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Abstract. In this paper, an extremal eigenvalue problem to the Sturm-Liouville equa-
tions with discontinuous coefficients and volume constraint is investigated. Liouville
transformation is applied to change the problem into an equivalent minimization prob-
lem. Finite element method is proposed and the convergence for the finite element
solution is established. A monotonic decreasing algorithm is presented to solve the ex-
tremal eigenvalue problem. A global convergence for the algorithm in the continuous
case is proved. A few numerical results are given to depict the efficiency of the method.
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1. Introduction

Let Q be an open bounded domain in R" (n = 1, 2, 3), consider the following eigenvalue
problem:

{ —div(o(x)Vu)=2Au in Q, (1.1

u=20 on 99,
where o(x) is a positive piecewise constant function. For any given such function o, it is
known (cf. [11,16,22]) that the Eq. (1.1) admits a sequence of eigenvalues

O<21512§"'_>00,

and its smallest eigenvalue A, is denoted by A;(c). We are interested in the minimization
of the first eigenvalue A,(o) among all possible choices of function o(x). This extremal
eigenvalue problem arises from a lot of structural engineering and optimal design problems
(cf. [1,5]). For example, if we consider the non-homogenous heat conductor with different
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conductivities, the first eigenvalue and its corresponding eigenfunction represents the first
mode of heat diffusion pattern. In particular, we assume that the heat conductor is made
by two materials with conductivities a@ and 3, 0 < a < 8. Let the materials with the
conductivity a occupies a measurable set D C (, then

o(x)=axp+Bxap;

where y, is the characteristic function of D. The material with conductivity a are assumed
to have a fixed volume, which leads to the following optimization problem:

( )1

where ./ is the admissible set for all possible choices of the conductivity function which is
defined as:

VdZ{a:azaxD-i-ﬁxﬂ\D, JLO':C},
Q

where ]C is the average of integral function on the domain and c is a constant which satis-
fies: a <c < f5.

The condition to the existence for the minimizer of this problem remains an open
question. From the work of Murat and Tartar on a control problem involving immiscible
fluids [26], it is known that the Problem 1.1 may not always possess a solution, and in
general one should consider the framework of homogenization theory. Existence of a so-
lution and optimality conditions in the class of relaxed designs has been discussed in Cox
and Lipton [12].

If the domain € is an interval in R! or a ball in R”, the existence of the minimizer has
been studied in various papers. The one dimensional problem was solved by Krein [23]
by exploiting the equivalence between this problem and a similar extremal eigenvalue
problem for a composite membrane with variable densities. The technique is so-called
Liouville transformation, to transfer the variable conductivity o into the lower-order term,
then one can use the results of extremal eigenvalue problem for a composite membrane,
see Cox, Mclaughlin [14, 15]. The Liouville transformation can be found in many papers
in the context of Sturm-Liouville problems with discontinuous coefficients such as [6, 18,
19,25]. When the domain is a ball, the existence of a radially symmetric minimizer has
been proved in [2] by using rearrangement technique.

On the other hand, the numerical treatment to the extremal eigenvalue problem of a
variable density membrane have been studied in [13-15,17,29], but there are only few
works for the extremal eigenvalue problem with variable conductivity (cf. [9, 10, 12]).
The finite element method for the eigenvalue problem have been studied extensively,
see [1,7,8,30] for constant conductivity function case and [3] for discontinuous conduc-
tivity. The computational result can also be found in Nemat-Nasser et al. [27,28]. Recently,
Liang et al. [24] study the convergence of the finite element method for the extremal eigen-
value problem with variable density function. Inspired by the previous works, we exploit
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the finite element method in the extremal eigenvalue problems with variable conductivi-
ties in the one dimension interval. The idea is to transfer the extremal eigenvalue problem
with variable conductivities to the extremal eigenvalue problem with variable densities by
Liouville transformation, then applying finite element method to solve the later equiva-
lent extremal eigenvalue problem and using discrete inverse transformation to obtain the
numerical solution of original extremal eigenvalue problem.

The outline of this paper is as follows. In last part of this section, we give some nota-
tions of function space. In Section 2, Liouville transformation, and a monotonic decreasing
algorithm are introduced. The property of o-problem and corresponding p-problem are
given and the convergence for monotonic decreasing algorithm for p-problem is proved.
In Section 3, the extremal eigenvalue problem is discretized by finite element method
and the convergence analysis is given. In Section 4, generalization to the extremal eigen-
value to the Sturm-Liouville problems with nonlinear potential term is studied, a modified
monotonic decreasing algorithm combining with Dinkelbach’s iterative algorithm for linear
fractional optimization is provided. In Section 5, some numerical examples are given to
depict the efficiency of our method. In the last Section 6, conclusion as well as the possible
further research are discussed.

The standard Sobolev space W™P and H™ on 2 with the norm || - ||yym» and || - ||,,,. The
L? norm is simplified as || - ||, and (-, -) is inner product in L? space.

2. Continuous extremal eigenvalue problem

2.1. Monotonic decreasing algorithm for o-problem

Define Rayleigh’s quotients & : ./ X Hé(ﬂ)\{o} — R by:

fﬂc7|Vu|2

R(o,u) = ———,
Jov?

then, by Rayleigh’s principle (cf. [18]),

A(oc)= min Z(o,u).
ueH()\{0}

Therefore, Problem 1.1 can be equivalently presented as

min Z(o,u).
Ued,ueHé(Q),u;éO

Similar as in [24], we may propose a monotonic decreasing algorithm for Problem 1.1, see
Algorithm 2.1. It can be shown that the above algorithm produces a monotonic decreasing
eigenvalue sequence, and it converges to a fixed point of the composite map o — o ou.
But unfortunately, the fixed point of this composite map is not unique. More importantly,
even in the one dimensional case, the limit point of conductivity o is very sensitive to the
initial guess. Our numerical tests in Section 5 verify this phenomena. On the other hand,
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Algorithm 2.1: Continuous monotonic decreasing algorithm for o-problem.

1. initialize o©,
2. fork=1,2,---, solve

k

K =u(o k

=1y & argmin Z(0* 1 u) and o*=o@Wr ) £argmin®z(o,ut ),

u€Hj, fol(u)2=1, fol u>0 oed

3. if ok =" then stop.

if the domain is specified as an interval in R!, one may apply Liouville transformation to
transfer this o-problem to an equivalent p-problem (see the details in next subsection),
and we can prove the stability of the monotonic decreasing algorithm for p-problem. In
this paper, we will focus on the one dimensional case:

—(o(x)u,), =Au in (O,L,),
(0 (x)u )y 0,L,) @1
u(0) =u(L,)=0.
The corresponding extremal eigenvalue problem reads:
Problem 2.1. For
Jnin Aqi(o),
where
LX
szxz{G(x)ELOO(O,Lx):aSU(x)S[J’, J[ azc}. (2.2)
0

Different from Problem 1.1, we replace the nonconvex admissible set .&/ by its L™
weak star closure .«/,. Cox and Jouron [12,20] has shown that Problem 1.1 and Problem
2.1 admit the same minimizer for the one dimensional case. It means that the minimizers
of A,(o) for Problem 2.1 in ./, has "bang-bang" property.

Remark 2.1. We employ the concept "bang-bang" from the optimal control theory. A
function o € ./, has "bang-bang" property, if (x) = a or 8 for a.e. x € (0, L,.).

For the convenience we give the solution to the o-problem in one dimensional case.

Lemma 2.1 (see [18]). There exists a unique minimizer o*(x) € .«/, to the Problem 2.1. To
be more specific, the conductivity function o*(x) is defined by:

a, for x€(0,z7),
o*(x)=1 B, for x€(z{,23),

a, for x€(zg,Ly),
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where
N

o o
z7 = 2o =L, —37 =
L 2B8-a’ X

2

2.2. Liouville transformation

As we mentioned in last subsection, to avoid the instability of the algorithm, we use
Liouville transformation to reformulate o-problem into an equivalent p-problem. For
Eq. (2.1), we introduce the change of variable as:

[
st

and define new functions v(y) = u(x), p(y) = o(x). Then the Eq. (2.1) can be rewrote as
the system of the density p(y):

{ —vyy =2Apv in (0,L,),

v(0) =v(L,) =0, (2:3)

Ly _ . . .
where L, = fo o~ !(t)dt. For any "bang-bang" function o € .¢/,, in particular, for the
optimal solution of Problem 2.1, we have

L= (a+ﬁ_C)Lx.

y a /5
One can find that function p(y) satisfies & < p(y) < 8 and the integral constraint

Ly B Lx o(x)dx
p(y)dy = =L,.
0

o ox)

The admissible set for the function p is:

Ly
oy = {p(y) €L™(0,Ly):a<p(y) <P, f p(y)dy = Lx}~ 2.4)
0

If the first eigenvalue of Eq. (2.3) is denoted by A;(p), then another extremal eigenvalue
problem

Problem 2.2. For

min A1(p)

Yy

admits the same minimum value as Problem 2.1 and the corresponding minimizer follows
o(x) = p(y). The inverse Liouville transformation from Egs. (2.3) to (2.1) can also be
defined by

Yy
x= f p(s)ds, o(x)=p(y).
0
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Similarly we can define Rayleigh’s quotient % : .¢/), X Hé(O, L)\ {0} > Ras:

Ly, 12
Jo vy lPdy
A(p,v)="——.
J,7 pv2dy
Then for any given p(y) € ./,
A’l(p) = min %(P;V),

veH((0,L,),v#£0
and hence Problem 2.2 can be equivalently presented as

min Z(p,Vv).
pe, ,veHy(0,Ly), v£0

In the next section, we will introduce monotonic decreasing algorithm to the p-problem.
Below the solution to Problem 2.2 is provided.

Lemma 2.2 (see [18]). There exists a unique minimizer p*(y) € .¢f/, to the Problem 2.2. To
be more specific, the density function p*(y) is defined by:

a, for y€(0,27),
_ PP
p*(.y)_ ﬁ’ for ye(zl)zz >

a, for ye(zgyl'y)a

where

BB —c)+2alc—a)
T2B-a)Bra—c)’

BB —c) "
YAp-a)fta-c 2

P _ _ P _
zl—L —Ly—zl—L

2.3. Continuous monotonic decreasing algorithm for p-problem

In this subsection, without loss of generality, we assume

Ly
©0,1,)=(0,1), J p(y)dy=#,
0

for simplicity. Consider the eigenvalue problem

{ —v"” =2Apv in (0,1),

v(0)=v(1)=0, (2:5)

and the admissible set

a+p
2 }

1
szyz{peLoo(O,l):aSP(J’)S[o’, a.e. y €(0,1), J p(y)=
0
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Algorithm 2.2: Continuous version of monotonic decreasing algorithm for p-problem.

1. initialize p°,
2. fork=1,2,---, solve

=1y 2 argmin Z(p*1,v) and p*=p(* ) £argminZ(p,vc ),

veH], fol(vy)2=1, fol v>0 pEd,

vk—l — V(p

3. if pk = pk1, then stop.

A monotonic decreasing algorithm is used to solve Problem 2.2, see the de-
tails in Algorithm 2.2. It can be observed that there exists a unique minimizer
mmveHé, [1vso, fol(v)idyzl‘%(p’v) for any given p € ./,. On the other hand, for any v

be eigenfunction associated to the smallest eigenvalue of Eq. (2.5), there exists a unique
minimizer for min,¢ o, Z(p,v), denoted by p(v). Therefore, Algorithm 2.2 is a type of
fixed point iteration, and we have its convergence as follows.

Lemma 2.3. p* in Algorithm 2.2 converges to the solution of Problem 2.2.

Proof The proof is divided into two parts. Firstly we show p* converges to a fixed
point of composite map p o v, and secondly we prove the only fixed point of p o v is the
solution of Problem 2.2.

Step 1. If algorithm terminate in finite step, i.e., p* = p**1, then clearly p* is a fixed
point of p o v. Otherwise, we can observe that

R(p*,vF) < R (p*, v < R (p*1 v,

hence Ak = #(p*,vk) is a monotonic decreasing sequence, and let AK — A. It is known
that triples (AX, p%, v¥) satisfy

(V9 (w),) = Ak (p"vk,w),  vw e H], (2.6)

and fol(vk)f,dy =1, vf(y) > 0 for y € (0,1). Since ||vk||H1 is bounded, passage to a
subsequence and still denote it by v, we have

pk—p weakly in L2(0,1),
vk -y weakly in Hé(O, 1),
Ak — .

Since Hé(O, 1) = Cy(0, 1) compactly, then we have vk > vin Co(0,1) and v > 0. The limit
triple (A, p, v) satisfies
(vy,wy) =Alpv,w), Vwe Hé. (2.7)
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Form Eq. (2.6), we can deduce the following:

1

1 1 1
f (vy)Zdy = AJ p(v)? = lim Akf pk(vk)2 = lim f 2 =1.
0 0 k—o0 k—oo )oY

0

Together with v > 0 for y in [0,1], it implies that

v= argmin Z(p,v)
1
veHé, fo v>0
Jowk2dy=1

and hence v = v(p). It remains to show that p = argminpe% Z(p,v). By pk=p(vF 1) £

argmin ¢ o, Z(p,v*™1) in Algorithm 2.1, we know that the density function p* satisfies

1
pf=a+(B— e br=ar+ >
where q; is the unique point in [0,1/2] which satisfies (uniqueness is from the strictly
convexity of vky:

1
v (a) = vkt (ak + E)

Now let a is the unique point in [0, 1/2], which satisfies

1

v(ia)= v(a + E)’
we will show that a; — a. Let w(y) =v(y) —v(y +1/2) for 0 < y < 1/2, then we have
w(a) = 0, which implies a is the unique root of w. Since w(y) is continuous, if w(az) — O,
then a; — a (otherwise Ja,, — a # a = w(a) = 0, which is a contradiction). We notice
that [w(ap)l = |(v(ax) — v¥(ax)) — (v(bx) — vF(b))I < 2[lv — v¥|| ., hence w(a) — 0 =
a, — a.

Let p = p(v) =a+ (B —a)yxiqp), then

lpx — pll = V2la; — al(B — @) — 0.

This implies that p = p = p(v). Now we have proved there exists a subsequence of p*
which converges to a fixed point of p ov. In the following, we should show that p is
the only one fixed point of the systems. By the uniqueness of the fixed point, the whole
sequence converges to p.

Step 2. Clearly the solution of Problem 2.2 is the fixed point of p ov. Next assume p be
one fixed point of iteration, and (A, v) be the corresponding eigenvalue and eigenfunction.
Since v is strictly convex function in (0, 1), there exists a unique s € (0,1/2), such that
v(s) = v(s + 1/2), moreover, v(y) > v(s) for y € (s,s + 1/2) and v(y) < v(s) for x €
(0,s)U(s+1/2,1). Then p = a+( — a)& s 5+1/2]- We will show that the only possible s be
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1/4 and obtain the uniqueness of fixed point. Let v(s) = v(s + 1/2) = b, then —v"' = Apv
in (0,s) with boundary condition v(0) = 0, v(s) = b. We can solve this boundary value
problem and find

_ sin[vady]
v(y)= —sin[MS] b, Vye][O0,s].

Similarly we also have
sin[v aA(1l — y)]
b
sin [\/al(l —s)]

2

v(y)=

, Vye [s+%,1],

and
v(y) =csin(\/ﬁy)+dcos(\/ﬁy), Vye [s,s+ %],
where
o cos(\/[a’_ks)—cos [m(s+ %)] b 4 sin [m(s+ %)] —sin(\/[a’_ks)b.

sin (@) ,

2

sin (@)

2

From above formula, we can calculate the left derivative and right derivative at point s
and s + 1/2. By Embedding Theorem, v € H%(0,1) — C'(0,1), v/(y) should be exist and
continuous. Therefore

\/—}LCOS(MS) ﬂ(l—cos(m))b,

a mb =v (s)= V+(5) =

cos[Var(3-s)] s+1:f s+
] (s+3) = s+3)

2

~ar

Then we have

cot(\/as) = cot [\/ﬁ(% —s)].

Due to the strictly monotonic property for cot function, we obtain s = 1/2 —s and hence
P =Bxayas/4) + ax0,1/4)n3/4.1) be the only fixed point of composite map p ov. O

Remark 2.2. The uniqueness of the fixed point to the composite map p o v plays the
important role for the stability of this algorithm. This global convergence result can be
verified numerically in the Section 5.
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3. Finite element approximation

In the Subsection 3.1, we consider the finite element method for Problem 2.2 and estab-
lish some properties for finite element solution. A discrete inverse Liouville transformation
is introduced in Subsection 3.2 to obtain the discrete solution for Problem 2.1 from the
finite element solution of Problem 2.2. The convergence of finite element method is given
in Subsection 3.3. Finally, we will list the discrete version of monotone decrease algorithm
in Subsection 3.4.

3.1. Finite element method for Problem 2.2

Now we consider a partition on the interval [0, L, ], where

L[, _Bra—c o
yo o (%) = af X :

Let0=yg <y; <---<yny =Ly, Ay; = |y;=Yyial,fori=1,--- N, and h = max}__, {Ay;}.
The finite element space are defined by:

Yy = {vn € Co(0,L,), Wpl[y._, . be linear function, i=1,---,N},
and
N
Ly = {ph € L*(0,Ly), pnley,_,,y) beconstant pp,;, i=1,---,N, th’iAyi = Lx}.
i=1

Let {wi}?’: _11 be the basis of the function space ¥}, , with y;(y;) =6
Vh € ¥, can be represented as:

ij» then any function

N-1

V= iy

j=1

Given v, € ¥, , and py € .¢, ,, the Rayleigh’s quotient:

L, N-1 )
vn(y)(;)y | dy
I3 1), Py Jo [; ) VI AV,
R(Pp, V) = = = , (3.2)
fLy ppvidy bora 2 Vi MV
o T J ph[zvh(yj)wj] dy
0 j=1

where £ and ./ are two matrices with entries:
L}’ L}’
K j ZJ W)y (Yj)ydy, Aij=| prpiy;dy,
0 0
and Vj, be the vector with V;, = (vy(y1), vi(¥2),* -, Vi(¥n_1))T. Then the discretization
form of Problem 2.2 reads:
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Problem 3.1. For

min A, (op),
PrEAn,y

where A, ,(p;,) be the smallest generalized eigenvalue of £ respect to .#. Let V; =

(g1, ,qn_1)T be the corresponding generalized eigenvector, we call v, = Z;V:_ll q;y; the
corresponding eigenfunction. It is known that Problem 3.1 admits a solution.

Lemma 3.1. For any given py, € @, ,, the eigenfunction corresponding to the smallest gen-
eralized eigenvalue of & respect to M is strict positive in (0,L,) (up to a multiplicative
constant).

Proof. let A, be the smallest generalized eigenvalue and Vj, = (q,--,qy—1) be the
corresponding eigenvector. From Rayleigh’s principle, we know that the function v, =
Ziv 11 q;y; is the minimizer of Z(pp,uy) for uy, € ¥, ,. Now we define v, = i\’:_ll |ql~| Vi,
one can easily verify (let gy = gy = 0):

(’ i N Yi 1 2
J (Fn2dy = ()2dy =Y J (55 (el —lai-ab) "
1 Yy t

1 yl—l
N Yi 1 2
SZJ[i_l (A_-_yi(qi - qi—l)) dy
N (yi ) Ly )
221:-@ (v)3dy =L (v)idy (3.3)
i-1

and

by Y ’ L\ PniAYi
~ ~ L1 i
fo ph(vh)zdy=2ph,i f (vh)zdy=; 5 (g P+ lgimaail +1ail”)

N

p
Z (121+CI1 1q1+Q)
1

v

-~

N

i Ly
Zp f —f phvsdy. (3.4)
Yi-1 0

i=1

Then Z(pp, V) < Z(pp, v,) and hence v, is also the eigenfunction corresponding to A, .
In the following we will show that q; #0,i = 1,2,--- ,N — 1. Without loss of generality,
assume ¢q; = 0 and |g;11| >0, 1 <i <N — 2. If |g;_4| > 0, then let q; = min(|q;_41,|q;41])

) i—1
and define v; = Z;:l lq;lp; +qiv; + Zl—i—l |q;1v); = Vi +q+;. One can observe

Ly y .
J (v;f)idy—J (Tn)5dy
0 0

Yi Yit+1
~ [ o3 - ey + |tz - Gogaa <o
Yi-1

Yi
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and
Ly L.y
J pr(vi)?dy — J pr(Vn)*dy
0 0
Yi Yit1
ZJ prl(vi)? — (#)*1dy +J pnl(vi)? = (#,)*1dy > 0.
Yi-1 Yi

Hence Z(pp, v;) < Z(pp, 1), which implies that v, is not a minimizer of % (pp, ). On the
other hand, if |g;_;| = 0 we choose

0<q < 2AY;lqi41l
YAyt AYin

and let v;' =V}, + qj);, then we have

L}’ L}’
J 2y —J @)%dy
0 0
Yi Yit1
. J [0 - )21y + J (002 - G2 1dy
Yi-1 Yi
_@?, (gl =) i _ | G | a4 2|Qi+1|) -0
Ay; AYin Ayiq "NAy; Ay AYin
and
L}’ Ly
J pr(vi)?dy — J pr(Vn)*dy
0 0
Yi Yit1
ZJ prl(vi)? — () 1dy +J prl(vi)? — (7)*1dy
Yi-1 Yi
qi ) \
=§[ph,iAyiqi + Phi+1AYi+1(q; +1gi41)1 > 0. (3.5)

Similarly, Z(pp, v;) < Z(Pn, Vi) < Z(pp, i), which is the contradiction. Then we obtain
thatg; #0,i=1,2,--- ,N — 1.

Next we will show that {qi}llv ~! have same sign. Assume {qi}llv ~1 have both positive
and negative components, then there exists i such that g;,g;,; have different signs. Since
the inequalities (3.3) and (3.4) are strict in this case, we obtain Z(py, V) < Z(Pn, Vi)-
Therefore vy, is strictly positive (up to a multiplicative constant). O

In later of this section, for given p; € ., ,,, A1 4(pp) and v,(py) are the smallest gen-
eralized eigenvalue of respect to the stiffness matrix # and corresponding normalized
positive eigenfunction (fOL 7 (vh(ph))f,d ¥ = 1), without confusion we denote it by 4, , and
vy, for simplicity.
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Lemma 3.2. For any given py € ., ,, let vy(pp) = Zi\[z_ll q;Y;, then we have

qgi —4di—1 S qi+1 —4q;

b i_ b "."N_]" (3'6)
Ay, AYin

|
—_
N

where gy =qy = 0.

Proof. Recall the definition of matrix ¢ and ., we find

r-1 4 1 __1 T
Ayr Ay Ay,
__1 4 41 __1
Aya Ay, Ays Ays
A = : : . : :
1 1 1 1
Ayn-2 Ayn-2 1AJ’N71 A}’1\1711
o o ot
and
2pp1AY1 +2pp2AY, Pn2AY2 e
1 Pr2AY 20p2A8Y2+2pp3AY3  pPr3AY3
‘jl —_— . . .
6 )
PrN—2AYN_2
2ppN-2DYN-2 T 2PpN-1AYN-1 PrN-1AYN-1
PhN-1AYN-1 2PpN-1AYN-1F20,NAYN |

From AV, = Ay MV, with Vi, = (41,2, ,qn-1)", we get:

11 1 A
(Ah + Ayz)ql - Ay2q2 = ?[2(ph,1Ay1 + Pn2AY2)q1 + Pr2lY292], (3.7a)

1 + 1 4 1 1
Ay; ™ ! Ay;  Ayj/ 7 Ay 7

ALk
=5 [on,jAYjqj-1 + 2(PnjAY; + Prj+1AYj41)q; + Prj+1AY 4195411,
2<j<N-2, (3.7b)

1 4 ( 1 + 1 )
- qn- — Jdn-
Ayn_q N=2 Ayn_1  Ayyn N

1h
o [PrN-1AYN-19N-2 T 2(PpN-1AYN-1+ PRNAYN)IN-1]- (3.70)
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By virtue of (3.7a)-(3.7c), q; >0fori=1,--- ,N —1 and gy = qy = 0, we can deduce that
the terms (q; — qj—1)/AY;j, (j = 1,2,--- ,N) decreases strictly. O

*

Let p; be solution of discrete minimization Problem 3.1, 1]

ing eigenvalue (1] , = A1 5(p;)) and eigenfunction. Clearly

3
, and v’ be the correspond-

L 2
L ey
Py = argmin I, o
enstyn [ pa(vi)dy

which implies that p, be the maximizer the denominate f OLy pr(vy )2dy for the fixed vy

Let v, = 11\1—1 q;y;, then
Ly N Yi N
PriAYi
f PPy = P J Xy =) —5 @ gt (38)
0 1 Yi-1 1

Define m; = qiz_1 +q;-19; + qiz, t; = ppiAy;, 1 =1,2,---,N, then t; satisfies constraint
N

21:1 t;=Ly.

Lemma 3.3. There exists i* € {1,2,--- ,N — 1}, such that:

m1<m2<---<mi*_1<mi*, mi*+1>mi*+2>--->mN_1>mN.

Proof. Since (q; —qo)/h; > 0, (qy —qn—1)/hy < 0 and {(q; — qi—l)/hi}?’:l is strictly
decreasing sequence, there exists i* with 1 <i* < N — 1 which satisfies:

i — qix—1 ~0> qiv+1 — ql'*.
Ayjr AYyit1

Hence
0=qo=q1 <@ <" <qp-1<Qp, qpr Zqp41>qpr42> """ >qn-1>(N-
Therefore
my <my <o+ <Mp_q <My, Mpyq>Mpyg> > My_1 > My.

The proof is completed. O

Next we rearrange {1,2,---,N} to {71, Ty, -+, Ty} by the following rule: m, <m. <
-+ <mg . Define I, = {71, , 7)1}, Ig = {Tiq1, - Tk Ig = {7ids st

R CET)
MCECEN R

|AyT1|+"'+|Aka,1 Ly<|A.yT1|+"'+|A.ka|~ (3.9)
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One can observe: if j € I, and j < i* then {1,---,j} € I,; if j €I, and j > i* + 1 then
{j,--+,N} € I,. The proof is the consequence of Lemma 3.3. Therefore I, can be identified

asl,=1{1,---,j;}U{jy,---,N}, and 74, = j; + 1 or j, — 1. Define

a, 1€,
pri=14 B, i€l (3.10)
9, i:Tk,

where 6 is chosen to satisfy constraint

01y |+a ) Ay + 8 1Ay =L,.

i€l icly
It can be verified a < 6 < 5.
Lemma 3.4. Define p; € .o, by pily. .y = P then p; is the maximizer of
[y pnlvp)dy.

Proof. For any py € .o, ,,, recall m; = qiz_1 +qi_19; + ql.z, ti = ppidyi, 1 =1,2,---,N

if 415y <V
, if y, <y <L,

if ¥5,-1 <Y<Y,
, if y;, <y <1L,.

-

and t{ = p;;Ay;, i=1,2,---,N, then it is sufficient to check Z?’Zl t;m; < Zil tim.
Let e; = t; — t7, then we have
N N
Z tim; — Z tim; = Z e;m; + Z eim; + e, Mme,.
i=1 i=1 i€l, i€lg
. N
Since Zi=1 e; =0, then e, = —(Ziela e; + Zielﬁ e;), and
N N
Z tym; — Z tim; = Z e;(m; —me, )+ Z e;(m; —my, ).
i=1 i=1 i€l, i€lg
By observing
m;<mg, Vi€l,
mTkSmi, VlEIﬁ,
and the fact a < py; < 3, we have
ei(m; —m. )= Ay(pp; —a)(m; —m; ) <0, Vi€l,
ei(m; —m; )= Ayi(pp; — B)(m; —m; ) <0, Vielg.
Combining above results, we obtain the desired result. O
From above Lemma, the solution to Problem 3.1 can be represented as:
g: 1£0Sy<y]15 a, 1£05y<y]1:
1 L < < v. 1 L < <vy:_ s
p;: ﬁ: 1 y]l y—y]1+15 or p;:: g, 1 _)’h y—yjz 1 (311)
a a
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3.2. The discrete inverse transformation

In the last subsection, we obtain the optimal solution for the discretization of Problem
2.2. Now we introduce a discrete inverse transform to recover the discrete solution of
Problem 2.1. Recall the solution of Problem 3.1 is p;: in (3.11), and define:

Ax; = pp Ay, Ohi=Phi> (3.12a)

XOZO, xi:Xi—1+Axi: i:1,"',N, (312]3)
then xy = Ziv p;, ;Ay; = L. Therefore {xi}g’ forms a partition of interval [0,L,]. The
discretization of admissible set .«, (2.2) can be defined as

Ly

"dh,x = {O'h S LOO(O, Lx): O'hljg_l =Ohpi> JL

thc}. (3.13)
0

+ _ N 4 . . X . . :
Let o, = Zi:l OhiXlxi,x)> ONE should be noticed t}}at in gener.al oy, ¢ .o, since Py is
not exactly "bang-bang" function. The next Lemma implies o is not far away from the
admissible set ./, ,.

Lemma 3.5. When h — 0, then f oydx —c.
Proof Let Ly, = Y, |AYil, Lgy = Zielﬂ |Ayil, Lo,y = iey, |AYil- Then
La’y + Lﬁ’y + Le,y = Ly,
aLa’y + ﬁLﬁ,y + OLg’y = Lx.

It implies that

L, N N
f o,dx 220;‘;1.Axi = Zp;‘;iAyi =a’Ly, +B*Lg, +6%Lg,
0 i=1 i=1

=(a+pB)Ly —afL,+ (0 —a)(6 —B)Lg,
=(a+p)Ly —(a+ B —c)Ly + (0 —a)(® —B)Lg,
=cL, +(0 —a)(® — B)Ly.

Therefore

Ly 2
+
f o,dx —cLy| <160 —al|6 — Bl|Lg| Sh%.
0

So, the lemma is proved. O

From the proof of above Lemma, we immediately have following result:

Corollary 3.1. For p; and p*, the optimal solutions to Problem 2.2 and Problem 2.1 respec-
tively, we have

Ly *\2 Ly *\2 Caﬁ
J[o (pp)*()dy —>][0 (P ) (y)dy = atf—c
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3.3. Convergence analysis

We first consider the discretization of Problem 2.2.
Theorem 3.1. Let p;, be the solution of Problem 3.1, Aih and v; be corresponding eigenvalue
L
and positive normalized eigenfunction ( f 0 "(vp )f,d y =1). For h — 0% we have:
ALp = M
pr—p* in L*(0,L)),
v, = V" in HY(0,L,),
where p* be the optimal solution to Problem 2.2, and (A%, v*) be the corresponding eigenvalue
and eigenfunction.
Proof. Firstly we claim that
”;,h -2
py — p" weakstarin L*(0,L,),
v; —v* in H'(0,L,).
The proof of this claim is similar to Theorem 3.8 in the paper [24] and Lemma 2.3. Firstly
passage to a subsequence we have p; — p* weak star in L*(0,L,), A} ,(p;) — A" and

v, (p) — v* weakly in H'(0,L,). Then we notice that (Aih(p;;),p;, v, (p},)) satisfies

Ly Ly
f i) vy = Aih(p;‘;)f PV (P Ve, YV E Wy
0 0

Sobolev embedding theorem (Hcl) s L2 compactly) and dense property for finite element

1
space (Uh"l/h’yH = Hy) implies that the limit pair (1}, p*, v*) satisfies

Ly L.y
f vy = A*J pv'v, VveH,.
0 0

It is not difficult to see that the limit function v* is a positive eigenfunction, which implies
that A* = A]. The uniqueness of solution gives the convergence for the whole sequence.
Lastly norm convergence with weak convergence in H' leads the strong convergence for
eigenfunction, which complete this claim.

Then by the uniqueness of weak limit we have p; — p* weakly L?(0, L,). Then to-
gether with Corollary 3.1, we can deduce that p;, — p* in L2(0, Ly). O

Now we move to Problem 2.1. By discrete inverse transformation and the formula of
py, (3.11), we can get

if 0<x<x;j,

) <X S X, (3.14)

, if 0<Sx<xj,
if xj, <x<xj41, N
if xj41 <x<xj,

, if xj, <x < Ly,

-

-

j
if xj,_1 <x<x;j,

if x; <
if x;, <x<L,.

O'h:

-

R OD™R

-

SRS S
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Without loss of generality, assume o, has the first representation in later of this subsection,
. LX
we will prove fo loy, —o*ldx — 0.

Lemma 3.6. Recall the formula (3.11) and Lemma 2.2 for the discrete optimal density p;

and the continuous optimal density p* respectively. Let h — 0, then we have y; — zf and

P
-yjz_)ZZ'

Proof. By Theorem 3.1, foLy lo;, —p*|?dy — 0, then Ve > 0, 3h > 0, s.t. Yh < min(h, €),
we have:

Ly
J oy — p*I*dy < e(f — a)*.
0

Together with

L}’
f loj—p*IPdy = ly;, — 25 1(B — a)?,
0

it implies that |y;, — zgl <e.
On the other hand, if y; > =7, then

Ly L,
J lpr=p Py < e(f - ), J P = p"Pdy 2 ly;, = =716 — ),
0 0
leads to |y; — 27| <e.
Iy <Zf < Yj+15 ), —Zf| <h<e.lIfy; <zf,

L

Ly y
J o — p*PPdy < e(B— a)?, J oy =P P"dy 2 1¥j41 =2 1(B - )%,
0 0

which gives |y; — zfl < h+ € =2e. Overall, let h — 0, we have y; — zf, Y, = zg. O
Lemma 3.7. Recall the formula (3.14) and Lemma 2.1 for the discrete optimal conductivity

o and the continuous optimal conductivity o™ respectively. Let h — 0, then we have xj — 2]
and x;, — z3.

Proof. From the discrete and continuous inverse Liouville transformation, we can derive
that:

o _ P —
Z) = Az, Xj = Ajp»
o _ P —
Ly —z7 =a(Ly, —25), Ly —x;, =a(L, — y;,)

Combined with Lemma 3.6, we can obtain xj — 27, zj, = 25 . O
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Theorem 3.2. Using the same notation as Lemma 3.7, we have a;; — o*in L}(0, L) when
h— 0.

Proof. By Lemma 3.7, Ve > 0, 3h > 0, s.t. Yh < min(h, €), we have:

€ € €
by =5 S sl S, hS———
T T 8(B-a) 22T 8B a) 2(B—a)
Then by
Ly Xjy Xj1+1 Xjp Ly
oy —o*|dx = + + + oy —o*|dx,
h h
0 0 Xjy Xj1+1 Xjy
we have
(le .
07— 0”ldx < (B — a)lx;, — 3,
Jo
(leﬂ
loy, —o*ldx <hB(f — @),
ijl
(‘sz .
loy, —o"ldx < (B — a)lxj, — 271+ (B — a)lx;, — 25 |,
ij1+1
Ly
( lop, —o*ldx < (B — a)lz5 —x;j,|.
Jxj,
Therefore
LX
J loy, —o*|dx <e.
0
This completes the proof. O

3.4. Discrete monotonic decreasing algorithm

In this section, a discrete monotonic decreasing algorithm is used to solve Problem 3.1.
See Algorithm 3.1. Given any initial guess p}? € ., ,,, we solve the smallest eigenvalue
and its corresponding eigenfunction v,? of Eq. (2.3) for p;, = p,?, then we update pi from
the eigenfunction v}? such that it minimizes the Rayleigh’s quotient % (p, v}? ). Repeat this
process until the stop rule is satisfied, where A,’i = %(p]’f, v,]f). Once we obtain the discrete
optimal triple (li,h, p;,vy,) from Algorithm 3.1, the discrete optimal o} can be recovered
by the discrete inverse Liouville transformation (3.12).

In Algorithm 3.1, Step 1.2.1 can be obtained by MATLAB routine eigs; Step 1.2.2
follows the similar construction in Lemma 3.4. Without loss of generality let k = 0, we
provide the details to compute the minimization of Rayleigh’s quotient Z(py, v}?). Firstly
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Algorithm 3.1: Discrete version of monotonic decreasing algorithm.

1. Compute py, A1(pp)-
1.1 Initial guess for p) € .4, ,, calculate (A9 Y vP).
1.2 Do while not optimal (|Af —AF71| > ).

1.2.1 vh —vh(p )= argmin %(ph,vh) Ak = (pk,vF).
vn €%,y \{0}

1.22 pf= ph(v}’f_l) = argmin%(ph,v}’f_l).

PrESy,y

2. Recover o} by discrete inverse transformation.

the the mass integration J(A,) = ]C A (v]?)2 are defined in each element A . To minimize
Y

the discrete version of Rayleigh’s quotient (3.2), it is same as to maximize:

N
f pr(v))* = ZJ pr(v))? ZZPh,iJ(Ay,i)|Ay,i|-
1

Suppose (T1,7Ty, -, Ty ) be a permutation of (1,2,---,N) with

J(A ) < J(Ay,rz) <= J(Ay,TN)-

Y71
Define p; as follows:
1 _ . _ A1 _ 1 R B
ph,Tl_'.._ph,kal_a’ ph,Tk+1_ .._ph,TN_[))’
where the subscript 7} is satisfied with:
B(B—c)
|Ay,71| +eee |Ay,7k_1| < (/5 — a)(a+[5 — C)Ly < |Ay,71| +- 4+ |Ay,1:k_l| + |Ay,1:k|-

To fulfill the constraint, we adopt

N
1
ph,rk_ |A ( aZ|Ay,T] ﬁ Z |Ay,rj|)~

j=k+1

4. The extremum eigenvalue of Sturm-Liouville problem with potential

In this section, we will extend our method to the Sturm-Liouville problems with non-
linear potential. It is not like Problem 2.1, the extremum eigenvalue for Sturm-Liouville
problems with general potential does not have a closed form solution. And according to
the authors’ knowledge, there is no numerical result for this problem yet. The monotonic
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decreasing algorithm applied to o-problem directly still have instability, and we will use
Liouville transformation to reformulate the o-problem to an equivalent p-problem and
apply modified monotonic decreasing algorithm to solve it.

The eigenvalue problem for o-problem with nonlinear potential reads:

{ —(o()u), +q) =A(o)u in (0,L,),

u(0)=u(L,)=0, (4.1)

where g(u) is a smooth function of the variable u(x). The minimization problem is the
same as Problem 2.1. Applying Liouville transformation, o-problem can be reformulated
into the following p-problem:
—v,, + v)=Apv in (0,L,),
vy +Pq(v)=2p (0,Ly) “4.2)
v(0) =v(L,) =0.

Hence the corresponding Rayleigh’s quotients of above systems be

L L
Jo vy Pdy + [)7 pva(v)dy

Z(p,v)=
[y pv2dy

Unlike Algorithm 2.2, the subproblem

pk = argmin Z(p,vk™1)
pEA,

is not straightforward now. We notice that for any given v, the subproblem

L L
p = argmin Jo vy Py +Jy” pra0dy
pedy fOLypvzdy

is a linear fractional program. To overcome the nonconvexity of the cost functional, we use
the Dinkelbach’s iterative algorithm [4,21] to solve this linear fractional program. After
standard finite element discretization as in Section 3.1, we need to solve subproblem
Ly 2 Ly
- [ oy Pdy + [ prvna(viddy
min  Z(pp, V) =

L
PrEhy fo 7 pvﬁdy

J

which is equivalent to solve

L
o pvidy
max .
sy [ (), Pdy + [ prva(u)d
0 ryl"AY T Jo~ PrVra\vp)ay

From [4], the above optimization problem is equivalent to

L}’ L}’
F(t*) = argmaX{f prvipdy —t* f thhq(vh)dy} =0,
Pr€ny \Jo 0
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where .
2
.y eividy

tT = .
L
I Pivia(viddy

Then Dinkelbach’s algorithm is used to find t* iteratively, see Algorithm 4.1. At each
iteration of Dinkelbach’s algorithm, we may use the same technique from Algorithm 3.1.

Algorithm 4.1: Modified monotonic decreasing algorithm.

1. Given a tolerance € > 0 and initial guess p; € .¢%, ,, compute (17 ,,v7). Set k=0.

2. Do while [Af —2F"Y > €. Let g = pk, ¥, =vf.

=05 \2
2.1 Calculate t® = Ef;ﬁ#, set m=1.
05,V (Vi)
2.2 (Dinkelbach's iteration) Do while F(t(™) > e.

221 update P = argmax{Zp™ 1 (¥,)? — M Ep™15,q(5) 1,
PhE Sy

~m (s )2
2.2.2 ¢m+) = M, set m=m+1.
Py vpa (V)
2.3 update pf = p}", compute (A¥,,vf), set k=k+ 1.

3. Recover o} by discrete inverse transformation.

5. Numerical examples

In this section, we present some numerical experiments to verify our efficiency of our
algorithm.

Example 5.1. Consider the one-dimensional interval is L, = 1.5, the conductivities of two
materials are a = 1.0, 8 = 2.0, the volume constraint ¢ is 1.5, namely two materials have
equal areas. After Liouville transformation, it can be deduced that: L, =1.125.

The exact extremal eigenvalue A7 is same the smallest eigenvalue with exact density
profile (solution of Problem 2.2) and it is approximately computed over a very fine mesh
(3 x 2% in our test). The mesh grids in our numerical example generate randomly. From
the solution on the mesh with N grid points and 2N grid points, the convergence order can
be calculated by

Ay — 23
|2y = 23]
From Table 1, the minimum of A; decreases as the mesh grids increasing. The convergence

order of the eigenvalue is @(h?). The Fig. 1 shows the conductivity o, and the eigenfunc-
tion u; corresponding with the extremal eigenvalue A, in 65 mesh grids. We observe that

log,
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Table 1: A grid refinement analysis for the extremal eigenvalue problem.

N | Iterations MinA, Order
24 4 4.83667467357407

2° 4 4.81371122780496 | 1.97742704964463

26 5 4.80784148622367 | 2.00557426484817

27 6 4.80638460008228 | 1.99109294762469

28 6 4.80601686034790 | 2.00595789305809

2° 7 4.80592547342413 | 1.99794092714717

210 8 4.80590260241290 | 1.99636507777688

conductivity distribution the eigenfunction correponding to extremal eigenvalue
T T - 14 T T = 1.4
C:" 12 1? 11.2
2 2
1 1
18 118
'.%15 116 §o08f 108
g 1.4 114 "né; 0.6 0.6
1.2 12
. . 0.4t H0.4
0.2 10.2
0 0.5 i 15 c() 0‘.5 i 1.5?
(a) Conductivity distribution (b) Eigenfunction

Figure 1: The conductivity o; and eigenfunction u; with the extremal eigenvalue 2] ,.

the conductivity o, in only one element is neither 1.0 nor 2.0, which matches our analysis
result. It can be found that the eigenfunction u; is non-smooth, which means that there is
jump for the conductivity where material property changed.

Example 5.2. The optimization problem is the same as Example 5.1. But we will solve
the extremum eigenvalue problem in two ways. One way is to solve the conductivity
problem directly, we can find the solution to the monotone decreasing algorithm depends
on the choice of the initial data. But if we use the Liouville transformation, to reformulate
the optimal conductivity distribution problem into the density configuration problem, the
numerical experiment shows the algorithm is stable and does not depend on the initial
data.

In this example, we use uniform mesh with 3 * 2° elements and choose the initial con-
ductivity(density) distribution randomly. Without the Liouville transformation, we get the
approximate minimum 2, is 4.89377248044174. The corresponding eigenfunction u; and
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the eigenfunction corresponding to extremal eigenvalue

0.5 1 15

(b) Eigenfunction

Figure 2: The conductivity o; and eigenfunction u; without transformation.

the eigenfunction corresponding to extremal eigenvalue

0.5 1 15

(b) Eigenfunction

Figure 3: The conductivity o} and eigenfunction u; with Liouville transformation.

the conductivity distribution o have been described in Fig. 2. Applying Liouville trans-
formation and discrete inverse transformation, we can obtain the optimal minimum A, is
4.80636482143785. We also plot the corresponding eigenfunction u; and the conductivity

distribution o} have been described in Fig. 3.

Example 5.3. For above numerical experiments, the finite element space is chosen as con-
tinuous piecewise linear function. Next we will employ the continuous piecewise quadratic
finite element space. The optimization problem is the same as Example 5.2.

We use a uniform mesh with 3 * 2° intervals and choose the initial conductivity (den-
sity) distribution randomly. By applying Liouville transformation and the discrete inverse
transformation, we can obtain the optimal minimum A, is 4.80589495485539 and the
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conductivity distribution the eigenfunction correponding to extremal eigenvalue
T T T T

1.4 1.4

c;‘ + u;‘
J 1.2 u'[q{12
2 2
1 1
1.8 11.8
2.6 16 508 {08
g g
k=1 2
14 14 206 106
1.2 11.2
0.4 10.4
1 1
0.2 10.2
0 0
0 0.5 1 1.5 0 0.5 1 1.5
X X
(a) Conductivity distribution (b) Eigenfunction

Figure 4: The conductivity o} and eigenfunction u; with Liouville transformation by P, finite element.

corresponding eigenfunction u; and the conductivity distribution o, have been plotted in
Fig. 4.

Example 5.4. We will consider the Sturm-Liouville problems with potential q(u) = u®. We
will also solve this problem by direct solver and by Liouville transformation.

In numerical experiments, let the interval L, = 1.5, the conductivities of two mate-
rials are a = 1.0, 8 = 2.0, the volume constraint ¢ is 1.5. The mesh grids with 3 * 27
and initial conductivity(density) distribution generate randomly. By the direct solver, we
could get the approximate minimum eigenvalue is 5.48770808403623. The correspond-
ing eigenfunction u; and the conductivity distribution o, have been described in Fig. 5. By
the Liouville transformation and inverse transformation solver, we can obtain the optimal
minimum 2, is 5.30592595833589. We also plot the corresponding eigenfunction u; and
the conductivity distribution o7} in Fig. 6.

6. Conclusions

In this paper, finite element method with a monotonic decreasing algorithm are ap-
plied to solve the extremal eigenvalue of the Sturm-Liouville problem on an interval with
variable conductivities. Convergence analysis and numerical experiments are obtained in
the paper. We also determine the extremal eigenvalue of the Sturm-Liouville problem with
nonlinear potential. Our work can be generalized in several directions. Firstly Dirichlet
boundary condition can be replaced by Neumann boundary condition or Robin boundary
condition. Secondly, a singular Sturm-Liouville system may be under consideration. Lastly,
our method may be extend to find a radially symmetric minimizer when the domain is a
ball.
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Figure 5: The conductivity o; and eigenfunction u; without transformation.
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Figure 6: The conductivity o} and eigenfunction u; with Liouville transformation.
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