
JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS
J. Part. Diff. Eq., Vol. 29, No. 1, pp. 36-47

doi: 10.4208/jpde.v29.n1.4
March 2016

Non-local Problem for the Loaded Integral-differential

Equation in Double-connected Domain

ABDULLAYEV O. Kh∗

National University of Uzbekistan, Tahskent.

Received 24 October 2015; Accepted 15 January 2016
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ary value problem for the loaded elliptic-hyperbolic type equation with integral-differ-
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1 Introduction and formulation of a problem

We note that with intensive research on problem of optimal control of the agroeconomical

system, regulating the label of ground waters and soil moisture, it has become necessary

to investigate a new class of equations called “LOADED EQUATIONS”. For the first

time it was given the most general definition of a Loaded equations and various Loaded

equations are classified in detail by A.M.Nakhushev [1]. After this work very interesting

results on the theory of boundary value problems for the loaded equations of parabolic,

parabolic-hyperbolic and elliptic-hyperbolic types were published, for example, see [2–4]

and [5]. In this direction, we studied some local and non-local problems for the loaded

second and third order elliptic-hyperbolic type equations in double-connected domains
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(see [6–9]). Notice that non-local problems for the loaded integral-differential elliptic-

hyperbolic type equations in double-connected domains have not been investigated. In

the given paper, for the equation:

uxx+sgnyuyy+
1−sgny

2

n

∑
k=1

Rk(x,0)=0 (1.1)

with operators [10]:

Rk(x,y)=Rk

(

ξ+η

2
,
ξ−η

2

)

=







pk(ξ)D
αk

ξ 1u
(

ξ+η
2 ,

ξ−η
2

)

, at q≤ x≤1,

rk(η)D
βk

−1ηu
(

ξ+η
2 ,

ξ−η
2

)

, at −1≤ x≤−q,
(1.2)

Dαk
ax f (x)=

1

Γ(−αk)

∫ x

a
(x−t)−1−αk f (t)dt, −1<αk <0, (1.3)

D
βk
xa f (x)=

1

Γ(−αk)

∫ a

x
(t−x)−1−βk f (t)dt, −1<βk <0, (1.4)

we will investigate the uniqueness and the existence of solution of the non-local problem.

Let’s, Ω, be double connected domain, bounded with two lines:

σ1 : x2+y2 =1; σ2 : x2+y2=q2, y>0,

and characteristics:

AjC1 : x+(−1)jy=(−1)j+1; BjC2 : x+(−1)jy=(−1)j+1 ·q; (0<q<1), (j=1,2)

of the Eq. (1.1) at y<0, where x+y= ξ, x−y=η; A1(1;0), A2(−1;0) , B1(q;0), B2(−q;0),

C1(0;−1), C2(0;−q).

Introduce designations: θ1(x)= x+1
2 +i· x−1

2 , θ2(x)= x−1
2 −i· x+1

2 , (i2=−1);

Ω0=Ω∩(y>0), ∆1=Ω∩(x+y>q)∩(y<0), ∆2=Ω∩(y−x>q)∩(y<0);

D1=Ω∩(−q< x+y<q)∩(x>0), D2=Ω∩(−q<y−x<q)∩(x<0);

D3=Ω∩(−1< x+y<−q)∩(−1<y−x<−q), D0=Ω0∪∆1∪∆2;

I2+j=
{

x : 0< (−1)j−1x<q
}

, Ij=

{

x :
q+1

2
< (−1)j−1x<1

}

, (j=1,2).

In the domain Ω the following problem is investigated.

Problem I. To find a function u(x,y) satisfies the following properties:

1) u(x,y)∈C(Ω̄);

2) u(x,y) is a regular solution of the Eq. (1.1) in the domain of Ω\(y−x=±q)\(x+y=
±q), besides, uy∈C(A1B1∪A2B2) and uy(x,0) can tend to infinity an order of less unit at

x→±q, and finite at x→±1;
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3) on the line of changing type satisfy gluing condition:

uy(x,−0)=uy(x,+0), (x,0)∈A1B1∪A2B2;

4) u(x,y) satisfies boundary conditions:

u(x,y)
∣

∣

∣σj
= ϕj(x,y), (x,y)∈σj; (1.5)

u(x,y)
∣

∣

∣BjC2
= g

j
(x), x∈ I2+j; (1.6)

d

dx
u(θ1(x))= a1(x)uy(x,0)+b1(x)ux(x,0)+c1(x)u(x,0)+d1(x), x∈ (q,1); (1.7)

d

dx
u(θ2(x))= a2(x)uy(x,0)+b2(x)ux(x,0)+c2(x)u(x,0)+d2(x), x∈ (−1,−q); (1.8)

where ϕj(x,y), gj(x), aj(x), bj(x), cj(x), are given functions, such that: g1(0) = g2(0),
g2(−q)= ϕ2(−q,0), g1(q)= ϕ2(q,0), (j=1,2).

2 The uniqueness of solution of the Problem I

Known that the Eq. (1.1) at y≤0 on the characteristics coordinate ξ = x+y and η= x−y

has a form:

uξη =
1

4

n

∑
k=1

Rk(ξ,0). (2.1)

Notice, that solution the Cauchy problem for the Eq. (1.1) in the domain of ∆1 with

conditions u(x,0)= τ1(x), x∈ A1B1 and uy(x,0)= ν1(x), x∈ A1B1, with the account Rie-

mannŁ function R(ξ,η;ξ0,η0)=1 of the Eq. (2.1), looks like:

u(x,y)=
τ1(x+y)+τ1(x−y)

2
−

1

2

∫ x−y

x+y
ν1(t)dt+

1

4

∫ x−y

x+y
dξ
∫ x−y

ξ

n

∑
k=1

pk(ξ)Dαk

ξ 1τ1(ξ)dη (2.2)

From here, considering

u[θ1(x)]=
τ1(x)+τ1(1)

2
−

1

2

∫ 1

x
ν1(t)dt+

1

4

n

∑
k=1

∫ 1

x
(1−ξ)pk(ξ)Dαk

ξ 1τ1(ξ)dξ

and by virtue (1.7) we will get:

1

2
τ′

1(x)+
1

2
ν1(x)+

x−1

4

n

∑
k=1

pk(x)D
αk
x 1τ1(x)= a1(x)ν1(x)+b1(x)τ′

1(x)+c1(x)τ1(x)+d1(x)

(2a1(x)−1)ν1(x)=(1−2b1(x))τ′
1(x)−

1−x

2

n

∑
k=1

pk(x)Dαk
x 1τ1(x)

−2c1(x)τ1(x)−2d1(x). (2.3)
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Precisely also, from the solution

u(x,y)=
τ1(x+y)+τ1(x−y)

2
−

1

2

∫ x−y

x+y
ν1(t)dt

+
1

4

∫ x−y

x+y
dη
∫ η

x+y

n

∑
k=1

rk(η)D
βk

−1ητ2(η)dξ; (2.4)

of the Cauchy problem for the Eq. (1.1) in the domain of ∆2 with conditions

u(x,0)=τ2(x), x∈A2B2; uy(x,0)=ν2(x), x∈A2B2

and on the base of (1.8) we will obtain:

u[θ2(x)]=
τ2(−1)+τ2(x)

2
−

1

2

∫ x

−1
ν2(t)dt+

1

4

n

∑
k=1

∫ x

−1
(1+η)rk(η)D

βk

−1ητ2(η)dη,

1

2
τ′

2(x)−
1

2
ν2(x)+

x+1

4

n

∑
k=1

rk(x)D
βk

−1xτ2(x)= a2(x)ν2(x)+b2(x)τ′
2(x)+c2(x)τ2(x)+d2(x),

(2a2(x)+1)ν2(x)=(1−2b2(x))τ′
2(x)+

x+1

2

n

∑
k=1

rk(x)D
βk

−1xτ2(x)

−2c2(x)τ2(x)−2d2(x). (2.5)

Theorem 2.1. If satisfies conditions

aj(x)+(−1)j
>0, cj(x)≥0,

(

1−2bj(x)

2aj(x)+(−1)j

)′

≥0, (j=1, 2), (2.6)

pk(q)≤0, rk(q)≥0,

(

(1−x)pk(x)

2a1(x)−1

)′

≤0,

(

(1+x)rk(x)

2a2(x)+1

)′

≥0, (k=1, 2, ...,n), (2.7)

then, the solution u(x,y) of the Problem I is unique.

Proof. Known, that as, a function u(x,y) is a solution of the Eq. (1.1) in the domain of Ω0,

hence an identity:

0≡
∫∫

ω0

u(uxx+uyy)dxdy=
∫ −q

−1
uuydx+

∫ 1

q
uuydx−

∫∫

Ω0

(

u2
x+u2

x

)

dxdy

i.e.
∫ −q

−1
τ2(x)ν2(x)dx+

∫ 1

q
τ1(x)ν1(x)dx−

∫∫

Ω0

(u2
x+u2

y)dxdy≡0 (2.8)

is valid. Further, by virtue (2.3) and (2.5) from (2.8) at dj(x)≡0 we obtain:

∫ 1

q

(1−2b1(x))τ′
1(x)τ1(x)

2a1(x)−1
dx+

∫ −q

−1

(1−2b2(x))τ′
2(x)τ2(x)

2a2(x)+1
dx
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−
n

∑
k=1

1

2Γ(−αk)

[

∫ 1

q

(1−x)pk(x)

2a1(x)−1
dx
∫ 1

x

τ1(x)τ1(t)

(t−x)1+αk
dt−

∫ −q

−1

(1+x)rk(x)

2a2(x)+1
dx
∫ x

−1

τ2(x)τ2(t)

(x−t)1+αk
dt

]

−2
∫ 1

q

c1(x)τ2
1 (x)

2a1(x)−1
dx−2

∫ −q

−1

c2(x)τ2
2 (x)

2a2(x)+1
dx−

∫∫

Ω0

(u2
x+u2

y)dxdy≡0. (2.9)

On a base to the formula [10]:

|x−t|−γ=
1

Γ(γ)cos πγ
2

∫ ∞

0
zγ−1cos[z(x−t)]dz, 0<γ<1, (2.10)

and

−
n

∑
k=1

sin(παk)

2πcos
(

π(1+αk)
/

2
)

∫ 1

q

(1−x)pk(x)τ1(x)

2a1(x)−1
dx
∫ 1

x
τ1(t)dt

∫ ∞

0
zαk cos[z(t−x)]dz

+
n

∑
k=1

sin(πβk)

2πcos
(

π(1+βk)
/

2
)

∫ −q

−1

(1+x)rk(x)τ2(x)

2a2(x)+1
dx
∫ x

−1
τ2(t)dt

∫ ∞

0
zβk cos[z(x−t)]dz

=
n

∑
k=1

cos
(παk

2

)

π

∫ 1

q

(1−x)pk(x)τ1(x)

2a1(x)−1
dx
∫ 1

x
τ1(t)dt

∫ ∞

0
zαk(cosztcoxzx+sinztsinzx)dz

−
n

∑
k=1

cos
(

πβk

2

)

π

∫ −q

−1

(1+x)rk(x)τ2(x)

2a2(x)+1
dx
∫ x

−1
τ2(t)dt

∫ ∞

0
zβk(cosztcoxzx+sinztsinzx)dz

=
n

∑
k=1

cos
(παk

2

)

2π

∫ ∞

0
zαk dz

∫ 1

q

(x−1)pk(x)

2a1(x)−1
d

[

(

∫ 1

x
τ1(t)cosztdt

)2

+

(

∫ 1

x
τ1(t)sinztdt

)2
]

−
n

∑
k=1

cos
(

πβk

2

)

2π

∫ ∞

0
zβk dz

∫ −q

−1

(1+x)rk(x)

2a2(x)+1
d

[

(

∫ x

−1
τ2(t)cosztdt

)2

+

(

∫ x

−1
τ2(t)sinztdt

)2
]

.

Integrating integrals on x by parts, obtain

n

∑
k=1

(1−q)pk(q)cos
(παk

2

)

2π(2a1(q)−1)

∫ ∞

0
zαk

[

(

∫ 1

q
τ1(t)cosztdt

)2

+

(

∫ 1

q
τ1(t)sinztdt

)2
]

dz

+
n

∑
k=1

cos
(παk

2

)

2π

∫ ∞

0
zαk dz

∫ 1

q
A′

k(x)

[

(

∫ 1

x
τ1(t)cosztdt

)2

+

(

∫ 1

x
τ1(t)sinztdt

)2
]

dx

−
n

∑
k=1

(1−q)rk(−q)cos
(

πβk

2

)

2π(2a2(−q)+1)

∫ ∞

0
zβk

[

(

∫ −q

−1
τ2(t)cosztdt

)2

+

(

∫ −q

−1
τ2(t)sinztdt

)2
]

dz

−
n

∑
k=1

cos
(

πβk

2

)

2π

∫ ∞

0
zβk dz

∫ −q

−1
B′

k(x)

[

(

∫ x

−1
τ2(t)cosztdt

)2

+

(

∫ x

−1
τ2(t)sinztdt

)2
]

dx.

(2.11)
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where Ak(x)= (1−x)pk(x)
2a1(x)−1

, Bk(x)= (1+x)rk(x)
2a2(x)+1

. Further, considering

∫ 1

q

(1−2b1(x))τ′
1(x)τ1(x)

2a1(x)−1
dx+

∫ −q

−1

(1−2b2(x))τ′
2(x)τ2(x)

2a2(x)+1
dx

=
(1−2b1(1))τ2

1 (1)

2(2a1(1)−1)
−
(1−2b1(q))τ2

1 (q)

2(2a1(q)−1)
−

1

2

∫ 1

q

(

1−2b1(x)

2a1(x)−1

)′

τ2
1 (x)dx

+
(1−2b2(−q))τ2

2 (−q)

2(2a2(−q)+1)
−
(1−2b2(−1))τ2

2 (−1)

2(2a2(−1)+1)
−

1

2

∫ −q

−1

(

1−2b2(x)

2a2(x)+1

)′

τ2
2 (x)dx,

and by virtue (2.11) from (2.10) at ϕj(x,y)≡0(j=1,2) we will have:

∫ 1

q

(

1−2b1(x)

2a1(x)−1

)′

τ2
1 (x)dx+

∫ −q

−1

(

1−2b2(x)

2a2(x)+1

)′

τ2
2 (x)dx+

∫ 1

q

4c1(x)τ2
1 (x)

2a1(x)−1
dx

+
∫ −q

−1

4c2(x)τ2
2 (x)

2a2(x)+1
dx

−
n

∑
k=1

(1−q)pk(q)cos
(παk

2

)

π(2a1(q)−1)

∫ ∞

0
zαk

[

(

∫ 1

q
τ1(t)cosztdt

)2

+

(

∫ 1

q
τ1(t)sinztdt

)2
]

dz

−
n

∑
k=1

cos
(παk

2

)

π

∫ ∞

0
zαk dz

∫ 1

q
A′

k(x)

[

(

∫ 1

x
τ1(t)cosztdt

)2

+

(

∫ 1

x
τ1(t)sinztdt

)2
]

dx

+
n

∑
k=1

(1−q)rk(−q)cos
(

πβk

2

)

π(2a2(−q)+1)

∫ ∞

0
zβk

[

(

∫ −q

−1
τ2(t)cosztdt

)2

+

(

∫ −q

−1
τ2(t)sinztdt

)2
]

dz

+
n

∑
k=1

cos
(

πβk

2

)

π

∫ ∞

0
zβk dz

∫ −q

−1
B′

k(x)

[

(

∫ x

−1
τ2(t)cosztdt

)2

+

(

∫ x

−1
τ2(t)sinztdt

)2
]

dx

+2
∫∫

Ω0

(u2
x+u2

y)dxdy. (2.12)

Thus, taking (2.6) and (2.7) into account from (2.12) we can conclude, that τ1(x)≡τ2(x)≡0

andux(x,y)≡uy(x,y)≡0 i.e. u(x,y)≡const. Hence, based on u(x,y)∈C
(

Ω0

)

and boundary

conditions (4j) at ϕj(x,y)≡ 0(j = 1,2) we will get u(x,y)≡ 0 in Ω0 [12]. Further, on the

bases of functional relations (2.3) and (2.5), taking into account τ1(x)≡ τ2(x)≡0 we will

haveν1(x)≡ ν2(x)≡0, hence, the solution of the Cauchy problem for the Eq. (1.1) in the

domains ∆j, identically equally to zero, i.e. u(x,y)≡ 0 in the domains ∆j, as owing to

uniqueness of solution of the Goursat problem, we will get that u(x,y)≡0 in the domains

Dj (j=1,2,3). Thus, we have received, that u(x,y)≡0 on the domain Ω see [6–8].
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3 The existence of solution of the Problem I

Theorem 3.1. If satisfies conditions (2.6), (2.7) and

ϕj(x,y)=(xy)γ ϕj(x,y); ϕj(x,y)∈C
(

σj

)

, 2<γ<3, (3.1)

gj(x)∈C
(

I2+j

)

∩C2
(

I2+j

)

, aj(x),bj(x),cj(x),dj(x)∈C
(

Ij

)

∩C2
(

Ij

)

; (3.2)

pk(x)∈C
(

A1B1

)

∩C2(A1B1), qk(x)∈C
(

A2B2

)

∩C2(A2B2), (k=1, n), (3.3)

are fulfilled then the solution of the investigating problem is exist.

Proof. Considering (1.3) from (2.3), (2.5) and (2.6) we will respectively get:

(2a1(x)−1)ν1(x)=(1−2b1(x))τ′
1(x)+2c1(x)

∫ 1

x
τ′

1(t)dt−2c1(x)τ1(1)

−
1−x

2

n

∑
k=1

pk(x)

Γ(1−αk)

[

(1−x)−αk τ1(1)−
∫ 1

x
(t−x)−αk τ′

1(t)dt

]

−2d1(x).

(2a2(x)+1)ν2(x)=(1−2b2(x))τ′
2(x)−2c2(x)

∫ x

−1
τ′

2(t)dt−2c2(x)τ2(−1)

+
x+1

2

n

∑
k=1

rk(x)

Γ(1−βk)

[

(x+1)−βk τ2(−1)+
∫ x

−1
(x−t)−βk τ′

2(t)dt

]

−2d2(x).

Hence, on a base u(x,y)∈C(Ω) i.e. τ1(1)= ϕ1(1,0), τ2(−1)= ϕ1(−1,0) we will receive

(1−2b1(x))τ′
1(x)+

∫ 1

x

[

1−x

2

n

∑
k=1

pk(x)(t−x)−αk

Γ(1−αk)
+2c1(x)

]

τ′
1(t)dt

=(2a1(x)−1)ν1(x)+ f21(x), (3.4)

(1−2b2(x))τ′
2(x)+

∫ x

−1

[

x+1

2

n

∑
k=1

rk(x)(x−t)−βk

Γ(1−βk)
−2c2(x)

]

τ′
2(t)dt

=(2a2(x)+1)ν2(x)+ f22(x), (3.5)

where

f21(x)=
1

2

n

∑
k=1

pk(x)

Γ(1−αk)
(1−x)1−αk ϕ1(1,0)+2c1(x)ϕ1(1,0)+2d1(x),

f22(x)=2d2(x)−
1

2

n

∑
k=1

(x+1)1−βkrk(x)ϕ1(−1,0)

Γ(1−βk)
−2c2(x)ϕ1(−1,0).

Now we should consider two cases : bj(x) 6= 1
2 and bj(x)≡ 1

2 Let’s bj(x) 6= 1
2 , then from (3.4)

and (3.5), we will accordingly get

τ′
1(x)+

∫ 1

x
K11(x,t)τ′

1(t)dt= f̃21(x), (3.6)
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τ′
2(x)+

∫ x

−1
K12(x,t)τ′

2(t)dt= f̃22(x), (3.7)

where

K11(x,t)=
1

1−2b1(x)

[

1−x

2

n

∑
k=1

pk(x)(t−x)−αk

Γ(1−αk)
+2c1(x)

]

, q≤ x≤ t≤1;

K12(x,t)=
1

1−2b2(x)

[

1+x

2

n

∑
k=1

rk(x)(x−t)−βk

Γ(1−βk)
−2c2(x)

]

, −1≤ t≤ x≤−q;

f̃2j(x)=
1

1−2bj(x)

[

(2aj(x)+(−1)j)νj(x)+ f2j(x)
]

,

at that, by virtue (3.2), (3.3) and owing to class of the function uy(x,0)=νj(x), x∈AjBj we

will obtain

∣

∣K1j(x,t)
∣

∣≤const,
∣

∣ f̃2j(x)
∣

∣≤
(

x+(−1)j
q
)−ε

·const, 0< ε<1, j=1,2. (3.8)

Notice, that the integral equations (3.6) and (3.7) are Volterra integral equations of second

kind. Solving these equations by the method of consecutive approach it is found:

τ′
1(x)=

2a1(x)−1

1−2b1(x)
ν1(x)+

∫ 1

x

2a1(t)−1

1−2b1(t)
ℜ11(x,t)ν1(t)dt+F1(x), (3.9)

τ′
2(x)=

2a2(x)+1

1−2b2(x)
ν2(x)+

∫ x

−1

2a2(t)+1

1−2b2(t)
ℜ12(x,t)ν2(t)dt+F2(x), (3.10)

where ℜ1j(x,t) are resolvents of the kernels K1j(x,t) and

Fj(x)=
f2j(x)

1−2bj(x)
−(j−1)

∫ x

−1

f22(x)

1−2b2(x)
·ℜ12(x,t)dt

+(j−2)
∫ 1

x

f21(x)

1−2b1(x)
·ℜ11(x,t)dt, (3.11)

besides, on a base (3.8) we have
∣

∣ℜ1j(x,t)
∣

∣≤ const, hence, from (3.11) take into account

(3.2) and (3.3) we will receive

∣

∣Fj(x)
∣

∣≤const, (j=1,2). (3.12)

Further, note that a solution of the problem N for the Eq. (1.1) in the domain of Ω0

with boundary conditions (1.5) and uy(x,+0) = ν+1 (x), (x,0) ∈ A1B1, uy(x,+0) = ν+2 (x),
(x,0)∈A2B2 is unique and represented on the form [7, 8]:

u(x,y)=
∫

σ1

ϕ1(ξ,η)
∂

∂n
G(ξ,η;x,y)dS−

∫

σ2

ϕ2(ξ,η)
∂

∂n
G(ξ,η;x,y)dS
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−
∫ 1

q
ν+1 (t)G(t,0;x,y)dt+

∫ −q

−1
ν+2 (t)G(t,0;x,y)dt, (3.13)

where G(ξ,η;x,y) is GreenŁ function of the problem N for the equation uxx+uyy = 0 in

the domain Ω0 and it is represented as [7, 8]:

G(ξ,η;x,y)=
1

2π
ln

∣

∣

∣

∣

∣

∣

θ1

(

lnv+lnµ
2πir

)

θ1

(

lnv+lnµ
2πir

)

θ1

(

lnv−lnµ
2πir

)

θ1

(

lnv−lnµ
2πir

)

∣

∣

∣

∣

∣

∣

, (3.14)

where v=ξ+iη, v=ξ−iη, µ=x+iy, µ=x−iy, r= 1
πi lnq, i2=−1, θ1(ξ)=θ1

(

ξ
∣

∣− 1
r

)

is Theta

function. From (3.13) at y=0, we will get a functional relation between τ+
1 (x) andν+1 (x)

(

τ+
2 (x) and ν+2 (x)

)

on the piece A1B1 (A2B2) respectively, getting from the domain :

τ+
1 (x)=

∫

σ1

ϕ1(ξ,η)
∂

∂n
G(ξ,η;x,0)dS−

∫

σ2

ϕ2(ξ,η)
∂

∂n
G(ξ,η;x,0)dS

−
∫ 1

q
ν+1 (t)G(t,0;x,0)dt+

∫ −q

−1
ν+2 (t)G(t,0;x,0)dt, (3.15)

τ+
2 (x)=

∫

σ1

ϕ1(ξ,η)
∂

∂n
G(ξ,η;x,0)dS−

∫

σ2

ϕ2(ξ,η)
∂

∂n
G(ξ,η;x,0)dS

−
∫ 1

q
ν+1 (t)G(t,0;x,0)dt+

∫ −q

−1
ν+2 (t)G(t,0;x,0)dt. (3.16)

Differentiating equalities (3.15) and (3.16) by x, obtain

τ
′+
j (x)=

∫ −q

−1
ν+2 (t)

∂G(t,0;x,0)

∂x
dt−

∫ 1

q
ν+1 (t)

∂G(t,0;x,0)

∂x
dt+ F̃j(x), (3.17)

where

F̃j(x)=
∫

σ1

ϕ1(ξ,η)
∂

∂x

[

∂

∂n
G(ξ,η;x,0)

]

dS−
∫

σ2

ϕ2(ξ,η)
∂

∂x

[

∂

∂n
G(ξ,η;x,0)

]

dS

Having excluded τ′
j (t), (j = 1,2) from the relations (3.9), (3.10) and (3.17) we will get a

system of integral equations:























































2a1(x)−1

1−2b1(x)
·ν1(x)+

∫ 1

x

2a1(t)−1

1−2b1(t)
ℜ11(x,t)ν1(t)dt+

1

π

∫ 1

q
ν1(t)K̃2(x,t)dt

=
1

π

∫ −q

−1
ν2(t)K̃2(x,t)dt+ F̃1(x)−F1(x),

2a2(x)+1

1−2b2(x)
ν2(x)+

∫ x

−1

2a2(t)+1

1−2b2(t)
ℜ12(x,t)ν2(t)dt−

1

π

∫ −q

−1
ν2(t)K̃2(x,t)dt

=−
1

π

∫ 1

q
ν1(t)K̃2(x,t)dt+ F̃2(x)−F2(x)

(3.18)
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where

K̃2(x,t)=
2ln|t|

xlnq
+

1

π

[

1

t−x
−

t

1−tx
+

∞

∑
n=1

(

q2n

t−q2nx
−

q2nt

1−q2ntx
−

q−2nt

1−q−2ntx
+

q−2n

t−q2nx

)

]

.

Considering (2.6) the system (3.18) we will rewrite on the form:



















ν1(x)+
∫ 1

q
K21(x,t)ν1(t)dt=

1−2b1(x)

π(2a1(x)−1)
·
∫ −q

−1
ν2(t)K̃2(x,t)dt+F∗

1 (x),

ν2(x)+
∫ −q

−1
K22(x,t)ν2(t)dt=−

1−2b2(x)

π(2a2(x)+1)

∫ 1

q
ν1(t)K̃2(x,t)dt+F∗

2 (x),

where

K21(x,t)=















2a1(t)−1

1−2b1(t)
·
1−2b1(x)

2a1(x)−1
·ℜ11(x,t)+

1−2b1(x)

2a1(x)−1
·K̃2(x,t), x≤ t≤1,

1−2b1(x)

2a1(x)−1
·K̃2(x,t), 0≤ t≤ x,

F∗
1 (x)=

1−2b1(x)

2a1(x)−1
·
(

F̃1(x)−F1(x)
)

, F∗
2 (x)=

1−2b1(x)

2a1(x)+1
·
(

F̃2(x)−F2(x)
)

. (3.19)

Notice that the functions F̃j(x) was investigated in the research works [7, 8] and for

this functions takes place
∣

∣F̃j(x)
∣

∣≤ const(x+(−1)jq)γ−3 (2< γ < 3). Hence, taking into

account (2.7), (3.1)-(3.3) and (3.12) from (3.19), we will conclude that F∗
1 (x) ∈ C2(q,1)

(

F∗
2 (x)∈C2(−1,−q)

)

and F∗
j (x) can tend to infinity an order of less one atx→ (−1)j−1q,

and at x→ (−1)j−1 (j=1, 2) it is limited.

Thus, the system of integral equation (3.18) reduce to the Fredholm integral equations

of the second kind, by the known method of the Karleman-Vekua [13], just as in works [7,

8]. Note, that the unique solvability of the Fredholm integral equations of the second kind

follows from the uniqueness of solution of the Problem I and from the theory integral

equations. Solving the system of integral equations (3.18), we will found ν1(x) and ν2(x)
[7], further owing to account (3.9), (3.10) and τ1(q) = ϕ2(q,0), τ2(−q) = ϕ2(−q,0) from

(3.15) and (3.16) we will find τj(x), (j=1,2).
Hence, after founding τ1(x) and ν1(x), τ2(x) and ν2(x), the solution of the Problem I

can be restored in the domain Ω0 as the solution of the Problem N (3.13), and in domains

∆j (j = 1,2) as the solution of the Cauchy problem. The solution of the Problem I in

domains of Dj (j=1,2), we can restore as a solution of the Goursat problem with conditions

(1.6) and, where hj(x) (j=1,2) are traces of solution of the Cauchy problems in domains ∆j

(j= 1,2), on the line y−(−1)jx= q, and reciprocally in domain D3 as the solution of the

Goursat problem with conditions (j=1,2) where h̃j(t) (j=1,2) are traces of solution of the

Goursat problems in domains Dj (j=1,2).

The theorem is proved on the case of bj(x) 6= 1
2 .



46 O. Kh Abdullayev/ J. Partial Diff. Eq., 29 (2016), pp. 36-47

Let’s bj(x)= 1
2 , then from (2.3) and (2.5,) we will accordingly get

2c1(x)τ1(x)+
1−x

2

∫ 1

x

n

∑
k=1

pk(x)

Γ(−αk)
(t−x)−αk−1τ1(t)dt=(1−2a1(x))ν1(x)−2d1(x), (3.20)

2c2(x)τ2(x)−
1+x

2

∫ x

−1

n

∑
k=1

rk(x)

Γ(−βk)
(x−t)−βk−1

τ2(t)dt=−(1+2a2(x))ν2(x)−2d2(x).

(3.21)

Note that the integral equations (3.20) and (3.21) at cj(x) 6= 0 are Volterra integral equa-

tions of second kind.

Solving these equations by the method of consecutive approach it is found:

τ1(x)=
1−2a1(x)

2c1(x)
·ν1(x)+

∫ 1

x

1−2a1(t)

2c1(t)
ℜ̃11(x,t)ν1(t)dt+M1(x), (3.22)

τ2(x)=−
2a2(x)+1

2c2(x)
ν2(x)−

∫ x

−1

2a2(t)+1

2c2(t)
ℜ̃12(x,t)ν2(t)dt+M2(x), (3.23)

where ℜ̃1j(x,t) are resolvents of kernel K̃1j(x,t) of the integral equations (3.20) and (3.21),

where

K̃11(x,t)=
1−x

4c1(x)

n

∑
k=1

pk(x)(t−x)−αk−1

Γ(−αk)
, q≤ x≤ t≤1,

K̃12(x,t)=−
1+x

4c2(x)

n

∑
k=1

rk(x)(x−t)−βk−1

Γ(−βk)
, −1≤ t≤ x≤−q

M1(x)=−
∫ 1

x

d1(t)

c1(t)
ℜ̃11(x,t)dt−

d1(x)

c1(x)
, M2(x)=−

∫ x

−1

d2(t)

c2(t)
ℜ̃12(x,t)dt−

d2(x)

c2(x)
,

besides,
∣

∣K̃1j(x,t)
∣

∣≤|x−t|−εconst, 0< ε<1;
∣

∣Mj(x)
∣

∣≤const,(j=1,2).

Further, this problem can be investigated similarly for the case of bj(x) 6= 1
2 .

Now we will assume, that cj(x) = 0 then the integral equations (3.20) and (3.21) are

Volterra integral equations of the first kind. Known that such equations can be solved

leading them to the Volterra integral equations of the second kind. As a final result in

this case we can formulate the following Lemma:

Lemma 3.1. If satisfies conditions (2.7), (3.1)-(3.3) and

2aj(1)+(−1)j
>0, dj

(

−(−1)j
)

=0, cj(x)≡0, 1−2bj(x)≡0, (j=1, 2),

then the solution of the investigating problem is exist.
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