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Abstract. A fully higher-order compact (HOC) finite difference scheme on the 9-point
two-dimensional (2D) stencil is formulated for solving the steady-state laminar mixed
convection flow in a lid-driven inclined square enclosure filled with water-Al2O3

nanofluid. Two cases are considered depending on the direction of temperature gradi-
ent imposed (Case I, top and bottom; Case II, left and right). The developed equa-
tions are given in terms of the stream function-vorticity formulation and are non-
dimensionalized and then solved numerically by a fourth-order accurate compact fi-
nite difference method. Unlike other compact solution procedure in literature for this
physical configuration, the present method is fully compact and fully higher-order ac-
curate. The fluid flow, heat transfer and heat transport characteristics were illustrated
by streamlines, isotherms and averaged Nusselt number. Comparisons with previ-
ously published work are performed and found to be in excellent agreement. A para-
metric study is conducted and a set of graphical results is presented and discussed to
elucidate that significant heat transfer enhancement can be obtained due to the pres-
ence of nanoparticles and that this is accentuated by inclination of the enclosure at
moderate and large Richardson numbers.

AMS subject classifications: 35K57, 65N06, 76T20
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1 Introduction

Suspensions of colloidal particles dubbed as nanofluids was pioneered by Choi [1], in
which small amounts of metallic or metallic oxide nanoparticles are dispersed into wa-
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ter and other fluids. The nanofluid does not simply refer to a liquid-solid mixture, and
some special requirements are necessary, such as even suspension, stable suspension,
durable suspension, low agglomeration of particles, and no chemical change of the fluid.
Various types of powders such as metallic, non-metallic and polymeric particles can be
added into fluids to form slurries. In conventional cases, the suspended particles are of
µm or even nm dimensions [2]. It has been shown experimentally [3, 4] that nanoflu-
ids can have anomalously higher thermal conductivities than that of the base fluid, thus
posing as a promising alternative for thermal applications. The convective heat transfer
characteristic of nanofluids depends on the thermo-physical properties of the base fluid
and the ultra fine particles, the flow pattern and flow structure, the volume fraction of
the suspended particles, the dimensions and the shape of these particles [5]. The utility
of a particular nanofluid for a heat transfer application can be established by suitably
modeling the convective transport in the nanofluid [6]. As revealed in the recent com-
prehensive reviews [7, 8], over the past decade there have been tremendous attempts
to identify and model mechanisms of thermal conductivity enhancement of nanofluids,
including size and shape of the nanoparticles, the hydrodynamic interaction between
nanoparticles and base fluid, clustering of particles, temperature or Brownian motion,
and so on. Khanafer et al. [9] investigated the problem of buoyancy-driven heat transfer
enhancement of nanofluids in a 2D enclosure. Jou and Tzeng [10] reported a numerical
study of the heat transfer performance of nanofluids inside 2D rectangular enclosures.
Their results indicated that increasing the volume fraction of nanoparticles produced a
significant enhancement of the average rate of heat transfer.

Mixed convection flow and heat transfer in enclosures is of interest in engineering
and science. Its applications include nuclear reactors, lakes and reservoirs, solar collec-
tors and crystal growth. Moreover, the flow and heat transfer in a shear driven cavity
arises in industrial processes such as food processing and float glass production [11, 12].
Combination of buoyancy forces due to the temperature gradient and forced convection
due to shear forces results in a mixed convection heat transfer situation, which is a com-
plex phenomenon due to the interaction of these forces. Numerous studies on single or
double lid-driven cavity flow and heat transfer involving different cavity configurations,
various pure fluids and imposed temperature gradients have been continually published
in the literature. Both thermally stable and unstable lid-driven flows inside enclosures
have been investigated numerically by Torrance et al. [13] for fixed values of Reynolds
and Prandtl numbers. Their numerical results have indicated that the Richardson num-
ber is a controlling parameter for the problem. Later on, Iwatsu et al. [14] have studied
numerically mixed convection heat transfer in a driven cavity with a stable vertical tem-
perature gradient. Their results have shown that the flow features are similar to those
of a conventional driven-cavity of a non-stratified fluid for small values of the Richard-
son number. All of the above mixed convection studies were done for a pure base fluid
without nanoparticles. A literature survey indicates that few studies have been done on
mixed convection in a lid-driven cavity for a nanofluid compared to the natural convec-
tion case [5]. For example, Tiwari and Das [15] investigated numerically heat transfer
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augmentation in a lid-driven cavity filled with a nanofluid and found that the presence
of nanoparticles in a base fluid is capable of increasing the heat transfer capacity of the
base fluid. Muthtamilselvan et al. [16] reported on the heat transfer enhancement of
copper-water nanofluids in a lid-driven enclosure with different aspect ratios. Recently,
Abu-Nada et al. [5] studied the numerical modeling of steady laminar mixed convection
flow in a lid-driven inclined square enclosure filled with water-Al2O3 nanofluid using a
second-order accurate finite-volume method.

This work is focused on the fully compact fourth-order scheme for mixed convection
flow in a lid-driven cavity filled with a water-Al2O3 nanofluid using the widely used
Boussinesq model [5]. In particular, a compact fourth-order accurate Neumann boundary
condition has been developed for temperature at the adiabatic walls. The treatment of
the derivative source term is also compact and has been done in such a way as to give
fourth-order accuracy and easy assimilation with the solution procedure. As expected,
the results are very accurate and even coarse grid (61×61) results compare very well
with previous computations. A parametric study is conducted and a set of graphical
results is presented and discussed to illustrate the effects of the presence of nanoparticles
and enclosure inclination angle on the flow and heat transfer characteristics. Overall,
besides opening up new possibilities, the method may be considered an efficient one for
computation of flow for this physical configuration.

This paper has been arranged in eight sections: Section 2 deals with the problem, the
governing equations and their nondimensionalizations; Sections 3-4 with the HOC dis-
cretization and related boundary conditions; Section 5 with the pseudo-time numerical
method; and Sections 6-7 with the results and discussion and the last section, conclusions.

2 Problem description

A 2D steady mixed convection in a lid-driven inclined square enclosure filled with a
nanofluid is considered for the present study, the inclination angle is γ. The nanofluid
in the cavity is modeled as a dilute solid-liquid mixture with a uniform volumetric frac-
tion θ of nanoparticles (Al2O3) dispersed within a base fluid (water). The nanofluid is
assumed incompressible and the flow is conceived as laminar. It is idealized that water
and nanoparticles are in thermal equilibrium and no slip occurs between the two media.
The thermo-physical properties of the nanofluid are assumed to be constant except for
the density variation, which is approximated by the Boussinesq model [5]. The model
configuration and boundary conditions are considered in Fig. 1 for two cases studied.
For both of the two cases, the top wall is moving from left to right at a constant speed.
In case I, the temperature at the top side wall is higher than that at the bottom side wall
while the vertical side walls are thermally insulated. In such a case, a gravitationally-
stable upward temperature gradient is established and the heat transfer within the cavity
is mainly through conductive mode if the top wall is stationary [17]. This case is simi-
lar to that studied by Iwatsu et al. [18]. In case II, the temperature at the left side wall
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Figure 1: Physical model and boundary conditions for two cases.

is higher than that at the right side wall while the top and bottom walls are thermally
insulated. The imposed leftward temperature gradient would result in a clockwise re-
circulation due to natural convection if the top wall is stationary, and it would assist the
buoyancy if the top wall is sliding.

Invoking the foregoing assumptions, the conservation of mass, momentum, and en-
ergy for the 2D, laminar, steady state mixed convection flow in the cavity is expressed
in terms of stream-function ψ, vorticity ω and temperature T. The resulting governing
equations are cast in dimensionless form as follows:

∇2ψ+ω=0, (2.1a)

∇2T−K(U·∇T)=0, (2.1b)

∇2ω−χ1(U·∇ω)+χ2

(∂T

∂x
cosγ−

∂T

∂y
sinγ

)

=0, (2.1c)

where

U=(u,v), u=
∂ψ

∂y
, v=−

∂ψ

∂x
, ω=

∂v

∂x
−

∂u

∂y
,

χ1=Re(1−θ)2.5
(

1−θ+
θρp

ρ f

)

, χ2=Ri
(

1−θ+
θβp

β f

)

χ1,

K=PrRe
(

1−θ+
θ(ρcp)p

(ρcp) f

) κ f

κm
,

κ f

κm
=

κp+2κ f +θ(κ f −κp)

κp+2κ f −2θ(κ f −κp)
,

u and v are the components of the velocity in x- and y- directions, respectively, κ is ther-
mal conductivity, β is the thermal expansion coefficient, cp is the specific heat at constant
pressure. The thermophysical properties chosen in this study for the nanofluid belong to
water and Al2O3, the numerical data were evaluated as such [19]:

• Water: cp =4179, ρ=997.1, κ=0.613, β=2.1×10−4;

• Al2O3: cp=765, ρ=3970, κ=25, β=8.5×10−6.
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The dimensionless parameters pertinent to the present problem thus include: the
Reynolds number Re, the Prandtl number Pr, the Grashof number Gr and the Richard-
son number Ri, where Ri=Gr/Re2. The subscripts p, f and m denote, the nanoparticles,
the base fluid and the nanofluid, respectively. The boundary conditions applied to the
computational domain are given as follows:

• Velocity: u=1 on the top wall and u=0 on the rest of walls, v=0 on all walls;

• Streamfunction: ∂ψ/∂n=1 on the top wall and ∂ψ/∂n=0 on the rest of walls, ψ=0
on all walls, where n indicates the normal direction to the wall surface;

• Vorticity: w=−∂2ψ/∂n2 on all walls;

• Temperature: T=1 at hot wall, T=0 at cold wall, and ∂T/∂n=0 on adiabatic wall.

3 HOC difference scheme

HOC finite difference schemes, which feature higher-order accuracy and spectral-like res-
olution with smaller stencils and easier application of boundary conditions, has attracted
more and more interest and attention. To develop a HOC finite difference scheme, the
given domain is covered by a uniform mesh in both x- and y-directions:

xi = ih, yj = jh, i, j=0,1,2,··· ,M−1,M,

with mesh size h= 1/M and M is a preassigned positive integer. In this section we for-
mulate a fully fourth-order compact approximation that can solve Eqs. (2.1a)-(2.1c) sub-
ject to the boundary conditions with the novelty of genuine compactness, i.e., the com-
pact scheme is strictly with in the following 9-point stencil, (xi,yj), (xi+1,yj), (xi−1,yj),
(xi,yj−1), (xi,yj+1), (xi+1,yj+1), (xi−1,yj+1), (xi−1,yj−1) and (xi+1,yj−1). Note that each of
these Eqs. (2.1a)-(2.1c) is a special case of the following 2D convection-diffusion equation
for a transport variable φ (φ=ψ,ω,T):

∇2φ−a
∂φ

∂x
−b

∂φ

∂y
+ f =0, (3.1)

where a,b are the variable or constant convective coefficients and f is a forcing function.
The 9-point variable coefficient HOC difference scheme of Spotz and Carey [20], origi-
nally used for the ψ-ω formulation of the 2D steady-state N-S equation, forms the core
of the discretization of the present study. This HOC scheme has been obtained from the
second-order central difference scheme by approximating the derivatives appearing in
the second-order truncation error terms through the use of the original partial differen-
tial equation itself [21]. The HOC difference approximation of Eq. (3.1) at (i, j) is given
by [22]

Aφφxx+Bφφyy−Cφφx−Dφφy+Fφ=0, (3.2)
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where φx, φy and φxx, φyy are the first- and second-order central difference formulas in
the x- and y-directions, respectively, and the coefficients are as follows:

Aφ=1+H(a2−2ax), Cφ= a+H(axx+ayy−aax−bay),

Bφ=1+H(b2−2by), Dφ=b+H(bxx+byy−abx−bby),

Fφ= f +H
(

fxx+ fyy−a fx−b fy−2(ay−ab+bx)φxy+2(φxxyy−aφxyy−bφxxy)
)

,

where H = h2/12. Here it is assumed that the forcing function f and its derivatives are
known analytically or their discrete approximations are known.

For the stream-function equation (2.1a), φ, a, b and f in Eq. (3.1) are replaced by ψ, 0,
0 and ω, respectively, and then the corresponding coefficients can be rewritten as:

Aψ=Bψ=1, Cψ=Dψ=0, Fψ=ω+H(ωxx+ωyy+2ψxxyy).

For the energy equation (2.1b), φ, a, b and f in Eq. (3.1) are replaced by T, K∂ψ/∂y,
−K∂ψ/∂x and 0, respectively, and then the corresponding coefficients can be rewritten
as:

AT =1+HK(Kψyψy−2ψxy), CT =HK(Kψxψyy−Kψyψxy−ωy)+Kψy,

BT =1+HK(Kψxψx+2ψxy), DT =HK(ωx−Kψxψxy+Kψyψxx)−Kψx,

FT =2H
(

Txxyy+KψxTxxy−KψyTxyy−KTxy(ψyy+Kψxψy−ψxx)
)

.

For the vorticity equation (2.1c), φ, a, b and f in Eq. (3.1) are replaced by ω, χ1∂ψ/∂y,
−χ1∂ψ/∂x and χ2(∂T/∂xcosγ−∂T/∂ysinγ), respectively. The forcing function in the
vorticity equation is not explicitly known and is in derivative form. It may be mentioned
that in the earlier HOC simulation of the present physical configuration [23], although the
overall accuracy of the scheme was fourth, this particular source term was approximated
using the standard central difference scheme at most of the points. In the following,
we proceed to obtain a HOC accurate approximation of this term applying the same
mechanism of using the original partial differential equation. Assuming the temperature
T to be smooth, the finite difference approximations of first-derivatives appearing in the
forcing function are given as follows [24]:

∂T

∂x
=Tx−2H

∂3T

∂x3
+O(h4). (3.3)

From the energy equation (2.1b), we can obtain

∂3T

∂x3
=K(ψxyTx+ψyTxx−ψxxTy−ψxTxy)−Txyy+O(h2). (3.4)

Substituting Eq. (3.4) into Eq. (3.3) yields

∂T

∂x
=δxT−2HK(ψxyTx+ψyTxx−ψxxTy−ψxTxy)+2HTxyy+O(h4).
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Similarly, we can get

∂T

∂y
=δyT−2HK(ψyyTx+ψyTxy−ψxyTy−ψxTyy)+2HTxxy+O(h4).

Then the corresponding coefficients can be rewritten as:

Aω =1+Hχ1(χ1ψyψy−2ψxy),

Bω =1+Hχ1(χ1ψxψx+2ψxy),

Cω =Hχ1(χ1ψxψyy−χ1ψyψxy−ωy)+χ1ψy,

Dω =Hχ1(ωx−χ1ψxψxy+χ1ψyψxx)−χ1ψx,

Fω =χ2(Tx cosγ−Tysinγ)+2H(ωxxyy−χ1ψyωxyy+χ1ψxωxxy)

+2H
(

χ2(Txyycosγ−Txxysinγ)−χ1(ψyy+χ1ψxψy−ψxx)ωxy

)

−χ2H(K+χ1)
(

cosγψyTxx+sinγψxTyy−(ψysinγ+ψx cosγ)Txy

)

−χ2HK
(

(cosγψxy−sinγψyy)Tx+(ψxysinγ−ψxx cosγ)Ty

)

.

It may be mentioned that the treatment of the first-order derivative source term men-
tioned earlier can easily be extended to second-order derivatives as well. The more im-
portant point is that through this source term treatment, an HOC scheme for the primitive
variable form of the 2D N-S equations can be constructed as the pressure gradient term in
the momentum equation and the source term in the pressure Poisson equation can now
be handled [21].

4 HOC wall boundary conditions

The lid-driven cavity problem has been frequently used as a test problem for assessing
the performance of numerical solution techniques. The implementation of numerical
boundary conditions has received considerable attention in the past [25, 26]. In this sec-
tion, we shall present a HOC difference formula for the cavity problem on the boundary.
The boundary conditions for case I and case II are shown in Table 1.

Table 1: The boundary conditions for case I and case II.

Boundary Case I Case II

y=1 ψ=0, ∂ψ/∂y=1, T=1 ψ=0, ∂ψ/∂y=1, ∂T/∂y=0
y=0 ψ=0, ∂ψ/∂y=0, T=0 ψ=0, ∂ψ/∂y=0, ∂T/∂y=0
x=0 ψ=0, ∂ψ/∂x=0, ∂T/∂x=0 ψ=0, ∂ψ/∂x=0, T=1
x=1 ψ=0, ∂ψ/∂x=0, ∂T/∂x=0 ψ=0, ∂ψ/∂x=0, T=0

For case I, the stream-function ψ equals zero on the boundaries. At the corners, both
u and v do not vary in the x- and y-directions and, therefore, the vorticity ω is equal to
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zero. At the left boundary, employing a Taylor series expansion, we get

0=
∂ψ0,j

∂x
=δ+x ψ0,j−

h

2

∂2ψ0,j

∂x2
−2H

∂3ψ0,j

∂x3
−

h3

24

∂4ψ0,j

∂x4
+O(h4),

where δ+x is the first-order forward difference operator. Also in view of the fact that

ω0,j=−
∂2ψ0,j

∂x2
,

∂2ω0,j

∂x2
=−χ2

(∂T0,j

∂x
cosγ−

∂T0,j

∂y
sinγ

)

−
∂2ω0,j

∂y2
,

we get the fourth-order accuracy O(h4) expression as follows:

0=δ+x ψ0,j+
h

2
ω0,j+2Hδ+x ω0,j+

h3

24

(

χ2(cosγδ+x −sinγδy)T+δ2
yω

)

0,j
,

that is

ω0,j=−
h

12
χ2

(

2cosγ(T1,j−T0,j)−sinγ(T0,j+1−T0,j−1)
)

−
4

h2
ψ1,j−

2

3
ω1,j−

1

6
(ω0,j+1+ω0,j−1).

Similarly, we can get ω on the other three boundary walls.
On the insulated left and right walls, we now proceed to develop a fourth-order ac-

curate O(h4) zero-gradient temperature boundary condition. It may be mentioned that
as temperature remains constant on the horizontally walls, this zero-gradient condition
is automatically satisfied at the corners [21]. On the left wall, employing a Taylor series
expansion, we get

0=
∂T0,j

∂x
=
(

Tx−2H
∂3T

∂x3

)

0,j
+O(h4).

Also in view of the fact that

∇2T0,j =0,
∂3T0,j

∂x3
=−

∂3T0,j

∂y2∂x
,

we can get the fourth-order accuracy O(h4) expression

0=(Tx+2HTxyy)0,j,

that is

T1,j+1+T1,j−1−T−1,j+1−T−1,j−1+4(T1,j−T−1,j)=0.

Again the fourth-order compact difference discretization of the energy equation ∇2T0,j=0
is given by [27]

T1,j+1+T1,j−1+T−1,j+1+T−1,j−1+4(T0,j+1+T1,j+T0,j−1+T−1,j)=20T0,j.
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From the above two equation, we can get the boundary condition on the left wall

T0,j =
1

10
(T1,j+1+T1,j−1+2T0,j+1+4T1,j+2T0,j−1),

and on the right wall

TM,j=
1

10
(TM−1,j+1+TM−1,j−1+2TM,j+1+4TM−1,j+2TM,j−1).

This approach used to develop the temperature boundary conditions on the insulated
walls can also be extended to similar physical situations for a flow variable φ, where, on
the boundary, ∂φ/∂n= 0 and ∇2φ= 0, where n is the direction normal to the boundary.
Similarly, we can get the HOC wall boundary conditions for case II.

5 Pseudo-time method

The new HOC scheme (3.2) is fourth-order accurate to Eq. (3.1), therefore, they need to be
solved in an iterative manner such as SOR, ADI, factorization schemes, pseudo time itera-
tions, etc.. Recently Erturk et al. [28] have presented a new, stable and efficient numerical
method that solve the stream-function and vorticity equations. The numerical method
solve the governing steady equations through iterations in the pseudo-time. Assigning
pseudo-time derivatives to Eq. (3.2), we have the following form:

∂φ

∂t
=Aφδ2

xφ+Bφδ2
yφ−Cφδxφ−Dφδyφ+Fφ, (5.1)

where δx,δy and δ2
x,δ2

y are the first- and second-order central difference operators in the x-
and y-directions, respectively.

We solve these Eq. (5.1) in the pseudo-time domain until the solutions converge to the
steady state and the numerical methods we will use is the alternating direction implicit
(ADI) method. The ADI method is a very widely used numerical method and in this
method a 2D problem is solved in two sweeps while solving the equation implicitly in 1D
in each sweep [24, 32]. The advantage of the ADI method is that each equation requires
the solution of tri-diagonal systems, which is computationally very efficient using the
Thomas algorithm. When we apply the ADI method to solve Eq. (5.1), first we solve the
following tri-diagonal system in the x-direction:

(

1−
τ

2
Aφδ2

x+
τ

2
Cφδx

)

φ∗=φn+
τ

2
Bφδ2

yφn−
τ

2
Dφδyφn+

τ

2
Fφ,

where φ∗ is the introduced variables, τ is the time mesh size. Then we solve the following
tri-diagonal system in the y-direction:

(

1−
τ

2
Bφδ2

y+
τ

2
Dφδy

)

φn+1=φ∗+
τ

2
Aφδ2

xφ∗−
τ

2
Cφδxφ∗+

τ

2
Fφ.
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After solving for ψ,ω, the velocities u,v at a grid point (i, j) are calculated from the
discrete approximation of Eq. (5.1). The following approximations are compact and have
a local truncation error of order O(h4) [33]:

ui,j=
2

3
δyψi,j+

1

6
δy(ψi+1,j+ψi−1,j)+2Hδyωi,j,

vi,j =−
2

3
δxψi,j−

1

6
δx(ψi,j+1+ψi,j−1)−2Hδxωi,j.

Moreover, the most important characteristic of the problem is the rate of heat transfer
across the cavity, which is described by the Nusselt number. The local Nusselt number
along the isothermal walls of the cavity are expressed as follows [17]:

Nu(x)=−
κm

κ f

∂T

∂y

∣

∣

∣

y=0,1
, Nu(y)=−

κm

κ f

∂T

∂x

∣

∣

∣

x=0,1
.

The average Nusselt number along the isothermal walls is:

Nu=
∫ 1

0
Nu(x)dx, Nu=

∫ 1

0
Nu(y)dy.

The total heat transfer rate across the whole cavity is the sum of the average Nusselt
numbers over all sources or sinks.

6 Grid testing and code validation

In this study, in all of the cases considered, we start the iterations from a homogeneous
initial guess and continue until a certain condition of convergence is satisfied. The above
process is repeated until the following convergence criterion for stream-function ψ, vor-
ticity ω and temperature T is satisfied:

max
(
∣

∣φn+1−φn
∣

∣

)

<10−6. (6.1)

At this convergence level, this would indicate that the variables ψ, ω and T are changing
less than 0.0001% of their value between two iterations at every grid point in the mesh.
To test and assess grid independence of the solution scheme, various mesh combinations
were explored for the Al2O3-water nanofluid. The present code was tested for grid in-
dependence by calculating the average Nusselt number on the left wall and the values
of ψ and ω on the primary vortex for case II in Table 2. It is seen from this table that the
present results for 61×61 grids give grid-independent results as verified and mentioned
above.

In order to verify the accuracy of the present numerical study, the present numerical
procedure was validated by performing simulations for the classical lid-driven square
cavity problem. This problem is of great importance because it displays almost all
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Table 2: Grid independence study for a nanofluid, Ri=100, θ=10%, γ=0◦.

Grids ψmax ω Nu Grids ψmax ω Nu

19×19 0.207891 5.006223 1.480955 61×61 0.207421 4.957780 1.443260

25×25 0.207376 4.926866 1.467591 67×67 0.207401 4.971265 1.441801

31×31 0.207680 4.967942 1.459473 73×73 0.207347 4.949045 1.440589

43×43 0.207478 4.950048 1.450183 85×85 0.207339 4.971641 1.438692

55×55 0.207400 4.984601 1.445048 97×97 0.207328 4.963844 1.437276

Table 3: Comparison of the values and locations on the primary vortex for Re=1000.

Reference Grids ψ ω x y

Erturk and Gökcöl [24] 601×601 0.118938 2.067760 0.53000 0.5650
Ghia et al. [35] 128×128 0.117929 2.049680 0.46870 0.5625

Zhang [36] 128×128 0.118806 2.066777 0.46875 0.5625
Botella and Peyret [37] 128×128 0.118937 2.067750 0.46920 0.5652

Bruneau and Saad [38] 128×128 0.117860 2.050800 0.46875 0.5625

Bruneau and Saad [38] 1024×1024 0.118920 2.067400 0.46875 0.5654
Cheng et al. [17] 128×128 0.116874 2.064753 0.46875 0.5625

Present Study 61×61 0.117402 2.058175 0.53333 0.5667

the fluid mechanical phenomena for incompressible viscous flows in a simplest geom-
etry [34] and it is frequently used for the assessment of numerical methods, particularly
the benchmark solutions of the incompressible fluid flows governed by the N-S equa-
tions [17,24,35–38]. For this problem, only Eqs. (2.1a) and (2.1c) are solved in the absence
of the nanoparticles and heat generation and the last term in Eq. (2.1c) is discarded. The
top wall is moving in the positive x-direction and the remaining three walls are station-
ary. Computed results of stream-function and vorticity contours for Re= 1000,1500 are
depicted in Fig. 2 and comparisons of our calculated values of stream-function, vortic-
ity and location on the primary vortex with the reported benchmark solutions are listed
in Table 3. Furthermore, Fig. 3 shows that the profiles of the horizontal velocity u and
the vertical velocity v at the mid-sections of the cavity of the present solution compare
well with those reported by Erturk et al. [24]. All of these favorable comparisons lend
confidence in the accuracy of the numerical results of the present work.

7 Results and discussion

In this section, the numerical results for mixed convection heat transfer of a water-Al2O3

nanofluid in a lid-driven cavity are discussed. The non-dimensional controlling param-
eters for this investigation are the Richardson number Ri, the cavity inclination angle
γ and the nanoparticles volume fraction θ. Throughout the study, the Prandtl number
Pr=6.2 is fixed. The Grashof number Gr is set to 100 and the value of Ri is varied from
0.01 to 100 to cover a wide range of Richardson number.
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Figure 2: Comparison of the streamlines distributions and vorticity contours between the present study (−) in
the absence of nanoparticles and internal heat generation and Erturk et al. [24] (···) for Re= 1000 (a), (b)
Re= 1500 (c), (d). For the present study: |ψmax|Re=1000= 0.117402, |ψmax|Re=1500= 0.116860. For Erturk et
al. [24]: |ψmax|Re=1000=0.117328, |ψmax|Re=1500=0.116582.
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Figure 3: Comparison of the present velocity profiles in the absence of nanoparticles and internal heat generation
with Erturk et al. [24] for Re=1000.
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Figure 4: Vertical distributions of conduction (∂T/∂y) and convection (−KvT) along the mid-plane of the
cavity for cases I with θ=0% (a) and (b), θ=10% (c) and (d).

To understand the heat transport processes associated with the upward and down-
ward temperature gradients, the heat transfer rate along the vertical mid-plane is calcu-
lated through Eq. (7.1)

∂T

∂y
−KvT. (7.1)

The first and second terms of Eq. (7.1) denote the contributions due to conductive mode
and convective mode, respectively [17]. Comparisons of the relative magnitude of each
contribution along the mid-plane of the cavity for the stable and unstable temperature
gradients are shown in Fig. 4. It can be seen that for the upward temperature gradient,
the heat transfer is mainly through conduction, i.e., ∂T/∂y≈1 and −KvT≈0 over nearly
the entire region of the cavity when Ri=100. As Ri is decreased to 1.0, the conduction and
convection almost have the same effect to the heat transfer, i.e., ∂T/∂y≈−KvT. When Ri
is further decreased to 0.01, the conductive heat transport is significant in the regions and
confined to a narrow region near the top (0.9≤y≤1) and bottom (0≤y≤0.3) walls and
the substantial contribution of convective heat transport is observed in the interior region
of the cavity, especially in the region (0.6 ≤ y ≤ 0.8). Similarly, to understand the heat
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Figure 5: Horizontal distributions of conduction (∂T/∂x) and convection (−KuT) along the mid-plane of the
cavity for cases II with θ=0% (a) and (b), θ=10% (c) and (d).

transport processes associated with the leftward and rightward temperature gradients,
the heat transfer rate along the horizontal mid-plane is calculated through Eq. (7.2)

∂T

∂x
−KuT. (7.2)

Comparisons of the relative magnitude of each contribution along the mid-height of the
cavity for the assisting and opposing-buoyancy cases are shown in Fig. 5. It can be seen
that for the assisting buoyancy flow with Ri = 100, the contribution of the conductive
mode is fixed (∂T/∂x →−1.2) in the cavity, while the contribution of convective mode
is relatively negligible (−KuT≈ 0). When the effect of shear force is increased (Ri= 1),
the magnitude of conduction heat transfer equals nearly that of convection heat transfer
in the interior region of the cavity. When Ri=0.01, the conduction near the hot wall and
the convection near the cold wall as well as in the interior region of the cavity increase
remarkably. This fact suggests that for the strongly assisting buoyancy flow, the heat
transport from the hot wall to the cold wall is through conduction near the hot wall
convection in the bulk region, and a combination of conduction and convection near the
cold wall.
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Figure 6: Local Nusselt numbers for different Richardson numbers (Ri) at top sidewall (a) and (b) for case I
and different inclination angle (γ) at left sidewall (c) and (d) for case II with θ=0% (a) and (c) and θ=10%
(b) and (d).

Fig. 6 illustrates the variations of the local Nusselt numbers Nu along the top sidewall
at various Richardson numbers Ri for case I and the left sidewall at different inclination
angle γ for case II. This indicates that the local heat transfer is directly affected by the
temperature distribution on the surface. In other words, larger heat transfer occurs when
the temperature is higher. When the natural convection dominates (Ri= 100), the local
Nusselt numbers along the top sidewall gets no remarkable change on both sidewalls
even if the nanoparticle volume fraction is increased. But, the local Nusselt numbers
along the top sidewall increases much more rapidly for the forced convection dominated
case (Ri = 0.01). This can be verified in Fig. 6(a) and (b). Fig. 6(c) and (d) illustrates
the variations of the local Nusselt numbers along the left sidewall at various inclination
angles γ. It is clearly observed from these figures that the local Nusselt number Nu
decreases as γ increases on the lower half (0≤y≤0.6) while increases as γ decreases on
the upper half (0.6≤ y≤ 1). Moreover, increasing the volume fraction of nanoparticles
also produce a significant enhancement of the local Nusselt number.

Figs. 7-9 present typical x-component of velocity u, y-component of velocity v and
temperature T at the horizontal mid-plane of the cavity for various values of cavity in-
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Figure 7: Typical profiles of x-component of velocity u (a) and (c) and y-component of velocity v (b) and (d)
for various inclination angles γ and Ri=100, θ=0% (a) and (b) and θ=10% (c) and (d).

clination angles γ and different nanoparticle volume fractions θ. It is observed that the
x-component of velocity u decreases in the bottom part of the cavity while it increases in
the upper part of the cavity as the inclination angle increases in Figs. 6(a) and (c). On the
other hand, the y-component of velocity v behaves exactly the opposite than the u veloc-
ity but the net velocity in the cavity decreases as γ increases in Fig. 7(b) and (d). Also, it is
clear from Fig. 8 that the net velocity also decreases at the percent volume fraction of par-
ticles increases. In Fig. 9, the temperature profiles show that for case I, the temperature
in the bottom part of the cavity decreases while it increases slightly in the region close to
the moving wall as the nanoparticle volume fraction θ increases. The same behavior is
predicted for case II. Also, the presence of the nanoparticles is predicted to increase the
temperature in the bottom part of the cavity (for case I, 0≤x≤0.4; for case II, 0≤y≤0.6).

Figs. 10-12 show typical contour maps for the streamlines and isotherms obtained nu-
merically for three values of the Richardson number Ri (Ri=0.01,1,10) at 0% (−) and 10%
(···) particle volume fraction and three inclination angles (γ=0◦, 45◦, 90◦), respectively.
As is clear from the definition of Ri, the value of the Richardson number provides a mea-
sure of the importance of buoyancy-driven natural convection relative to the lid-driven
forced convection [5]. For the forced convection-dominated case (Ri= 0.01), Figs. 10(a)
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Figure 8: Typical profiles of x-component of velocity u (a) and (c) and y-component of velocity v (b) and (d)
for different nanoparticle volume fractions θ and Ri=100, γ=0◦ for case I (a) and (b) and case II (c) and (d).
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Figure 9: Typical profiles of temperature T for different nanoparticle volume fractions θ and Ri= 100, γ= 0◦

for case I (a) and case II (b).

and (b), Figs. 11(a) and (b) and Figs. 12(a) and (b) indicate that the buoyancy effect is
overwhelmed by the mechanical effect of the sliding lid and the flow features are similar
to those of a viscous flow of a non-stratified fluid in a lid-driven cavity. The streamlines
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Figure 10: Streamline and isotherm contours for various Ri values (a) and (b) Ri=0.01 (c) and (d) Ri=1 (e)
and (f) Ri=100 at γ=0◦, θ=0% (−) and θ=10% (···) for nanofluid: |ψmax|Ri=0.01=0.105179, |ψmax|Ri=1=
0.104403, |ψmax|Ri=10=0.124530.

behavior in a 2D lid-driven cavity is characterized by a primary recirculating cell occu-
pying most of the cavity generated by the lid and two secondary eddies near the bottom
wall corners with the one near the right bottom corner is bigger and stronger than the
one in the left bottom corner of the cavity. The isotherms are clustered heavily near the
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Figure 11: Streamline and isotherm contours for various Ri values (a) and (b) Ri=0.01 (c) and (d) Ri=1 (e)
and (f) Ri=10 at γ=45◦, θ=0% (−) and θ=10% (···) for nanofluid: |ψmax|Ri=0.01=0.105261, |ψmax|Ri=1=
0.106598, |ψmax|Ri=10=0.126930.

left surface of the cavity which indicates steep temperature gradients in the horizontal
direction in this region. In the remaining area of the cavity, the temperature gradients are
weak and this implies that the temperature differences are very small in the interior re-
gion of the cavity due to the vigorous effects of the mechanically-driven circulations. As



74 D. F. Li, X. F. Wang and H. Feng / Adv. Appl. Math. Mech., 5 (2013), pp. 55-77

x

y

a

−0.1−0.09−0.07

−0.03

−0.01

−0.0001

−0.1

−0.09

−0.07

−0.03

−0
.0

1

−0
.0

00
1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

y

b

0.4

0.4

0.4

0.3

0.3

0.2
0.2

0.
1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) (b)

x

y

c

−0.1
−0.09

−0.07

−0.03

−0.01

−0.0001

−0.1

−0.09

−0.0
7

−0
.0

3
−0

.0
1

−0.0001

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

y

d

0.
9

0.8

0.7
0.6

0.5

0.4

0.3

0.2

0.
1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(c) (d)

x

y

e

−0.11
−0.1

−0.09
−0.07

−0.03

−0.01

−0.0001

−0.1

−0.09

−0.07

−0.03

−0.01

−0.
00

01

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

y

f

0.
9

0.
8

0.7

0.6

0.5

0.4

0.
3

0.
2

0.
1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(e) (f)

Figure 12: Streamline and isotherm contours for various Ri values (a) and (b) Ri=0.01 (c) and (d) Ri=1 (e)
and (f) Ri=10 at γ=90◦, θ=0% (−) and θ=10% (···) for nanofluid: |ψmax|Ri=0.01=0.105254, |ψmax|Ri=1=
0.104833, |ψmax|Ri=10=0.110739.

the cavity is inclined (γ=45◦), the flow in the cavity slows down and the secondary ed-
dies in the bottom corners becomes inhibited and of smaller size and the isotherms show
no significant changes. For the mixed convection dominated case (Ri = 1), Figs. 10(c)
and (d), 11(c) and (d) and 12(c) and (d) indicate that the buoyancy effect is of relatively
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comparable magnitude of the shear effect due to the sliding lid. The flow streamlines
still show the formation of a primary recirculating cell of the size of the cavity generated
by the lid and two smaller secondary eddies near the bottom corners. The core of the
primary cell moves towards the top moving wall. The isotherms spread leftward indi-
cating moderate temperature gradients in the horizontal direction. Increasing the cavity
inclination angle γ, causes the primary cell to rotate at a slower rate while the two sec-
ondary eddies disappear. The isotherm contours look similar to the case of non-inclined
cavity (γ=0◦), but with increased temperature gradients at the left wall. For the natural
convection dominated case (Ri = 10), the buoyancy effect is dominant and the stream-
lines are almost stagnant in the bulk of the cavity interior except at portions close to the
sliding top wall. The isotherms spread further leftward showing less distortion than the
isotherms corresponding to Ri=1. Similar to the case of Ri=1, inclining the cavity results
in flow retardation and increased temperature gradients along the left wall of the cavity.
This is clear from Figs. 10(e) and (f), 11(e) and (f) and 12(e) and (f). As for the effect of
the nanoparticle volume fraction θ, one can see that an increase in solid volume fraction
(θ=10%) generates a decrease in the values of ψmax. The fluid, therefore, moves slower
in the cavity in the presence of nanoparticles. As far as the temperature distribution is
concerned, clear differences are observed in the isotherm contour plots compared to the
case θ=0% (pure water). These differences are accentuated as the solid volume fraction
increases and indicate that the presence of nanoparticles have significant effect on the
heat transfer rate through the cavity.

8 Conclusions

We employs an algorithm that is uniformly fourth-order accurate and compact in the dis-
cretization of the governing equations, treatment of the boundary conditions and source
term resolution for solving the 2D incompressible steady laminar mixed convective flow
and heat transfer of a nanofluid made up of water and Al2O3 in a lid-driven inclined
square enclosure. The no-heat-flux boundary condition at the adiabatic walls has been
imposed through a special strategy taking care to maintain compactness at higher accu-
racy. This technique has the potential of being extended to other similar physical situa-
tions. The work also achieves HOC resolution of the source term and its easy assimilation
into the solution procedure. Use of pseudo-time algorithms to solve the HOC finite dif-
ference schemes makes the solution procedure robust. The method is validated by direct
comparisons with previously published work on special cases of the problem and the
results are found to be in good agreement. Graphical results for various parametric con-
ditions were presented and discussed. It was found that the heat transfer mechanisms
and the flow characteristics inside the cavity are strongly dependent on the Richardson
number. Also, it was predicted that significant heat transfer enhancement could be ob-
tained due to the presence of nanoparticles and that this was accentuated by inclination
of the enclosure at moderate and large Richardson numbers.
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