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Abstract. In this work an existence and uniqueness of solution of the non-local bound-
ary value problem for the loaded elliptic-hyperbolic type equation with integral-differ-
ential operations in double-connected domain have been investigated. The uniqueness
of solution is proved by the method of integral energy using an extremum principle
for the mixed type equations, and the existence is proved by the method of integral
equations.
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1 Introduction and formulation of a problem

We note that with intensive research on problem of optimal control of the agroeconomical
system, regulating the label of ground waters and soil moisture, it has become necessary
to investigate a new class of equations called “LOADED EQUATIONS”. For the first
time it was given the most general definition of a Loaded equations and various Loaded
equations are classified in detail by A.M.Nakhushev [1]. After this work very interesting
results on the theory of boundary value problems for the loaded equations of parabolic,
parabolic-hyperbolic and elliptic-hyperbolic types were published, for example, see [2—4]
and [5]. In this direction, we studied some local and non-local problems for the loaded
second and third order elliptic-hyperbolic type equations in double-connected domains
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(see [6-9]). Notice that non-local problems for the loaded integral-differential elliptic-
hyperbolic type equations in double-connected domains have not been investigated. In
the given paper, for the equation:

1 _ n
uxx—l—sgnyuyy—l—ﬁ Y Ri(x,0)=0 (1.1)
k=1

with operators [10]:

_ D%y (841 &1 atg<x<1,
(155 | MO B

(1.2)
(1) 1y T'T)f at —1<x<—q,
L 1 x —1—ay
D% (x):m/a (x—t) U F(Ddt,  —1<a <0, (1.3)
foéf(X)Zr(j“k) /:(t—x)‘l‘ﬁkf(t)dt, —1< B <0, (1.4)

we will investigate the uniqueness and the existence of solution of the non-local problem.
Let’s, (), be double connected domain, bounded with two lines:

o Py =1 o P4y =47,y >0,
and characteristics:
AiCrix+(=1)y=(-1)*Y; BiCy:x+(-1)y=(-1)/*!.q; (0<g<1), (j=1,2)

of the Eq. (1.1) at y <0, where x+y=¢, x—y=1; A1(1,0), A,(—=1,0), B;(4;0), B,(—¢;0),

C,(0;-1), C,(0;—9)- N
— Xl

Introduce designations: 6y (x) =2 +i- 351 0, (x) =371 —i- 2L (i2=—1);

-~

Qy=0n(y>0), AM=0N(x+y>q)N(y<0), M =QN(y—x>q)N(y<0);
Di=0N(—g<x+y<q)N(x>0), D, =0N(—g<y—x<q)N(x<0);
Dgzﬂﬂ(—1<x+y<—q)ﬂ(—1<y—x<—q), Do=0yUA{UA;
12+]:{x:0< (—1)f*1x<q}, = {x:% < (—1)f1x<1}, (j=1,2).

In the domain () the following problem is investigated.
Problem I. To find a function u(x,y) satisfies the following properties:
1) u(x,y) €C(Q);

2) u(x,y) is a regular solution of the Eq. (1.1) in the domain of Q\ (y—x==+49)\ (x+y=
+q), besides, u, € C(A1B1UA,B,) and u,(x,0) can tend to infinity an order of less unit at
x — £g, and finite at x — £1;
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3) on the line of changing type satisfy gluing condition:

uy(x,—0) =uy(x,+0), (x,0) € A1B1UA,B,;

4) u(x,y) satisfies boundary conditions:

=i(x,y),  (xy)€T; (1.5)

u(xy)|,
u(x /]/) BiC _gj(x)/ XEE,’ (1.6)

L (10) =1 ()1 (5.0) by (Ve (,0) a1 (Du(x0) 4 (x),  x€@D); (A7)
%u(f)z(x)):az(x)uy(x,O)—l-bz(x)ux(x,O)+cz(x)u(x,0)-|-d2(x), xe(—1,—q); (1.8)

where ¢;(x,y), gj(x), a;(x), bj(x), cj(x), are given functions, such that: ¢1(0) = g2(0),
82(—=q)=92(=4,0), 81(9) = 92(4,0), (j=1,2).

2 The uniqueness of solution of the Problem I

Known that the Eq. (1.1) at ¥y <0 on the characteristics coordinate { =x+y and 1 =x—y
has a form:

1 n
Ugy = Zk;Rk(g,o). (2.1)

Notice, that solution the Cauchy problem for the Eq. (1.1) in the domain of A; with
conditions u(x,0) =11 (x), x € A;B;y and u,(x,0) =v;(x), x € A By, with the account Rie-
mannk function R(§,7;8o,70) =1 of the Eq. (2.1), looks like:

u(x’y):n(ery)sz(x—y)_% xi—yy v ()b / dg/ Zpk fdn 2.2)

From here, considering
1 nool
ulor(0)= 2D L a1y [ 0-0p(@DE @)
X k=1 X

and by virtue (1.7) we will get:

7L+ 300+ 50 L D) = (9 (x) b () 4 ()7 ()44 0
(201 (x) =1 (x) = (1-2b1 (x)) T —1—xir’k DiTi(x)

2 k=1
—2C1( ) ) 2d1(x (23)
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Precisely also, from the solution

n(xty)+nlx—y) 1 [V

u(x,y)= 5 "3 )y vy (£)dt
1 [xy U 8
+ - d T D" 1 (n)dé; 2.4
1)y, ), D2y de (24)

of the Cauchy problem for the Eq. (1.1) in the domain of A, with conditions
u(x,0)=1(x), x€AyBy; uy(x,0)=12(x), x€A2B;

and on the base of (1.8) we will obtain:

uloa)] = 2R [ nare 11 [ @m0, monay
3700 =300+ L (DR m () =2 (9020 () () (x) (),
(202 (x)+ 1)1 (x) = (1~ 202 (x)) "“Zrk D, (x)
() 2. @5)
Theorem 2.1. If satisfies conditions
aj(x)+(=1)>0, ¢j(x)>0, (ﬁ%)/za (j=1,2), (2.6)

pe(q) <0, 7(9) >0, <%) <0, (%) >0, (k=1,2,..,n), (2.7)

then, the solution u(x,y) of the Problem I is unique.

Proof. Known, that as, a function u(x,y) is a solution of the Eq. (1.1) in the domain of Q),
hence an identity:

OE//u(uxx-i—uyy)dxdy:/ uuydx-i-/ uuydx—//(ui-l—ui)dxdy
wo QO

/_1‘772(x)v2(x)dx+/qln(x)vl(x)dx—([/(ui-l—uj)dxdyzo (2.8)

ie.

is valid. Further, by virtue (2.3) and (2.5) from (2.8) at d;(x) =0 we obtain:

X

1(1—2b1( ))T1 T1 1 2b2 (X)Tz(x)
J 21 (%) — La+ +f zuz )+1 d
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T(1—x pk 7 ( (1+x) rk T, (x)T(t)
e e [ e [ B
¥ (t— 1 2ax(x 1(x—t) %
(x

1c1 ) 9co(x)T2(x)
q 2u1 1d —2/1 T G //u—l—u )dxdy =0. 2.9)

On a base to the formula [10]:

1

x—t = s
I'(7)cosE

/ 27 lcos[z(x—1t)]dz, 0<y<]1, (2.10)
0

and

sin (7ray) / (1—x)px(x )1( )dx/l (t)dt/oooz"‘kcos[z(t—x)]dz

_éZTICOS(n(l-i—ak )/2) 201 (x)

+,é2ncossz?r(71rik/§k /2)/ (1+2?2r(k()}rl( )dx/l (t)dt/ooozﬁkcos[z(x—t)]dz
- kizl COs(;;"k) /q (1 29;)1rzk() LSICIN /x ()t / (cosstcorsy-+ sinstsinzy)d:

) kzl(:ﬁ) [T 4 [ ayar [ cosstonznsintsin)de

:]:21 (%) / 2%dz / ;Call pi(x [(/xlrl(t)cosztdt>2+ (/xlrl(t)sinztdt>2]
/szﬁkdz/qwcl (/xlrz(t)cosztdt>2+ (/xlrz(t)sinztdt> 2] .

1 2ax(x)+1

Integrating integrals on x by parts, obtain

Tt

1:211 a 21 szal()qc)os(l)z )/Ooozvck [(/1 Cosztdt> </qlrl smztdt> ]dz
/ ”‘kdz/ A'r( [ cosztdt) </171 smztdt> ]dx

X (L=
i Sl qCOS [ Tz cosztdt>2—l—< K z(t)sinztdt>2]dz

7'[06
Cco k

_|_

k=1
=1 27‘( 2a2( -1

- i A E) (Tﬁ) /o zﬁkdz

2 2
T2 cosztdt) —|—< z(t)sinztdt) ]dx.
= 27 —1

(2.11)
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(0 Fyrther, considering

where Ak(x)zw By(x) 2a,(x)+1

2a1(x)—1 *

[N, 02T,
: ( .

2a1(x)—1 2a5(x)+1
(=26 (1) F()  (1-261(9)) 7)1 [T (1-2bi(x)Y
B (zé() 11) - 2(2a1(q) i) 2, (m) 7(x)dx
(1-2b(=9))B(—q) (1=2b(-1))F(=1) 1 [~7/1=2by(x)\’
i 2(222( q)+1) 2(2;2(—1)+21) 2/ <m> % (x)dx,

and by virtue (2.11) from (2.10) at ¢;(x,y) =0(j=1,2) we will have:

[ Ga) s [ (i ) sooacs [ 50550

94co (x) T2 (x)
+/4 2u2(x)2—i—1 dx

Xn: a 72 25?)508 Mk [(/qlrl cosztdt) </qlrl smztdt ]dz

/;qrz(t)cosztdt)z—i- (/;qrz(t)sinztdt> 2] dz
/_x1 TZ(t)COStht)Z—i- (/_xl Tz(t)sinztdt> 2] dx

+2// u? +u )dxdy. (2.12)

Thus, taking (2.6) and (2.7) into account from (2.12) we can conclude, that 77 (x) =12 (x)=0
anduy (x,y)=u,(x,y)=01.e. u(x,y)=const. Hence, based on u(x,y)€C () and boundary
conditions (4;) at ¢;(x,y) =0(j =1,2) we will get u(x,y) =0 in Qg [12]. Further, on the
bases of functional relations (2.3) and (2.5), taking into account 73 (x) = (x) =0 we will
havev; (x) =v2(x) =0, hence, the solution of the Cauchy problem for the Eq. (1.1) in the
domains A;, identically equally to zero, i.e. u(x,y) =0 in the domains A;, as owing to
uniqueness of solution of the Goursat problem, we will get that u(x,) =0 in the domains
D;(j=1,2,3). Thus, we have received, that u(x,)y) =0 on the domain Q) see [6-8]. O
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3 The existence of solution of the Problem I
Theorem 3.1. If satisfies conditions (2.6), (2.7) and

9i(xy) =) (xy); Py eC(@), 2<y<3, (3.1)
gj(x) €C(Lyj)NC* (by), aj(x),bj(x),ci(x),dj(x) € C(T;)NC*(L;); (3.2)
pr(x) €C(A1B1)NC*(A1B1),  qi(x) €C(AzB2)NC*(A2Ba), (k=1,n),  (3.3)

are fulfilled then the solution of the investigating problem is exist.

Proof. Considering (1.3) from (2.3), (2.5) and (2.6) we will respectively get:
1
(2a1(x)—1)1/1(x):(1—2b1(x))r’(x)+2c1(x)/x 1 (#)dt —2¢1 (x) 71 (1)
n 1
12xzr(k o [1 x)_“krl(l)—/x (t—x) "'y (¢ )dt} —2dq(x).

k=1

(2az(x)+1)va(x) = (1—2by(x))1h(x ) 2c5(x )/xlr’z(t)dt—2cz(x)rz(—1)
x—i—l L
oy

k=

r1 ,Bk [x-l—l) Py (— +/ x—t) Prery(t )dt] —2d,(x).

1
Hence, on a base u(x,y) € C(Q) i.e. 71(1) = ¢1(1,0), 2(—1) = ¢1(—1,0) we will receive

(1—2171(x))ﬂcl’(x)—l—/x1 1;xipk(;f2¥_x)_ k—|—2c1(x) 'y (t)dt

= (201 (x) = 1a () + fu (x), ’ 4
(1-262(x)) )+ | x“é“ zg" 'Bt))_ﬁk—Zcz(x) Ta(t)dt
=(2a2(x) +1)v2(x) + fa2(x), (3.5)
where
i (x :%2 S (10 T (104260 (2)r(10) 1260 (),
f22(x) =2dp(x —%i (1)’ If?lrk_()’;ig)ol(_l’o)—2cz(x)(P1(—1,0).

Now we should consider two cases : b;(x) # 1 and bi(x) =11Let’s bj(x)# 1, then from (3.4)
and (3.5), we will accordingly get

Tll(x)'i‘/lel] (x,t)T/l(t)dt :f21 (x), (36)
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0+ [ lelz(x,t)T’z(t)dt: (), (37)
where
Ku(xb) 1—221(x) llgx,;pk(gzit__;;_ e )] g<x<t<l
x & (x) (x—1t) P
K12<X,t) 1—222(){) 1—12_ k;l k(rzg—ﬁtk)) —2C2<X)], —1<t<x<—q,
o) = Ty |20+ (1) i )+ ()]

at that, by virtue (3.2), (3.3) and owing to class of the function u,(x,0) =v;(x), x€ A;B; we
will obtain

|Kqj(x,t)| < const, |Jf2j(x)|§<x—|-(—1)j‘1) g'COHStl 0<e<1, j=12 (3-8)

Notice, that the integral equations (3.6) and (3.7) are Volterra integral equations of second
kind. Solving these equations by the method of consecutive approach it is found:

’ . 2a1 —1 1 2a1 —
() =12 2b1(x) 0+ [ 1 2b O émx Byr () dt+F (x), (39)
ooy 2a(x)+1 ¥ 2a,(t)+1

A(x) =@ [ S R el b, (10

where Jy;(x,t) are resolvents of the kernels Ky;(x,t) and

i(x) :1f2£§:()x) - <]_1)/jl 15222;:8_){) o (x,t)dt

, U fa(x)
+(j—2) g Tbl(x)‘%ll(x’t)dt’ (3.11)

besides, on a base (3.8) we have |§le(x,t)| < const, hence, from (3.11) take into account
(3.2) and (3.3) we will receive

|Fi(x)| <const, (j=1,2). (3.12)

Further, note that a solution of the problem N for the Eq. (1.1) in the domain of ()
with boundary conditions (1.5) and u,(x,+0) =v;" (x), (x,0) € A1By, uy(x,+0) =v5 (x),
(x,0) € A2B; is unique and represented on the form [7, 8]:

u(x,y) / P1 677 G(&m;x,y)dS— / P2 617 G(¢&m;x,y)dS
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—/110G00xy&+/‘v2 (£)G(t,0;x,y)dt, (3.13)
q

where G(,77;x,y) is GreenL function of the problem N for the equation uyy+u,, =0 in
the domain () and it is represented as [7, 8]:

InotInr’) g (‘In?+Ingz
o) |

27tir 27tir

(3.14)

where v=_+in, D=C—in, p=x+iy, f=x—iy, r==Ing,i*=—1,6;(¢)=6; (¢|—1) is Theta
function. From (3.13) at y =0, we will get a functional relation between ;" (x) andv;" (x)
(7, (x) and v, (x)) on the piece A1B; (A2B,) respectively, getting from the domain :

0
9= [ 91(em) 55 GEmx0dS— | galén) 3G (& m0)ds

_/ ()G(tOdet+/ v (£)G(t,0;x,0)dt, (3.15)

0
9= [ 91(em)55GEmx0dS— | galén) 3G m0)ds

_/ ()G(tOdet+/ v ()G (£,0;x,0)dt. (3.16)
q

Differentiating equalities (3.15) and (3.16) by x, obtain

#+@%3K1%()8Gt0x0c1 / WD g1k, 617)

where

d
‘/¢15”ax[ @nmo}dS(/¢zén [nG@wmﬁﬂdS
Having excluded Tj’ (1), (j=1,2) from the relations (3.9), (3.10) and (3.17) we will get a

system of integral equations:

2w+ [ 2 (a1 [ ()Rt

:_/ (1)Ko (x,t)dt +Fy (x) — Fy (%),

%vz(x)—l—/_xl %ﬁlz(x,t)w(t)dt_%/__lqu(t)lzz(x,t)dt

(3.18)

:_l/aﬂo@QﬂMHiﬂ@—BW)
TJq
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where

. 2Injt] 1| 1 t & 21 21 —2nt 2
Ra(at) = “”+—[ 3 (2 7 77t )]

T xlng ' wl|t—x 1—tx —= t—g?x  1—g¥tx  1—q2tx | t—q?'x

Considering (2.6) the system (3.18) we will rewrite on the form:

vl(x)+/qlK21(x,t)v1(t)dt:#;)(i)l),/;qyz(t)IZz(x,t)dt—i—Ff(x),

vz(x)+/_1qK22(x,t)1/2(t)dt:—%ﬁ)?l)/jvl(t)IZz(x,t)dt—i—F;(x),
where
Ka1 (x,£) iu—lg?l_t;éa_jﬁ;(—xi‘%“(X’tH%b;(ﬁ‘KZ(x’t)’ ==l
21\X,t) =
#Kz(x,t), 0<t<x,
F=20 g k), Be=220 (ha k). G19)

T 20 (x)+1

Notice that the functions ?j(x) was investigated in the research works [7, 8] and for
this functions takes place |F;(x)| < const(x+(—1)/q)73 (2 <y <3). Hence, taking into
account (2.7), (3.1)-(3.3) and (3.12) from (3.19), we will conclude that Fj(x) € C?(g,1)
(E5(x)€C?(—1,—q)) and F;(x) can tend to infinity an order of less one atx — (—1)—1g,
and at x — (—1)/71 (j=1,2) it is limited.

Thus, the system of integral equation (3.18) reduce to the Fredholm integral equations
of the second kind, by the known method of the Karleman-Vekua [13], just as in works [7,
8]. Note, that the unique solvability of the Fredholm integral equations of the second kind
follows from the uniqueness of solution of the Problem I and from the theory integral
equations. Solving the system of integral equations (3.18), we will found v (x) and v2(x)
[7], further owing to account (3.9), (3.10) and 71 (g9) = ¢2(4,0), 2(—9) = ¢2(—4,0) from
(3.15) and (3.16) we will find 7;(x), (j=1,2).

Hence, after founding 7y (x) and 11 (x), 72(x) and v, (x), the solution of the Problem I
can be restored in the domain () as the solution of the Problem N (3.13), and in domains
A; (j=1,2) as the solution of the Cauchy problem. The solution of the Problem I in
domains of D; (j=1,2), we can restore as a solution of the Goursat problem with conditions
(1.6) and, where h; (x) (=1,2) are traces of solution of the Cauchy problems in domains A,
(j=1,2), on the line y— (—1)/x =g, and reciprocally in domain D, as the solution of the
Goursat problem with conditions (j=1,2) where Ej(t) (j=1,2) are traces of solution of the
Goursat problems in domains D; (j=1,2).

The theorem is proved on the case of b;(x) # 3
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Let's bj(x) = 1, then from (2.3) and (2.5,) we will accordingly get

21 (x) 11 (x) + 5 /xlér’zk_(iz) (=) (1)t = (1-2a (x) )3 (x) 261 (x), (320)

2ex(rym() -5 [ 1 B () Mt = (1 20a(x)) ) 2 (),
(3.21)

Note that the integral equations (3.20) and (3.21) at c;(x) # 0 are Volterra integral equa-
tions of second kind.
Solving these equations by the method of consecutive approach it is found:

Tl(x):%a(l;)x).m(x)_i_ xl%‘?g)%n(x Hvy (£)di+M;i(x), (3.22)
(x) =—%w<x>— i j%%u(x,tm(wdwzwz(x), (3.23)

where ﬁlj(x,t) are resolvents of kernel Ky;(x,t) of the integral equations (3.20) and (3.21),
where

ap—1
Kllxt 4C1 Epk k)) qugtgl,
o o 14x G (x)(x— )*5’(*1
I<1z(x,if)__4cZ(x)k;1 ‘ T(—B) —1<t<x<—gq

besides, |Ky;(x,t)| < [x—t] i(x)] <const,(j=1,2).

Further, th1s problem can be 1nvest1gated s1m11ar1y for the case of b;(x) # 3

Now we will assume, that c]-(x) =0 then the integral equations (3.20) and (3.21) are
Volterra integral equations of the first kind. Known that such equations can be solved
leading them to the Volterra integral equations of the second kind. As a final result in
this case we can formulate the following Lemma:

Lemma 3.1. If satisfies conditions (2.7), (3.1)-(3.3) and
2a;(1)+(=1)/ >0, d]-(—(—l)j> —0, ci(x)=0, 1-2bj(x)=0, (j=1,2),

then the solution of the investigating problem is exist. n
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