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Abstract. Here we consider the following strongly singular integral

' i\yrﬁﬂ(ﬁ)
Tovypf (o) = [ @ L eyt = (lyD)y,

where Q€ LP (5" 1), p>1,n>1,a>0 and v is convex on (0,0).

We prove that there exists A(p,n) >0 such that if B> A(p,n)(1+a), then Tq 4 p is
bounded from L2(R"*1) to itself and the constant is independent of . Furthermore,
when QeC®(5"1), we will show that T, 4, is bounded from L?(R"*?) to itself only
if > 2a and the constant is independent of .
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1 Introduction

The standard Hilbert transform along a curve is defined as

Hrf(x)=P.V. /11 f(x—I"(t))%,

where I': (—1,1) — R" is a continuous curve in R". The study of these operators was
initiated by Fabes and Riviere [7]. In [18], Stein and Wainger proved that Hr is bounded
on LP(1<p<oo) if I is well-curved in R". Here we say that I' is well-curved, if I is smooth
with I'(0) =0 and a segment of the curve containing the origin lies in a subspace of R"
spanned by

AT (1)

k=12,
dt t=0 !
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When n=2, I'(t) can be written as (¢,7y(t)). If y(¢) is flat at the origin, i.e.,

dPy(t))
dt =0

for k=1,2,---, then it is easy to see that I'(#) is not well-curved in R%. The main contri-
butions on the Hilbert transforms along the flat curves were made by Wainger and his
colleagues. Readers can see [1,12-15,19,21,22] among numerous references, in particular,
the good survey papers [18] and [23].

Another interesting operator in harmonic analysis is the hyper Hilbert transform

pv/ flx tltl“’ 0<a<l.

We know that the operator H, is bounded from the Sobolev space L} to the Lebesgue
space L for 1 < p < oo, because of the mean zero of the kernel of H,. One naturally
expected that, without the assumption of the mean zero on the kernel, the worsened
singularity of H, near the origin can be counterbalanced by an oscillatory factor elltl™” (B>
0) as t approaches zero. This idea motivated the study of the oscillatory hyper Hilbert
transforms (see [10]) and the strongly singular integral operators in high dimensional
spaces. More details of the strongly singular integral operators can be found in [8,9, 16,
20].
Consider the following oscillatory hyper Hilbert transforms,

dt
Hr g pf () /fx r(t lWH a,6>0,

where I'(0) =0, B> a.

Zielinski [24] studied the L?—boundedness of Hr 4, p along the parabola (t,£2). In [2],
for I'(t) = (t,]t|7),q > 2, Chandarana proved that Hr 4 is bounded on L? if and only if
B>3a. When n =3, a similar result was proved in [3].

In [4] and [5], we generalized these results in R" and removed all assumptions on the
indexes. At the same time, Laghi and Lyall in [11] proved that if I'(¢) is well-curved, then
Hr 45 is bounded on L?(R") if and only if > (n+1)a.

In [6] we study the general case I'(t)=(t,v(t)) in R> where 7 is flat on (0,1). We obtain
some interesting results. In the same paper, we construct some examples to illustrate the
complexity of this problem.

Here we consider the following oscillatory strongly singular integral associated to the
surfaces of revolution,

O
Tovyapf (1) = [ @ o fGe—yt=r(lyl)dy (1.1)
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At first, when a=0 and Q) is mean zero on "1, by virtue of the decay estimates of the
Fourier transform of Q) on "1, T is bounded from L? to itself without any assumptions
on . It is easy to see that this arguments does not work when a > 0.

If H, g is bounded from L? to itself when n=1, then Tq,, 4 g is bounded from L? to
itself for any n>1 only if Q € L}(S"!). But in [6] we have seen that, for general a,3 >0
and a convex curve I'(t) = (,7(t)), H,,4,p is not bounded from L? to itself in general.

Here we will see that for the general convex curve, the L?-boundedness of Tq,, . g is
more simple, even if the kernel is rough. Our main results are stated as the following two
theorems.

Theorem 1.1. Suppose that Q) € LP(S””), p>1,n>1,a>0and vy is convex on (0,00). There
exists A(p,n) >0 which depends only on p, n such that if > A(p,n)(1+a), then we have

1Toq,apfll2<ClIfll2
where C is independent of vy and f.
Furthermore, if Q€ C*(S" 1), we have

Theorem 1.2. Assume that Q€ C*(S""1), n>1, a >0 and vy is convex on (0,00). If B> 2a,
then we have

1 Ty,,0,6f 12 < Cll fl]2-

Throughout this note the letters C and c always denote two positive constants which
depend only on «, 5, p and n. They maybe vary in different cases. In general, we take C
big enough and c small enough.

2 Proof of the main theorems

Firstly, we need the following Van der Corput lemma.

Lemma 2.1 (Van der Corput”s Lemma). If ¢, ¢ are two smooth functions on the interval (a,b)
and |p®) (£)| > A>1 on t € (a,b) for some k€ N, then we have

[ O <ca g1+ [ la, (k22),

or

b, b blo (D (t
[ gt <cat(po)1+ [ g olars [LOE O gy,
] a 40]
The lemma and its proof can be found in [17]. When k=1, the result can be checked
directly by the integral by parts.
We also need the following decay estimates of the Fourier transform of Q) on §" 1.
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Lemma 2.2 (see [17]). If Q€ C®(S""1) and du=Qd0, then we have the following estimate
(@) =| [, Q)" <de| <C(1+]2) "7

Lemma 2.3 (see [17]). If Q € LF(S"™1) for some p >1 and dy = Qd0, then there exists two
positive constants C and € (< 1) such that

T
| ) Par<ca+ie)

Proof of Theorem 1.1. Now we begin to prove Theorem 1.1. Using the inverse of Fourier
transform we have

- 21
Tovyapf(6) = [ oM e eyt (ly))dy
‘ - Q(5)
— il(x—y)&+(t—y(ly)))n) # iyl =~ "1yl
_/n /Rnﬁ»le f(élrl)dédne |y’n+a dy

- - )
= i(xg+ty) i(ly|P=y-g=y(lyhm) " lvl”
—/Rﬂ+16 /ne ’ |n+p¢ dyf(é U)dédﬂ

_ ixetty) [ i(rb—r0-c— (r)y) C0) .
/R”He /0 /Sn_le S addrf (&, n)dédy,

which implies that
Tonapf (61) =m(En)f (&), (2.1)

where

m(gln :/00/ ei(r_ﬁ—rBf—'y(r)n)%der
gn— 1

r=B—r0- rP—ro- 0(9)
_//SM Tl 1+d9d+/ /SM o= dody
=m(g,1)+mo(E,1). (2.2)

To prove the L? boundedness of Tq,, 4 g, by Plancherel equality, we only need to show
that m(¢,7) is a bounded function.
It is easy to check that when a >0,

—B_y Q0
|mo(&,1) !—(/ /SH B-E=1(n) 13251951

<[ /S B rm | par

el [o] FRvemmy (2.3)




400 J. C. Chen, S. Y. He and X. R. Zhu / Anal. Theory Appl., 32 (2016), pp. 396-404

Set ¢(r)=r"F—r0-Z—~(r)n. Forany (&5) € R" x R, we estimate the bounds of 17(&,7)
in two case.

Case 1: 7 <0. As ¢”(r) >0 on (0,00), there holds

g (r)=p(B+1)r P2 =" (r)y 2 p(p+1)r P72
If B> 2a, by Van der Corput’s Lemma, we can get that

‘/ rl+0¢ —

1
2 ()d?’
e T

rlta

2 gy
j(14a) wr
(2 +/2—/ p2ta )

1 27

j>1

<C Z2j(“—é
j=1

<C,

which implies that

mem=| [ [ e XD doar
dr
_‘/S Q) / y(r) Had@‘
<c [ 10()de
:CHQHLl(Sn—l), (24)

where C does not depend on ¢, 77 and 7.

Case 2: 7> 0. In this case we divide (¢,77) into two parts. Set
— L
i

@)= (50+a) ™

Then one have

C 17 / An 1 r1+04 dr
_/ /SM r1+ad9d+/ /SM rmdedr

=mi (6/17)+m2(6/’7) (2.5)
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Set du=0Q(0)d6. For the term m;((,7), by Lemma 2.3 we can obtain that
20

1
= i(r P—r0-F—(r
!ml(é,n>|_\/t(é)/sn_le<r om0 g
1 . N
:‘/ / 1611’9'§Q(9)d961(1’ 5—7(1’)17)1/_1_05611/‘
5=

1
§/ du(rd) |r 1%y
)

(/01 dp(r) fzdr> : (/t(lé)r—Z—zadr> 3

<C(1+a) 2@ 2"

VAN

%-Hx e
<C(1+[g])F7r 2. (2.6)
If B>2(a+1), then
1 1
sta € e/rta
pTR € _€/3T
B+1 2<2<a+2 1) <o
So (2.6) yields that
AL
[my (&) <C(1+[g]) Pir 2 <C. (2.7)
On the other hand, for the term m5(¢,7), as
2 “F
He)=(5+en) ">
we get that
g <bre
So for the derivative of ¢(r) when r <t(&) we have
[/ ()| =[=pr Pt =6-C—/ (| = pr P~/ (r)y —[¢]
2.8)

zgr*‘“ﬂ’(r)n > gr*‘“-

Now, by Lemma 2.1, (2.8) and the convexity of y one can obtain that

tHE) . 217t (E
‘/ e 1+a = ‘/ l+ac
0 r 277 7’
0 ol
r

i B+1 —j —a—1
scg(z ) (O e A I
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<CY (277Hg))P "
>0

<CY (2771(g))F "

(+
j>0 (
(
(

/21 MO BB+ P2 " (r )U’dr)
@) (Grpe 1+7 <r>n>

2 e BB+ 7)1 )
H/” < Srb=149/(r))? +(§r‘“+7’(r)11)2>d>

(

210k v'(r)n
e ( o)

_ /3 o — 1
SC];)@ It LRy 2 @) 1+'y’(21_jf(§))’7>

<CY (277Kg))F=CH(g)P*<C. (2.9)
>0

<CY (277Hg))P "
>0

So we have

£(S) ) dr
— i(r)
maml=| [ [ ow)dedr(
HE) .
ip(r)
<|[ 00 H“d o)
SCHQHLl(Sn—l). (210)
(2.5), (2.7) and (2.10) yield that when 7 > 0, there holds

(&) | < |ma (8m) |+ [ma(8m) | < C. (2.11)

At last let everything together. When > (%)(zx—H) and 1y is convex, from (2.3), (2.4) and
(2.11) we can obtain that

im(¢,m)| <[mo ()| +[m(¢,n)|<C,

which means that the operator Tg 4, is bounded from L? to itself. So we complete the
proof of Theorem 1.1. O

Proof of Theorem 1.2. Now we turn to prove Theorem 1.2. In the proof of Theorem 1.1,
it is easy to see that the estimates (2.3), (2.4) and (2.10) remain true only if § >2x. When
QeC®(S"1), n>1, we check that the estimate (2.7) holds only if > 2a. By Lemma 2.2
and the similar computations as in (2.6), we get that

! i(rP—r-—(r Q(
yml(g,q)|:‘/t(g)/5“e< 0-2—7(r)n) 1(+“ 0dr|

1 . N
:‘/ / eh’@'@ﬂ(@)d@é(?’ 5—7(7)17)1,_1_adr‘
t(&) Jsn—1

1
§/ du(r&) |r 1 %dr
()
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1 _
<c [ (e T var
@

41 e
§C(1—|—|§|)JZ_1/ riT gy
)
1

<CO+)g) "7 HE) T
2a—(n—1)B
—C(1+]g]) =

<C. (2.12)
At last, by the same arguments as in the proof of Theorem 1.1 we can show that the
operator Tq,, . g is bounded from L? to itself. So we prove Theorem 1.2. U
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