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CONVERGENCE OF A RELAXATION SCHEME FOR A 2x2
TRIANGULAR SYSTEM OF CONSERVATION LAWS

CHRISTIAN AGRELL AND NILS HENRIK RISEBRO

Abstract. We study relaxation approximations to solutions of a 2 X 2 triangular system of
conservation laws. We show that smooth relaxation approximations exist for all time. A finite
difference approximation of the relaxation system gives rise to a relaxation scheme of the Jin and
Xin type. In both cases we show that a sequence of approximate solutions is produced where the
limit is a weak solution of the triangular system. Compensated compactness is used to establish
convergence.
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1. Introduction

The aim of this paper is to prove convergence of two sequences of functions
approximating a weak solution (u,v) of the 2 x 2 hyperbolic system

Ut +f(u)x =0,

rzeR, t>0, (u,v)(z,0) = (up(x),vo(x)), = €R,
v + g(u,v)z =0,

where the flux functions f and g, and the initial data are known. This type of
system arises in models of three-phase flow in porous media, see [9]. Systems of
this kind are called triangular, since the first equation is independent of the second.
An interesting class occurs if f = 0, so that u acts as a coefficient which may be
discontinuous. In recent years, conservation laws with discontinuous coeflicients has
received considerable attention, see e.g. [1, 10] and the references therein. For scalar
conservation laws with a discontinuous coefficient, i.e., f = 0 in (1), [1] outlines
a theory of well-posedness. We emphasise that no such theory exists if f # 0,
and while a corollary of the convergence proved in this paper is the existence of
weak solutions of (1), our methods yield no information regarding uniqueness or
continuous dependence on the initial data for this weak solution.

The first sequence {(u®,v)} for which we prove convergence consists of the
solutions of the weakly coupled strictly hyperbolic relaxation system:

u; +w; =0,
ws + a?us = L (f(uF) - w),
vi + 25 =0,

ZtE + b2’l)i = % (g(usvvs) - ZS) )

reR, t>0,

(2)

with initial condition

(3) (us, we, %, ZE)(xv O) = (u(er w(s)’ US? Z(E))(x) = (u67 f(u(EJ)7 US’ 9(“37 U(E)))('T)a

for € R. We consider the triangular system (1) as an equilibrium for the Cauchy
problem (2) - (3) as first introduced by Liu in [13]. The second sequence for which we

prove convergence is made by applying a finite difference scheme to the relaxation
system (2). The main advantage in construction a numerical scheme in this manner
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is that one does not rely on solving local Riemann problems when approximating

solutions of (1). Moreover, the scheme is explicit leaving it easy to implement.
The relaxation approximation (u®,w®) given by (2) has been shown to converge

strongly to (u, f(u)) where u is the entropy solution of the single conservation law

(4) ug + f(u)y =0, u(z,0) =up(z), x € R, t > 0.

See for instance [15, 16]. In [7] a numerical scheme was constructed based on
the relaxation approximations, and convergence to the entropy solution of (4) was
proved in [2]. In this paper we extend these results to hold for the relaxation
approximations and a relaxation scheme for the complete 2 x 2 system (1). In
particular, we show that a subsequence {(v°", 2°")}, . of solutions of (2) converges

in LY . 1<p< oo, to a weak solution of

(5) Ut"'g(u?U)x =0, ’U(l‘,O) :UO(JC)’

where wu is the entropy solution of (4), and similarly in the numerical case. In
[9] finite volume schemes was used to construct approximate solutions of (1), and
convergence of a subsequence to a weak solution was shown following the compen-
sated compactness approach of [11] where convergence of the Lax-Friedrichs scheme
was established for conservation laws with a discontinuous space-time dependent
flux. Finite volume schemes has also been used to approximate solutions to the
relaxation approximations (2) for a general n x n system, see [3].

If f =0 and u(z) = wo(x) is some BV function, our numerical scheme will
reduce to the relaxation scheme in [8]. In both works [8, 9] convergence to a weak
solution of (1) of some sequences of approximate solutions given by the respective
schemes, was proved under some strong CFL conditions depending on the flux
functions. In order to prove convergence of the relaxation scheme we will also need
to introduce such a strengthened CFL condition. The fact that the approximations
of the entropy solution of (4) is of bounded variation in space uniformly in the
approximation parameters is crucial when proving convergence. A major difficulty
in extending the results to hold for relaxation approximations to solutions of n X n
triangular systems, is that we have no BV estimates on the approximations of
the function v in (1). This lack of regularity also seems an obstacle in obtaining
existence results for such triangular systems.

We will consider the system (1) under a set of assumptions, presented in the
following section, which are needed to assure that solutions are bounded. Moreover,
the main stability criterion is motivated by a Chapman-Enskog expansion, which
in the case of system (2) reads within an O(¢?) term

ug + f(u)e = [(a® = f'(u)?) us],
(6) v +g(ut,v%),=¢ [(b2 - gv(us,vs)z) viL
— e [(f"(u)gu(u®, v%) + gu(u®,v%) gy (u®,v%)) ug)], -

Equation (6) gives us a first order correction to (1). For the equations to be para-
bolic we need (a* — f'(u¥)) > 0 and (b*> — g,(u®,u®)) > 0. The condition

/()] < a and [0ug(u, v)], [Dug(u, v)| <,

is called the subcharacteristic condition and is due to Whitham [17], Liu [13] and
Chen, Levermore and Liu [5]. Note also that the variables w® and 2° in (2) can
be eliminated. The result is a system of two conservation laws that has been
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regularized by a second order term
uf + f(u), = —e (ufy — a’us,),
v + g(ut,v%), = —¢ (v — bzv;m) .
Hence we expect (2) to be a first order approximation of (1) as € ] 0.
The remaining part of this paper is organized as follows. In Section 2 we present
some preliminary results. The main convergence results can be found in Section 3

and Section 4 for the smooth relaxation approximations and the relaxation scheme
respectively. Finally, a numerical experiment is presented in Section 5.

2. Mathematical framework

We assume that the initial data in (1) and the flux functions f and g satisfy the
following assumptions:

(A1) (w0, v0) € (L*(R) N BV(R))?, (ug, vo)(x) € [0, 1) for all z € R,
(A.2) feC?([0,1;R), g€ C*([0,1]%;R),

(A.3) 1/ (w)] < a and |2yg(u, v)|, [Bug(u, v)| < bfor all (u,v) € [0,1]2,
(A.4) 9(-,0) =g(-,1) = f(0) = f(1) =0,

(A.5) The map v — g(u, v) is genuinely nonlinear for each 0 < u < 1.

An example of a set of flux functions satisfying the above criteria is considered in
Section 5.

Remark 2.1. The assumptions that the initial data take values in [0, 1], together
with the assumption A.J, is used to obtain supnorm bounds on the approximate
solutions. If such bounds are available by other means, these assumptions can be
relaxed. Furthermore, the assumption on f; f(0) = f(1) = 0 is not really necessary,
but is only used so that a straightforward modification of the proof of boundedness
of v° can be used to show boundedness for uc.

Furthermore, the initial data for the relaxed system (2) satisfies for all € > 0

(ug,vg) € C’g(R) X C’g(R), (ug,v5)(x) €10, 1]? for all z € R,
w5 = 10d), 2 = gupe).  sup {10:u5l oy 1958l ey < o0,
e>0

u§ — g, v§ — vo in L*(R) as ¢ | 0.
We want to show that there exists a sequence {e,}, .y C (0,00), &, — 0, such that
the solution (u®~,v°") of (2) converges to a weak solution (u,v) of (1), defined as
the entropy solution of (4) together with a distributional solution of (5).

Definition 2.1. Let u,v : R x (0,00) = R be two functions. We say that the pair
(u,v) is a weak solution of the Cauchy problem (1) if u,v € L™= (R x (0,00)) satisfy
(1) in the sense of distributions on R x [0,00), and u is the entropy solution of (4)
in the Kruzkov sense.

Lemma 2.1. There exists a global classical solution (u®,w®) of the Cauchy problem

(7)

u; +w;, =0, zeR, t>0,
w§ +a’ul =L (f(uf) —w®), zeR, t>0
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with (uf, w®)(x,0) = (u§,uy)(z), x € R. Furthermore, T.V.,(u(-, 1)), T.V.z(we(-, 1)) <
C' for some constant C' that does not depend on e or t, and u® — u,w® — f(u) in
LY (R x (0,00)) where u is the unique entropy solution of (4).

loc

For a proof see [15]. In order to show that the set {v°}_.  is compact in L], (R x
(0,00)), we will use the following result from [6] (Lemma 2.1) based on the Murat-
Tartar compensated compactness method:

Lemma 2.2. Let u be the unique entropy solution of the single conservation law
(4), and let {v°}c>0 be a family of functions defined on R x (0,00). If {v},o, is
in a bounded set of L (R x (0,00)), and for every constant ¢ € R the family

{0:|v" = | + 9, (sign(v” = ¢)(g(u, v%) = g(u, ) }oso

is in a compact set of Hj;}(R x (0,00)), then there ezists a sequence {e,}, oy C
(0,00), €, = 0, and a map v € L2 (R x (0,00)) such that

v = v in LY (R x (0,00)), 1 <p < oc0.
We will also need the following technical lemma:

Lemma 2.3. Let Q be a bounded open subset of RN, N > 2. Suppose the sequence
{Ln},en of distributions is bounded in W~1°°(2). Suppose also that

['n = £1,n + ['2,n

where {L1,,} lies in a compact subset of H, ' (Q) and {L2,} lies in a bounded
subset of Mioc(Q). Then {L,} lies in a compact subset of Hy ! (S).

3. The relaxation approximations

Define

e __ € i e _ 67’27 _ : S — 57w7€

(8) rffqub,s v o T u® + and §° =wu o

If (u®,w®,ve, ) solves (2), then
e e _ 1 € e e _ € __ of

(9) ri—i-b?”:—bfl(g(ua,(ra—i-sa)ﬂ) ((rE 56)/2)17), CER. t>0,
sp —bsy = 32 (9 (05, (" +5%) /2) = ((r° = 5%) /2) D),

and
~E ~e 1 2 _ 2

(10) {+ SU(F+5) /2= ((F =) /2), ey

Existence of a local (in time) classical solution R® = (r¢,s%,7¢,5%) to the system

consisting of (2) or (9) is known (see for instance [141]). Moreover, the following
result is classical: Either there exists a solution for all £ > 0, or there is some finite
blow-up time 7" such that limy—7_ || R°(| o g (0,4)) = 0©-

5 —asy = 1( (7 +5°) /2) = ((° = 57) /2) a)
(

Lemma 3.1. Assumeu € [0, 1] and that (r,s) solves (9) with initial data (r, s)(z,0) =
(1o, 80)(x) where (ro, so) € C2(R). If

0 <ro(x),s0(x) <1 forallz eR

then
0 <r(z,t),s(x,t) <1 forallzeR,t>0.
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Proof. We will show that [0, 1]2 is an invariant region for solutions to (9). For t = 0
we have (r, s) € [0,1]? by the requirement on the initial data. Let
t=inf{t>0 | r(&,t) =0 for some & € R}.

We will show that if » (:i:, f) =0 then r; (i, f) > 0. This will imply that r(z,¢) >0
for all z € R, ¢t > 0. First we observe that since r(z,f) > 0 for all z € R and
r(&,t) = 0, r(x,t) has a local minimum in the point z = #. Hence r,(&,7) = 0. At
the point (z,t) = (2,%) we have

=g (o(n3) +30)

In order to estimate 7(%,%) we define A : [0,1]? — R by

h(r,s)g(u,r;rs) - <r28)b.

By the subcharacteristic condition (A.3), h is decreasing in r and increasing in s.
In particular h(r,0) and h(r, 1) are decreasing. Hence

h(r,0) < h(0,0) =0 and h(r,1) > h(1,1) =0 for all r € [0,1].
And since h(0, s) and h(1,s) are increasing functions of s, we get

h(0,s) > h(0,0) =0 and h(l,s) <h(1,1)=0for all se[0,1].
Now at the point (Z,#) where r = 0 we have r,(2,%) = h (0,s(2,1)) > 0. Hence
r(z,t) > 0 for all z € R and ¢ > 0. Similarly we see that if # is the minimal

time such that r(&,#) = 1 for some & € R, then ry(2,f) = £h (1,s(2,1)) <0, so
r(z,t) <1 for all z € R and ¢ > 0. Analogously for s(z,t) we get

(i) =0 = st(i,f):;—;h(r(i,f),o) >0,

. . —1 .
s(2,6) =1 = s(,t) = Eh(r(i‘,t),l) <0,
so we must have that 0 < s(z,t) <1 for all z € R, ¢ > 0. O

Lemma 3.2. Let (u®,w®, v, 2%) solve the Cauchy problem (2)—(3) with initial u§
and v§ taking values in [0,1]. Then

a b
Oéuaavsgla - §w8§§7 and _§§Z€§

e

forallz e R, t > 0.

Proof. We will prove the estimates on v* and z® under the assumption that u® €
[0,1]. Then the estimates on «¢ and w® will follow immediately. Assume (u, w,v, z)
solves (2) with u,ug,v9 € [0,1] and zp = g(uo,v0). Let(r,s) be the Riemann
invariants defined in (8). Then (r, s) solves (9) with initial condition

ro = v + g(uOﬂ)O)’ s0= v — 9(uo, vo)
b b
For some fixed u € [0, 1], define h* : [0,1] — R by
hE(w) =v+ g(l;),v).

Now 9,h*(v) =1+ %f’v) > 0, so h* are increasing functions on [0, 1]. Thus since
h*(0) = 0 and h*(1) = 1 we have that 0 < h*(v) < 1 for v € [0,1]. Hence

0<rp,8 <1
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From Lemma 3.1 we then have that 0 < r(z,t),s(x,t) <1 for all z € R, ¢ > 0, and
S0
r+s r—5 b b
= ]_ = _—— —_— .
v 5 €[0,1], =z < 5 )6{2’2}

Definition 3.1. If u is a smooth function, a weak solution (v,z) of

(11) {Ut‘FZx—O

Zt + bzvz = é (g(uvv) - Z)

is said to satisfy the entropy condition if
(12) E(“? v, Z)t + Q(U, v, Z):C - Eu(”v v, Z)Ut - Qu(ua v, Z)ULC
1
< —FE.(u,v,2) (g(u,v) — 2) in D’
€

for all functions E,Q : [0,1]> — R satisfying the compatibility conditions
Qo (u,v,2) = b*E.(u,v, 2), Q. (u,v,2) = E,(u,v, 2).

An entropy/entropy-flux pair for (5) is a pair of functions n € C?([0,1];R),
q € C%([0,1)%;R) such that 9,q(u,v) = d,g(u,v)n'(v). Define
g(u, v)

o
Then by the subcharacteristic condition we have that 9,h* (u,v) = 1 + w >0
for (u,v) € [0,1]%, so we can define their inverses k*(-,-) such that

kE (u, h* (u,v)) = v for all (u,v) € [0, 1]2.

In the following Lemma we see how we can make use of the functions 7, ¢ and h*
to extend an arbitrary entropy/entropy-flux pair (7, q) for the conservation law (5),
to an entropy/entropy-flux pair (E, @) for the relaxation system (11).

hE(u,v) ==v =+

Lemma 3.3. Let (1,q) be a C? entropy/entropy-fluz pair for (5). Then there exists
a C? entropy/entropy-flux pair (E,Q) for (11), and functions E,Q : [0,1]> — R
are given explicitly as

E(u,v,2) =€t (u,0+ %) +e (u,0— %) =et (u,r) + e (u,s),
Qu,v,2) =bet (u,v+ %) —be (u,v— %) =bet (u,r) — be™ (u,s),

where e™ and e~ take the form

{e+ (u,r) = % (n (k+ (u,r) + bq (u, b (u, 7))
e (u,s) = % (77 (k~(u,8)) — %q(u,k‘(u, s))) ,

here r and s are the Riemann invariants defined in (8). Moreover, the following

properties hold for all (u,v, z) € [0,1]3:

(a) E(u,v,9(u,v)) =n(v) and Q(u,v,g(u,v)) = q(u,v).

(b) n’(v) > (>)0 for allv € [0,1] = E,.(u,v,2z)>(>)0.

(¢) If n is convex, E.(u,v,z)(g(u,v) — 2)

(d) If n is strictly convez, E.(u,v,z)(g(u,v) — z) < —5(g(u,v) — 2)?, where
a > 0 depends only onn and g.

(e) |E.(u,v,2)] < C|(g(u,v) — z)| for some constant C depending on n and g.

This is shown [3, Lemma 3.2] for the case when u = u(z) is a smooth bounded
function. Extending the proof to hold for v = u(x,t) is straightforward.
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Lemma 3.4. The following estimate holds forn € C?,n >0 and " >0 :

1 (T
g/o /(g(ug,va) — %)’ dzdt < C/n(vg) dx +CT
for some constant C that only depends on 7.

Proof. Givenn € C2, 1" > 0 we can use Lemma 3.3 to construct a C? entropy /entropy-
flux pair (E, Q) for (11). We then have for some o > 0

E(u®,v%,2%): + Q(u®,v%,2%), — By (u, 0%, 2%)uy — Qu(u®,v®, 2%)u,
1
< (07, 2) (g(uf, %) = %) < — - (9", 0%) = )7,
€ €

which yields

T
235/0 /(g(u57v‘€) — 2°)? dadt
< /77(1}8) dm—/E(uE,va,za)P:T dx
T
Jr/o /Eu(ue,va,zg)ui+Qu(u5,v€,z€)ufc dxdt
< /77(118) dxf/E(us,vE,zE)P:T dx

+ T (1Bull e 1051 ey + 1Qull e NS ey ) -

We know that E has a unique minimum for 2¢ = g(u®,v%). Hence E(uf,v®,2¢) >
E(u®,v%, g(u®,v®) = n(v®) > 0. Using this, this we get

T
%/0 /(g(us,vs) — %)% dadt
< [ 05 do+ T (1Bl [0 1oy + 1Qulom N lince)

where the L! norms of u$ and u§ = —w¢ are bounded uniformly in € by Lemma 2.1.
O

3.1. Convergence of the relaxation approximations.

Theorem 3.1. There exists a sequence {e,} en 40, and a weak solution (u,v)

of (1) such that

neN
u'r = u, v = v in L (R x (0,00)), 1 <p < co.

Proof. We know that u® — u in L (R x (0,00)),1 < p < oo, where u is the

loc
entropy solution of (4). To prove compactness of the set {v°} ., in L{  we will

show that the set
(13) {01 |07 — e| + 0z (sign(v” — ¢)(g(u, v%) = g(u; ¢)))}o50
lies in a compact set of H /(R x (0,00)). Let

m(v) =[v—cl—c¢

(14) qo(u,v) = sign(v — ¢) (g(u,v) — g(u, ¢)) + sign(—c)g(u, ¢),
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and let {(ne,¢c)}.~o be a smooth convex entropy/entropy-flux pair approximating
(10, qo) such that

l[me — 770||L°°([0,1]) <e |n- 770||L1([0 ) S 6 ||772||L°°([0,1]) <1
1:(0) = ge(u,0) =0,
for each € > 0. We now have that

(15)

Oy |v° — c| + 0x (sign(v” — ¢)(g(u, v°) — g(u, c)))
= 0me (V%) + 0pqe(u®,0%) + I e + Toe + I3 e + Lue
in D'(R x (0,7)), where
Lo =0 (no(v°) = ne(v7),  Iz.e = O (qo(u, v%) — ge(u, v%)),
I3 = 0p (qe(u,v°) = qe(u®,0%)),  I4e = O sign(—c)g(u,c).
Let o € C°(R x (0,T)). Using (15) we get

[(I1,e, )| = ‘/ / Mo (v) — 1= (%)) ¢e dzdt| < e[|l g mx (0.1)) -

Since C§°(R x (0,7T)) is dense in Hg(R x (0,7)) by definition we have that
Ii e —0in H (R x (0,00)) when e — 0.

Similarly [(I2,, )| < €|0ugll o ((o,1] ) [l 71 (rx (0,7)- Hence I — 0 in H (R x

(0,00)). As for I3 . we use the that u® — w in L2 (R x (0,7)) to get

loc

[(I3,2, 0)| = ‘// (g= (u, v%) — e (u, 0%)) o dadt
Q

< ||812w9HLoo [|lu® — U||L2 () H@HHI ()

for © C Rx (0,00), Q bounded, which gives us I3 . — 0in H,_! (R x (0,00)). Finally
we have that Iy . € Mjoc(R x (0 T)) since

T
(Tnes ) < 190 e o) / JC
T
= Vel o) | TVeulo(uc)

T
< 1ol oo Illimqoarey | Vol

<T ||<p||L°°(R><(0,T)) 19ull oo TV (o).

Here we have used the TVD property of u. Now, by Lemma 2.3 we see that
to prove compactness of (13) in H ! (R x (0,00)) it is enough to show this for
{0ime (V%) + 02qe (uf,v°) }eso. We start by using (7., ¢.) and Lemma 3.3 to create a
C? entropy /entropy-flux pair (E., Q) for (11). We then have

One (V) + 02qe (u®,v°) = Is e + Ig e + I7 ¢
in D'(R x (0,7)), where
I5.e = 0 (Ec(u, 0%, g(u,0%)) — Ee(u®, 0%, 2%))
Io,e = Op (Q=(u®, v, g(u”, v%)) — Qc(u, 0%, 2%))
I7 e = OB (uf, 0%, 2%) 4+ 0,Q: (u®, 0%, 2).
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By Lemma 3.4 we get

[(Is.e, )| = ‘/ / (u®,v%, g(u®,v%)) — E:(u®, 0%, 2%)) o dadt

<C'/ /|gu v%) = 2| || dadt

< Cllg(u®, v%) = 2% 20,1 1€l 2R % (0.7))
< VEeC(T) ol g @ (0,7)) -

for some constant that only depends on 7. Hence I5. — 0 in H_ (R x (0,00)).
By the same calculations we find that I — 0 in H; (R x (0, )) As for I7 . we
have that

1
Ine = Z0:Ee(u®, v, 2%) (g(u, v%) = 2°) + OuBe (u, v, 2%)uy + Ou B (u®, 07, 2%)ug.

Here 0, E.(u®,v%, 25)uf and 9, E.(u®, v, 2%)us, are in L'(R x (0,7)), and by part
(e) of Lemma 3.3 and Lemma 3.4 we have

1 C
- |0, E: (u®,v%, 2%)] |g(u®,v®) — 2°| < - (g(u,v%) — 25)* € LY(R x (0,T)).
Hence I7. € L*(R x (0,7)). Summing up, we have shown

O [v° = c|[ + 0z (sign(v® — ¢)(g(u, v" = g(u,¢)))
= Il,e + I2,5 + IB,E + I4,s + I5,s + IG,E + I7,5

where I; . is bounded in ngcl’oo forj=1,...,7, and

{Il,s}a {12,6}7 {1376}7 {15,8} and {Iﬁ,t‘} converge in H];cl(R X (0700))7
Iy € Mioe(R % (0,00)),
{I7.} is bounded in L'(R x (0,T)) for each T > 0.

Hence from Lemma 2.3 and Lemma 2.2 there are functions w, v in L2 (R x (0, 00))

loc
and a subsequence (u",v°") of (uf,v?) such that
v*" — v and u™ —u in LY (R x (0,00)), 1 <p < o0.

What remains is then to show that (u,v) is in fact a weak solution of the Cauchy
problem (1) according to Definition 2.1. To simplify the notation we assume that
(u®,v®) is the converging sequence. We know that w is the entropy solution of (4),
so to complete the proof we only have to show that v solves v; + g(u, v), = 0 in the
sense of distributions. Let € be a bounded set in R x (0,00). By Lemma 3.4 we
have that (2° — g(u®,v¥)) — 0 in L?(2). Hence,

2% = g(u, U)HL2(Q)
<12 = g(u,v%)| 2y + C <||u€ = Ul oo + 07 = 1;||L2(Q)) —0aselO0,

and so 2° — g(u,v) in L*(Q). We know that 2° converges in L

IOCf01r1§p<oo,so
we must have that z¢ — g(u,v) in LIPOC(R x (0,00)). Then the result follows from

the dominated convergence theorem, since for any ¢ € C§°(R x [0,00)) we have
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that

/ /vcpt + g(u,v)p, dedt + /vocp(x, 0) dx
0

= lim/ /vacpt + 2%, dzdt + /vggo(x, 0) dx
e—=0 Jo

= lim—/ /(vf—!—zi)g&dmdt:O.
e—0 0

4. The relaxation scheme

For some h > 0 and At > 0, let 2, = kh for k = O,i%,il,i%, ... and set

Ij = (xj7%7l'j+%), jGZ.

Furthermore, set t, = nAt for n = 0,1,..., N where N € N is chosen such that
NAt = T, resulting in the time strips (¢,,tn+1),n = 0,1,..., N — 1. We approx-
imate v (a:], n) by 07 and z°(x;,t,) with 2. Consider a semi-implicit upwind
scheme discretization of (9),

wo RO ) = E g - o)
G (5T =) g (s s = 2 (g o) =

At 2 U5 —Z
In the original variables, this scheme reads
1 (, n+l n.o _ . n _ b (,n n n —
A (7T =) + o ( Zha = 2) g (Vi = 207 + ) =0

J
1 n n b n n n n n
(A7) | At (557 =) + 35 oh (1 —vf1) = oh (2j-1 — 227 +2741)

The approximation u} is defined via an analogous scheme, with f (u) replacing

g(u,v) and wf replacing 27 in (17). Note that the scheme is explicit since we first

update v”“ using the first equation in (17), and then z;”'l using the second. In

order to start the iterations we specify the initial data for n = 0,
o_ 1 c 0 c < o_ 0,4 o_.0
v =y ’ vo(w)de, z; = 7 ’ g(ug(w),vg(z)) de, rj =vj + A

J

S ‘u&o

We will also assume that the following CFL condition holds:

At

-

Lemma 4.1. Let u="(z,t) = u} and w™"(x,t) = w} for (z,t) € Ij X [tn, tni1).

Then u®" — u in Lf)oc(]R x (0,00)) as g,h | 0, where u is the entropy solution of

(4). Moreover, us" and w*" satisfy
(u=" ws") € [0,1] x [~a/2,a/2] for alle,h >0, and
TV (us" (1), TV (w™" (1) < C

(18) max{a,b} A <1, A=

for some constant C that does not depend on h,e ort.
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This is shown in [12, 4]. Since (v§,z5) € [1,0] x [=b/2,b/2] we have that
(19, 29) € [1,0] x [=b/2,b/2] for all j. Let h*(u,v) = v =+ g(u,v)/b. In the proof
of Lemma 3.2 we have shown that 0 < h*(u,v) < 1 for all (u,v) € [0,1]?. Hence

r? = vo + zO/b = (1/h) fI ht(uf, v§)dx € [0,1], and similarly s? = v;-) - z?/b =

(1/h) fl ~(uf, v§)dx € [0, 1].
Lemma 4.2 (Discrete L estimate). Assume that the CFL condition (18) holds.
If

(v2,29) € [1,0] x [~b/2,6/2] and (r2,52) € [0,1]2 for all ],
then

(v}, 2)) € [1,0] x [=b/2,b/2] and (r},s]) € €[0,1]2 for all j.
form=1,2,... N.

In [8, Lemma 3.1] this is shown if f = 0, this proof is easily modified to cover
the case where u = u(z,t).

Lemma 4.3 (Discrete L2 _ estimate). Assume that the strengthened CFL condition
(35) found in the proof below holds. Then for any J,

hAt Z Z wit ) Z;Hrl)Q <c.

n=0 j=—J
hAt Z Z { ntl_yn 2_|_ (s _8?>2} < car,
n=0 j=—J
N—1j J ) 2
hAt Z Z [(7“;1 — T?_l) + (s?_H — 3?) } < Ch,
n=0 j=—J

for some constant C that depends on Jh and NAt.

Proof. Let (n,q) be an entropy/entropy-flux pair for (5) with 7 strictly convex,
and let (F,Q) be the corresponding entropy/entropy-flux pair for (11) given by
Lemma 3.3. We will make use of the following Taylor expansion: For a twice
differentiable function h and for b, by € R

(bs — )R (b2) = h(b2) — h(br) + K" () (b2 — br)’

for some £ between by and bs.

To get expressions for E(v}, z}') and Q(v7, 27') we multiply the first equation in

(16) with e;F (u] el r?“) to obtain

+(un+1 Tn+1)

7 ) 7 +( n+1 n)

U, r

¢ J 7

— €

1 nal
+ o (e ) (it - )2 4+ bA (rf = ot y) et (uith et

9T 7 J J ™A ]
At n+1 n+1 n+1 —+ n+1 n+1
= be ( ( i Y5 ) Zj ) €r (uj 75 )
‘We then use that
e+(u?+1,r?+1) — e+(u?+1 )

)
= ) — ) - (e () — e ()
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+ (r? —rly) (e+(u?+1,r;‘+l) —ef(ul,rh)

1 2
u?ar;‘l) - €+(u?—1aT;’l—1) + iejr(u?ﬂ P ) T;'l - 7’?_1)
(o) = e )

- (€+(uj77"?71) - e+(u;-117r§11)) )

1 3 2
ntl pntly et (n o) 4 §ejr(u?+1,£?+2) (™ =17)
bA

FOA (et (uf 1)) = e (o rf) + e (L ) (7 = 1)
+ b (7“’7 — ’I“T»L_l) (e+(u?+1,r;‘+1) - ej’(u?,r?))
— b (e+(u}1,r" ) — e+(u;-’717r;£1)) — (e"'(u}’“,r;’) — e+(u?77‘;—’))

r

= 5 (gl upthy = ) e ),

Setting
el = et (uf, Ty, e; " =e (uj,r7}),

A;’JL = —bA (eJr(u_?vr;L—l) - e+(u;t—177"?—1)) - (€+(U;~L+1, 7‘_7]1) - €+(U§L, T;L)) 5

BI =0 () =) (e () — e ()

we can rewrite the above as

(19) et — e b (e — e ) + s, (u.+1,§;+2) (ritt =)

J J J J
bA 2
+ n o en n n +,n
+ ek (uf, & 1) () — i) + A]

2 72
_ ﬁ( (un+1 Un+1) _ Zn+1) e+( n+1 ,,,n+1) _ B+,n
= e WY i )Gy Ty +3

By the mean value theorem we can find a C;.LH/Q = ((5.*’""'1/2, CJ’T’"H/Q)

between (u;-”rl,r;”rl) and (u},r}) such that

on the line

+

T

n+1

_;'_l _;'_l
e (g ) = e gy = e, (67F) (it =) e (67F) (7 =)

SO

+,n
Bj+%

=l (¢FF) @t =) (= ) kbael, (GFR) (i =) (= ).
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By Cauchy’s inequality with 7 we have that

L 1
Bj} = ~bAcy, (C;‘Hé) [T (™ =) + el G 7“}11)2}
n+3 n n 1 n n
o, () [T (=) -rjl)Q] .

We substitute this in (19) to get the inequality

4+l 4, +, +, +,
(20) e; " —e; ner)\(ej nfej_q)JrAj "

1 1 nt+l n+l n n
+ bA Lejr(u;‘,fglé) I (6ju(cj+z) +et (CjJrz))} (rj — rj_l)z

Flgent e — o ] (00 - ) v (7))

At
< Sl oy g — ) o

Differentiating e;” and e, with respect to r and s we find
1 1
f (u,r) = (K (), e (ns) = 2o/ (™ (u,5),

where k¥ (u,v) are the inverse functions to h*(u,v) = v % g(u,v)/b, such that
k*(u, h*(u,v)) = v for all (u,v) € [0,1]%. Hence

ntl ol

(uj Ny ).

e (o) = o' (K ()R (u,7)

(21) 1 1 31" (k* (u,r))
= iﬂ/'(kJ“(u,r))th(u ) 2 TSR
T )

Since kT (u, bt (u,v)) = v, we have that
Ef(u, kT (u,v)) + kF (u, AT (u, v)) b (u,v) = 0, [/ﬁ(u, h+(u,v))] =0
= kI (u, bt (u, kT (u, 7)) + K (u, BT (uy kT (u, 7)) (u, kT (u, 7)) = 0
=k (u,r) + kf (u,r)R (u, k+(u,r)) =0
=k (u,r) + k) (u, )b (u, kT (u, 7)) =0,
and thus
1
et (u,r) +ef (u,r) = 577"(k+(u, ) (Kt (u, ) + K (u, 7))
1
= 577"(k+(u’7‘))k7«+(u,7‘) (1 =Ryt (u, k¥ (u, 7)),
which gives us
%n//(k+ (u, 1)) (1 _ gu(“kZ("v”)))

o (u, kT (u,r
(1+ ey,

(22) et (ur) + el (u,7) =

Similarly we get

31" (k™ (u, 5))
1— g,,(u,k; (uas))> ’

(23) e, s) = (
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and
%n"(kf(u, S)) (1 _ Qu(u’kb_ (u’s))>

v (u,k— (u,s))
=

Using (21) - (24) we can find constants m and mq such that

(24) eu(u, ) +e4(u,s) =

0 <my < el (u,r) < mo,
(25) " (u,s) € [0,1]2
my < GSS(U,S) < ma,
We can also choose m; and mso such that
my < eru(uv T) + e;rr(ua T) < ma,
(26) " (u,s) € [0,1]%
my < e, (u,s)+eg,(u,s) < ma,
Next we choose 7 = 2mgo/mq in (20), and then
1 1 n+i n+i my my my
+ n ¢n + +
ierr(ujaﬁj %) T4 (eru (CJ 2) ten, (CJ 2)) > o 87%7712 > -

In order to bound the other quadratic term in (20) we demand that the modified
CFL condition (27) holds,

m
21 A< —L,
(27) <o
so that
L 3 3 m 2m m m
+ n+1 N+ + n-+ 9 - )
aoh (51 67) —brel (67) 2 5 - Tlme > B - T =T

We can now use these bounds in (20) to obtain

) A () 4 AT T ()

J J
mq mi +1 2
AT (= riy)” —2ba e, (¢ (gt - )
At n+1 n+1 n+1 +/ n+1 _n+l
< E (g(u] 7vj ) _Zj )er (uj 7TJ )
Similarly, by multiplying the second equation in (16) with e, (u}”l, S?H) we get
—ntl - ; —n M nt1 2
(29) ejn _b>‘(;+1 jn)+A‘n+T(3? _3?)
m L1
+b>\T1 (41 = 57) = 2A e, (7777 (! — )
At
<22 ) ) a5
1 1 1
fo}r1 some 'y;l+2 = ( ;"nﬂ, ;,n+2) on the line between (u?“,s?“) and (uf,s?),
where
A" = —bA (e7(uf, sy y) —e (ufyy,8]y1)) — (e*(u;?“,s?) —e (uf,s})).

Let

n _ _+mn —,n n +no_ M
El =e;"" +e;, Qﬁéfbe be; -
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Then adding (28) and (29), and rearranging gives us

EJ’,“rl En+)\< "y Q;ln)
+ T {(T;H'l —r;?)Q + (5;}-"-1 o S?)Q + DA (7“? _T?_l) —|—b)\( ST Sn)Q}

At
= (g(u”“,vy“> =) (e () — e ()
€

J ]

Now we use that E.(u, v, 2) = ; (¢, (u,7) — €5 (u, s)) and part (d) of Lemma 3.3 to
get

n+1 ,r7_1+1)>

—e_(uj T

At
= (g(u;_ﬂrl’v;ﬂrl) _ n+1) (e

CEAt (g(un+1 Un+1) o n+1)2

= 2be i &

Hence,

(30) Bt E”—s—)\( my - Q;‘_f)

P Lt ) (5 ) DA ) A (s — 55)7)

alt 2
+ o (90T = 23

J
<2 (o () +en (7)) 05 =) 1477 1457

Since the terms in (30) telescope, we can multiply by A and sum over n and j to
obtain

N— J
m n 7 n n
) G P[5 ) ()

n=0 j=—

,_A

0 (1 =) 4 0A (s — )]

+h i EN OlhAt Z Z n+1 n+1) Zn+1)2
J 2be g

j=—J n=0 j=—J
<A™ S S (et () en (57)) (g7 - )’
n=0 j=—J
N—1
th) Z (47" + [457))
n=0 j=—J
J N—-1
h Y BN ALY (@ Q)
j=—J n=0

As in the proof of Lemma 3.4, we see that EJN is nonnegative when 7 is nonnegative.

Since 7 and s7 are uniformly bounded, E7 and Q? 1/ A€ also uniformly bounded.



CONVERGENCE OF RELAXATION APPROXIMATIONS 163

Hence there exists a constant 6’\1 such that
N-1

(32) h Z B+t (@) —Qhs) <G (Jh+T)i=Cr,

j=—J n=0

2
To conclude the proof, we need to bound the terms involving Ajt’” and (u}”l — u?) .

Remark 4.1. Note that if we set g(u,v) = f(v) and b = a, we get
Aj’" =A;" =0, and e, =e;, =0.

Assume that the modified CFL condition

—~ 2
my

(33) al < 5
8m2

holds, where my and ma are constants such that
1 1.+ 1.1
W) W)

(1+f(k+ (e 0y =™ STy <
(

31) takes the form

(349) 0 r,s € [0,1].

Then inequality

77’71 N-1 J ) )
D ID I G I Gl
n=0 j=—J
+aX (rf =1} 1)2+a)\( Sjt1 — n)ﬂ
J -1 J
thAt n n 2
th BT 2 2 T =)
j=—J n=0 j=-J
J N-1
<h Y B Aty (@, -Qhy) <0
j=—J n=0

By relabeling v} — uf, 2} — w}, v} — 77 and s} — s} we achieve the following

discrete L3 estzmate
N-1 J 4l | wnt+l o, ) 2
hzz n+1 n2:h Z(W + 55 _Tj+5j>
n=0 j=—J n=0 j=—J 2 2
N-1 J ) )
<hy ST - ET ) <O
n=0 j=—J

and similarly

N-1 J 9 o
ALY TS (uf —u) ) <O,
n=0 j=

for some constant 6'\2 that does not depend on h or e.

Next we introduce a bound on A that assures that both the modified CFL con-
ditions (27) and (33) hold. We say that the strengthened CFL condition is satisfied
if

(35) max {a, b} A < ;min{(nm;>2, (:%)2}
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where (my,mg) and (m7,m2) are given by (25), (26) and (34). By Remark 4.1 and
the boundedness of e}, and e}, we can find a constant C such that

(36) 2bAt— Z Z ( ( ) beo, (%ﬂ)) (Wt — )’ < 0,

uniformly in h and . Regarding Aj’ we have that
A7 < e g (A = e + [ = w]).

Since uf is given by the scheme (17) with g(u,v) = f(v) we see that

A A
it —uj = ja (uf 1 = 2uj +ujyy) — 5 (wiy —wia),
and so
A A A
g™ = < T e — | T | g —wga
Hence
N-1 J
hz Z |AF" < Z Z{2b}u§’—u§-‘71|+a’u§‘+l—u}’|
n=0 j=—J n:O j=—J

afuf — ]+ s |
1 _
<T ||e+{|mp([0’ux,€r) ((a + )TV, (u™) + 2T.V.x(w")) < Cs,

for some constant 6’;, where we have used the uniform BV bounds on u" and w"
from Lemma 4.1. By handling Aj_’" in a similar way, we get the bound

N-1 J
(37) By D147+ AT < G,

n=0 j=—J

for some constant Cs independent of h and e. Going back to the inequality (31) we
can now use the bounds (32), (36) and (37) to obtain

TS S [ ) () A (=) 0 s - 5]

n=0 j=—J
J
ahAt s
+h > EY+ o Z Z WLty ot < Oy 4 Oy 4 Oy
j=—J n=0 j=—J
which proves the lemma. ([l

Remark 4.2. By choosing n(v) = v2/2, we find that

3 (b — max|g,) 3 (b + max |gu|)

<mi <mg <
b+max|g,| — >~ b—max|gs|
1 1
2@ —~ 2@
a—|—max|f’|* < * = a—max|f|’

and so the strengthened CFL condition (35) holds when

_ _ 2 N N 2
max {a,b} A < - min ((b max g ) (b max|gu|>> < maXf> |
8 (b + max|gy|) (b + max |gy|) a + max | f'|
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where the mazimum and minimum of g., g, and f' are taken over all (u,v) € [0, 1]%.
4.1. Convergence of the relaxation scheme.

Lemma 4.4. Assume that the strengthened CFL condition (35) holds, and let u be
the entropy solution of (4). Then for all ¢ € R, the set of distributions

{@ |v€’h — c| + Oy (sign(vs’h — c)(g(u,vs’h) — g(u,c)))}s>0’h>0

lies in a compact subset of H, loc

Proof. We start the proof by approximating the Kruzkov form

(lv — ¢l sign(v — ¢)(g(u,v) = g(u.c)))

with some smooth entropy/entropy-flux pair (7., g-) centered at v = 0. Let (19, qo)
be as in (14) and (e, ¢:) as in (15). As in the proof of Theorem 3.1 we have that

Oy |v™" — c| + 0, (sign(v™" — ¢)(g(u, v™") = g(u, c)))
= 0y (v5) + Opqe (us", 05 ") + [,i’h,

in D'(R x (0,T)), where £5" is contained in a compact subset of H LR x (0, 00)).
Continuing as in the proof of Theorem 3.1, we use the entropy/entropy-ﬂux pair
(E.,Q:) corresponding to (7, qe) given by Lemma 3.3 to write

One (V™) + Oage (u ", 05 ") = £57 + L5 + LT",
where
E;,h — 0, (Es(us,h7Us,h,g(ue,h’ve,h)) _ Ea(ue,h, e Lo )
£5" =0y (Qe(us" v g(us" vo")) — Qe (us" v "h, M),
Ei’h = 0B (u®" 05", 251 4 0,Q- (us 05", zg’h).
By Lemma 4.3 we then find that (w?h, @‘ < O(VE) ||l for i = 2,3. Hence

£5" = 0and 75" — 0 in HZH(R x (0,00)) when & — 0.

To estimate jf’ we use that

T
<£Z7h7@> = _/ /Es(u€7ha )L)Ot—i_Q ( Eh €7haza7h)¢w dzdt
n,j X
:—Z E"//got Tiyl, olxdt—i—Q"//gogc (z,tpy1)dxdt
Li1(p)

z t
- Ey”/// %g(&t)déddeQ?/// ur (2, 7) dr da dt
N I S S

La,2(p)
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VR el
be;”" —be; ™. Let ' = p(x,t,). Then using summation by parts

_ZEJ’?//wt(xj+%,t)dxdt=—hZE? (go;j} ¥ )

—thoy:% (E7 T~ B}),

Wherex}‘:Ijx[t”,t”“),E”:E(u o', 2t )—e+"—|—e ’",Q = Qe (u}, v}, 27) =

and

—ZQ”//%MW Ydrdt = —hA Y (7" — ;") (17— et
n,Jj
—thZ<p"+1 el —elh) fthZgaH; (i1 —e;™)
—thZw“ - thZw“ (e;h —e;™)

,n ,n n+1 n+1
*thZ ej —ej_1 (gajJr% 750%7)
n,J

o n+1 +,n +,n n+1
= h/\Z‘pﬁ% ( iy T Q?—%) B hb/\z (" =€) (%Jrl — %0 )
n,j n,j
where Q;? 1= be;“ —be; ;. Hence,

Lia(y —th::%(E*’“ )+ (@, - y))

La1a(e)
o +1 +1
_hb)\z (ej - ejf{) ((p;,:_% — 90;7_%) .

La,16()

Let us define the distributions £4 - Eiz}fb and Ei:g by
<‘C4 la> QD> = L41a(@)7 <‘Ci,}11b7 90> = L471b(§0)7 and <£i:}217 90> = L4,2(¢)7

for ¢ € C§°. We then have that J5" = L3, + L3, + L5 in D',
The proof of Lemma 4.3, (30) shows that

Er En+)\( "y Q;Ln)
+ L[ ) (55 = ) oA (1 = 1) BA (5 — 7))

aAt n+1 , n+1 n+1 2
+ = 2be (g(u :vj )_Z )

J
<AL (e (¢ e ) (gt =) A+ A7
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Using that e, and ef,, are bounded we get
+1 n n
T R (e |
{3 =) 4 (s = )7 O () = r90) 4 B (s — )

J J J
At n+1 n+1 n+1 n+1 n\2 —+.,n —n
+ o (g = ) A (T =) A AT

IN

be U J J

for some constant C' independent of h and e. Using Lemma 4.3, Remark 4.1 and
(37), by summing over those j and n such that supp(p) N x7 # @ we obtain

L 1ale >\<h||sa||LmZ\E"“ BN+ Qs — @y )| < Cllolle

Hence the set of distributions {Ei’fa} } is bounded in Mjoc(R x (0,7)).
’ e>0,h>0
By the Lipschitz continuity of e¥,
+, +,
(38) |e‘ "—ejfﬂ <C(|uf —uf | +|rf =7 4]).

Furthermore <pj+1/2 go?fllﬂ = hs(Tj,tpy1) for some T; € [x;_1/2,%;41/2], and
)

Lao(@)] < PPN [0a(@tug)| €] " — )

n,j
< CbY At @a(Tj, tnrn)| (|uf —ufy] + 77 =74 ])
n,j
< Co(hALY (pal@)starn)*)
n,j

Nl

\_/
W=

X (hAtz : ) +<hAtZ

N

Since ¢ € C§° we have (hAt don (gpm(fj7tn+1))2> — |l¢zll ;2 as h 1 0, so we can

choose h small enough that
1

(ALY (@5 tara))?)” <200l -
n,j

Using this together with Lemma 4.3 and Remark 4.1 we can find some constant C'
that does not depend on h and e such that

(39) |Laae ()| < CVR|ll 1 -

By another use of summation by parts we find that

Liale) = 0 (B = B7) [ (blanturs) = ooy tasn)) da

n,J Y-

=

Ly 2q(p)

tnt1
+ § : ]+1 / ((p($]+%7t) - %0( ]+1atn+1)) dt.
t

n

La,20()
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To estimate Ly o, and L4 9, we will need the following inequality. Let h be a H 1
function on an interval [by, by]. Then

b
2 1
(40) (h(z) = h(b))dz| < = (by — b1)2 WA | 20, 5oy > for all b € [by, bal.
by 2 ((b1,b2))

Furthermore F. is Lipschitz continuous, so that
B = B < O (Jup ™ =g |+ [ =g+ s = s

Using the above, the Holder inequality and (40), we get

Laa(p)] < ;(hmnzj et tui)I3)
X {(QhAt Z (u?+1 — u}‘)Q)%
n,J
+ (hAtZ (7’}”‘1 — r?)z)
n,j

< OVhlelm

Nl=

+ (hAtZ (s?'H — s?)2> é]
n,j

for some constant C' that is independent h and e but dependent on supp(y). Simi-
larly, for Lo 2(¢) we can find that

2 \4

)

Lan(o)] < 50 (kY ety

< CVh el g -

Summing up, we have established that

O ’vs’h — c| + 0y (sign(ve’h — c)(g(u,vs’h) — g(u, c)))
= LM+ L5 4 L5 + L5 + L50 + L350 + LTy

e,h e,h e,h e,h e,h e,h . —1 .
where L7, L3, L3, £4,1b7 Ly 54, and £472b are compact in H,_ ., and L4 14 is

bounded in M,.. Lemma 2.3 concludes the proof. [l

Theorem 4.1. Assume that the strengthened CFL condition (35) holds. Then
there exists a sequence {(€n, hn)},cns (Enyhn) | (0,0), and a weak solution (u,v)
of (1) such that

utntn oy vt o in IP (R x (0,00)), 1 < p < oo.

Proof. The family of functions {vsvh}wo hso defined on R x (0,7) (and then on
R x (0, 00) by letting v="(x,t) = 0 for ¢ > T') lies in a bounded set of LL (R x (0, 7))
by the L* bounds in Lemma 4.2. By Lemma 4.4 and Lemma 2.2 there exists a

converging subsequence v — v in LY (R x (0,00)).



CONVERGENCE OF RELAXATION APPROXIMATIONS 169

We know that u*" — u, where u is the entropy solution of (4). Multiplying the
first equation in (17) by hAtp? and using summation by parts

/OT/(ve’hcthrz )d:cdtJr/ v (2)p(x,0) da

J

bAt
Z Z J+1 +( Sj41 )) (<P]+1 SO;L)
n=0 j=—J
E1(h)
hN—l J
O S( ) +  — ) (6 - )
n=0 j=—J
E>(h)

By Cauchy’s inequality and Lemma 4.3 we have,

(E1(h))? < bA4t2 (zNzl ZJ: <(TJ+1 Tj )2 +( j+1 53)2))
n=1j=—J
N J n
(XX (F52))

< Ch,
where C' depends on X but not ¢ and h. Similarly |Ey(h)| < Cvh. For Q bounded

we have
lg(u,v) — ZE’hHLz(Q) < [|g(u", 05" — ZEJLHL?(Q)

+C (JJu = ull gy + 0 = 0]l yaggy) =0

as &,h | 0. Then since v®" — v and 25" — g(u,v) strongly as e, h | 0 we get

/ / (vor + g(u,v)p,) dz dt+/vo( Yo(z,0) dx

5. A numerical experiment

We test the scheme on the model problem studied in [9] where an exact solution
is known. We choose the flux functions

fu) = %uQ, g(u,v) = duv(l —v),

and Riemann initial data

0.75, =<0
= ’ ’ =0.5.
uo(z) {0.25, x>0, v(®)
This problem has an exact solution given by
1/2, =< —t,
3/4, x<t/2,
,t = 7t = 5 67 St 2,
u(z,1) {1/4’ v 12 v(x,t) /6, w<t/

1/2, z>1t/2.
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In Figure 1 we see the exact solution (u,v) together with the numerical approx-

t=075 t=075

O num O num
exact 0.85 exact

00000000000 ‘
o

o

0 0.2 04 06 08 1 -1 05 0 05 1

FIGURE 1. Exact and numerical solution for v and v.

imation at the time ¢ = 0.75. In the numerical scheme we have used h = 1/40,
At = 1/100, a = 0.6, b = 1.7 and € = 1072, By other computations the scheme
seems to be stable under the CFL condition (18) so the strengthened CFL condition
(35) might be superfluous. As is expected, the scheme has some numerical diffu-
sion depending on the parameters a, b and . Although ¢ can be chosen sufficiently
small, this cannot be done with a and b without losing stability. In the numerical
experiments different values for a and b have been tested, and the smallest values
that still seem to give a stable solution are used in the approximations.
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