−1)m[am,j,Tm,j]D
γ f . (4.1)

We first estimate the Lp,κ(ω) norm of [b,Tm,j]D
γ for any fixed b∈ Iγ(BMO). We get

[b,Tm,j]D
γ f =[b,DγTm,j] f −Tm,j[b,Dγ] f .

By (3.2) and Lemma 2.3, we get

‖Tm,j[b,Dγ] f‖Lp,κ(ω)≤Cmn/2‖Dγb‖BMO‖ f‖Lp,κ(ω). (4.2)

To estimate Lp,κ(ω) norm of [b,DγTm,j] f , we know that (see [3]) [b,DγTm,j] f is a general-
ized Calderón-Zygmund operator with kernel

|km, j(x,y)|≤Cmn/2−1+γ‖Dγb‖BMO
1

|x−y|n
,

then by Lemma 2.1, we get

‖[b,DγTm,j] f‖Lp,κ(ω)≤Cmn/2+γ‖Dγb‖BMO‖ f‖Lp,κ(ω), (4.3)

where C is independent of m and j. Then by (4.2) and (4.3), we have

‖[b,Tm,j]D
γ f‖Lp,κ(ω)≤C‖[b,DγTm,j] f‖Lp,κ(ω)+C‖Tm,j[b,Dγ] f‖Lp,κ(ω)

≤Cmn/2+γ‖Dγb‖BMO‖ f‖Lp,κ(ω)+Cmn/2‖Dγb‖BMO‖ f‖Lp,κ(ω)

≤Cmn/2+γ‖Dγb‖BMO‖ f‖Lp,κ(ω). (4.4)

By (4.1), (4.4) and (3.1), we get

‖(T♯−T∗)Dγ f‖Lp,κ(ω)≤
∞

∑
m=1

dm

∑
j=1

‖[am,j,Tm,j]D
γ f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

mn/2+γ‖Dγam,j‖BMO‖ f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

mn/2+γ‖Dγam,j‖L∞‖ f‖Lp,κ(ω)

≤C
∞

∑
m=1

mn−2mn/2+γm−2n‖ f‖Lp,κ(ω)

≤C‖ f‖Lp,κ(ω).

Thus, we complete the proof. �
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5 Proof of Theorem 1.2

Proof of Theorem 1.2: Let T1, T2 be like in (1.8) and (1.9). Write

Ω1(x,y)=
∞

∑
m=0

dm

∑
j=1

am,j(x)Ym,j(y),

and

Ω2(x,y)=
∞

∑
λ=1

dλ

∑
µ=1

bλ,µ(x)Yλ,µ(y),

where

am,j(x)=
∫

Sn−1
Ω1(x,z′)Ym,j(z′)dσ(z′),

bλ,µ(x)=
∫

Sn−1
Ω2(x,z′)Yλ,µ(z′)dσ(z′),

and (see [3])

am,j(x)=(−1)nm−n(m+n−2)−n
∫

Sn−1
Ln

y′(Ω1(x,y′))Ym,j(y
′)dσ(y′), m≥1,

Dγbλ,µ(x)=(−1)lλ−l(λ+n−2)−l
∫

Sn−1
D

γ
x Ll

y′Ω2(x,y′)Ymj(y
′)dσ(y′), m≥1.

Since Ω1(x,y) satisfies (1.11), then we get

‖am,j‖L∞ ≤Cm−2n, (5.1)

where C is independent of m and j. Since Ω2(x,y′) satisfies (1.10), we get

‖Dγbλ,µ‖L∞ ≤Cλ−2n. (5.2)

Let

Tm,j f (x)=
Ym,j

|·|n
∗ f (x)

and

Tλ,µ f (x)=
Yλ,µ

|·|n
∗ f (x).

Since Ω1(x,y) and Ω2(x,y) satisfies (1.2b), then we get

T1 f (x)=
∞

∑
m=1

dm

∑
j=1

am,j(x)Tm,j f (x)
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and

T2 f (x)=
∞

∑
λ=1

dλ

∑
µ=1

bλ,µ(x)Tλ,µ f (x).

Write (see [3])

(T1◦T2) f (x)=
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

am,j(x)bλ,µ(x)(Tm,jTλ,µ f )(x),

and

(T1T2) f (x)=
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

am,j(x)Tm,j(bλ,µTλ,µ f )(x).

Then

(T1◦T2−T1T2)Dγ f =
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

am,j[bλ,µ,Tm,j]D
γTλ,µ f .

So, by Lemma 2.3, (4.4), (5.1) and (5.2), we get

‖(T1◦T2−T1T2)Dγ f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

‖am,j‖L∞‖[bλ,µ,Tm,j]D
γTλ,µ f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

‖am,j‖L∞‖Dγbλ,µ‖BMOmn/2+γ‖Tλ,µ f‖Lp,κ(ω)

≤C
∞

∑
m=1

dm

∑
j=1

∞

∑
λ=1

dλ

∑
µ=1

‖am,j‖L∞‖Dγbλ,µ‖L∞ mn/2+γλn/2‖ f‖Lp,κ(ω)

≤C
∞

∑
m=1

mn−2m−2nmn/2+γ
∞

∑
λ=1

λn−2λ−2nλn/2‖ f‖Lp,κ(ω)

≤C‖ f‖Lp,κ(ω).

Thus, we complete the proof. �
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