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Abstract. Surface reconstruction from unorganized data points is a challenging prob-
lem in Computer Aided Design and Geometric Modeling. In this paper, we extend the
mathematical model proposed by Jüttler and Felis (Adv. Comput. Math., 17 (2002),
pp. 135-152) based on tensor product algebraic spline surfaces from fixed meshes to
adaptive meshes. We start with a tensor product algebraic B-spline surface defined on
an initial mesh to fit the given data based on an optimization approach. By measuring
the fitting errors over each cell of the mesh, we recursively insert new knots in cells over
which the errors are larger than some given threshold, and construct a new algebraic
spline surface to better fit the given data locally. The algorithm terminates when the er-
ror over each cell is less than the threshold. We provide some examples to demonstrate
our algorithm and compare it with Jüttler’s method. Examples suggest that our method
is effective and is able to produce reconstruction surfaces of high quality.
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1. Introduction

With the development of modern industry, it is possible to capture extremely large
unorganized data points from the surfaces of existing models and products. Meanwhile,
reproduction of existing models and products with complex free-form surfaces plays a very
important role in CAD/CAM, Computer Vision, Computer Graphics, etc. The significance of
surface reconstruction from point clouds attracts many researchers to investigate efficient
and robust algorithms to solve the problem.

Surface reconstruction has been widely studied since the 1980s. A class of approaches
in parametric surface reconstruction are based on the active contour models which were
first proposed in [12] to detect image contours. Pottmann et al. [15] applied the tech-
nique to surface approximation, and they proposed an active parametric B-spline model
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to fit smooth given curves and surfaces [14]. Wang et al. [21] extended their work to the
case of unorganized point cloud data and improved the efficiency of Pottmann’s method
dramatically. Recently, an evolution-based least square fitting method was also put for-
ward to fit point clouds [2] and curves [18]. However, parametric fitting methods are
difficult to handle point clouds with complicated topology. And also, parametric surface
reconstruction needs a process of parametrization which is a non-trivial problem.

To solve the difficulty of parametric curve/surface reconstruction, implicit representa-
tion has been introduced. Carr et al. [4] introduced polyharmonic radical basis functions
and multi-pole methods to model large data sets by a single radical basis function. Zhao et
al. [26,27] applied the level set method in surface reconstruction by solving a PDE equation
numerically. Their approach becomes very expensive both in time and in usage of memory
when high accuracy reconstruction is required. Alexa et al. [1] developed the projection-
based approaches, which have the advantage that they are local and they directly yield a
point on the surface. Their approach requires the solution of a non-linear moving least
square problem in a projection set, which makes many geometrical operations expensive.

The signed distance function has been used to reconstruct an implicit surface on a
rectangular grid with the signs to distinguish inside and outside of the surface [3, 7, 8].
Ohtake et al. [13] proposed a hierarchical approach for 3D scattered data interpolation
with compactly supported basis functions. Although this approach can process very large
set of points, the implicit function used does not have an explicit form which is critical
to theoretical analysis, such as multi-resolution analysis, approximation error, etc. Jüttler
and Felis [10] described a technique for fitting surfaces to scattered data by simultaneously
approximating points and associated normal vectors which are estimated from the given
data. This approach is quite efficient due to a simple representation using algebraic B-
spline functions with fixed meshes and a linear optimization method. However, the method
can not get satisfactory result when the data points contain rich local geometric details.
Other work includes moving least squares [6], dynamic implicit surface reconstruction
[22,24,25], etc.

In this paper, we extend the mathematical model proposed by Jüttler and Felis in [10]
from fixed tensor-product meshes to adaptive tensor-product meshes. The basic idea is as
follows. We start with an initial mesh, over which the model proposed by Jüttler is applied
to obtain an initial fit to the given point cloud. Then we check the fitting errors over
each cell, and insert new knots in cells over which the errors are larger than some given
threshold, and reconstruct a new algebraic surface to locally fit the given data. This process
is recursively applied until the errors over each cell of the mesh are less than the given
threshold. Our approach can produce reconstruction surfaces with much higher quality
and is much more efficient than Jüttler’s method due to adaptive meshes generation.

The rest of the paper is organized as follows. In Section 2, the algebraic B-spline
surfaces are briefly introduced. In Section 3, we review the optimization reconstruction
model proposed by Jüttler and Felis in [10] and extend it to adaptive meshes in the next
section. In Section 5, we demonstrate our new algorithm with some examples and compare
it with the technique presented in [10]. Finally, we conclude the paper by proposing some
problems for future research in Section 6.
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2. Algebraic tensor-product B-spline surfaces

Let f (x , y, z) be a trivariate tensor product spline function of a tri-degree
(m′, n′, l′) defined over some domain Ω:

f (x , y, z) =
∑

r,s,t

crst Mr (x)Ns(y)Lt(z), (2.1)

where {Mr (x)}
m
r=1, {Ns(y)}

n
s=1and{Lt(z)}

l
t=1 denote the B-spline functions of degree m′,n′

and l′ with some given knot sequences respectively, and crst denote the real control coeffi-
cients. The zero set of the function is defined by

V ( f ) = {(x , y, z) ∈ Ω| f (x , y, z) = 0}, (2.2)

and it is called an algebraic B-spline surface.
For simplicity of notation, the control coefficients and the basis functions are gathered

into two column vectors, denoted by

f= ( f111, · · · , fmnl)
T and q(P) = (· · · , Mr(x)Ns(y)Lt(z), · · · ),

respectively, where P= (x , y, z). Then we can rewrite f (x , y, z) (or f (P)) in the form

f (P) = q(P)T f= qT f, (2.3)

and express the gradient ∇ f (P) as

∇ f (P) =

�

∂ f

∂ x
(P),
∂ f

∂ y
(P),
∂ f

∂ z
(P)

�T

=







uT f

vT f

wT f






, (2.4)

where

u =
∂ q

∂ x
, v=

∂ q

∂ y
, w=

∂ q

∂ z
.

3. The optimization model with fixed tensor product meshes

Given data points {Pu}
U
u=1 and the associated normal vectors {nu}

U
u=1 (If the normal

vectors are not available, they can be approximately calculated from the given data set),
we want to construct an algebraic spline surface to fit the data points. Jüttler presented an
optimized model to handle this problem in [10]. The basic idea is as follows.

The given data points are approximated with an algebraic surface f (x , y, z) = 0 by
minimizing the sum of the squared algebraic distance

L(f) =

U
∑

u=1

[ f (Pu)]
2 =

U
∑

u=1

fT Auf, (3.1)
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where f is the coefficient vector of f (x , y, z) and Au = quqT
u .

Obviously, the minimum value of L(f) is zero when f (x , y, z) ≡ 0, which produces
meaningless result. To solve this problem, we add the normal deviation term by minimizing
(in addition to algebraic distance term) the sum

N(f) =

U
∑

u=1

‖∇ f (Pu)− nu‖
2

=

U
∑

u=1

h

fT Buf− 2(nuxuT f+ nuyvT f+ nuzw
T f)+ nT

u nu

i

, (3.2)

where
Bu = uuuT

u + vuvT
u +wuwT

u , nu = (nux , nuy , nuz)
T .

The minimization of weighted linear combination of the algebraic distance and the
normal deviation term should provide a solution to the fitting problem. However, such
solution may contain extraneous surface components. To eliminate such situation, we
further add a tension term G(f) in the objective function:

G(f) =

∫∫∫

Ω

�

f 2
x x + f 2

y y + f 2
zz + 2 f 2

x y + 2 f 2
yz + 2 f 2

zx

�

d xd ydz

= fT Hf, (3.3)

where H is a matrix of same size with Au and Bu. Finally, we will solve the following
optimization problem:

F(f) = L(f) +ω1N(f)+ω2G(f)→Min., (3.4)

where ω1,ω2 are non-negative weights.
The solution of the optimization problem (3.4) can be obtained by solving the following

system of linear equations
∂

∂ f
F(f) = 0. (3.5)

Moreover, if we substitute (3.1-3.4) into (3.5), we can write the linear equations (3.5) in
a matrix form:

Mf= b, (3.6)

where

M =

U
∑

u=1

(Au+ω1Bu) +ω2H,

b =ω1

U
∑

u=1

(nuxuu + nuyvu+ nuzwu).
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4. The optimization model with adaptive tensor product meshes

For surface models with very complex topology and rich geometric details, it is difficult
to construct high quality object surfaces in a reasonable amount of time by the mathemat-
ical model proposed in the last section, since generally a uniform mesh is adopted, and
the size of the linear system of equations (3.6) is proportional to rst and hence the mesh
can’t be too dense. In order to solve this problem, we propose an adaptive mesh surface
reconstruction technique based on the model in the above section. This method takes the
rectangular bounding box of the data points as the initial mesh, and a reasonable tensor-
product mesh is obtained automatically through an adaptive knot insertion process. Since
in each step a local fitting problem is solved, the algorithm is much more efficient and high
quality surface construction becomes possible.

To be concrete, we start from the rectangular bounding box (level ‘0’ tensor product
B-spline mesh T0) of the data point set P = {Pu}

U
u=1, and construct an initial algebraic

spline surface f0(x , y, z) = 0 to fit the data points by the Juettler’s method. Suppose we
have constructed an algebraic spline surface fn(x , y, z) = 0 over the level n tensor product
B-spline mesh Tn. Then the level n+ 1 tensor product B-spline mesh Tn+1 can be obtained
according to the adaptive knot insertion algorithm which is based on the approximation
errors in the cells of Tn and will be discussed in the next section. We then modify the spline
function fn(x , y, z) by a displacement function gn(x , y, z) such that

fn+1(x , y, z) := fn(x , y, z) + gn(x , y, z) = 0

is a better approximation to the point clouds than fn(x , y, z) = 0. Specifically, let D be
the union of all the cells in Tn, over which the approximation errors are larger than some
threshold, and let gn(x , y, z) be a linear combination of B-spline basis functions whose sup-
ports have intersection with D. Compute gn(x , y, z) by solving the optimization problem

min F(gn) =
∑

Pu∈P
⋂

D

h

(( fn+ gn)(Pu))
2 +ω1‖∇( fn + gn)(Pu)− nu‖

2
i

+ω2

∫∫∫

Ω

h

( fnx x + gnx x)
2 + ( fny y + gny y )

2+ ( fnzz + gnzz)
2

+ 2( fnx y + gnx y)
2+ 2( fnyz + gnyz)

2+ 2( fnzx + gnzx)
2
i

d x d y dz. (4.1)

Denote the coefficient vector of function gn(x , y, z) by g. Then F(gn) can be written in
a quadratic form F(g). The optimal problem (4.1) can be solved from the linear system of
equations:

∂

∂ g
F(g) = 0. (4.2)

Set
fn+1(x , y, z) = fn(x , y, z) + gn(x , y, z).

In this way, we can recursively find the next level of algebraic spline surface which is a
better approximation to the given point clouds.
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5. The adaptive surface reconstruction algorithm

According to the optimization model in last section, we present the adaptive algorithm
of surface reconstruction as follows.

Step 1 Input the data point set P = {Pu}
U
u=1 and the associated normal vectors

{nu}
U
u=1. Find the bounding box of the point set as the initial tensor product

B-spline mesh T0. Solve the linear system (3.6) to get the initial algebraic spline
surface f0(x , y, z) = 0. Choose a threshold τ > 0 for approximation errors and
set n= 0.

Step 2 Compute the average approximating error

ǫC =
1

#(P
⋂

C)

∑

Pu∈P
⋂

C

| fn(Pu)|

‖∇ fn(Pu)‖

for each cell C of Tn which contains at least L points. Here L is selected to avoid
subdividing cells with a few data points, since wherein the noise may play an
important role. If ǫC ¶ τ for every cell C in Tn, then terminate the process; oth-
erwise, let D denote the union of all the cells of Tn, over which the average of ap-
proximating errors are larger than the given threshold τ. Perform knot insertions
along x , y, z directions such that each cell in D is subdivided into eight subcells
with the same size. The mesh after knot insertion is denoted by Tn+1. Compute
the coefficient vector f of the tensor product B-spline function fn(x , y, z) over the
new mesh Tn+1 using Bohm’s algorithm.

Step 3 Let gn(x , y, z) be a linear combination of all the basis functions whose supports
intersect with D. Denote the support of gn(x , y, z) by SP(gn). Solve the optimiza-
tion problem (4.1) and obtain a displacement function gn(x , y, z).

Step 4 Set fn+1(x , y, z) = fn(x , y, z) + gn(x , y, z), and let n= n+ 1. Return to Step 2.

In each step, the optimization problem (4.1) is solved over the region D where the
approximation error is larger than the threshold τ, thus the size of the linear system (4.2)
decreases dramatically.

6. Implementation and examples

In this section, we illustrate several examples to demonstrate our algorithm. Compari-
son is also made between our method and Jüttler’s method.

The algorithm presented in [10] needs the user to set a fixed prior partition of the
tensor product mesh. However, how to set the number of knots in each direction totally
depends on the user’s experience, and different choice of mesh partition may influence the
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(a) data points (b) The method of [10] (c) Our method

(a) data points (b) The method of [10] (c) Our method

(a) data points (b) The method of [10] (c) Our methodFigure 1: Comparison of the results obtained by using the method of [10℄ and the method proposed inthis work: Mannequin (top), Sulpture (middle), and HalfVenus (bottom).
quality of the reconstruction surface. On the other hand, by our adaptive knot insertion
algorithm, the user does not need to specify the partition of the tensor product mesh. A
reasonable tensor product mesh can be obtained automatically during the iterative process.

As we mentioned before, it is difficult to fit the data points with local geometric details
very well by solving the optimization reconstruction model based on a fixed tensor-product
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Examples Points Partitions1 Time1 Partitions2 Time2

Mannequin 6737 51× 44× 40 11.6s 102× 70× 60 15.2s
Sculpture 29171 83× 67× 72 111.5s 143× 125× 143 91.9s

Venus 134345 85× 97× 92 140.4s 101× 129× 129 123.8s

mesh. Sparse knot sequences can not exhibit the local features, while dense knot sequences
are superfluous and result in low efficiency. In the worst case, the algorithm proposed
in [10]may terminate with unexpected result since the matrices in the model are too large
to be saved in computer memory. On the other hand, with our local refinement strategy,
only a much smaller matrix need to construct during the optimization process, and much
fewer time is needed to construct the surface of same quality.

We implement several examples to compare our algorithm with the one proposed in
[10].

The method of [10] restricts the sum in (2.1) to a certain subset of the index set. That
subset corresponds to the boxes defined by the knot vectors which contain data, and to the
neighbouring cells. Usually this strategy can make their algorithm more efficient and we
adopt this strategy in the implementation.

Table 1 compares the computational statistics of the method in [10] and our method.
The table items of ‘Partitions1’ and ‘Times1’ represent the statistics of the method of [10]
while the ‘Partitions2’ and ‘Times2’ represent ours. All examples are implemented on a
PIV-1.73GHz PC with 1.0GB RAM. The results are illustrated in Fig. 1. From the statistics
and the figures, we conclude that our method is not only more efficient but also produces
reconstruction surfaces with much higher quality than that of [10].

7. Conclusions

In this paper, we extended the surface reconstruction model proposed in [10] to adap-
tive meshes. An iterative algorithm is proposed to fit a given data sets with high quality
reconstruction surfaces effectively. Several examples are provided to demonstrate the ef-
fectiveness of our algorithm. Compared with the method presented in [10], our technique
can produce reconstruction surfaces with higher quality and can also generate a reasonable
tensor product mesh automatically.

Due to the limit of tensor product structure of algebraic spline surfaces, there are su-
perfluous control coefficients in the expressions of the algebraic spline surfaces. One pos-
sible improvement is to replace tensor product splines with T-splines [16] or splines over
T-meshes [5]. The works of [24,25] have produced such an approach along this direction.
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